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Abstract

A graph is said to be a (k, l)-graph if its vertex set can be partitioned into k indepen-
dent sets and 1 cliques. The class of (k, l)-graphs appears as a natural generalization
of split graphs. In this work, we characterize chordal (k, 1)- and (1, l)-graphs.
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1 Introduction

Brandstadt [1] introduced the concept of (k, l)-graphs. A graph G is a (k, l)-
graph if its vertices can be partitioned into k independent sets and I cliques.
(k, l)-graphs appear as a natural generalization of split graphs [5], which are
precisely (1, l)-graphs. In [2], an O((n + m)2) recognition algorithm for (2,1)-
graphs and (2, 2)-graphs is proposed. When k ~ 3 or I ~ 3, recognizing (k, l)-
graphs is an NP-complete problem. Feder et al. [3] designed an algorithm
that applies in a more general context when a graph is to be partitioned into
two parts, one in some sense 'dense' and the other in some sense 'sparse' (if
'dense' means a clique and 'sparse' means bipartite, we recover the case of
(2, l)-graphs). Here we consider the classes of chordal (1, l)- and (k, l)-graphs.

Let G be a graph. If S, S/ ç V(G), we denote by N(S, S/) the set of vertices
of S/ which are either in S or adjacent to vertices of S. In addition, we say
that S and S/ are isolated in G if N(S, S/) = 0. If vertices Vl, V2, ..., Vk form a
k-clique C, we write C = VIV2 ...Vk.

Preprint submitted to Elsevier Preprint 9 May 2000



2 Main results

In this section we present characterizations for chordal {k, l)-graphs and chordal
{1, l)-graphs. The following observation will be useful:

Lemma 1. Let G be a chordal graph, and let C and C' be two cliques of it.
Then some vertex of C is adjacent to all the vertices of N(C, C').

Proof. We shall prove that, in fact, the neighborhoods of the vertices of C in
C' are linearly ordered. Suppose that two vertices V1, V2 E C have incompara-
ble neighborhoods in C', i.e., that neither of the sets N( { V1}, C'), N( { V2}, C')
contains the other. Then there exist vertices U1, U2 E C' such that U1 is ad-
jacent to V1 but not to V2, and U2 is adjacent to V2 but not to V1. This is
impossible, since U1, U2, V2, V1 would induce a chordless four-cycle. The lemma
follows by taking the vertex in C with maximal neighborhood in C'. q.e.d.

A simple necessary condition for G to be a (k, l)-graph is that G does not
contain two isolated (k + l)-cliques. It turns out for chordal graphs that this
condition is also sufficient. Let us define a r-intersector in G as a clique which

intersects every r-clique of G .

Theorem 2. The following statements are equivalent for a chordal graph G:
{i) G is a {k, l)-graph; (ii) G contains a (k + l)-intersector; (iii) G does not

contain two isolated { k + 1 )-cliques.

Proof. The implications (i) -* (ii) and (ii) -* {iii) are immediate. The impli-
cation (ii) -* {i) is also simple: if C is a (k + l)-intersector in G, then the size
of a maximum clique in G \ C is at most k, and since G is perfect, G \ C is
k-partite. The remainder ofthe proofconsists ofshowing that {iii) implies {ii).
Let G be a chordal graph and C a clique in G which intersects the greatest
number of {k+l)-cliques in G. Suppose that some {k+l)-clique C1 is disjoint
from C. Lemma 1 guarantees that there is a vertex u E C1 adjacent to all ver-
tices of L = N { C 1, C) .The clique L U { u} cannot intersect more { k + 1 )-cliques
than C, so there exist a {k+l)-clique V1V2 ...Vk+1 where Vk+1 E C\L. By {iii),
one of the vertices V1, ..., Vk, say V1, is either in C1 or adjacent to a vertex of
C 1. Let A be the set of all vertices v1 such that some { k + 1 )-clique V1 ...Vk+ 1,
where Vk+1 E C \ L, is disjoint from L, and V1 is either in C1 or adjacent to
a vertex of C1. We claim that each V1 E A is adjacent to all vertices of L:
Indeed, if y E L is not adjacent to V1, then there is a t E C1 {possibly t = u)
such that y, Vk+1, V1, t, u, y is a chordless cycle. (In case V1 E C1, note that
V1 # u as Vk+1 ~ L, but we do take t = u. ) A similar argument shows that V1
is adjacent to u: take any four-cycle V1, t E C1, u, y E L. We also claim that
any two y, y' E A are adjacent in G: Otherwise, suppose that v~ ...V~+l' where
v~+ 1 E C, is the ( k + 1 )-clique through v~ .Then there would be a chordless
cycle obtained by taking V1, the vertices Vk+1, V~+l (possibly just one vertex if
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Vk+l = V~+l)' followed by v~, then one or two vertices of C1 and back to Vl.

Now the set L U A U {u} intersects C1 and also all the (k + l)-cliques that
were intersected by C, contradicting the maximality of C. q.e.d.

In the remainder of this section, we shall characterize chordal (1, l)-graphs.
We first propose a greedy algorithm for recognizing chordal (1, l)-graphs.

.A greedy algorithm for recognizing chordal (1, l)-graphs

Let G be a chordal graph. The greedy algorithm labels the vertices of G with
O, 1,2, ...in such a way that the vertices labeled 0 form an independent set,
and the vertices labeled j, j > 0, form a clique Cj. Let Vl, ..., Vn be a perfect
elimination ordering for G. The algorithm proceeds as follows: label vertex Vl
with 0, and having labeled vertices Vl, ..., Vi-l, try to label Vi with the largest
label already used; if not possible, use a new label for it. To illustrate this
idea, let us show that for split graphs this algorithm works. This amounts to
attempting to label the vertices of G with 0,1. If the greedy algorithm cannot
scan the ordering to the end using 0 and 1 only, we will show that the graph
is not a split graph by exhibiting an induced 2K2 contained in G. (A chordal
graph is split ifand only ifit does not contain 2K2 as an induced subgraph [5].)
Suppose that the algorithms arrives at a vertex Vi which cannot be labeled
either 0 or 1. Let Ul the first vertex labeled 1. Thus, there must exist a vertex
labeled 0 to which Ul is adjacent, for otherwise it would have been labeled
0. Denote this vertex by Wl. Since Vi cannot be labeled 0, there must exist a
vertex Vj # Wl labeled 0, j < i, such that (Vj, Vi) E E(G). Write Vi = U2 and
Vj = W2. Let us show that the vertices U2, W2, Ul, Wl induce a 2K2. Indeed,

(W2, Wl) ci E(G), as both vertices have label 0; (U2, Ul) ci E(G), for otherwise,
as Ul is adjacent to alI vertices labeled 1 between Ul and U2, by the elimination
ordering U2 would have been labeled 1; ( U2, Wl) ci E( G) , for otherwise U2 and
Ul would be adjacent by the elimination ordering; finally, (W2,Ul) ci E(G),
for otherwise either W2 would have been labeled 1 (in case w2 is located to
the right of Ul in the ordering) or U2 and Ul would be adjacent (in case W2 is
located to the left of Ul). Now we are able to prove the following property of
the greedy algorithm:

Claim. Each time the greedy algorithm uses a new label r for a vertex Vi, Vi
belongs to an induced subgraph Hr of G isomorphic to rK2 (a graph formed
by r mutually disjoint edges) .Moreover, the edges of Hr are of the form
( Uj , Wj) , 1 ~ j ~ r, where Uj is the first vertex labeled j and Wj is labeled 0.
(In this case, it is clear that Vi = Ur.)

Proof. By induction on r. For r = 1 the result is immediate. The case
r = 2 has already been considered. Suppose now that the greedy algorithm
uses a new label r > 2 for Vi. Let Vj be the first vertex labeled r- 1. By the
induction hypothesis, Vj belongs to an induced subgraph Hr-l of G isomorphic
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to (r -1)K2 such that its edges are (Uj, Wj), 1 :::; j :::; r -1, as described above.
By the elimination ordering, it is not difficult to see that there are no edges
linking Vi to Uj, wj(l :::; j :::; r- 1). Write Vi = Ur. As Ur cannot be labeled O,
let Wr be a vertex labeled 0 to which Ur is adjacent. It is clear that Wr is not
adjacent to Wj, 1:::; j :::; r-1, since all ofthem are labeled 0. It remains to show
that Wr is not adjacent to any Uj, 1 :::; j :::; r -1. Suppose that (Wr, Uj) E E(G)
for some j :::; r -1. If Wr appears to the right of Uj, then Wr would be labeled
.j, since Uj is adjacent to all vertices labeled j between Uj and Wrj otherwise,
if Wr appears to the left of Uj, then Uj and Ur would be adjacent since both
are neighbors of Wr. q.e.d.

Corolary. Let G be a chordal graph. Then G is (1, l) if and only if it does
not contain (l + 1)K2 as an induced subgraph.

Proof. The necessity is immediate. The sufficiency is based on the fact that
if G is not (1, l) then the greedy algorithm must necessarily arrive at a vertex
Vi which cannot receive any label from 0,1, ..., l. This implies that G contains
an induced (l + 1)K2 by the previous claim. q.e.d.

Observe that the greedy algorithm may be used to find the minimum l for
which a chordal graph G is (1, l) by scanning the entire ordering. We conclude
by remarking that it is possible to prove the following result: a chordal graph
G is (k, l) ifand only ifG does not contain (l+l)Kk+l as an induced subgraph.
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