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a b s t r a c t

A three-dimensional nonlinear reaction-convection-diffusion model is proposed to analyze mass transfer
with temperature effects, within micro-reactors of rectangular cross-section, towards the simulation of
the transesterification process in biodiesel synthesis. The coupled nonlinear partial differential equations
that govern the concentration of the species involved in the synthesis, is obtained from the general
three-dimensional species balance equations for an isothermal and steady state system with constant
physical properties. A kinetic model is considered to describe the variation of the species due to the
transesterification process, assuming second order homogeneous and reversible chemical reactions. The
velocity profile is analytically derived from the Navier-Stokes equations, considering fully developed
stratified laminar flow of two immiscible Newtonian fluids in a rectangular cross section micro-reactor,
with a plane interface between them and without field forces, and obtained by the Classical Integral
Transform Technique (CITT). The nonlinear mass transport equations are then solved by the hybrid
numerical-analytical approach known as the Generalized Integral Transform Technique (GITT). In the
present GITT solution, two alternative eigenvalue problems are proposed, accounting or not accounting
for the space variable velocity profile influence in the eigenfunction expansion basis, in order to
investigate the differences in the convergence behavior of the solutions obtained through the two
different auxiliary problems. The results for the concentration profiles of the biodiesel and triglyceride
species are critically compared with literature data for the limiting case of parallel plates, showing a good
agreement among them. The analysis also indicates that improved convergence rates are achievable
through the eigenvalue problem with variable coefficients. The effects of governing parameters such as
residence time, micro-reactor dimensions, and especially temperature, are investigated. It is then
inspected the relative gains in triglycerides conversion rates at higher temperatures and residence times
and lower micro-reactor hydraulic diameter.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

Sustainable development premises have been pushing efforts,
worldwide, in developing or at least improving energy generation
systems and components. In this context, biofuels such as biodiesel
have been progressively considered and adopted as an alternative
fuel, mainly due to its feedstock flexibility and biodegradable

characteristics [1]. Biodiesel is a renewable energy source that can
fully or partially substitute the conventional diesel due to their
similar properties, but presenting low emissions of carbon, sulfur,
particulate matter, and unburned hydrocarbons [2].

The process most widely employed for the production of bio-
diesel is the transesterification of vegetable oils or animal fats with
an alcohol, usually methanol or ethanol, in the presence of a cata-
lyst within stirred tank or batch reactors. According to the literature
[3e7], the main factors that influence the transesterification reac-
tion are the residence time, the reaction temperature, the type and
concentration of the catalyst, the feedstock, the solubility of the
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species reactants, the kind of alcohol and the molar ratio between
triglyceride and alcohol. Due to the immiscible nature of the re-
actants, a considerable stirring mechanical work is required,
together with high temperature levels, to favor the reaction pro-
cess, which imply in unavoidable large energy input and long
residence times, in the order of a few hours [8].

As an alternative to overcome the energetic cost and the large
residence times, new technologies have recently emerged to
enhance the synthesis of biodiesel, such as through micro-reactors,
which are typical micro-devices that have been developed within
the very important and recent research area called Microfluidics.

The use of micro-reactors for continuous processes with
chemical reaction has received great attention due to the high
flexibility and agility in obtaining results and the possibility of
carrying out reactions in exceptional conditions in comparisonwith
the traditional ones. In addition to the possibility of integration
with other micro-devices, the micro-reactors allow the develop-
ment of liquid-liquid, liquid-gas, catalyzed or non-catalyzed re-
actions under electric or magnetic field effects, with manifold
introduction of reactants and with micro-channel geometries that
can intensify the mixture [9e11].

The employment of micro-reactors for the reaction process, like
transesterification reaction, in light of the reduced dimensions,
ensured high surface area to volume ratio and shorter diffusion
paths for the reactive system, which results in enhanced mass and
heat transfer and faster reactions, consequently with lower energy
and materials consumption [12e16]. As the two main reactants of
the transesterification, triglycerides and alcohol, are immiscible
fluids, a liquid-liquid two-phase flow develops in such micro-
reactors, as the immiscible fluids are brought into contact and
subjected to the same pressure gradient, with the associated
properties and characteristics of the system such as interfacial
tension, flow rates, viscous forces and wetting behavior of the

channel walls [17]. According with Guan et al. [18,19] and Xie et al.
[2], the two flow regimen that are commonly observed in micro-
reactors during the transesterification reaction are the stratified
flow, inwhich one phase flows on top or by the side of another, and
droplet/plug flow, inwhich drops or plugs of one fluid are dispersed
in the continuous phase represented by the other fluid [17].

Fairly recent works in the literature present promising results
for the conversion of biodiesel in micro-reactors under different
reactive conditions and different reactants and catalysts [12,13,20].
Integrated systems are also presented, suggesting the possibility of
combining micro-reactors with conventional reactors [21], or even
with other micro-systems [11,22], aiming at increasing the yields of
biodiesel production with significant reduction on operating time.
The idea of micro-chemical plant [11,23,24], or of various micro-
systems integrated for a chemical reaction process, allows over-
coming a very important disadvantage of micro-reactor, which are
the low volumetric flow rates of products. Billo et al. [22], for
example, presented an important paper about the design and
operation of a plant for the production of biodiesel, containing
various micro-reactors in a parallel association. To better under-
stand the transesterification process in micro-reactors, for de-
cisions in design tasks, the development of representative
mathematical models to describe the physico-chemical phenom-
ena is mandatory. Although there are well-defined trans-
esterification reaction models for the conventional reactors
[4,25,26], generally such kinetic models are not suitable to
describe the observed behavior at the micro-scale [27]. Therefore, it
is necessary and very important to develop, first, mathematical
models for mass transfer problems in micro-reactors and, second,
computational tools and methodologies that provide solutions at
low computational cost, to be used in both inverse problem anal-
ysis, for properties identification, and optimization analysis, for
system design.

Nomenclature

O, S transformed system coefficients
C dimensionless concentration
C* dimensional concentration, mol.m�3

D diffusion coefficient, m2.s�1

Dh hydraulic diameter, m
E activation energy, J.mol�1

G dimensionless reaction kinetics term
H micro-reactor height, m
k kinetic constant, m3.mol�1.s�1

L micro-reactor length, m
Norm normalization integral
MT truncation order of algebraic system
NT number of terms in eigenfunction expansion
P pressure, Pa
Pe P�eclet number
Q volumetric flow rate, m3.s�1

R ideal gas constant, J.mol�1.K�1

T temperature, K
u velocity component in the longitudinal direction,

m.s�1

U dimensionless velocity component in the longitudinal
direction

W width of rectangular micro-reactor, m
xe hydrodynamic entry length, m
x, y, z spatial variables

X, Y, Z dimensionless spatial variables

Greek symbols
b, g, y, l eigenvalues
F, U, f, 4, G, J eigenfunctions
d Kronecker delta
m dynamic viscosity, Pa.s
r density, kg.m�3

t residence time, s

Subscripts and superscripts
A alcohol
Ah homogeneous potential for alcohol species
Av average concentration
B biodiesel
DG diglyceride
GL glycerol
i, j, k, l, m, n order of eigenvalues and eigenfunctions
M methanol
MG monoglyceride
r referred to the species involved in the

transesterification reaction
vel referred to the velocity profile
TG triglyceride
~ normalized eigenfunction
e desired potential at the transformed domain
Aeq equilibrium concentration of alcohol at interface
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The reaction mechanism is a very important step in the con-
struction of a mathematical model for mass transfer in a process
with chemical reaction. Many papers in the literature present a
proposal for a reaction mechanism and for transesterification
together with a model for the reaction rate of the species
[3,4,13,20e22,27e30]. The kinetic model most used for trans-
esterification considers a second order, consecutive and reversible
reaction.

In this work, a three-dimensional nonlinear mathematical
model is proposed to describe the transesterification between
soybean oil and methanol in micro-reactors, catalyzed by sodium
hydroxide, and considering the diffusion, reaction and convection
phenomena. The set of coupled nonlinear partial differential
equations is then solved by the hybrid numerical-analytical method
known as the Generalized Integral Transform Technique (GITT)
[31e37], which offers a robust error controlled solution within a
low computational cost, by combining analytical eigenfunction
expansions with the numerical solution of the ordinary differential
equations for the integral transformed potentials. This hybrid
method has been previously employed in the analysis of transport
phenomena in reactive flows [38e42], as well as in the analysis of
heat and mass transfer within microfluidic devices
[37,39e41,43e48]. The numerical results for the concentration
fields from the present hybrid algorithmwere compared with data
obtained from the literature, and a good agreement between them
was verified. Here, special emphasis has been given to the analysis
of the reaction temperature effects on the triglycerides conversion
rates, but the effects of the volumetric flow rates, micro-reactor
dimensions, residence time were also evaluated.

2. Flow problem

Biodiesel can be obtained from the transesterification reaction
between triglycerides and alcohol (alcoholysis reaction) in the
presence of a catalyst, typically sodium or potassium hydroxide,
which yields esters of fatty acids and glycerol. A general mechanism
widely accepted in the literature considers the transesterification
as a second order reversible and homogeneous reaction, exhibiting
kinetics in accordance with Eq. (1) [4,13,39e41]:

Diglycerides and monoglycerides are intermediates and
considered as contaminants in the final product [25].

The reactants for the transesterification reaction, triglycerides
and alcohol, present an immiscible nature and, therefore, in a
continuous process inside a micro-reactor, they form a liquid-liquid
two-phase flow. In this work, it will be assumed that a stratified
flow pattern is established between these two reactant fluids. A
schematic description of the stratified velocity profiles is shown in
Fig. 1.

The mathematical model that describes the velocity profiles can
be obtained from de Navier-Stokes equations, assuming fully

developed stratified laminar flow of two immiscible Newtonian
fluids, soybean oil and methanol, with constant physical properties
in a rectangular cross section micro-reactor, subject to a constant
pressure drop and under isothermal steady conditions. The body
forces influence is neglected and a flat plane interface between the
two fluids is considered, located at HTG. At the interface it is
assumed continuity of velocity and shear stress between the two
fluid layers, while at the walls it is adopted the usual no-slip con-
ditions. From these assumptions, the Navier-Stokes equations are
simplified and can be written as:

vP
vx

¼ mTG

 
v2uTG
vy2

þ v2uTG
vz2

!
;

vP
vx

¼ mA

 
v2uA
vy2

þ v2uA
vz2

!
;

0< z<W; HTG < y<H

(2.a,b)

uTGðy;0Þ ¼ uTGðy;WÞ ¼ uAðy;0Þ ¼ uAðy;WÞ ¼ 0 (2.c-f)

uTGð0; zÞ ¼ uAðH; zÞ ¼ 0 (2.g,h)

uTGðHTG; zÞ ¼ uAðHTG; zÞ;

� mTG
vuTG
vy

����
y¼HTG

¼ �mA
vuA
vy

����
y¼HTG

(2.i,j)

The pressure gradient is considered constant along the micro-
reactor and it can be defined by [13]:

vP
vx

¼ �DP
L

(3)

An analytical solution for the problem defined by Eqs. (2) can be
obtained through the Classical Integral Transform Technique (CITT)
[49,50]. For this purpose, a suitable eigenvalue problem to

Fig. 1. Velocity profile for the fully developed stratified flow in micro-reactors.

TriglycerideðTGÞ þ AlcoholðAÞ%k1

k2

DiglycerideðDGÞ þ BiodieselðBÞ

Diglyceride ðDGÞ þ Alcohol ðAÞ%k3

k4

Monoglyceride ðMGÞ þ Biodiesel ðBÞ

MonoglycerideðMGÞ þ AlcoholðAÞ%k5

k6

Glycerol ðGLÞ þ Biodiesel ðBÞ

(1.a-c)
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represent the velocity potential for the two fluids in the z direction
should be proposed, in order to allow for the elimination of the
width coordinate, z, through integral transformation of Eqs. (2.a-j).
After the integral transformation procedure (see Appendix A),
infinite systems of second order ordinary differential equations are
obtained, which are coupled at the interface y¼ HTG. These systems
can be solved analytically [51] and their solutions are then used to
explicitly represent the velocity fields of the two fluids through the
inversion formula. Therefore, the velocity profile of the two fluids,
methanol and soybean oil, can be written in terms of hyperbolic
functions as follows:

where,

Si ¼
�2

ffiffiffi
2

p
W5=2DP

i3Lp3
�
ðmTG � mAÞsinh

�
ðH�2HTGÞip

W

�
þ ðmTG þ mAÞsinh

�
Hip
W

��;

i ¼ 1;2;3;… (4.c)

The velocity profiles defined by Eqs. (4.a-c) depend on the
dynamic viscosities of the two fluids, the dimensions of the
micro-reactor, L, W and H, and the unknown parameters pressure
drop, DP, and the interface location, HTG. The DP and HTG can
eventually be obtained from the experimental observation, but
for purposes of simulation, it is recommended that these un-
known parameters should be calculated from a known parameter
input of the problem, which in this case is the volumetric flow
rate of each fluid.

The height of the triglyceride layer is then determined from
the ratio of volumetric flow rates between the two fluids in the
rectangular cross section of the micro-reactor geometry, in the
form:

QTG

QA
¼

WHTG

0
@ 1

HTGW

Z W

0

Z HTG

0
uTGðy; zÞdydz

1
A

WðH � HTGÞ

0
B@ 1

ðH�HTGÞW

Z W

0

Z H

HTG

uAðy; zÞdydz

1
CA

¼

Z W

0

Z HTG

0
uTGðy; zÞdydzZ W

0

Z H

HTG

uAðy; zÞdydz
(5)

From the experimental volumetric flow rates of the two fluids
and their dynamic viscosities, the triglyceride layer height may be
implicitly calculated from Eq. (5), and the pressure drop can be
calculated isolating DP in the volumetric flow rate equation for the
triglyceride species.

3. Mass transfer problem

A three-dimensional mathematical model, that governs the
concentration of the species involved in the transesterification re-
action in a micro-reactor of rectangular cross section, was obtained
from the general mass balance equations, assuming an isothermal
and steady system with constant physical properties. It is consid-
ered that the reactive effects occur predominantly in the triglyc-
eride phase and that only alcohol (methanol) species migrates
through the interface and the other species remain confined in the
triglyceride phase [13]. As the reaction occurs predominantly in the
triglyceride phase, it is reasonable to assume that reactants, in-
termediates and products are subject to the same convective effects
that the triglyceride phase. At the walls of the micro-reactor, it is
assumed no penetrability conditions. At the inlet of the micro-
reactor, all species have known concentration, while at the micro-
reactor outlet it is assumed a zero flux condition for all species.

uTGðy; zÞ ¼
X∞
i¼1

~Jvel;iðzÞSi
��

1þ mA
mTG

��
� sinh

�
Hip
W

�
þ sinh

�
ipðH � yÞ

W

��
þ

þ
�
mA
mTG

� 1
��

sinh
�ðH � 2HTGÞip

W

�
þ sinh

�
ipðH � HTG þ yÞ

W

�
þ

�sinh
�
ipðH � HTG � yÞ

W

�
� sinh

�
ipðH � 2HTG þ yÞ

W

��
þ 2sinh

�
ipy
W

�	
(4.a)

uAðy; zÞ ¼
X∞
i¼1

~Jvel;iðzÞSi
��

1þ mTG
mA

��
� sinh

�
Hip
W

�
þ sinh

�
ipy
W

��
þ

þ
�
1� mTG

mA

��
sinh

�ðH � 2HTGÞip
W

�
þ sinh

�
ipð2HTG � yÞ

W

�
þ

�sinh
�
ipðH � HTG � yÞ

W

�
� sinh

�
ipðH þ HTG � yÞ

W

��
þ 2sinh

�
ipðH � yÞ

W

�	
(4.b)

P.C. Pontes et al. / International Journal of Thermal Sciences 118 (2017) 104e122 107



Therefore, the dimensionless reaction-convection-diffusion equa-
tions that govern the concentration of the species in the triglyceride
phase, with the specific nonlinear chemical kinetics terms, can be
written as:

UTGðY ; ZÞ
vCr
vX

¼ 1
Per

v2Cr
vX2 þ xr

 
v2Cr
vY2 þ u

v2Cr
vZ2

!
þ 2Gr;

where r ¼ TG;DG;MG;B;A;GL

(6.a)

CTGð0; Y; ZÞ ¼ 1;
Crð0; Y; ZÞ ¼ 0;
where r ¼ DG;MG;B;A;GL

(6.b,c)

vCr
vX

����
X¼1

¼ vCr
vY

����
Y¼0

¼ vCr
vZ

����
Z¼0

¼ vCr
vZ

����
Z¼1

¼ 0;

where r ¼ TG;DG;MG;B;A;GL
(6.d-g)

CAðX;1; ZÞ ¼ CAeq;
vCr
vY

����
Y¼1

¼ 0;

where r ¼ TG;DG;MG;B;GL
(6.h,i)

where Gr represents the reaction kinetic term for each species
involved in the transesterification. Considering a second-order
consecutive reversible reaction [4,13,39,40], the reaction kinetic
terms for the species involved in the transesterification can be
written according to Table 1.

The dimensionless groups used in Eq. (6) were defined as:

where C*Aeq is the equilibrium concentration of the alcohol species
at the interface and uAv is the average velocity of the triglyceride
phase.

Equations (6) form a system of nonlinear partial differential
equations, coupled due to the kinetic terms, that can be solved by
the Generalized Integral Transform Technique, GITT [31e48]. The
GITT is a hybrid numerical-analytical technique derived from the
Classical Integral Transform Technique, CITT [49,50] that allows
obtaining solutions more accurately and at a much lower compu-
tational cost, but with more analytical involvement than conven-
tional numerical methods. The GITT has been successfully applied
to various classes of nonlinear convection-diffusion problems and it
is fully documented in different sources [31e48,52].

The GITT methodology consists of the following steps: 1)
choosing an auxiliary eigenvalue problem based on the original
problem; 2) determination of eigenfunctions, eigenvalues and
norms; 3) development of the integral transform pair; 4) integral
transformation of the original partial differential equations,
resulting in an infinite and coupled ordinary differential equations
system; 5) solution of the transformed ODE system and; 6)
obtaining the desired potential by recalling the inverse formula
[33,37].

To improve the computational performance and convergence
behavior in the eigenfunction expansion, and to avoid anomalous
behavior, it is recommended to remove the nonhomogeneous
terms in the boundaries conditions in the directions that will be
transformed, since they are not accounted for by the auxiliary
problem [35,37]. In this case, the only nonhomogeneous boundary
condition of the alcohol species at Y ¼ 1 will be homogenized
through the following simple filter:

CAðX; Y ; ZÞ ¼ CAhðX; Y; ZÞ þ CAeq (8)

An important step in the GITT solution procedure is the choice of
the auxiliary problem, for obtaining the eigenfunctions and ei-
genvalues utilized in the construction of the species concentrations
as orthogonal eigenfunctions expansions. An eigenvalue problem
that incorporates more information of the physical problem must
be more representative of the process than an eigenvalue problem
containing purely diffusive effects of the problem. Thus, in this
paper, two alternatives for the eigenvalue problem formulationwill
be considered, one including the velocity profile as a space variable
coefficient, and the other simpler one without the velocity field,

and the convergence of the results obtained through these two
approaches will be critically evaluated.

The eigenvalue problem with constant coefficients has analyt-
ical solution by themethod of separation of variables. The other one
with velocity profile does not have, and, in this case, the GITT will
be used to reduce the differential equation in an algebraic system.
After the solution of the eigenvalue problem and from the
orthogonality property and norm of the eigenfunctions, it is
possible to define the integral transform pair that will allow the
integral transformation of Eqs. (6). The solution methodology for
the two eigenvalue problems are given in Appendices B and C.

After the integral transformation procedure of Eqs. (6) is per-
formed (see Appendices B and C), an infinite system of nonlinear
coupled ordinary differential equations for the transformed con-
centrations of the species in the transesterification reaction is ob-
tained, which needs to be numerically solved to provide the
solution of the transformed concentration field for the species. The
built in function NDSolve of the Mathematica system can be
employed for this purpose [51], providing continuous solutions
with automatic error control, and returned in the form of inter-
polation objects along the X coordinate.

After obtaining the solution for the transformed system, the
concentration fields of all species can then bewritten for the case of

CTG ¼ C*
TG

C*
TGo

; CA ¼ C*
A

C*
TGo

; CDG ¼ C*
DG

C*
TGo

; CMG ¼ C*
MG

C*
TGo

; CB ¼ C*
B

C*
TGo

; CGL ¼
C*
GL

C*
TGo

; CAeq ¼ C*
Aeq

CTGo
;

X ¼ x
L
; Y ¼ y

HTG
; Z ¼ z

W
; Per ¼ uAvL

Dr
; UTG ¼ uTG

uAv
; 2 ¼ LCTGo

uAv
; xr ¼

LDr

uAvH
2
TG

; u ¼ H2
TG

W2

(7.a-o)

Table 1
Dimensionless kinetic expressions for the species r.

Specie r Gr

TG �k1CTGCA þ k2CDGCB
A ð�k1CTG � k3CDG � k5CMGÞCA þ ðk2CDG þ k4CMG þ k6CGLÞCB
DG ðk1CTG � k3CDGÞCA þ ð�k2CDG þ k4CMGÞCB
MG ðk3CDG � k5CMGÞCA þ ð�k4CMG þ k6CGLÞCB
GL k5CMGCA � k6CGLCB
B ðk1CTG þ k3CDG þ k5CMGÞCA þ ð�k2CDG � k4CMG � k6CGLÞCB
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simpler eigenvalue problem as:

CAhðX; Y ; ZÞ ¼
X∞
i¼1

F
�
iðY ; ZÞCAhi

Xð Þ ;

CrðX; Y ; ZÞ ¼
X∞
i¼1

U
�
iðY ; ZÞCri Xð Þ (9.a,b)

and for the case of eigenvalue problem with velocity profile:

CAhðX; Y ; ZÞ ¼
X∞
i¼1

G
�
iðY ; ZÞCAhi

Xð Þ ;

CrðX; Y ; ZÞ ¼
X∞
i¼1

J
�
iðY ; ZÞCri Xð Þ (10.a,b)

where r ¼ TG, DG, MG, B, G. C represents the transformed concen-
tration field.

Although the reaction system is considered to be isothermal, the
transesterification reaction can be evaluated at different tempera-
ture levels, since this parameter is related to the energy state of the
molecules. It is expected that higher temperatures provide better
triglyceride conversion rates. The Arrhenius equation can be used
to represent the relation between the kinetic constant and the
temperature [53]:

ki;1 ¼ aiExp
�
� Ei
RT1

�
; i ¼ 1; 2; :::; 6 (11)

where ki,1 is the kinetic constant of index i at the temperature T1.
From the Arrhenius equation, it is possible to obtain an equation that
relates any kinetic constant at different temperatures, independent
of the pre-exponential factor. This equation can be written as:

ln

 
ki;2
ki;1

!
¼ Ei

R

�
1
T1

� 1
T2

�
; i ¼ 1; 2; :::; 6 (12)

where ki,2 is the kinetic constant of index i at the temperature T2.
Due to the absence of specific data on the reaction kinetics for

microfluidic devices and the reaction system here proposed, using
methanol and soybean oil, activation energy and pre-exponential
data from a batch system were used in the present analysis to
investigate the temperature effects on the process [4].

The reaction efficiency is analyzed through the fractional con-
version of triglycerides for different residence times by the
following equation:

Conversion TGð%Þ ¼
�
CTG;AV ð0Þ � CTG;Avð1Þ

CTG;Avð0Þ
�
� 100 (13)

The residence time provides an average time that the reactant
fluids are subjected to the reactive, diffusive and convective phe-
nomena inside the micro-reactor. It is expected that higher con-
version of triglyceride will occur at higher residence times.
Therefore, the residence time is calculated taking into account only
the volume of the triglyceride phase, which is where the reaction
takes place predominantly, according to the following equation:

t ¼ LWHTG

QTG
(14)

4. Results and discussion

The results presented in this section were obtained through the
subroutine NDSolve built in theMathematica 9.0 platform in default
mode [51].

The input data employed in the present study of the trans-
esterification reaction between soybean oil and methanol were
obtained from the literature [4,13,39,40], and they are shown in
Table 2.

Table 3 shows some values for the volume of the triglyceride
layer obtained from the literature [13] for micro-reactor heights of
100 � 10�6 and 200 � 10�6 m, as well as other values calculated for
the cases of 50 � 10�6 and 150 � 10�6 m. The triglyceride

Table 2
Input data for simulation of a micro-reactor [4,13,39,40].

Parameter Value Parameter Value

mTG 5.825 � 10�2 Pa s k2 9.623 � 10�6 m3 mol�1 s�1

mA 5.470 � 10�4 Pa s k3 1.88 � 10�5 m3 mol�1 s�1

DTG 1.580 � 10�9 m2 s�1
k4 1.074 � 10�4 m3 mol�1 s�1

DA 1.182 � 10�10 m2 s�1
k5 2.117 � 10�5 m3 mol�1 s�1

DDG, DMG, DGL and DB 1.380 � 10�9 m2 s�1
k6 9.0 � 10�7 m3 mol�1 s�1

rTG 885 kg m�3 Reaction Activation Energy

QTG/QA 3.402 TG/DG 55.0355 J mol�1

CTGo 1014 mol m�3
DG/TG 41.5833 J mol�1

CAeq 4.4 DG/MG 83.1498 J mol�1

L 233 � 10�4 m MG/DG 61.2906 J mol�1

R 8.314 J mol�1 K�1
MG/GL 26.8834 J mol�1

k1 4.368 � 10�6 m3 mol�1 s�1
GL/MG 40.1430 J mol�1

Table 3
Volume and volumetric flow rate of the triglyceride reactant fluid for the simulations of the parallel plates micro-reactors with width W ¼ 105 � 10�4 m and length
L ¼ 233 � 10�4 m.

Micro-reactor height, m 50 � 10�6 100 � 10�6 150 � 10�6 200 � 10�6

Triglyceride phase height, m 4.2222 � 10�5 8.4445 � 10�5 1.2667 � 10�4 1.6889 � 10�4

Volume of triglyceride layer, m3 1.5500 � 10�8 2.3000 � 10�8 3.4500 � 10�8 4.6000 � 10�8

t ¼ 30 s / QTG, m3.s�1 3.8333 � 10�10 7.6667 � 10�10 1.1500 � 10�9 1.5333 � 10�9

t ¼ 60 s / QTG, m3.s�1 1.9167 � 10�10 3.8333 � 10�10 5.7500 � 10�10 7.6667 � 10�10

t ¼ 180 s / QTG, m3.s�1 6.3333 � 10�11 1.2833 � 10�10 1.9167 � 10�10 2.5500 � 10�10

t ¼ 600 s / QTG, m3.s�1 1.9167 � 10�11 3.8333 � 10�11 5.7500 � 10�11 7.6667 � 10�11
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volumetric flow rates can be determined from the ratio between
the volume of the triglyceride layer and the desired residence time
in the analysis.

The input data were also used to calculate the hydraulic diam-
eter, average velocity, Reynolds and P�eclet numbers in the triglyc-
eride phase, and the entrance length according to the relationships
given by Eqs. (15), and the results are presented in Table 4.

Dh ¼ 4WHTG

2ðW þ HTGÞ
;

Re ¼ rTGuAvDh

mTG
;

xe
Dh

¼ 0:6
1þ 0:035Re

þ 0:056Re

(15.a-c)

From Table 4, it is possible to observe that for residence times
and parameters adopted to simulate the velocity profile and mass
transfer during the transesterification reaction in parallel plate
micro-reactors, the values of the Reynolds number and the hy-
drodynamic entry length confirm the hypothesis of fully developed
laminar flow. The P�eclet values indicate a predominance of

advective or convective effects in comparison to the diffusive ef-
fects in the axial direction. Thus, the axial diffusion termwill not be
taken into account in the simulations, then reducing the trans-
formed boundary value problem to an initial value problem. The
mass transfer simulations for the square cross section micro-
reactors were also conducted without considering the effect of
axial diffusion.

Table 5 shows some values for the volume of the triglyceride
layer and its volumetric flow rate in a square cross section micro-
reactor with height H and width W.

Figure 2a illustrates the velocity profile in a micro-reactor with
dimensions L ¼ 233 � 10�4 m, W ¼ 105 � 10�4 m and
H¼ 100� 10�6 m for t¼ 600 s and QTG¼ 2� 10�8 m3 s�1. For these
dimension values, the hypothesis of parallel plates adopted by Al-
Dhubabian [13] is justified since the velocity profile remains uni-
form along the z direction, being significantly affected by border
effects only in the vicinity of the walls. This behavior was expected
due to the high aspect ratio (W/H) that is observed in this case.
Figure 2b illustrates the velocity profile for a square cross section
micro-reactor with the dimensions L ¼ 233 � 10�4 m and W]

H¼100 � 10�6 m for t ¼ 600 s and QTG ¼ 3.4667 � 10�10 m3 s�1. In

Table 4
Dimensionless numbers and the entrance length for the parallel plates micro-reactor.

Micro-reactor height, m 50 � 10�6 50 � 10�6 200 � 10�6 200 � 10�6

Triglyceride phase height, m 4.2222 � 10�5 4.2222 � 10�5 1.6889 � 10�4 1.6889 � 10�4

t, s 30 600 30 600
uAv, m.s�1 8.6466 � 10�4 4.3233 � 10�5 8.6466 � 10�4 4.3233 � 10�5

Dh, m 8.4106 � 10�5 8.4106 � 10�5 3.3243 � 10�4 3.3243 � 10�4

Re 1.1049 � 10�3 5.5245 � 10�5 4.3671 � 10�3 2.1836 � 10�4

xe, m 5.0467 � 10�5 5.0464 � 10�5 1.9951 � 10�4 1.9946 � 10�4

PeTG 12751 637.550 12751 637.550
PeA 170445 8522.25 170445 8522.25
Per, r ¼ DG, MG, GL, B 14599 729.949 14599 729.949

Table 5
Volume and volumetric flow rate of the triglyceride reactant fluid for the simulations of the square cross section micro-reactors with L ¼ 233 � 10�4 m.

H ¼ W 100 � 10�6m 200 � 10�6m 300 � 10�6m 400 � 10�6m

Triglyceride phase height, m 8.9148 � 10�5 1.7829 � 10�4 2.6744 � 10�4 3.5659 � 10�4

Volume of triglyceride layer, m3 2.0770 � 10�10 8.3080 � 10�10 1.8694 � 10�9 6.6469 � 10�9

t ¼ 30 s / QTG, m3.s�1 6.9233 � 10�12 2.7695 � 10�11 6.2315 � 10�11 1.1078 � 10�10

t ¼ 60 s / QTG, m3.s�1 3.4617 � 10�12 1.3848 � 10�11 3.1157 � 10�11 5.5390 � 10�11

t ¼ 180 s / QTG, m3.s�1 1.1533 � 10�12 4.1650 � 10�12 1.0387 � 10�11 1.8463 � 10�11

t ¼ 600 s / QTG, m3.s�1 3.4667 � 10�12 1.3849 � 10�12 3.1150 � 10�12 5.5383 � 10�12

Fig. 2. Stratified velocity profiles for t ¼ 600 s, L ¼ 233 � 10�4 m and height H ¼ 100 � 10�6 m: (a) in a parallel plates micro-reactor with W ¼ 105 � 10�4 m; (b) in a square cross
section micro-reactor with W ¼ 100 � 10�6 m.
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this case, it is possible to observe that the velocity profile does not
present a uniform distribution in the z direction, due to significant
border effects occurring along this direction. Both figures show that
the amplitude of the velocity profile is greater in the region occu-
pied by the alcohol species, due to lower internal resistance that
this species presents to flow according with the value of its dy-
namic viscosity in Table 2. A larger volume ofmicro-reactormust be
occupied by the triglyceride species since this reactant is fed with a
volumetric flow rate about 3.402 times greater than the flow rate of
the alcohol species.

Table 6 presents the convergence analysis for the velocity profile
with different number of terms (NT) in the eigenfunctions expan-
sion at the half the width of the micro-reactor W (z ¼ 0.5W).

Before presenting the results related to triglyceride conversion
in micro-reactors, a convergence analysis for the eigenvalues and
eigenfunctions obtained from the eigenvalue problemwith variable

coefficients, for different truncation orders MT of the algebraic
system given by Eqs. (C3), must be performed. Tables 7 and 8
present the convergence analysis of the first ten eigenvalues bi
and li for the case of L ¼ 233 � 10�4 m, H ¼ 100 � 10�6 m and for
W ¼ 105 � 10�4 m and W ¼ 100 � 10�6 m, respectively. The first
eigenvalue l1 ¼0 has been omitted in such tables, since it is exactly
recovered in all cases. It is possible to check in Table 7 that the first
ten and most important eigenvalues present at least three
converged significant digits for a truncation order as low as MT¼60
or greater, while that in Table 8 these eigenvalues present three
converged significant digits for a truncation order MT¼100.

Figs. 3 and 4 illustrate the convergence behavior of the tenth
eigenfunction as a solution of the eigenvalue problems obtained by
GITT, for the eigenfunctions Gi(Y,Z) and Ji(Y,Z), with different
truncation orders MT for the case of L ¼ 233 � 10�4 m,
H¼ 100� 10�6m and forW¼ 105� 10�4m andW¼ 100� 10�6m,

Table 6
Convergence analysis of the two-dimensional velocity profile for t ¼ 30 s: (a) for a micro-reactor of H ¼ 100 � 10�6 m in height, width W ¼ 105 � 10�4 m, length
L¼ 233� 10�4 m and QTG¼ 7.6667� 10�10 m3 s�1; (b) for a square cross sectionmicro-reactor withW¼ H¼ 100� 10�6 m, L¼ 233� 10�4 m and QTG ¼ 6.9233� 10�12 m3 s�1.

(a) Parallel Plates Micro-reactor

NT uðy;0:5WÞ
y ¼ 10 � 10�6 m y ¼ 47 � 10�6 m y ¼ HTG ¼ 84.472 � 10�6m y ¼ 90 � 10�6 m y ¼ 95 � 10�6 m

20 0.000281 0.001033 0.001332 0.001829 0.001354
40 0.000283 0.001042 0.001343 0.001845 0.001365
60 0.000284 0.001044 0.001346 0.001849 0.001369
80 0.000284 0.001045 0.001347 0.001851 0.001370
100 0.000284 0.001045 0.001347 0.001852 0.001371

(b) Square Cross Section Micro-reactor

NT uðy;0:5WÞ
y ¼ 10 � 10�6 m y ¼ 50 � 10�6 m y ¼ HTG ¼ 89.148 � 10�6 m y ¼ 92 � 10�6 m y ¼ 98 � 10�6 m

10 0.000442 0.001358 0.001689 0.002861 0.001566
20 0.000442 0.001358 0.001689 0.002869 0.001573
30 0.000442 0.001358 0.001689 0.002870 0.001574
40 0.000442 0.001358 0.001689 0.002870 0.001574

Table 7
Convergence analysis of the first ten eigenvalues bi and li for L ¼ 233 � 10�4 m, H ¼ 100 � 10�6 m and W ¼ 105 � 10�4 m.

bi MT ¼ 20 MT ¼ 40 MT ¼ 60 MT ¼ 80 MT ¼ 100

1 1.858231 1.858223 1.858221 1.858221 1.858220
2 3.912254 3.912179 3.912149 3.912130 3.912130
3 5.152310 5.152067 5.152025 5.152010 5.151993
4 6.340924 6.340519 6.340385 6.340300 6.340296
5 6.520034 6.519768 6.519646 6.519645 6.519571
6 8.427524 8.425907 8.425676 8.425558 8.425495
7 8.697742 8.694679 8.694380 8.694343 8.694179
8 9.057202 9.055777 9.055245 9.054957 9.054957
9 9.236979 9.234651 9.234191 9.233922 9.233904
10 11.140860 11.126605 11.125711 11.125240 11.125235

li MT ¼ 20 MT ¼ 40 MT ¼ 60 MT ¼ 80 MT ¼ 100

2 2.952168 2.952133 2.952118 2.952109 2.952109
3 3.503921 3.503817 3.503805 3.503796 3.503791
4 5.038861 5.038643 5.038569 5.038533 5.038531
5 5.549969 5.549792 5.549744 5.549706 5.549654
6 6.788439 6.787300 6.787139 6.787071 6.787032
7 7.561511 7.559735 7.559690 7.559532 7.559424
8 7.750105 7.748620 7.748285 7.748215 7.748132
9 8.104429 8.103304 8.102886 8.102660 8.102660
10 9.993524 9.886695 9.886179 9.885875 9.885704
11 10.060303 10.051266 10.050569 10.050262 10.050197
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Table 8
Convergence analysis of the first ten eigenvalues bi and li for L ¼ 233 � 10�4 m, W ¼ H ¼ 100 � 10�6 m.

bi MT ¼ 20 MT ¼ 40 MT ¼ 60 MT ¼ 80 MT ¼ 100

1 1.792537 1.792502 1.792497 1.792496 1.792495
2 4.458316 4.456611 4.456364 4.456305 4.456303
3 4.848068 4.847499 4.847447 4.847421 4.847410
4 6.897659 6.895489 6.895066 6.894934 6.894921
5 7.328126 7.324468 7.323912 7.323904 7.323755
6 7.659307 7.646321 7.646040 7.645942 7.645901
7 9.573535 9.520232 9.519339 9.519299 9.519112
8 9.954042 9.549954 9.549348 9.549160 9.549124
9 10.987692 10.117503 10.117001 10.116148 10.116145
10 11.068464 10.362397 10.361016 10.360666 10.360579

li MT ¼ 20 MT ¼ 40 MT ¼ 60 MT ¼ 80 MT ¼ 100

2 3.346871 3.346480 3.346458 3.346441 3.346435
3 3.489820 3.488618 3.488456 3.488421 3.488420
4 5.580246 5.578045 5.577650 5.577561 5.577553
5 6.235656 6.233840 6.233598 6.233550 6.233523
6 6.336109 6.330057 6.329758 6.329554 6.329426
7 8.222284 8.214905 8.214090 8.213979 8.213919
8 8.645461 8.356421 8.356176 8.355723 8.355543
9 9.467910 8.997967 8.997577 8.997393 8.997313
10 9.742186 9.068641 9.067376 9.066560 9.066556
11 11.577117 10.702218 10.699268 10.698737 10.698539

Fig. 3. Convergence behavior for the 10th eigenfunctions G10(Y,Z) and J10(Y,Z) obtained by GITT with different truncation orders MT for L ¼ 233 � 10�4 m, H ¼ 100 � 10�6 m and
W ¼ 105 � 10�4 m.
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respectively. It is possible to observe that for MT¼30 both eigen-
functions are fully converged on the graph scale for
W ¼ 105 � 10�4 m, while forW ¼ 100 � 10�6 m the eigenfunctions
are converged with MT ¼ 45. It is important to observe that for
different values of W, both eigenvalues and eigenfunctions change,
evidencing the sensitivity of the eigenvalue problem to changes in
the velocity profile.

Table 9 presents the convergence analysis of the average con-
centrations for the triglyceride and biodiesel species in micro-
reactors at T ¼ 298 K and t ¼ 30 s. In both cases, it can be seen that
the solution obtained by GITT through the eigenvalue problems
with variable coefficients, converges with up to four significant
digits with only 50 terms, whereas for the eigenvalue problems
with constant coefficients 100 terms or more are needed. These
results were expected, since the velocity profile information was
introduced into eigenvalues and eigenfunctions obtained from the
eigenvalue problems with variable coefficients, while the eigen-
value problems with constant coefficients contain only the infor-
mation of diffusive effects.

Fig. 5 shows the dimensionless concentration profiles of

triglyceride and biodiesel along a micro-reactor with
L ¼ 233 � 10�4 m, W ¼ 105 � 10�4 m and H ¼ 100 � 10�6 m for
different residence times at 298 K. It is observed a good agreement
between the results obtained by GITT for the eigenvalue problems
with both variable coefficients (variable EP) and constant co-
efficients (constant EP), against those from the literature [13,39].
Larger triglyceride consumption in the transesterification reaction
occurs for longer residence times or increased exposure times of
reagent fluids to reactive, diffusive and convective effects, resulting
in a more noticeable reduction in the average concentration of
triglyceride and, due to the reaction stoichiometry, in the increased
formation of biodiesel along the micro-reactor to reach the equi-
librium condition.

Fig. 6a,b illustrates, respectively, the temperature effects in a
micro-reactor with fixed dimensions L ¼ 233 � 10�4 m,
W ¼ 105 � 10�4 m and H ¼ 100 � 10�6 m, and the effect of the
micro-reactor height at 298 K, on the triglyceride conversion.
Fig. 6a presents the influence of temperature on the triglyceride
conversion rate up to 333 K, near the boiling point of methanol. The
temperature influences the kinetics constants of the

Fig. 4. Convergence behavior for the 10th eigenfunctions G10(Y,Z) and J10(Y,Z) obtained by GITT with different truncation orders MT for L ¼ 233 � 10�4 m and W ¼ H ¼ 100 � 10�6

m.
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Table 9
Convergence analysis of the average concentration potentials of the triglyceride and biodiesel for a parallel plates micro-reactor with L ¼ 233� 10�4 m, H ¼ 100 � 10�6 m and
W ¼ 105 � 10�4 m, and for a square cross section micro-reactor with L ¼ 233 � 10�4 m, W ¼ H ¼ 100 � 10�6 m.

Parallel Plates Micro-reactor

Eigenvalue problem with constant coefficients

Point X ¼ 0.3 X ¼ 0.5 X ¼ 0.7

NT CTG;Av CB;Av CTG;Av CB;Av CTG;Av CB;Av

20 0.961441 0.041956 0.914454 0.102134 0.859002 0.186241
40 0.961619 0.041748 0.914660 0.101849 0.859218 0.185888
60 0.961736 0.041613 0.914804 0.101649 0.859375 0.185632
80 0.961729 0.041620 0.914792 0.101666 0.859359 0.185657
100 0.961695 0.041659 0.914748 0.101727 0.859310 0.185737

Eigenvalue problem with variable coefficients

Point X ¼ 0.3 X ¼ 0.5 X ¼ 0.7

NT CTG;Av CB;Av CTG;Av CB;Av CTG;Av CB;Av

10 0.961733 0.041618 0.914777 0.101685 0.859324 0.185707
20 0.961715 0.041636 0.914768 0.101697 0.859327 0.185707
30 0.961676 0.041682 0.914732 0.101748 0.859294 0.185760
40 0.961717 0.041634 0.914771 0.101693 0.859333 0.185699
50 0.961703 0.041651 0.914759 0.101711 0.859322 0.185717

Square Cross Section Micro-reactor

Eigenvalue problem with constant coefficients

Point X ¼ 0.3 X ¼ 0.5 X ¼ 0.7

NT CTG;Av CB;Av CTG;Av CB;Av CTG;Av CB;Av

20 0.955411 0.049206 0.904022 0.117023 0.844553 0.210476
40 0.955648 0.048923 0.904303 0.116622 0.844850 0.209973
60 0.955815 0.048725 0.904513 0.116322 0.845079 0.209585
80 0.955802 0.048740 0.904492 0.116351 0.845054 0.209627
100 0.955752 0.048799 0.904426 0.116445 0.844981 0.209751

Eigenvalue problem with variable coefficients

Point X ¼ 0.3 X ¼ 0.5 X ¼ 0.7

NT CTG;Av CB;Av CTG;Av CB;Av CTG;Av CB;Av

10 0.955449 0.049150 0.904122 0.116853 0.844666 0.210240
20 0.955705 0.048851 0.904378 0.116504 0.844923 0.209831
30 0.955751 0.048798 0.904427 0.116438 0.844977 0.209748
40 0.955761 0.048785 0.904438 0.116423 0.844988 0.209729
50 0.955766 0.048781 0.904444 0.116415 0.844997 0.209717

Fig. 5. Dimensionless average concentrations along the micro-reactor with L ¼ 233 � 10�4 m, H ¼ 100 � 10�6 m and W ¼ 105 � 10�4 m: (a) triglyceride; (b) biodiesel.
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Fig. 6. Conversion of triglyceride in a rectangular cross section micro-reactor with L ¼ 233 � 10�4 m and W ¼ 105 � 10�4 m: (a) for different temperatures with H ¼ 100 � 10�6 m;
(b) different micro-reactor heights, i.e., H ¼ 50 � 10�6, 100 � 10�6, 150 � 10�6 and 200 � 10�6 m at 298 K.

Fig. 7. Conversion of triglyceride in a square cross section micro-reactor with L ¼ 233 � 10�4 m for different temperatures and different cross sections: (a) W ¼ H ¼ 100 � 10�6 m,
(b) W ¼ H ¼ 200 � 10�6 m, (c) W ¼ H ¼ 300 � 10�6 m and (d) W ¼ H ¼ 400 � 10�6 m.
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transesterification process, which as a consequence, influence the
reaction process, achieving higher conversion rates in shorter
residence times. For a given microchannel height, four tempera-
tures were studied, and higher temperatures yielded higher and
faster conversions. Fig. 6b presents a comparison between the
conversion of triglyceride for four different micro-reactor heights,
i.e., 50� 10�6,100� 10�6,150� 10�6 and 200� 10�6m. Themicro-
reactor of 50 � 10�6 m in height yielded a higher conversion than
all the other micro-reactors for any given residence time. This oc-
curs because lower micro-reactor heights result in higher surface
area to volume ratio and shorter diffusion pathways, ensuring
greater mass transfer and better triglyceride conversions. The same
results are observed for the square cross section micro-reactors
illustrated in Fig. 7 for different cross sections and different tem-
peratures. Comparing the graphics, it is noticeable that the best
results for the conversion of triglyceride for a given residence time
are expected at the lower square cross section micro-reactors,
H¼W¼100 � 10�6 m, and at greater reaction temperature,
T ¼ 333 K.

5. Conclusions

A theoretical analysis of the biodiesel synthesis from methanol
and soybean oil, catalyzed by sodium hydroxide in rectangular
cross section micro-reactors, is here presented. A three-
dimensional reaction-convection-diffusion model for the mass
transfer of the species involved in the transesterification is adopted,
considering a second order reversible and homogeneous chemical
reaction and fully developed stratified laminar two-phase flow. A
hybrid numerical-analytical solution is then proposed based on the
Generalized Integral Transform Technique (GITT).

Two eigenvalue problems were considered in the solution
methodology, one accounting for the velocity profile and another
with constant coefficients. The results indicate better convergence
behavior for the solutions obtained through the eigenvalue prob-
lems with variable coefficients, which were solved by the GITT it-
self. Results for the hybrid numerical-analytical concentration
fields were confronted with data from the literature for typical
situations with good adherence among them.

Important parameters such as the reaction temperature, resi-
dence time and volumetric flow rate of the triglyceride species, and
dimensions of the micro-reactor are analyzed, aiming at studying
the influence of each parameter in the transesterification reaction.
The results obtained confirm the expected behavior that enhanced
conversions of triglyceride occur for higher residence time, larger
reaction temperature and lower height of the micro-reactor. In
these reactive conditions the reactant fluids would be for a longer
time in contact, favoring the chemical interactions via a greater
surface area to volume ratios, and with the reaction rates increased
by the temperature effects.
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Appendix A. Solution methodology for the velocity field

The appropriate eigenvalue problem to represent the velocity
eigenfunction expansion in the z direction can be written as:

d2Jvel;iðzÞ
dz2

þ l2i Jvel;iðzÞ ¼ 0 (A1.a)

Jvel;ið0Þ ¼ 0 ;

Jvel;iðWÞ ¼ 0
(A1.b,c)

The eigenvalue problem defined above has a known solution in
the literature [50] and the normalized eigenfunction ~J and its
norm and eigenvalues can be written as:

J
�
vel;i zð Þ ¼ sinðlizÞffiffiffiffiffiffiffiffiffiffi

Nvel;i

q ;

Nvel;i ¼
W
2

;

li ¼
ip
W

; i ¼ 1;2;3; :::

(A1.d-f)

From the orthogonality property of the eigenfunctions, the
following transform and inverse formulae for the velocity fields of
the two fluids are presented in Eqs. (A2.a,b) and (A2.c,d),
respectively:

uTG;i yð Þ ¼
ZW
0

uTGðy; zÞJ
�
vel;i zð Þdz ;

uA;i yð Þ ¼
ZW
0

uAðy; zÞJ
�
vel;i zð Þdz (A2.a,b)

uTGðy; zÞ ¼
X∞
i¼1

J
�
vel;i zð ÞuTG;i yð Þ;

uAðy; zÞ ¼
X∞
i¼1

J
�
vel;i zð ÞuA;i yð Þ (A2.c,d)

The integral transformation of Eqs. (2. a,b) can be carried out by

application of the operator
Z W

0

~Jvel;iðzÞ dz together with the

boundary conditions of the original velocity problem, resulting in
the following transformed system:

d2uTG;i
dy2

� l2i uTG;iðyÞ ¼ � 1
mTG

DP
L

ZW
0

~Jvel;iðzÞdz; 0< y<HTG

(A3.a)

d2uA;i
dy2

� l2i uA;iðyÞ ¼ � 1
mA

DP
L

ZW
0

~Jvel;iðzÞdz; HTG < y<H

(A3.b)

uTG;ið0Þ ¼ 0;

uA;iðHÞ ¼ 0
(A3.c,d)

uTG;iðHTGÞ ¼ uA;iðHTGÞ;

� mTG
duTG;i
dy

����
y¼HTG

¼ �mA
duA;i
dy

����
y¼HTG

(A3.e,f)

Equations (A3) form an infinite system of second order ordinary
differential equations coupled at the interface conditions at y¼HTG.
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Such equations can be solved analytically [51] and their solutions
are then used to explicitly represent the velocity fields of the two
fluids through the inversion formulae given by Eqs. (A2.c,d).
Therefore, the velocity profile of the two fluids, methanol and
soybean oil, can be written in terms of hyperbolic functions ac-
cording to Eqs. (4a-c).

Appendix B. Solution methodology for the concentration field
with simple eigenvalue problem

First, the auxiliary problems with constant coefficients are
considered, without the velocity profile. Thus, two eigenvalue
problems must be proposed in order to automatically satisfy the
different boundary conditions of the partial differential equations
in the Yand Z directions, one for the alcohol and another one for the
remaining species. Table B1 presents the proposed eigenvalue
problems:

Both eigenvalue problems can be solved by the separation of
variables technique [50]. For this purpose, two new auxiliary
problems are required to represent the original eigenfunction
FðY; ZÞ and UðY; ZÞ, which are presented in Table B2, respectively.

From the auxiliary eigenvalue problems proposed in Table B2, it
is possible to express the normalized eigenfunctions ~F and ~U and
their respective eigenvalues as:

F
�
m;nðY ; ZÞ ¼ f

�
1;m Yð Þf�2;n Zð Þ ;

U
�
m;nðY ; ZÞ ¼ 4

�
1;m Yð Þ4�2;n Zð Þ (B1.a,b)

g2m;n ¼ g21;m þ g22;n ;

y2m;n ¼ y21;m þ y22;n
(B1.c,d)

A reordering scheme for the eigenvalues and eigenfunctions can
be proposed in order to ensure computational efficiency [35]. Thus,
the normalized eigenfunctions ~Fm;nðY ; ZÞ and ~Um;nðY; ZÞ are then
converted to eigenfunctions with simple index ~FiðY; ZÞ and ~UiðY; ZÞ,
where the index i corresponds to combinations of the indices of the
auxiliary eigenvalue problems m and n rearranged in ascending
order of the sum of the squares of these eigenvalues in each di-
rection. The objective of this strategy is to account only for themost
important terms, in decreasing order of importance in the sum
represented by the eigenfunction expansion, reducing the double
summation to a single one, and thus significantly reducing the
computational cost in the solution of the transformed system.

After the solution of the eigenvalue problem, the transform and
inverse formulae for the concentration of all species involved in the
transesterification reaction can be defined in Eqs. (B2,B3),

respectively, as:

CAhi
Xð Þ ¼

Z1
0

Z1
0

F
�
iðY ; ZÞCAhðX; Y ; ZÞdYdZ;

Cri Xð Þ ¼
Z1
0

Z1
0

U
�
iðY; ZÞCrðX; Y ; ZÞdYdZ (B2.a,b)

CAhðX; Y ; ZÞ ¼
X∞
i¼1

F
�
iðY; ZÞCAhi

Xð Þ;

CrðX;Y ; ZÞ ¼
X∞
i¼1

U
�
iðY ; ZÞCri Xð Þ (B3.a,b)

with r ¼ TG, DG, MG, B, GL.
The integral transformation of the filtered partial differential

equations, together with their boundary conditions in the direction
X, can be carried out operating with the integral operator of the
respective eigenfunctions for each species over the Y and Z domain,
together with the second Green's formula, resulting in the trans-
formed system defined by Eqs. (B4):

X∞
j¼1

O1;ij
dCrj

dX
¼ 1

Per

d2Cri

dX2 � xry
2
i Cri þ 2Gr;ijk;

where r ¼ TG;DG;MG;B;GL

(B4.a)

X∞
j¼1

O2;ij
dCAhj

dX
¼ 1

PeAh

d2CAhi

dX2 � xAhg
2
i CAhi

þ 2GAh;ijk (B4.b)

CTGi
ð0Þ ¼ f 1;i;

CAhi
ð0Þ ¼ f 2;i;

Crið0Þ ¼ 0;
where r ¼ DG;MG;B;GL

(B4.c-e)

dCri
dX

�����
X¼1

¼ 0; where r ¼ TG;A;DG;MG;B;GL (B4.f)

where the transformed kinetic expressions are presented in
Table B3.

The various coefficients can be analytically determined via
symbolic computation [51] and are defined as:

O1;ij ¼
Z1
0

Z1
0

UTGU
�
iU
�
jdYdZ; O2;ij ¼

Z1
0

Z1
0

UTGF
�
iF
�
jdYdZ; O3;ijk ¼

Z1
0

Z1
0

U
�
iU
�
jF
�
kdYdZ;

O4;ijk ¼
Z1
0

Z1
0

U
�
iU
�
jU
�
kdYdZ; O5;ijk ¼

Z1
0

Z1
0

F
�
iU
�
jF
�
kdYdZ; O6;ijk ¼

Z1
0

Z1
0

F
�
iU
�
jU
�
kdYdZ;

O7;ij ¼
Z1
0

Z1
0

F
�
iU
�
jdYdZ; f 1;i ¼

Z1
0

Z1
0

U
�
idYdZ; f 2;i ¼

Z1
0

Z1
0

F
�
idYdZ

(B5.a-i)
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These coefficients can be analytically determined, computed at
once, and then stored in arrays that during the execution of the
main algorithm should be recalled, thus reducing the computa-
tional cost of the numerical solution of the transformed system.

The average concentrations of the species along the micro-
reactor can then be calculated from the following equations:

Cr;Av Xð Þ ¼

P∞
i¼1

2
4Z 1

0

Z 1

0
UTGðY ; ZÞU

�
iðY ; ZÞdYdZ

3
5Cri Xð Þ

Z 1

0

Z 1

0
UTGðY; ZÞdYdZ

;

where r ¼ TG; DG; MG; GL; B

(B6.a)

CA;AvðXÞ ¼

P∞
i¼1

2
4Z 1

0

Z 1

0
UTGðY ; ZÞ~FiðY ; ZÞdYdZ

3
5CAhi

ðXÞ

Z 1

0

Z 1

0
UTGðY; ZÞdYdZ

þ CAeq

(B6.b)

Appendix C. Solution methodology for the concentration field
with eigenvalue problem accounting for the velocity profile

Now, eigenvalue problems with variable coefficients will be
proposed aiming to accelerate the convergence behavior of the
solutions by building eigenfunctions with further information on
the physical phenomenon. Table C1 shows the new formulation for
the eigenvalue problems containing the information of the velocity
profile.

This new formulation for the eigenvalue problems does not have
a closed form analytical solution, but it can be solved by the GITT
approach itself. For this purpose, simpler auxiliary problems should
be proposed in order to support the representation of the eigen-
functions in terms of simpler auxiliary eigenfunction expansions. In
this case, the same eigenvalue problems defined in Table B1 can be
considered.

The orthogonality property of the eigenfunctions is used to
define the transform and inverse formulae for the original eigen-
functions G and J presented in Table C1, respectively, by Eqs.
(C1,C2):

Gil ¼
Z1
0

Z1
0

F
�
lðY ; ZÞGiðY ; ZÞdYdZ;

Jil ¼
Z1
0

Z1
0

U
�
lðY ; ZÞJiðY ; ZÞdYdZ

(C1.a,b)

GiðY ; ZÞ ¼
X∞
l¼1

F
�
lðY ; ZÞGil;

JiðY; ZÞ ¼
X∞
l¼1

U
�
lðY ; ZÞJil

(C2.a,b)

where Gil and Jil are eigenvectors that will be obtained from the
integral transform solution of the eigenvalue problems defined in
Table C1.

The integral transformation for the eigenvalue problems

presented in Table C1 is accomplished bymultiplying the respective
normalized auxiliary eigenfunction given in Eqs. (B1.a,b) for each
eigenvalue problem, followed by integration over the domain [0,1]
in the Yand Z directions, and then substituting the inverse formulae
for the original eigenfunctions, G and J [33,37]. After performing
the integral transformation procedure, the following algebraic
systems for calculating the eigenvalues and corresponding eigen-
vectors are obtained:

h
� g2l dlm þ b2i O2;lm

i
Gim ¼ 0 ;h

� y2l dlm þ l2i O1;lm

i
Jim ¼ 0

(C3.a,b)

Equations (C3) form an infinite algebraic system that can be
numerically solved after a sufficiently large truncation order MT to
ensure the desired accuracy for the eigenvalues bi and li. The norms
of the eigenfunctions GiðY; ZÞ and JiðY ; ZÞ are then computed,
respectively, as:

NormG;i ¼
Z1
0

Z1
0

UTGðY ; ZÞG2
i ðY ; ZÞdYdZ ¼

XMT

l¼1

XMT

m¼1



O2;lmGim

�
Gil

(C4.a)

NormJ;i¼
Z1
0

Z1
0

UTGðY;ZÞJ2
i ðY ;ZÞdYdZ¼

XMT

l¼1

XMT

m¼1



O1;lmJim

�
Jil

(C4.b)

After the eigenvalue problem solution, the transform and in-
verse formulae for the concentration of all species involved in the
transesterification reaction can be defined, respectively, as:

CAhi
ðXÞ ¼

Z1
0

Z1
0

UTGðY ; ZÞ~GiðY ; ZÞCAhðX;Y ; ZÞdYdZ (C5.a)

CriðXÞ ¼
Z1
0

Z1
0

UTGðY; ZÞ ~JiðY ; ZÞCrðX; Y; ZÞdYdZ (C5.b)

CAhðX; Y ; ZÞ ¼
X∞
i¼1

G
�
iðY; ZÞCAhi

Xð Þ ;

CrðX; Y ; ZÞ ¼
X∞
i¼1

J
�
iðY ; ZÞCri Xð Þ

(C6.a,b)

with r ¼ TG, DG, MG, B, G, where ~GiðY ; ZÞ and ~JiðY; ZÞ are the
normalized eigenfunctions defined as:

~GiðY ; ZÞ ¼
GiðY ; ZÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NormG;i

p ; ~JiðY ; ZÞ ¼
JiðY ; ZÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NormJ;i

p (C7.a,b)

The integral transformation of the filtered partial differential
equations system can be carried out operating with the integral
operator of the respective eigenfunctions for each species over the
domain [0,1], in the Y and Z directions, then using the boundary
conditions together with the second Green's formula. The trans-
formed boundary conditions in the X direction are obtained by
transforming Eq. (6.b-d) with the aid of the weighting function of
Eqs. (C5.a,b). Finally, it is obtained the following system of trans-
formed equations:
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dCri
dX

¼ 1
Per

X∞
j¼1

X∞
l¼1

O1;ijl
d2Crj

dX2 � xrl
2
i Cri þ 2Gr;ijklmn;

where r ¼ TG;DG;MG;B;GL

(C8.a)

dCAhi

dX
¼ 1

PeAh

X∞
j¼1

X∞
l¼1

O2;ijl
d2CAhj

dX2 � xAhb
2
i CAhi

þ 2GAh;ijklmn

(C8.b)

CTGi
ð0Þ ¼

X∞
l¼1

f 1;il;

CAhi
ð0Þ ¼

X∞
l¼1

f 2;il;Crið0Þ ¼ 0;

where r ¼ DG;MG;B;GL

(C8.c-e)

dCri
dX

�����
X¼1

¼ 0; where r ¼ TG;A;DG;MG;B;GL (C8.f)

where, the transformed kinetic expressions G are presented in
Table C2.

The various coefficients that appear in the integral trans-
formation procedure are defined as:

Again, these coefficients can be analytically determined and
computedonlyonce, andthenstored inarrays thatduringtheexecution
of themain algorithm can be recalled, reducing the computational cost
on the numerical solution of the transformed system.

The average concentration of the species along the micro-
reactor can then be calculated from the following equations:

Cr;Av ¼

2
4P∞

i¼1
P∞

l¼1

Z 1

0

Z 1

0
UTGðY ; ZÞU

�
lðY ; ZÞdYdZJil

3
5Cri Xð Þ

Z 1

0

Z 1

0
UTGðY; ZÞdYdZ

;

where r ¼ TG; DG; MG; GL; B (C10.a)

CA;Av ¼

2
4P∞

i¼1
P∞

l¼1

Z 1

0

Z 1

0
UTGðY ; ZÞ~FlðY; ZÞdYdZGil

3
5CAhi

ðXÞ

Z 1

0

Z 1

0
UTGðY ; ZÞdYdZ

þ CAeq
(C10.b)

O1;ijl ¼ JilJjl; O2;ijl ¼ GilGjl; O3;ijklmn ¼
Z1
0

Z1
0

~Ul
~Um

~FndYdZJilJjmGkn;

O4;ijklmn ¼
Z1
0

Z1
0

~Ul
~Um

~UndYdZJilJjmJkn; O5;ijklmn ¼
Z1
0

Z1
0

~Fl
~Um

~FndYdZGilJjmGkn;

O6;ijklmn ¼
Z1
0

Z1
0

~Fl
~Um

~UndYdZGilJjmJkn; O7;ijlm ¼
Z1
0

Z1
0

~Fl
~UmdYdZGilJjm;

f 1;il ¼
Z1
0

Z1
0

UTG
~UldYdZJil; f 2;il ¼ �FAo

Z1
0

Z1
0

UTG
~FldYdZGil

(C9.a-i)

Table B1
Eigenvalue problems with constant coefficients.

For the alcohol species For other species

v2Fi

vY2 þ u
v2Fi

vZ2
þ g2i FiðY; ZÞ ¼ 0

vFi

vY

����
Y¼0

¼ 0; Fið1; ZÞ ¼ 0

vFi

vZ

����
Z¼0

¼ 0;
vFi

vZ

����
Z¼1

¼ 0

v2Ui

vY2 þ u
v2Ui

vZ2
þ y2i UiðY; ZÞ ¼ 0

vUi

vY

����
Y¼0

¼ 0;
vUi

vY

����
Y¼1

¼ 0

vUi

vZ

����
Z¼0

¼ 0;
vUi

vZ

����
Z¼1

¼ 0
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Table B2
Auxiliary eigenvalue problems to solve the eigenvalue problems for F(Y,Z) and U(Y,Z).

For the original eigenfunction F(Y,Z)

Direction Y Direction Z

Eigenvalue problems d2f1;m

dY2 þ g2
1;mf1;mðYÞ ¼ 0

df1;m

dY

����
Y¼0

¼ 0; f1;mð1Þ ¼ 0

u
d2f2;n

dZ2
þ g22;nf2;nðZÞ ¼ 0

df2;n

dZ

����
Z¼0

¼ 0;
df2;n

dZ

����
Z¼1

¼ 0

Normalized eigenfunctions ~f1;mðYÞ ¼
ffiffiffi
2

p
cosðg1;mYÞ

~f2;nðZÞ ¼

8><
>:

1; if g2;n ¼ 0

ffiffiffi
2

p
cos
�
g2;nffiffiffiffi
u

p Z
�
; if g2;ns0

Eigenvalues g1;m ¼ ð2m�1Þp
2 ; m ¼ 1;2;3; ::: g2;n ¼ ffiffiffiffi

u
p ðn� 1Þp; n ¼ 1;2;3; :::

For the original eigenfunction U(Y,Z)

Direction Y Direction Z

Eigenvalue problems d241;m

dY2 þ y21;m41;mðYÞ ¼ 0

d41;m

dY

����
Y¼0

¼ 0;
d41;m

dY

����
Y¼1

¼ 0

u
d242;n

dY2 þ y22;n42;nðYÞ ¼ 0

d42;n

dY

����
Y¼0

¼ 0;
d42;n

dY

����
Y¼1

¼ 0

Normalized eigenfunctions
~41;mðYÞ ¼

�
1; if y1;m ¼ 0ffiffiffi

2
p

cosðy1;mYÞ; if y1;ms0 ~42;nðZÞ ¼

8><
>:

1; if y2;n ¼ 0

ffiffiffi
2

p
cos
�
y2;nffiffiffiffi
u

p Z
�
; if y2;ns0

Eigenvalues y1;m ¼ ðm� 1Þp; m ¼ 1; 2; 3; ::: y2;n ¼ ffiffiffiffi
u

p ðn� 1Þp; n ¼ 1;2;3; :::

Table B3
Transformed kinetic terms for the different species involved in the transesterification reaction in the GITT solution with
eigenvalue problems of constant coefficients.

Specie r Gr;ijk

TG P∞
k¼1
P∞

j¼1ð�k1O3;ijkCTGj
CAhk

þ k2O4;ijkCDGj
CBk

Þ � k1CAeqCTGi

A P∞
k¼1

P∞
j¼1

h
O5;ijk



� k1CTGj

� k3CDGj
� k5CMGj

�
CAhk

þ O6;ijk



k2CDGj

þ k4CMGj
þ k6CGLj

�
CBk

i

þCAeq
X∞
j¼1

O7;ij



� k1CTGj

� k3CDGj
� k5CMGj

�

DG P∞
k¼1

P∞
j¼1

h
O3;ijk



� k1CTGj

� k3CDGj

�
CAhk

þ O4;ijk



� k2CDGj

þ k4CMGj

�
CBk

i
þCAeq



� k1CTGi

� k3CDGi

�
MG P∞

k¼1

P∞
j¼1

h
O3;ijk



k3CDGj

� k5CMGj

�
CAhk

þ O4;ijk



� k4CMGj

þ k6CGLj

�
CBk

i
þCAeq



k3CDGi

� k5CMGi

�
GL P∞

k¼1
P∞

j¼1ðk5O3;ijkCMGj
CAhk

� k6O4;ijkCGLj CBk
Þ þ k5CAeqCMGj

B P∞
k¼1

P∞
j¼1

h
O3;ijk



k1CTGj

þ k3CDGj
þ k5CMGj

�
CAhk

þ O4;ijk



� k2CDGj

þ k4CMGj
� k6CGLj

�
CBk

i
þCAeq



k1CTGi

þ k3CDGi
þ k5CMGi

�

Table C1
Eigenvalue problems with variable coefficients.

For the alcohol species For other species

v2Gi

vY2 þ u
v2Gi

vZ2
þ b2i UTGðY ; ZÞGiðY ; ZÞ ¼ 0

vGi

vY

����
Y¼0

¼ 0; Gið1; ZÞ ¼ 0

vGi

vZ

����
Z¼0

¼ 0;
vGi

vZ

����
Z¼1

¼ 0

v2Ji

vY2 þ u
v2Ji

vZ2
þ l2i UTGðY; ZÞJiðY; ZÞ ¼ 0

vJi

vY

����
Y¼0

¼ 0;
vJi

vY

����
Y¼1

¼ 0

vJi

vZ

����
Z¼0

¼ 0;
vJi

vZ

����
Z¼1

¼ 0
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Transformed kinetic terms for the different species involved in the transesterification reaction in the GITT solutionwith variable
coefficients eigenvalue problems.

Specie r Gr;ijklmn

TG P∞
j¼1
P∞

k¼1
P∞

l¼1
P∞

m¼1
P∞

n¼1ð�k1O3;ijklmnCTGj
CAhk

þ k2O4;ijklmnCDGj
CBk

Þ � k1CAeq
P∞

j¼1
P∞

l¼1O1;ijlCTGj

A P∞
j¼1

P∞
k¼1

P∞
l¼1

P∞
m¼1

P∞
n¼1

h
O5;ijklmn



� k1CTGj

� k3CDGj
� k5CMGj

�
CAhk

þ O6;ijklmn



k2CDGj

þ k4CMGj
þ k6CGLj

�
CBk

i

þCAeq
X∞
j¼1

X∞
l¼1

X∞
m¼1

O7;ijlm



� k1CTGj

� k3CDGj
� k5CMGj

�

DG P∞
j¼1

P∞
k¼1

P∞
l¼1

P∞
m¼1

P∞
n¼1

h
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