COFFEAT AR

RELATARID COPPEADR MY 7
CEORTFOLIO SELECTION TN aN £C0RNIFY
WITH MARKETABRILITY AND SHORT SalES

RESTRICTIOGHNE"
Meu 0. Brito #%

fugust L1977

# COPFE-Fedeyal Universits of Bio de Janesivoe. The Comments of

Marshall Blume, Willizm Sharpe, Brung H. Soinik and an unknown
reviewer on esarlier draféts arve agratefully acknowliedged. I am
gspecially grateful for the lengthuy comments and suggestions of
Bobhert Litzenbevger. The Tinancial supoort of FINER, an agency of
the Brazilian Government ie also acknowledasd,



I. INTRODUCITION

The equilibrium pricing of marketable and risky assets in an economy with non-
marketable assets was examined by Mayers[7] , [8] and Brito [4] . Assuming that
(i} short-sales of all marketable assets are feagible and that
(ii) the distribution of terminal feturns on non-marketable assets is
exogenously given and does not depend upon the set of marketable
investment opportunities available to investors,

they derive equilibrium relationships for the pricing of marketable assets.

This paper will relax assumption (i), examining the portfolio selection problem
of an investor who holds non-marketable assets and cannot short-sell marketable and
risky assets. He faces both marketability and short-sales restrictions in thé
economic setting of this work. The most obvious and probably the most significant
example of non-marketable assets are human capital or occupational assets. Nén—
markétable assets and occupational assets will thus be treated as equivalent

expressions throughout this paper.

Our investor is assumed to be an expected utility of terminal wealth
maximizer in’the context of a one-period model and his utility function is assumed
to be a monotonically increasing and concave function of wealth. The investo#'s
expectations are assumed to be represented by a joint distribution of all asséts
(marketable and non-marketable) that is multivariate normal with a positive-
definite variance-covariance matrix of marketable and risky asséts and this
distribution is ‘assumed to induce a convergent and well defined expected utility
integral. Under these assumptions the portfolio decisions of our invester can be
examined in the mean—standard deviation space with a strictly convex
indifference map. Finally it is assumed that a riskless asset exists in the

economy and that our investor can freely borrow and lend at the riskless rate.



It will be shown that, in an economy with ma;ketability.restrictions and
without short—saies, the risky portfolio selection problem of an investor can be
considered in the Reward-to-Variability ratio (RV)-correlation with the
occupational asset of the investor (p) space. The indifference map induced in
this space is convex, RV is a "good" and p is a "bad" and thus only portfolios
of marketable.and risky assets that are efficient in the RV-p space are relevant
for the investor. It is also shown that the relevant segment of the RV-p

efficient frontier is concave and if it is optimal for the investor to hold

marketable and risky assets his optimal marketable and risky portfolio will be
uniquely determined by the tangency between the indifference map and the

relevant segment of the efficiency frontier.



II. THE INTERDEPENDENCE BETWEEN RETURNS TO OCCUPATIONAL ASSETS AND THE STRUCTURE
QF THE SET OF MARKETABLE ASSETS

The demand for marketable assets of an investor in an economy with market-
ability restrictions but without short-sales restrictions will follow a Three Fund
Separation Theorem. As shown by Brito [A], an investor will acquire a portfolio
associated with his occupation that does not depend upon prices of marketable
assets and upon risk preferences and will divide the remainder of his wealth
between the portfolio that offers the maximum reward-to-variability ratio (given
his expectations) and the riskless asset. If O denotes the marketable portfolio
associated with his occupational asset, which will be denoted O, then @ is the
unique marketable and risky portfolio such that, given the investor's expectations,
Cov @, %) = - Cov (8, X), for any marketable portfolio X . The portfolio @ thus
hedges away the covariance risk of the occupation and it seems appropriate to call

it a corrective portfolio,

Brito [4] and Mayers [7] s [8] assume that the distribution of returns on
occupational assets is exogenously given and thus independent of the set of
marketable investment opportunities available to investors. To evaluate the
reasonableness of the assumption consider the portfolio choices of an investor in
two extreme cases. First assume that the set of marketable assets is such that
returns to his occupational asset are independent of the returns to all
marketable and risky assets. Here it follows from Brito [4 | that the corrective
portfolio of the inves;or is null. Now assume that the set of marketable assets
is reorganized in such a way that there exists a marketable and risky portfolio
perfectly correlated with the investor's occupational asset. He can market his
"non-marketable" océupational asset by holding an adequate position in the
perfectly correlated marketable portfolio. Such a position will also satisfy the

covariance condition stated above and is thus the corrective portfolioc of the



investor. 1In the first case the investor seeks to market portions of this
occupational asset getting around the marketability restrictions although the
structure of marketable assets does not allow him to do so. Consequently his
corrective portfolio is null In the second case the structure of marketable assets
allows him to fully market his occupational asset and he does so through his
corrective portfolio holdings. Corrective portfolios are thus the way investors
market portions of their "nﬁn—marketable" occupational assets and the portions

that are marketed depend upon the structure of marketable assets in the economy
and are the portions that covary with such marketable assets. The humaﬁ capital
literature has implicitly recognized2 the "moral hazard" problem, i.e., if
individuals can market portions of their human capital assets they change the
intensity with which they work, they consume more leisure. These changes will
modify the distribution of returns to the individual's human capital asset which
should be different in the two extreﬁe cases discussed. More generally, this
distribution will be determined endogenously, depending upon the structure of
marketable assets in the economy and the marketable holdings of the investor. To
assume that the distribution of returns on occupational assets is exogenously gifen
and independent of the structure of the set of marketable assets is teo assume away

moral hazard problems.

To assume away moral hazard problems is not critical in Brito [ 4] and
Mayers [7} Considering the set of trading rules and the structure of marketable
assets in the economy, investors decide on the amount of leisure to consume and on
the intensity with which they should work. This determines the distribution of
returns on their occupational assets which is then used by the author's to derive
equilibrium conditions across marketable assets. Their resultsa could (and should)
be interpreted in such a partial equilibrium context. However, it seems strong to

assume away moral hazard problems if one is considering the impact of changes in



the structure of marketable assets in the economy. These changes will induce
changes in the distribution of returns to the occupational assets of investors
and even a partial equilibrium interpretation is not possible. The results of

Mayers [8]shou1d be interpreted with caution.

It can be aigued that moral hazard reduces the efficiency of the economic
system?. The efficiency criterion is strictly a commodity dominance criterion,
i.e., more goods would be produced if the portions of occupational assets that
are marketed decrease. The criterion suggests that trading rules that restrict
individuals’ ébility to indirectly market portioms of their occupational assets
are desirable. Since such a marketing takes place through corrective portfolios
that, in general, will involve short*sales; it could be argued that short-sales
restrictions are desirable, If short-sales restrictions are imposed upon
investors, the Three Fund Separation Theorem does not hold and it is unclear how
brokerage houses should advise their clients. They should advise differently
clients with different occupations but it is even unclear how they should advise
clients in the same occupation., They ;ould determine for a given client his
efficient frontier of total combinations (occupational + marketable holdings) in

the mean-standard deviation space. This frontier has two undesirable properties,

(i) it is not an occupation frontier and even within an identical
occupation group it depends upon the individual wealth levels,
(ii) it mixes decisions with respect to marketable and risky portfolio

holdings and decisions with respect to riskless asset holdings.

The brokerage  community may prefer to focus on the marketable and risky

portfolio decisions of the investor avoiding any explicit dependence upon wealth..



IIT. THE RELEVANCE OF THE RV-0 SPACE

It is
occupation

assets are

not clear whether correlation between marketable assets and the
al asset of an investor is a "good" or a "bad" if short-sales of risky

- id 5 +
allowed in an economy with marketability restrictions . However, 1f

short-sales of risky assets are restricted, an investor cannot diversify his

occupation risk by short-selling assets highly correlated with his occupatiomnal

asset and it would appear that the correlation of a marketable and risky asset is
a "bad" which should be associated with the asset.
Defining
W = marketable wealth of the investor,
0 = occupational asset of the investor offering random terminal value O,
X = awell defined and feasible portfolio of marketable assets offering
random terminal value X anrd having market value W,
Ex’ 0~ mean and standard deviation of the random terminal value of X,
RVX = reward to variability ratio of X,
P, = correlation between the random terminal value of X and of the
occupational asset,
Eo’ 00=mean and standard deviation of O,
r = one plus the riskless rate of interest = 1 + T,
T = total random terminal value available to the investor determined by his
marketable holdings and his occupational asset,
Et’ 0t= mean and standard deviation of T,

one obtains

Et = Eo + Ex (1)
2 _ 2 2
¢ 0o +‘Gx * 2px Ox Go ) (2)

t
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mbination of 0 + Wr is RVx/ Py and thus if the RVX - o, space is




FIGURE 1

DOMINANCE WITHIN A CONSTANT p PLANE



embedded into Et -0, at O + Wr it will determine how the investor can locally
change his E -0, combination through feasible holdings of X. The dashed segment
in figure 2 inveolves short-sales and is not feasible. If one defines X as the
minimum variance total combination on the locus associated with the risky portfolio
X then it also follows from Merton [9j]and Gonzalez [5:] that X completely

determines the locus!?

and
E(X) = (E, +Wr) - p_ do RV_ ‘ (3)
o(im) =0, (1- pf{) . . (4)

Given the endowed wealth and occupational asset (and Eo’ oo) of the investor, RVX
and p_ completely determine E(im) and G(iig and the whole hyperbolie locus. It
follows that only RVX and'px are relevant when considering the set of all feasible
combinations of any risky portfolio X and the riskless asset. This suggests that
the risky marketable portfolio problem of the investor may be solved in the

RVX - px space.



Hyperbolic Locus
Associated with X

FIGURE -~ 2
THE LOCUS OF TOTAL COMBINATIONS ASS0CIATED

WITH LEVERAGED POSITIONS ON X
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IV. THE INDIFFERENCE MAP INDUCED IN RV-p

The expected utility of a total combination offering mean E and standard
deviation B can be defined as U(E,c) and under the assumptions of this paper
this functipn will induce a convex indifference map in E o, . As discussed in the
preceding séction, the Et- S }ocus associated with combinations of the riskless
asset and any risky portfolio X (plus the occupational asset) is concave and
uniquely determined by RVX and Pyt If one defines a feasible combination of X and

the riskless asset as Xq = gX + (1-9)Wr, q 30 then the solution of
Max U [E(ﬁ +X), 00+ X ?]
q q
{q 20}
*
is unique as indicated in figure 2, where Xq denotes the combination associated

with the unique optimal q. The indifference map in E - o, will induce an

. {930}
*
Uniqueness of Xq implies that UI (.) meets the comparability and transitivity

indifference map in RV-0 and one can define UI (RVX, px)= Max U[E(6+Xq),0(6+xq)].

axioms, although its convexity properties are unclear at this stage.

Let X and Y be any two marketable portfolios offering the same inducedutility
in the RV-p space. From the definition of UI(.) there will exist portfelio
weights a and b associated with the optimal combinations of X and Y with the

' 1 I - . =
. 1 =
riskless asset!?, such that U (va’ px) =T (RVy, py)= L] [E(0+Xa)’ g(o+xai]=
i) [F(6+§b), 0(6+§b)}. Convexity of the indifference map in E -0, and the

hyperbolic nature of the loci of combinations im E - 0, require that either

t

(i) a=b =20 or
(ii) a> 0 and b > 0,13
A possible situation is shown in figure 3. Consider an s convex combination of

Xa and Yb which will be denoted (s: Xa’ Y It 1s trivial to show that such a

b)'

combination can be obtained by leveraging the portfoliol*

[



FIGURE 3

INDUCED INDIFFERENCE BETWEEN X AND Y



sa ., Q-8

sa;+ {1 - s)b sa + (1 - s)b

Y . (5)

One can now proceed to examine the utility induced by a k convex combination of X
and Y. 1If (i) occurs then full investment of marketable wealth in the riskless

asset is preferred to any long position in a portfolio of X and Y:

.
u [ Rv(k:x,y)’ D(k:x,y)
=0 [E(a + Wr), (0 + Wrﬂ

If (ii) occurs, from relation (5) there will exist s> 0 such that

Vvt av,e) v @, o) - “

58 =k <> s = b

sa+ (1L ~-s)b a(l-k)+hb
and from relation (5) thereexists a leveraged combination of (k:X,¥) on the E O,
locus of convex combinations of X and Y. Since this locus is hyperbolic in
E - Ot any point on the locus will be on an indifference curve above the one

containing the mean-standard deviation combinaticns of Xa and Y It follows

-bl
that if {(ii) occurs
ot |y . P > kot (ﬁv 0.) + (1=k) UY RV, p ).(7)
(k:x,y) (k:x,y) x* Px y’ y

Relations (6) and (7) imply convexity of the indifference map induced in RV-p.

The utility function induced in RV-p not only meets the comparability and
transitivity axioms but it also induces a convex indifference map. Moreover,
UI(.) not only allows ranking of feasible and risky marketable portfolios but it
implies a special structure upon such a ranking. It can be shown that the
marketable and risky portfolio offering the maximum RV ratio is dominant within
a constant p class and the markétable and risky portfolio offering the minimum p
is dominant within a constant RV class, i.e., only portfolios that are "efficient"

5

in RV-D are relevant for the portfolioc selection problem of the investor'®. It

follows that any induced indifference curve is convex and 3UL/3RV >0 and BUI/QOKO,

i.e., an indifference curveis also an increasing function in the RV-pspace.



V. THE FEASIBLE REGION AND PORTFQLLO SELECTION IN THE RV-p SPACE

Before examining the feasible region let us consider the locus of feasible
combinations of two feasible risky portfolios in the RV-p space. Let X and Y be

feasible risky portfolios with market value W and to simplify the notation define

X (RVX, px) = vector associated with X in RV-p, for any X,

K

(k: X,Y), ke [O, 1 ]= a feasible combination of X and yle,

From the linearity of the covariance and expected value operators it follows that®

. kox ko
K= (RVk, pk) = o X+ —-——zck Y . (8)

By varying k within [b, il this equation will determine the locus. A few
properties of the locus can be easily derived. From the definition of k one

ohtains

ko (l-k)ol

= 5 > 0
k k
ko {1-k)o
X+ A >1.
Ok %%

The locus is thus fully contained in the angular segment determined by X and Y
and is always beyond the linear segment X Y for k e(0,1)'8, if X and ¥ are
linearly independent. The derivation of other properties of the locus require
the use of implicit differentiation methods. They are diSCuésed in the Appendix.
The slope and the concavity of the locus are continuous and well defined for all k
different from the k where the unconstrained maximum or minimum p occurs. The

locus must be as shown in figure 4 for the various pairs (X , ¥).

Only portfolios that are efficient in the RV—p space are relevant for
portfolio selection. Recall that one could obtain the efficient frontier of the
investor in E -0, by considering the mean and covariance properties of his

occupational asset 0. Since the RV-p space is induced by the Et - 0, space the



Efficient
Frontier

FIGURE 4

THE LOCUS OF CONVEX COMBINATIONS AND PORTFOLIO CHOICE IN RV-p



efficient frontiers in the two spaces must he closely related. In particular, if
the marketable and risky portfolios X and Y definme adjacent efficient corner

solutions in E_ - o 1% they must be adjacent efficient corner solutions in RV-p

t
and any convex combination of X and Y must be efficient in eithér space. Moreover,
it is known that in B0, for any convex combination of X and Y there could exist
an indifference map such that the convex combination would be the optimal
combination. Thus any convex combination of X and Y could also be optimal in RV-p
and the convexity of the indifference map induced in RV-p implies that the locus

of convex combinations of X and Y in RV-p must be concave??.

Adjacent efficient corner solutions in E_ - 0o, are adjacent efficient corner
solutions in RV-p but the reverse is not true, in general. It may be efficient
for our investor to fully invest his marketable wealth in the riskless asset which
has an undefined RV ratio and cannot be represented in the RV-p space. In this
event full investment in the riskless asset is associated with a corner solution
. The two corner solutions adjacent to the corner solution bf the

in Et - Ot

riskless asset are not adjacent in Et - ¢, but are adjacent in RV-p. It can be

t
shown that full investment in the riskless asset is inefficient if and only if
there exists a portfolio Z such that eithey RVZ)U and Dz<0 or _RVZ>' 0 and _g‘z;.*()“-. If such:
a portfolio exists, the indeterminacy of the RV ratio of the riskless asset does
not need to be of concern. The efficient RV-p frontier is always concave and the
optimal marketable and risky portfolio of our investor will be uniquely determined
by the convex indifference map. If such a Z portoflio does not exist the RV-p
efficient frontier will be convex in a neighborhood of 0 =0. However, the investor
would never hold long positions in marketable and risky portfolios associated with
this convex segment. If R and § are the adjacent efficient corner solutions in
RV-p that determine the convex segment then R and S are not adjacent corner

solutiong in Et~0' . It follows that, in general, only marketable and risky

C



portfolios represgnted on concave segments of the efficient RV-p fromtier are
relevant for portfolio selection in an economy with marketability and short sales
restrictions. Convexity of the indifference map implies that the optimal market-
sble and risky portfolio of the investor is always unique. A possible situation is

%*
shown in figure 4. There K indicates the optimal risky marketable portfolio.

The risky portfolio selection of an investor can be examined in the RV-p
space. Implicitly assuming that the investor always takes optimal decisions with
respect to hig holdings of the riskless asset, the space allows investment advisors
to focus on his risky portfolio decision. Moreover, the RV-p efficient fromtier
does not depend upon individual wealth levels and is identical for all investors

within the same occupation group.



VI. CONCLUSIONS

In this paper the risky marketable portfolio selection problem of an investor
constrained to hold fixed amounts of non-marketable occupational assets in an
economy without short-sales of marketable and risky assets was examined under the
usual mean—variance assumptions. It was shown that investor's problem can ﬁe
reduced to the two-parameter Reward-to variability ratio (RV) - correlation with
his occupational asset {(p)} space. In this space the investor's induced
indifference map is convex, RV is a "good" and p is a "bad" and only risky
marketable portfolios that are efficient in RV-p are relevant for the investor.
Moreover, the relevant segment of the RV-p efficient frontier was shown to be
concave and thus if it is optimal for the investor to hold marketable and risky
assets his optimal marketable and risky holdings will be uniquely determined by
the tangency between the induced RV-p indifference map and the RV-p efficient
frontier. The optimal risky marketable portfolio of the investor is a function

of his preferences, his wealth and his occupation.

NOB/orsb



FOOINOTES

(1)
(2)
(3)
Cw)
(s)

(10)

(11)

(12)

(13}

X denotes the random terminal value offered by the non-random portfolio X.
See Becker [3t[.

As well as the results of this paper and the RV-P space.

See Arrow [1], [ 2] .

One can diversify occupational rigk either by holding long positions on
marketable assets megatively correlated with the occupational asset or by
selling marketable assets posivitely correlated with the occupational asset.

Under the assumptions of this paper aE(U)/BEt> 0 and BE(U)/BGt-<0 (see Fama

BE(D) 9E(D) 3B, E(U)
and Miller [ 5]). From (1) and (2) one obtains E = —%F 3E >0 T
X t .4 p.4
RE(U) 3o, 3E ()
<0 and, similarly, ——e—— < 0.
30, ap,, 90

To be more precise, the region does not appear to be comnected. Convex
combinations of portfolios identically correlated with the occupational

asset in general will not be identically correlated with the cccupational asset.,
I.e., a group of marketable portfolios identically correlated with the
investor's occupational asset.

Since full investment of W into the riskless asset is a feasible alternative
to the investor the intersection of the overall feasible region in

Ex - Gx - UX with the EX axis is (Wr, 0,0).

Recall that the occupational asset must be fully held by the investor. If

i9

he invests all of his marketable wealth in the risky portfolio X his terminal -

wealth is O + X and it will be O + Wr if he fully invests in the riskless
asset., Dividing his marketable wealth between X and the riskless asset will
produce total combinations along the hyperbolic locus of combinations of

0 + X and O + Wr.

Recall that the locus is a hyperbola with center on the mean axis and with a
horizontal principal axis.

The scalars a and b are portfolio weights analogous to q above. They
represent the proportions of X and Y in the optimal feasible combinations of
these portfolios and the riskless asset.

Just recall that the same indjifference curve must be tangent to the feasible
segments of the hyperbolic loci associated with X and Y at Xa and Yb’
respectively. This double tangency condition is viclated if the two

conditions are not meet.



(%) Just observe that (s:Xa, Yb) = SXa + (1—5)Yb =s{a% + (1-a)Wr} + (1-s)
{bY + (1-B)Wr} = saX + (1-s)bY + {s (1-a) + (1-s) (1-b)} wr.

(15) The proofs of these statements will be sent to the reader, upon request.
They follow directly from the properties of the feasible segment of the
hyperbolic locus of total combinations associated with leveraged positions in
risky portfolios.

{(16) Tt would seem more adequate to define it as ny. However, there will never
exist any dcubt about the portfolios X and Y involved and the simpler notation
was chosen. '

(17) Recalling that

E Kk -Wr EX—Wr Ey-Wr kﬁx (1~k)o
RV, = , =k * (1) —F— = =L RV + —g—7L RV
k Iy O k_ kK = k y
0 Cov (K,0) k Cov (X,0) (1-k) Cov(Y,0) ko x (1-k)o
= = + = p + p
k s 9 O, g, 0, o, % Oy ¥

s

the result follows.

(18) Since the variance—covariance matrix of marketable and risky assets is assumed
to be positive definite, if X Y are linearly independent K will be on the
linear segment X Y only if k=0 or k=l. For k £€(0,1) relations (9) will hold as
an strict inequality and thus K will be fully contained on the side of X Y
opposite to the origin, i.e., it will be beyond the linear segment.

(19) Notice that 0 is held throughout the feasible region in Et_ Ut and thus the
corner solutions defined by X and Y are 0 + X and O + Y.

(z0) If the locus were convex it would be necessary to impose special conditions
upon the convex indifference map in RV-p to assure that every convex’
combination of X and Y could be chosen. Since no special conditions are needed
in Et—ct they are not needed in RV~p and the locus of convex combinations*of
X and Y must then be .concave in RV-p, i.e., dRV(X,Y)>0 and the critical kp must
be cutside the relevant (0,1) range. This result can also be derived
considering only the properties of the loci of feasible combinations in the
RV-p space.

{21) Just recall that if va_ pX is embedded in Et-ﬁt at 0 + Wr then Z gives the
local rate of change of expected value vs. standard deviation that can be

attained by holding the risky marketable portfolio Z.
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APPENDILX

PROPERTIES OF THE LOCUS OF FEASIBLE COMBINATIONS OF. RISKY PORTFOLIOS
IN THE RV-p SPACE

Using implicit differentiation methods and relation (8) one can obtain other

properties of the locus of feasible combinations of the feasible and risky

portfolios X and Y in the RV-p space. Denoting the critical k at which the minimum
or maximum p combination occurs by k; one can show that

(i) the slope and the concavity of the locus are continuous and well defined

for all k # k:,
(ii) the slope-and the concavity of the locus change of sign at k=k:; moreover,
the concavity changes of sign only at k;,

(ili) at k = k; the vertical line parallel to the RV axis is tangent to the locus.
These properties and relation {(9) imply that the analytical properties of X, Y and
of the linear segment X Y completely determine the concavity properties of the locus
The distance vector of X ¥ from the origin, which is defined as d, is of particulaf
importance. From relation (9) the projection of K along d, which is defined as kd,
will always be positive and [kd| > |d ] for k€(0,1). The concavity of the locus ;;
thus determined by the projection of d along the RV axis, which is defined as dRV‘
Without any loss of generality let X be the portfolio such that Py < gy or such that
RV_> RVy if Py = Dy 20 or such that RV, <RVY if Py = py <0, TIf de->0 and k: e(0,1)
represents the minimum Emaximumﬁ] p combination then the locus is concave [conveé]
for k e [O,k: ) and is convex [concavé] for ke(k;, ]]. The opposite would hold if
d_. <0, If k: ¢ (0,1) the locus of convex combinations will have constant

RV

R’V RV <0, These properties imply

that the locus must be as shown in figure (4) for the various pairs (X, Y). Proofs

concavity, it will be concave if 4__ 20 and convex if d

of these results will be sent to the reader upon request.



