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ABSTRACT
We described a method based on integer linear programming

for solving the many-visits m-traveling salesman problem.

RESUMO

Descreve-se um metodo baseado em programacao linear inteira pa
ra a solucao do problema do m-caixeiro viajante com multiplas
- visitas. ' T R A e



1. INTRODUCTION

We describe an integer linear proaramming (ILP) approach
to the many-visits travelinu salesman problem of [2, 5]. The meth
od is based on [3] and is an application of [4]. As usual with ILP
formulations of the TSP a central point is handling subtours. The
éonét;éints describea in this‘paper'do not eliminate them Fm-nédég
sarlly and instead allow the existence of certain subtours, which

are subsequently transformed into proper tours of theagame cost.

| The m-TSP arises naturally when considering many-visits
type§§£6blems. That is, there is a distinguished city which is to
be visited m times, once by each salesman. In addition, it is
useful, for instance, when solving the aircraft schedulinc problem
(ASP) with m runways. This problem is to find a landing schedule
of a set of n airplanes so as to minimize the time of the latest
landing. Each plane is of a certain class and the time gap re
qﬁired between two consécutive landings on a same runway depends
only on the two classes involved. The number k of distinct classes
is supposed to be fixed [2, 5]. In [5], the m > 1 case has been
discussed, but only solutions for m=2 have been agiven. The ASP

with m runways can be solved by an algorithm for the many-visits

m-TSP .

For convenience, we adopt the interpretation considering
the many-visits m-TSP as a special case of the ordinary m-TSP
That is, we formulate an algorithm for solving a general asymmet
ric.m-TSP which starts by dividing the n vertices into k disjoint
classes CL, according to a ce:tain eqguivalence relation. In the
many-visits m-TSP, each Ci would correspond to a city to be vis

ited ICiI times. If k is fixed and the maximum distance of the
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problem is bounded by a polynomial in n, the aleorithm terminates

within linear time in the size of its input and output.

2. THE ALGORITHM

D is a digraph having vertices V(D) = {wv .-.,vn}, r>1

]!

‘and v a distinguished vertex. There is an edae {vn,vqj e E (D)

with a non negative integer dpq associated to it, for eyery nair

of distinct v_,v_ e V(D). The walue d is the distance from v_ to
P g pa : : g ——

pr &

T all

V,+ The cost of a subdigraph D' of D is the sum I dpn

d
{vp,vq} e E(D').

Let m be an integer, l<msn-1. A tour is a minimum cost

subdigraph T of D such that

(i) T is a union of m cycles of D
and

(ii) v_ belongs to all cvcles of T, but if i<n then vy is

in exactly one cycle.

The m-TSP consists of finding T, cgiven D and m.

Let D' be the dicgranh obtained from D by adding to it
m—1 vertices e e and edges from (to) each A -
n+lsi<n+m-1, to (from) every other vertex of D+, with distances
satisfying

apq = = , for n<p,gsn+m-1 and p¥q

dpq = dnq and dqudqn' for p=n and g=n.

: +
The wvertices VeV are the ropots of D .

g e e Ve
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Let ciu...uck=vrn+} be a partition of the vertices of D+

into disjoint non-empty subsets, called classes of D, such that
vp,vq £ V{D+} belong to the same class iff
d = d_ siainan al
Pg ap - (1)
IR, it s e e s Doy S G e
Without loss of generality, assume C = {vn""'vn+m-l}'

-

3 A4
Let Ci,Cj be two (not necessarily distinct) classes of

g ° Csr with p#g. Define T dpq'

Clearly, 55 is independent of the particular pair vp,vq chosen.

D and choose vp E Ci and v

The profile of a subdigraph D' of DT is a matrix P{D")
in which each element (i,3j), 1l<i,j<k, equals the number of edges

2 ]
from Ei to Cj in DV

Given the classes of D, we show that the profile of some
tour of D can be computed by the following ILP problem, with varia

bles xij' l<i,js<k.

minimize £ e aielaa )
1<i,j<k 1343

s.t. %45 is an integer =0 sraare; (A)

hy Xixo= % X = e 2sisk el )

for all subsets S c {1,...,k=-1}. AN 4,
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Theorem 1: Let X=Exij} satisfy (3)-(6). Then there ex

jsts a tour T such that F(T)=X. In addition, T can be computed in

0({nk) steps, given X.
The proof consists of constructing T.

Let X satisfy (3)-(6). A subtour T* for X is a spanning

subdigraph of pt such that

(1) F{T*)=X
and

e : Lo o I +
(ii) T* is a union of vertex disjoint cycles of D .

The following aloorithm constructs a subtour for X.

ALLGORITHM 1: Constructing T*

Initial step: Given xij‘ 1<i,j<k, and the partition of
V{D+} into classes C],...,Ck, define E(T*):=¢ and for all u e V

in (u) :=out(u) :=0.

General step: If XijZD for all 1<i,j<k the process ter
minates (T* is ready). Otherwise choose arbftrarily i,j such that
Xjq 2 0. Denote by t(u) the sum in(u)+out(u), u e v(D") . Select
two distinct vertices v e C; and W € Cj saFisfying

out (v)=in (w) =0 e )

in(v)#0 =>t(v')#0, for all v' e Ci, v'Fw -.... (8)
out (w) #0 =>t{w')70, for all_w' E Cj,'w'¥v WO ARRLC .

Then define E(T*):=E(T*)u{(v,w)} and out (v) :=in(w) =1

- decrease xij by 1 and repeat the general step.
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Lemma l: Algorithm 1 constructs a subtour T* for X.

Proof: First, we show by induction that in each iter
ation & there is a pair of vertices satisfying (7)-(9). This is
clear for 2=1. Suppose l<is<n+m-1l. From (5), it follows we can

choose v € C;, W ¢ Cy such that out(v)=in(w)=0, for every z;fIt re

mains to proﬁe éhét.fheréhis“éuéhdicémﬁffﬁ”§¥;:‘ifwi¥ghzhis.;si§iv

ial. Suppose i=j and that (7) holds only for v=w. Then therefff ex
sy contrs
dicting (6). In the iteration that chose u last, @(u)=l and t(v)=0,

ists u e C;, u#v with t(u)=2, otherwise [C; =1, x

which contradicts (8) or (9), and the induction hypothesis. In ad
dition, if v satisfies 7).-.and not (8) there is v' ¢ C;s v'#w,
with t(v')=0. In this case, replace v by v'. Similarly for (9) and
we conclude that suitable v,w exist for l<g2<n+m-l. Each iteration
decreases .some xij >0 by 1. From (5), I xij=n+m—1. Using (4), we
conclude that the process terminates after n+m-1 iterations of the

general. step. Each one adds the edge (v,w) to E(T*). At termi

nation, in(u)=out(u)=1l, for all u. The lemma follows.

We now proceed to transform T* into a proper tour T.
With this purpose we describe two operations, SPLIT and JOIN, on

the cycles of D+. Let C(v) be the class of D-containing vertex v.

+
Let Z be the cycle rl,...,rp,sl,...,sq,r1 of D, where

pP,qg>1 and the non consecutive vertices r,,s,; are such that C(r,
= C(s,). Then SPLIT (Z,r,,s; removes from Z the edges (rp,sl) and

(s ,rl), while adding to it (rp,rl) and (s_,s,).

d g
this operation is therefore of split Z into the cycles Z'=r1,...,rp,r1
and Z"=sl,...,sq,$1.

Conversely, let Z' and Z" be disjoint cycles rl,...,rp,rl and

Sl,...,s

,s, of D', respectively such that C(r,)=C(s,).
q 1 1 > 1

Vo '
e T . AT R e S

e



Then JGIHfZT,Z",II,SIJ removes from Z' and Z" respectively the

edges Erp, rl} and [sq, s.), but adds Erp,s ) and (s ,rll. That

1 q
is, 2' and 2" are transformed intc the single cycle

1

rl,...,rp,sl,...,sq,rl.

ILemma 2: For either SPLIT {Z,r1,51] or JOIN {Z',Thrl,s!}

ccst{zi = gost(z") + cost{zﬁl.

Proof: Since C{r1}=cisl], it follows that

=ds s

and ds
1 (= [ e -

.54

Algorithm 2 transforms the subtour T* into the tour T.
ALGORITHM 2: Constructing T

Initial step: Let T* be a subtour.

General step: If each cycle of T* has exactly one root

.the process terminates (T=T*). Otherwise, if some cycle Z has two
distinct roots wv,w then SPLIT(Z,v,w) and repeat the general step.
In the remaining case, when a cycle Z' of T* has no root then

R

choose a second cycle 2" such that we can identify wvertices v
V(z') and v" e V(2") satisfying .C(v')=C(v"). Then JOIN (Z2',2",v',v")

and repeat the general step.
Lemma 3: Algorithm 2 constructs a tour T of D.

Proof: Each iteration of the algorithm performs either a
SPLIT or JOIN. First we show that the conditions for applying these
operations are satisfied. Since the distances among roots are all
infinite, no two roots can apnear in a row in a solution of (3)=

(6) . Then the roots v and w of the alogorithm are not consecutive



in the cycle Z. In addition, C(v)=C(w)=Ck, That is, SPLIT (2,v,w)
is correct. Now, suppose there is a cycle Z' having no root and
such that there is no vertex outside Z' belonging to the same class

as any of 2'. Let C_ ,...,C_ be the classes of D represented in

q, " q,
Z2'. Then S = {ql,...,qk} c {1,...,k=-1} is such that T xij =
i,JjeSs
z ]C |, contradlctlng (6). Then no such Z' can exist and  JOIN
lES—*"‘ . R A O U, Ch e D A ST

is correct. Hence the algorlthm constructs a dlgraph T whlch is ob

e —

tained from T* by a sequence of m- | T*|+p SPLIT followed by p JOIN
operatlons, where_ p is* the number of cycles of T* hav1ng no root.
That is, T is formed. by vertex disjoint cycles, each of them con

talnlng exactly one root and spanning all vertices of pt In addi

tion, by lemma 2 cost(T)?cost(T*). Therefore, T is a tour.

Algorithms 1 and 2 can be implemented in 9(n) and 0{n2
time,_respectively. The time recguired by the JOIN operations of
the latter dominates its complexity. However, the method can be
improved by adopting a systematic way of selecting the pair of

cycles to be merged by JOIN, as below. We assume that all required

SPLIT operations have already been performed.

In the initial step, construct a bipartite graph G having

as vertices the cycles ?j of T* and the classes C; of D, denoted
G(Zj) and G(Ci), respectively. G has an edge (G(Zj), G(Ci)) when
V(Z.)nc.#é and there is a label v ¢ V(Z-)nc. attached to it. G has
no other. edges. Start by examining each G(Z ), mark it if G(Z ) is
adjacent to Ck and unmark it otherw1se. Next remove all vertices
G(Ci),i#k, having degree one in G. Because of (6), the degree of

each G(Zj) remains 2 1. In the general step, terminate the algo

—

rithm if all vertices G(Zj) are marked. Otherwise choose some un
marked G(Zp) and let G(Ci) and G(Zq) be two vertices of G at  dis

tances one and two from G(Zp), respectively. Denote by vP and vq



the labels of [G{ZP}, G{Ci}} and {G{Zq}, G{Ci}J, respectively.

Then JOIN =] Tdentify G{ZP} and szq} into a new ver

Sl o

p'“a"’p''q

tex G(Z.) in G. Mark G(2.) iff G{Zq} is“also marked. Remove paral
lel edges and all vertices G{Ci},'i#k, whose degree dropped to one

in G. Repeat the general step.

The above method performs all reguired JOIN 'dﬁefatiuns
in 0(nk) time. A sequence of 0(n}) SPLIT's can be implemented in

0(n) steps. The new version of algorithm 2 runs in ﬂ{nki time,

The m-TSP algorithm is now clear. Given D, m and a bound

L=n+m-1 find the classes C ..,Ck and étop if k>L. Otherwise for

15k
mulate (3)-(6) and solve the ILP problem. Then compute algorithm 1

and after 2.

By checking (1)-(2) for every pair of vertices, +he
classes can be determined in D{naj time. Alternatively, the follow

ing method is more efficient.

In the initial step define k:=1 and label each vertex as

open. In the general step stop if k > L (failure) or if there are

no open vertices (the partition is ready). Otherwise, choose an
arbitrary open vertex Vi relabel it as closed and define Ck:=hgj.
Then for each open vertex vj verify if the pair VieVs satisfies

(1)-(2), and if it does include vj in Ck and relabel vj as closed.

At the end, increase k by 1 and repeat the general step. =

The above process finds the classes or reports —~failure
in ﬂ{nzL} time. Its correctness follows from the, fact that Cl'

...,Ck are the classes of the eguivalence relation defined by (1)-

(2).
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The ILP problem could be solved by generating all dis

2 distinct cells (i,3).

tributions of n+m-1 identiecal objects into E
The tentative value of each wvariable xij equals the number of ob
jects placed in (i,3j). For each distribution, check (5)-(6) and at

2
knj}

the end select the one minimizing (3). There are 0(n distrib

o 2 2
uticns and UEEk '+kx") constraints envolving 0(k ) variables each.

2 2 .
Therefore this method would find a solution in 0(k Eknk '31 time.

However; an ILP prcoblem with R wvariables and. 5 con
straints can be solved by Lenstra's algorithm [4] in 'DI[ERE (RS loa ﬂ]lCR )
time, where a is the largest coefficient in the p:;hlem and c a
suitable constant (cf., 1 ). Hence [4] solves (3)-(6) in

L

- (o3, e
02 (k 27log {n+dmaxjj time, dmax the maximum distance.

If k is fixed and dmax = D(nb] for some constant b, the
ILP ;«oblem can therefore be solved in less than 0(n) time. In
this ‘ase, the complexity of the TSP algorithm becomes G{nzi. In
addition, if the classes are known in advance (i.e. the step for

computing them can be avoided) then the overall time bound is sim

ply 0(n).
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