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onde se le "...calculo das periurbacoes."
leia~se "...calculo dus perturbigoes ¢m termos mais rigoroscs."

onde se le "VI.6 - Cometa 1977 HB..."

léla-se "VI.6 - 1977 HB..."; tambem 20 longo de todo o  iraba-
lho, o corpo celeste 1977 IR foi erroneamente denominado come-
ta, jé que os Telegramas do I.A.U. nada especificam sobre a na-
tureza de dito corpo.

-~
onde se le "...energia potencial dada pelo gradiente da forga,"
leia—se ",.,.energia potencial cujo gradiente determina & for-
ca. "

-
onde se lg "...da mesma corrigir & paralixe diurna,"
leia~-se ".,.,.da mesma tornar desnecessaria a correcao da parala-
xe diurna."

rl Lad
«..utiliza—se um metodo de aproximacao."”

"

-
onde se le

- - 3 4 - e
leia~se ",..utiliza-se un metodo de aproximacoes sucessivas,"

no final do paragrafo, foi omitide a freose: “"Este problema sera
discutido, com maiores detalhes, nas Conclusges, item VII.2 ."

onde se 1; “...corregses diferencisis de Gauss..."
leja~se "...correcoes difercnciais gauscianas...”
A mesma corregao deve ger feita nas sepguintes péginas:
pag.3l, 7% linha,
pag.24, 13% linha,
p2g.27, 10* linha,

onde se le "...as perturbacoes com elevados movimentos medios..Y
lein—-se "...as perturbacoes dos nlinetas com elevados movimentos
medios..."
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pP2£.52,14® linha - onde se 1@ "...movimento médio em rudigno por dia solar me—
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dia..."

leis~ge "...movimento medio em ETHUS. .. "3 tambem em todae as
tebelas dz secao 4Antlise de fesultidos, as unidades do movimen—
to medin sao didas erroneamente como rad/dsm, quando, na reali-

dade, sao graus.

is pera Ceres:"
leja-se ",..elenentos orbitais para Ceres, observando-se que a
anomalia media estd referenciada a 1¢ de Janeiro de 1978:"

-~
onde se le "...elementos orbita

-~ - L4
onde se le "...e aplicavel se uma quarta for utilizada."
leia—se "...e aplicavel gse uma guarta observicao e utilizada.”

-~ foil omitido o paréfrafo:

"Para og casos em gue D e nulo ou muito braximo a2 zero, o
sistema (9 nio pode ser obtido. Neste caso outres formas de
soluc?o parz o sistema (8) devem ser utilizadas, por exemplo,
0 Drocesso de eliwinaggo de Gauss,"

0 pnrégrafo acima antecede imediatamente o item VII.7 das Con-
clusaes.



vag.T3, item VII.S5 - 4 redacao correta deste pardgrafo &;

YParaz exemplificar, quando utilizamos as datas 21 de outu—
bro, 7 e 14 de novembro de 1978, o processamento da orbita
do cometa Kohler foi interiompido devido a uma raiz invalida
( 51 - 4% para e >1). Contudo, com as datas 1, 11 e 21 de
junho de 1978, os resultados foram sutisfatorios (ver aecg";o
VI). 4 primeira id%ia & cue o esouema geral utilizado sejz,
de @lguma forma, sensivel @o ecspacamento entre as datas + de
observagao. & salugao deste problena envolverﬁ, certamente,
processamento de um muior muuero de 5rbitus, juntamente com
un reexame das formulas utilizadas.”
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TNTRODUCAD

0 objetivo do projeto e a formulagEo de um roteiro para
c2lculo de orbitas preliminares, gue possa& servir como ponto
de partida para determinaggo de orbitas verturbades mais ri-
gorosas.

Devido 20 seu interesse intrinseco em probiemas 25t rono-
micos, optamos pela determinaggo de orbitas = ,dois corpos
(eliticas) a partir do metodo de Causs. A partir deste fdsg
o program2 incorpora & integraggc das equagges de movimento

perturvadas em coordenadas retangulares, e produz, en suas

partes finais, elementos orbitais e efemérides 35 corrigidas

-

de perturbaqges. Os exemplos apresentsdos se referem & come-
tas e asteroides (ver secggo VI) e como presenga perturbadora
considerando-se apenas & do planeta Jﬁpiter, porém nenhuma
1imitaggo, no programa, foi imposté quanto 20 numero de cor=
pos perturbadores.

Conforme observado nas Conclusces (secgao VII), alguns
problemas foram detectedos em exemplos eapecfficos. Dependen~
do de circuMstfncias especificas, das quais 2lgumas ja foram
detectadas, o programa na sua forma atual (ver anexo II) pode
produzir dist3ncias geocentricas negativas e, ou, nao conver—
g?ncia das corregses diferenciais. Para o primeiro deles ,
possiveis alternativas foram propostas, mas nzo incorporadas
a0 programa. Quanto @o segundo, as causas que d3o arigem as
diverg@ncias observadas ainda nao. foram fixadas. Certamente
esta questﬁo e outras que porventura vierem a ser levantadas,

L - L4 . »
dependem de aplicacoes sistematicas e posteriores estudos, a



fim de que possam ser sanadas.

Ainda na secgao VI, notamos que os resultados perturba-
dos nac forem submetidos a comparagges com os dados de outros
autores,tal como o fizemos pars os elementos orbitais obtidos
por orbitas dols corpros. A rezoo 6 evidente e se deve
apenas ao fato de que antes de eliminarmos as fontes de erro
das orbitas elitioas, nenhuma garantia se pode ter quanto aos
resultados perturbados, que constituem o ponto de partida pa-
re o calculo das perturbacoes.

Se as cquagges rigorosas & serem integradas numericamen—
te forem as equagges planetarias de Lagrange, entao este pro-
grama produziré tabelas numericas que sao eficzzes na inicia-
lizaggo daguelas integragoes. Apesar da mesma observaggo se
eplicar para o caso de adotarmos o metodo de Cowell, observa=
mos que & subrotina DREBS (ver subsecc2o V.2) nao podera mais
ser utilizada, pois que neste caso a integragao e diretamente
sobre equagoes diferenciais de 27 ordem; 2qui a sugestao e
de uma integrecao nusérica pelo denominado précedimento b e §
ou de (auss-Jackson. Quanto ao metodo de Enck, 0 processo I
ainda serd util, poréem algumas modificagoes de contetudo deve-
rao ser processadas (Herrick, 9, cap. XIV). Ainda sobre a
DREBS, sabemos gue ela opera sobre sistemas de equagSes dife—

renciais da forma

d
E% & F(Y’t) ’

~ - ~ )
mas porgue nao obtivemos as expansoes das funcoes de pertur-

bagao segundo os elementos orbitais dos corpos perturbadores,



~ ”
convertemos o sistema acima em um autonemo, isio e, da forme

ay
it " F(¥),

admitindo cue o corpo perturbador nfo varia sua posiqﬁo no
Temno apreciavelmente. Iste tema sera discutido na subsegzo
V.l. Entretanto voltamos & frisar que o resulisado deste
programa pretende apenas fornecer elementos de inioializaqgo
para intecracoes mais rigorosas. Além das alternativas su~
geridas na citada subsecgﬁo, observanos que integragSes em
coordenadas retangulares podem tambem ser feitas a partir do
metodo de Homsen (Brouwer e Clemence, 1. porem aqui tambem
estas quest;es 80 poderﬁo ser decididas & partir de um exame
-mais profundo das diferentes possibilidades.

Finalizando, o programa tal como foi formulado 20 longo
do segundo semestre de 1978 nao deve ser utilizado em traba—
lhos sistematicos antes gue as oorregges que sao referidas

2o longo do texto sejam incorporadas.

- iii -
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T - CONCEITOS FUNDAMENTAIS DO MOVIMENTO ELITICO

I.1 - Introducao

A presente secggo visa fornmecer informagSGS minimaa ne-—
cessarias 2o desenvolvimento do projeto. As demonstrag;es
nao serao apresentadas, dado que fazem parte de_ disciplinas
obrigatarias do curso de Astronomia (Lstronomia V e Mecanica
Teorica). Os detalhes matemdticos aque foram omitidos  podenm
ser enconirados em, por exemplo, Fitzpatrick ( 6 5 cap. 2 e

3) e Danjon ( 5 , cap. 10).
"I.2 - 0 Problema dos dois corpos

O problema do movimento de dois corpos que se atraem com
uma forga que depende somente da distancia entre eles, ¢ fun—
damental em Mecanica Celeste.

0 movimento de um planeta do sistema solar e devido, em
primeira aproximaggo, somente ao campo gravitacional do Sol,
nao considerando forcas externas. A mesma aproximaggo e usa-
da em estudos preliminares do movimento de asteroides e come—
tas em torno do Sol, e de satélites em torno de seus primé—
rios. Assim, o movimento de planetas, asteroides e satelites
e descrito com razoavel precisao por trajetarias eliticas.

O movimento de um corpo celesté cu ja traiptéria e uma
elipse, e completamente caracterizado por seis constantes ,
mutuamente independentes, denominadas elementos orbitais,

geometiricamente representadas nas figuras que se seguem.



'Plano da
eclitica

Fig.l -~ Elementos orbitais

Plano
fundamental

Fig.2 - Elementos orbitais



Dois elementos - a inclinagzc e a longitude do node as-
cendente — definen a posigho no espago -do plano que contém &
orbita:

- a inclinagac (i) ¢ o angulo entre o plano da orbita o

e o plano de referencia; sua variagac esia contida no
intervalo [b°,180ﬂ . 0 movimento e dito  retrdgrado
8¢ 1 >90¢ e direto se i <90¢;

- a longitude do nodo ascendente ({)) e o angulo entre a
diregao do ponto vernal e a diregao do nodo ascenden—
te, medido no plano de referencia,

O terceiro elemento — argumento do pericentro -~ define a

orientaggo da orbita:

-~ o argumento do pericentro () & o angulo entre a di-
regao do nodo ascendente e a direggo do pericentro -
Est2 contido no plano da orbita e € medido de 0° a
3609 na direg;o do movimento.

0 quarto e quinto elenentos - semi-eixo maior e excen—

tricidade - definem o tamanho e a forma da orbita. 0 inter-

valo de variagao da excentricidede e (0,1) para a elipse , 1

para a parébola, e majior que 1 para a hiperbole. |

0 sexto elemento define a posicio do corpo na orbita num
determinado instante de tempo, geralmente o instzntie da pas-
sagem velo pericentro (T).

0 conjunto de elementos descrito acima, e geralmente de=-
nominado de conjunto "cléssico™. 4 partir dele, e segundo as
necessidades do problema, outras constantes podem ser deduzi-

-

das @

11 2
A=/~ 4, Pe iﬁ y Ho = n(To -7, a =a(l -e),



p=2all-e) , d=w+Q y G, = ~Q »

No entanto, para & pardbola tem—se a =m e - 1, de tal ma-
neira que nao sao suficientes para diferenciar uma  parabola
ﬁe‘outraje " portanto, usa-se g no lugar de a . No caso da
inclinaggo ser pequena, tanto w quanio Q sao determinados de
forma precéria, €, entgo, um deles pode ser substituido por
melhor determinado. Se a inclinagac e proxima a 1809, &, v e
Q s3o tambem mal deterninados, e C:r e bem determinado. Pa-
ra finalizar, as componentes ? e a-sgo, as vezes, preferidas,
pois elas permitem calcular as efemérides mesmo sem ter cale
culado i, t:y Q; € bom, no entanto, ressaltar que as relagoes

entre eles devem ser verificadas:

o
o
f
Jd

e+1]
OF
R
o

- 3 - i
Obviamente, para uma maior generalizagao, pode-se msar, como



elementos orbitais, o conjunto:

OH‘

- zZ
(xov Yos 0)

M o

Para maiores detalhes, vide Herrick ( 8 , cap. 3 ).

I.3 - Eguagoes Fundamentais

A equacio do movimento relativo de duas particulas

massa m e m, sujeitas a uma forga que depende somenie
o

de
da

.
distancia entre elas, e considerando~se consizante a intensi-

E 3 " *
dade de possiveis campos externcs, e

BT H

-3,

2
+k’f‘l%¥)—;

onde

-M=m +n
(5]

- Lo "~ -
- r e o vetor posicazo da massa m em relacao a

mo, considerada como origem,

(1)

massa

- Ez e a constante gravitacional, k = 0,01720209895

("The American Ephemerides and Neutical Almznac of

1978n)

A forga 7 que age sobre a particula de massa m pode

ger



expressa por

- 2 -
Fe=kn B 1
om (r)lo’m ’

onde Ho M & o vetor unitario dirigido .de n @ m.
b
0 problema de dois corpos descrito pela equagso (1) e
equivalente 20 problema de um corpo sobre o qual age uma for-

¢a da forma

- 2 A )
Fm—k.'mﬁf[rrl :l;,

dirigida para o centro de forga. Portanto, o problema se re-—
- -
L 4
sume 20 de uma particula de massa m, movendo-se em torno de
"~
un centro de for¢a fixo, tomado como origem, sob a influencia

de uma forga central da forma

F=-umw? (2)

onde
2
W=k (m + m).
o
L4 »
No caso em que m e a massa do Sol, considerada unitaria,
m e 2 massa de um cometa ou de um asteroide, e apenas dois

corpos sao considerados, podemos tomar



-2
Considerando o caso e¢m que F(r) = »r , temos, a partir

da equacao ( 2),

3

-l - A e
Feepynzr " ra.

Ld 3
Sabendo-tce que o camno ¢ conservativo, podemos associar
& ele uma energia potencial dada pelo gradiente da forga. Is-
to nos permite obter uma equang que exprime 2 lei de conser-

Lo ~ L 3 Ll 2
vagao de energia e, em conseguencia, a equagao da trajetoria,

expressa em coordenadas polares (r,() por

hzﬁ-l

I¥] -

’ (3)
1+ [1 + (2112E/m;12)] 1/2cosw

onde

bt * Lnd
- h = |h| e uma constante de integragao denominada cons—
-
tante das areas,
— E: a energia total do sistema,
—-— w >
=0+,
L
- u's uma constante de integracao determinada pelas con-

digoes iniciais.

A equaggo (3) e a equagao de uma conica. Comparando-se

a egquagao (3 ) com L

2eD
1l + e cos |

temos



2
2ep = E—
P =

, I = -~ - -~
onde e e 2 excentricidade da conica e p ¢ um parametro asso=

ciado azo semi=lato retum atraves da expressao 2ep.

Para a elipse, as seguintes equagoes sao verdadeiras:

2ep = a (1 - eg)

1n® =pa (1 - ez)

2 e 2
v (-7

onde

-
- v e a velocidade

-~ & o0 semieixo maior da elipse.

Da figura 4 deduzem-se as seguintes relaggess

A/

s

Fig.4 -~ Relacao entre as anomalias
verdadeira, v, e excentrica, u.



x = a cos U,

> :
a V1l - e sen U,

Yy =DbsenlU

rcosVexe-—ae=a (cos U~ e),

/ 2!
sen V =y =a V1 - e sen U,

e}

r=a(l-ecosl,

coa U - ¢
l-¢ecosU’

V{ - 92 zen U

(=] =
e ¥ l1~ecos U !

cos V =

onde
-

-
- U = anomalia excentrica

- V = anomalia verdadeira.

Tendo em vista gque as coordenadas foram expressas somen—
te en funggo de U, resta calcular a anomalia excentrica em
funggo do tempo a fim de que se possa determinar a posiggo do
planeta em gualquer instante t. Para tanto, consideremos as

relacoes

2 av 2 2
P "~ ah ; ouy ¥ AV = nag l~e dt,
dt
’ (4)
v + € U

Diferenciando-se a segunda das expressoes do sistema acima ,



av [l + e J 4au

0032 o cos T
2

ou

EE = 4 _ 32' E-g sen V . (5)
au r

Eliminando-se V entre as relagces (4) e (5 ), obtemos a im-

portante relacao

au na n
r

at “1-ecos U’

. . 1l/2
onde n e o movimento medio, dado por 01/33) / . Esta ¢ uma

o - - - * - 3
equagao diferencial com variaveis separadas, gquey quando in-

tegrada, fornece a seguinte expressaos

U-esgenU = n(t - to) ’

denominada equacgao de Kepler e mais comumente representada na

forma
M=U-=-esenU, _ i
onde

-~ ¥ e anomalia media dada por M = n(t - to),
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- to a epoca da passagem pelo pericentro,

- t o instante para o qual se deseja calcular a anomalia

. -
media.
r ”~
J.4 - Sistemas de Coordenadas Astronomicas

A escolha do sistema de referencia e circunstancial, is-
to e, ¢ ditada pelo problema em guest2o. ’

As observacoes de qualquer corpo celeste sao geralmente
dadas num sistema de coordenadas equatoriais topocﬁntricas. A

L L
origem e colocada no vonto de observagao (M), sobre a super—

ficie da erra (vide fig. 5 ).

I

Fig.5 - Coordenadas topocentricas e
geocentricas,

0 pleno fundamental E'n' € paralelo ao plano do equador

= -
terrestre, o eixo E' e perpendicular a este plano e passa pe-

, = " "~
lo ponto vernazl. As coordenadas esfericas deste sistema sz0
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p's o' . © 5‘, relacionadas com as coordenadas retangulares pe=

las formulas

E' = p' cosd' cosa' ,

p' cosd! sena' ,

d-
n

p* senbd' ,

i
1

onde:

-~
- p' e o raio vetor topocentrico,

Cad a ~ Lad S
- o' e §' a ascensao reta e declinagao topoceniricas

respectivamente.

Considere-se agora o sistema de coordenadas equatoriais
geoocentricas 0ER7 (fig. 5 ), que e obtido a partir do
sistema topocentrico atraves de uma translagao ao longo do
vetor 35 . Este € o vetor que determina o ponto de observa=-
gEo M em relag;o ao centro de inercia da erra. Centro de
massa ou centro de inercia de um corpo solido e definido como

o ponto geometrico C, cujas coordenadas sao dadas por

|

an}:{- //pxdv,
1

YBE [ffpydv,
. ;

z =5 jf/pzdv.,

onde o e a densidade de massa por unidade de volume, e a in-

tegraggo pode ser estendida sobre todo o volume ou sobre to-
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-

do O esDACO, jé gue @ = O para os pontes exiernos ao cCorpo .

Para passer do sistema de coordenadas topocentricas para
geoc@ntricaa torna-se necessario conhecer as coordenadas do
ponto de observagao em relaczo ao centro de inercia da Terra.
Entretanto, como bem diz Chebotarev ( 4 ), "a figura da
Terra (geoide) e a posicao do centro de inercia dentro da
Terra szo, falando rigorosamente, desconhecidas." 0 calculo
destas coordenadas na préfica ¢ feito associando-se a forma
da Terra un elipsoide de revolugao, onde o centro deste coin-

cide com o centro de inércia da Terra (vide fig. 6 ).
p 2 }

N direggo
nornal a
superficie

T S b eimsbice
| . P
- 4 2
- -\
/ ol ¢,

T g
1 r .
equacor /1ert1 elipsoide

cal/// de referencia

~

- -

T — o
T e

Fig.6 - Latitudes geocgntrica (9r), astrononica
(?), e peodesice (B) de um ponto de observacao M.

Numericamente, po ¢ obtido a partir da latitude astrono-

mica (ou geogréfica), por meio da formula
P, = 0,9983200 + 0,0016835 cos 2¢9 = 0,0000035 cos 4¢ .

Para maiores detalhes, vide Danjon ( 5 ) ou Herrick ( 8 ).
A posicao do ponto de observagao e, portanto, obtida pe-

las eguagoes

El "p, cos®' cos TSL ,
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n, = p, o8 @' sen TSL ,

Cl = po Sen‘p' b

onde

- TSL & tempo sideral local da observagao.

-~ "~ -~ i
Em conseguencia, as equagoes que passam do sistema geocentri-

co para o topocentrico serao

g = E‘ * El ’
M= n' + Hl ’
§ = t.;‘ + 2;1 .

Para transformar coordenadas geocentricas em coordenadas

-~ ~
heliocentricas, utilizan-se as relacoes

x = poosScosa = X,
Yy = pcosdsena - 7Y,

onde

- Xy ¥y 2z sao as coordenadas retangulares equatoriais

- ] -
heliocentricas,

- X, Y, Z sao as coordenadas geoc@ntricas eguatoriais do

Sol.
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A transformagao dasg coordenadas equatoriais helioceniri-
- & > -~ Z - -
cas em ecliticas heliocentricas e feita atraves das seguintes

equagoes:

o
n
Ml
-

Y'!' = ycose - z sen ¢ ,

0
t

<1
el

sen € - 2 cos £ ,

onde € & o angulo entre os planos da eclitice e do eéuador
prara una época to.

Sendo que as perturbacoes ceusadas pelo Sol, lua e pla-
netas mudam constantemente a posiggo do plano do equador no

- - . . L
espago, torna-se necessario especificar a epoca na qual se

referencia um determinado sistema de coordenadas. £ comum em
trabalhos astronomicos adotar-se como épocas de referencia
1900,0 , 1925,0 , 1950,0 ou 1975,0. No presente trabalho

adotou-se, como epoca de referencia, 1950,0.
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II - METODO DE GAUSS

II.1 - Aspectos Fundamentais

Conhecidas tres posiggea sucessivas de um corpo celeste,
& pequenos intervalos de tempo, o método’de Gauss, utilizando
aproximagges sucessivas, fornece os elementos que definem a
orbita daguele corpo. Teoricamente, nada impede gque os in-
tervalos de tempo utilizados sejam arbitrariamente grandes oun
pequenos. Mas, a experi%ncia astronomica tem demonsirado que
melhores resultados sao obtidos se forem considerados inter-
valos de alguns dias, no caso de cometas, e de tres a quatro
semanas, no caso de asteroides suficientemente longe da esfe=-
‘rasde aggo de um planeta perturbador.

Sejam XT, YT, ZT as coordenadas topocentricas do Sol; x,
¥s % as coordenadas equatoriais heliocentricas do corpo ce—
leste consideradog A, , V o8 co-senos diretores das  posi-

¢oes observadas. Tem-se, entao:

(’xi = MA -xT, £ = 1,243

4 yi = p.i‘:li - YTi [} (6)

s VA = 28
K "1 %17 4y

onde

P
]

distancia geocentrica do corpo celeste,
A = cos Seps @,

cos b0sen &,

=
ft
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V = gen 0,

8}@ = declinagao e ascensao reta do corpo celeste obtidos

pela observagao.

OBS.: 4) © indice i corresponde a obﬁervagges feitas nos ins-

tantes tl, t2 e t3.

B) A razeo de considerar-se as coordenadas topocentri-
cas do Sol em vez de coordenadas geoceniricas deve—

se ao fato da mesma corrigir a paralaxe diurna.

As coordenadas heliocentricas do corpo celeste estao re—
lacionadas com as razoes das areas 519 Sy S3 (fig.7T ) como

‘se“gegue:

(’x Eg X + X El 0
o 3 -0 5
1 53 2 3 3
S S
2 1
< LiE Wty =0y (7)
3 3
S S

K.zl —g - Z_+ 2 “l = 0 .

Para uma demonstrageo deste sistema veja Apendice 1.

"Z . 1
Ps(x3’y3;i3)
P (xpr,0%,)
Py(xps3y5%)
50T -3
Fig. 7
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substituindo-se as eguagoec do sistema (6) no sistema

(7), tem-se

32 51
(11151 XT;) 5= = h A, + XT, 4 \15‘@3 x'rB) = 0y
3 3
32 .Sl
- — s U A — —
1A1 YTl] = hA, + 1"1‘2 + ([1.363 YTB) = 0,
3 2
52 sl
1A1 - ZTI) - vzéé + 2T, {vEAB - ZTB)‘E“ =0,
3 3
)
ou,
S S S S
2 d 2 1
A, —m = A A ¢+ AA. s —XT. =X +——XT. = L
113 22 3 38 S 1 2 S 3
”3 373 3
S S 8 S
i 2 1 2 1
- LA A — . e—— i - 7 e = 8
MM s T Bl Ty Ty~ Ty e B, = R (8)
3 3 3 3
S ' S. S S
2 1 2 1
VA, == VA 4 VA =™ u == 2P = 2P 4= 20 w N
12 5 2 2 S S 1 2 S :
3 Rl By T
A aolugao do sistema acima e da forma
82
"‘-'A =
s=4 = AL+ BN+CHN [
3 : B
A, = AL 4 BN + C N (9)
5]

- A = A L4+ BM+C.XN
g Ty T Tt T MR, Ny
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onde
& u2v3 - u3v2 R Ll1v3 - ;Ll3v1 . Hyvy, = oYy
1 D ¥ %" D * Ry D ’
— LV \
: S D » Jo ® D b e D X
f — — N, - l 1
o . hats Mpo i Miy — Ay . Mip = Ay
1 D y Yo < D - D :
MoAy Ay
. Dol By 1y
Vl ‘JQ V3

Os valores das razoes das areas nao sao conhecidos, por-

rd — Ll L4

tanto as quantidades L, M, N tambem nao o sao. Calcular-se-a
L - L L4

as ragzoesg das areas por aproximagoes sucessivas como sera fe-

ito a seguir.

II.2 - Aproximacoes Sucessivas

II.2.1 - Primeira aproximagao

rd L
As areas sao dadas por

E 32k 17 3
231=91h 1—6;{;—0 4@- 01(

(10)

dt 5~ E



EL o2 KL o3
e Gh 1"6@ 92*'4@ ‘e{dt)z”']’ (
[ x1 2 x 1 .2 ,a%
25, = 9311[1—6313 93*431-4 By 15004 ]s (
ouds, Y=y fy GrY-t Babwi,

Para uma demonstraggo destas formulas ve ja Ap@ndice 2

20

11)

12)

* . Lad -
Nas area Sl € S_ sera considerada como posicao de origem

2
. ™ - . - Fl - » a3 -
a posigao media, e essa posigaoc media e o raio vetor Rg’

Ll - ~ - L
guanto que a area S3 e expressa em relagaoc a posigao um.
N ;
0 desenvolvimento em serie de Taylor do raio vetor

‘posi¢ao um em torno da posigao dois sera

E N -
Rl R23 Rz dat’‘2 "1
Portanto,
k 1 2 k 1 2

Utilizando-se as relagoes (10), (11) e (13) acham-se

Lad -
razoes das areas

1 E L il B k1
=B [1+6323(03 byt # 4?(&2"(92

en-

da

as

2
81) + ...] -
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2 n e k 1 dk 2
e ‘\| — — - .. e -
S o 8,) +% —-zﬂa (30) s 83000, ~ 0,0 J

mI w
L] M
"
|CD
w i
‘,_,l
-+
o o
|,.,
Lt
—
&0

Desprezando-se os termos de ordem superior a dois nos inier-

valos de tempo, chega~se finalmente a

(5 :
1 _3[11- k 2 zJ

e (0 —6)
R
33 03 6.23 3 1
{ (14)
S _%r, . x 0-0)
5.0 *eRS ° °
\ % % 2
éejam
0
AO‘:_]L’
O3
0
1l k 2 2
B“mo_- -
O=a -6 (0-9),
3
0
&1=—g-,
v
b2 x 2 .2
Blse—.g.(83—92)._
3 i
Com estas expressSes, o sistema (14) toma a forma
S
( gl = A0 +-§2§
3 2
| (15)
2 Bl
S—_Al-l-"'“"‘"'




-

Substituidos esses valores em (8),

(Bl-XTl + BO-XTB)

L = Al-ATl - ITQ + AO-XT3+ R23

Seja
A2 = AI-XTI - XT2 + AO-KTa 3

= . * T -
B2 = Bl YTI + BO.X 3

Portanto,
B2
L = A2 + E—g .
2
De maneira analoga, define-se

A3 = Al-YTl - YT2 + AO-YTa ’

A4 = A1-ZT, - ZT, + AO°ZT, ,

2 3
Bl = Bl-YTl + BO-YT3 9
B4 = Bl-Z’I'1 +-BO-ZT3 ’ "
donde
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Subsiituindo-se esges valores na segunda equacao do sistema

(9), tem-se

' B
A, = 45 + 25,

2
aonde

A5 = £,+A2 + BeA3 + C A4 ,

BS = A2-82 + 82-33 + 02-34 .

Uma segunda equaggo e obtida escrevendo-se

2
2

Rz x2 2
2 2+y2+z .

Substituindo-se as equacoes do sistema (6), a equagao acima

transforma—-se en

BA—2A2 -XT +}.L-YT+V-ZT)+XT§+YT+ZT2

Foram obtidas assim as duas equagoes fundamentais do problema

B
b, = A5 + Ezg

2
(16)
2 2 2 2 2
R.=4_ = 2A oX YT & ; "
2 5 22(12 T2+p.2 5 Vg z*r2)+x'22+n2+z*r2



A soluggo algébrica deste sistema nac e praticévelf!por—
tanto, utiliza-se um metodo de aproximagao. Atribui-se um
valor iniecial, RE’ para o raio vetor da cbservaggo media (H2L
obtendo-se assim um valor para &2 (vide obServaggb 1) Com
este valor de Az,obteh-se un novo valor R, do raio R,. Testa-
se, ent2o, o valor inicial do raio, RE, com o valor calculado
Rc. Se a diferenga RC - RE for menor que o erro desejado,
entao adota-se o valor R, = Ry (vide observagao 2). Se a di-
ferenga for maior que o erro estipulado, calcula-se um novo
valor de ﬁz, adotando R2 = Hc, e obtem—se, assim, um outro

valor de R, . Testa-se esse valor com o anterior (RC), itera-

- Lt .
gindo esse procedimento ate alcangar o erro desejado.

OBS.1 : Esse valor depende da natureza da orbita; se geocen-

trica, R, = 1.1 gr , e se neliocentrica, R, =2.5U.A.

2

para planetas menores e R2 = 1 U.A. para planeias mé-
- - - - .

iores de movimento rapido, como Betulia, Toro, Tca~

ras, Geographus.

0B3.2 : O erro e estipulado em fungEo da eficiencia do ins=—
trumental utilizado para observagaes. £ ae praxe, em
6

Astronomia, utilizar-se um erro igual a 10 ’ que

equivale a 1'',
I11.2.2 - Segunda aproximacao

- e - ) "~ -
Com os valores das distancias geocentricas e dos raios
vetores calculados na primeira agroximagao, e possivel obter
-~ - »
novos valores das razoes das arezs por meio das formulas de

Gibbs, a saber:



-
" Yq
” 1+ *ﬂg
v S D
= I 3
8y 083, _ &,
r-l
2
!
S . 1l + ;;g
2 B N
= - |2 ,
LR
2
onde
_k.. 0 "\2
J11 = 12(“183""2) ’

X 2
e e %=
3 12 (U283 al) *

Parae uma demonstragao das formulas de Gibbs veja Apendice 3 .
-~
Tendo sido obtidos novos valores para as razoes das
»
areas, por meio do sistema (9 ), calculamos valores mais a~

proximados das distancias geocEntricas al, Aa, 53 e, portan-
to, dos raios vetores R, R_, R_ .

p Ll i

IT.2.3 - Terceira aproximagao

A terceira e ultima aproximaggo do metodo de Gauss uti-

liza uma relaggo mais aproximada das areas triangulares, em
particular
S
S
T= »

3
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. - - - L~
onde SS e a area do setor curvilineo, e ST a area do triangu-

lo correspondente (fig.8 ). A area do setor curvilineo pode
"~ 5 [4 .
ser escrita, utilizando-se as equagoes do movimento elitico ,

da seguinte maneira,

28, = hé, = na2 L T e 63 = a2\11 - e2 (MB - Ml) ’

S

onde:

6, =t -t ,

M3, L8 sao as anomalias médies nos instantes t3 o t.

i
Pela egquacao de Hepler podemos escrever:

253 - a2 1~ e° [?g - e(sen U3 - sen Ulﬂ (17)

onde

2g = -
g U3 Ul P

-~ -~ )
U3, U1 sao as anomalias exceniricas para os instantes t3 e

2
tl- P
3
A area do triangulo serd dada
: T
por 3 _
: S
2 - - . - - ) ) \'2
ST 'rl rzl sen(V3 Vl), 3 fi
0 "1 n_ g,

- r
mas tambem pode ser dada atraves



et
de manipulagoes puramente algebricas das equagoes do movimen-

to elitico:

, :
25 _=a V1 - e2 [;en 2g - e(sen U3 - sen Ulﬂ . (18)

T

Subtraindo-se a eguagao (18) da eguagao (17), temos

2 )

a [ .
SS = By, # T 1-e¢ (2¢ - sen 2g) . (19)

As quantidades a, g, e, sio desconhecidas. Mas sabe-se que

por meio de combinagoes convenientes das equagses do movimen=—
* = r = Lad - = =

to elitico, as igualdades seguintes sao validas (Danjon, 5,

-

bag.ZOT):

= a l-e sen g o

-V U

v 2 - U
. i [ T ]
h} i r3 cos ( 5 ) =vﬁ? = a |cos g - e cos ( > ) (20)

1 o B
E-(rl + r3) = a [1 - e cos g cos (-‘-Er-"ﬂ,}

onde

e 3 1 3
XB = u/ﬁrl r, oos ( ..) é

Multiplicando membro a membro as duas primeiras igualdades |,
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L rd P
obtemos uma nova expressao para 2 area do triangulo:

1 2 ’ (21)
M m e 8 Jl - € . Seng
Dividindo-se a eguacao (19) pela equagao (21),
" a (22 - sen 2¢) ' (22)
L ¥3 J2' sen g .
¢ observando que
2
2
=a (1=~ e2) L __2_455
P k  ke¢’
3
" Portanto, a equaczo (21) toma a forma
ng a 52 2
e 2 2 2 3 S gen
= = a = = e g
S'l‘ 5 X 3 p sen g —‘;E;‘g““ 3
e
2
5 kBB
o . 2y. a sen“g ° (23)
3
Seja
k632
m = _2-:_/_5‘-%_3— .

Multiplicando membro a membro as equagoes (22) e (23), elimi-
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2 2¢ — sen 2g ’
Y =Y =m (*iL:;;;ﬁ;——“}. (24)

Feito isso, permanecem desconhecidas duas quantidades, Y € g.

Para estabelecer uma segunda relagao enire essas mecmas in-
* - rd

cognitas, elimina-se & exceniricidade atraves das duas ulti-

mes relacoes do sistema (20): ‘

2 ; 2
a sen g = X3J§1. (1 + sen iﬁ é

Seja

I‘1+I‘3 1

v
2@x3 2

Portanto, a equagao (23) pode ser escrita como

Y =_——*—2“§- L 25)

Observa-se entzo, que as equagoes (24) e (25) formam um sis-
tema de duas equagSes e duas incégnitas; que sao algébricas
em relagzo a y , mas nao o sa2o em re}aggo a g . Lssas equa-
gSes sa0 rigorosas, mas o valor de vy 80 pode ser obtido por

meio de aproximagoes, as quais levam a equagao de Gauss

2 H
Y ox¥omy -2-0, (26)
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Para uma demonstracao veja Apendice 4.
A expressao H contém ainda uma incognita, £ , pois ela
depende Ge p . qué , por sua vez, depende de g atraves da

equacao e

I'd
= - o
p gen >

Sendo Q“C-PEIb’IJ , entao £ sera uma quantidade pequena e ,
portanto, desprezivel numa primeira aproximaggo'para o calcu-

lo de y . Considerando

pode-se assim determinar o valor aproximzdo de E « Desta ma—
neira obtém-se um novo valor de H e, consequenienente, um no-
vo valor para y . Isso feito, obtem-se um valor mais aproxi-
mado para £ . Essa iteracdo ¢ feita até obter—se um En que
difira deE’n—l por uma quantidade:ﬁrbitrariamente pequena

previzmente determinada (vide obs.2, pag.24),
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III - CORRECORS DIFERENCIAIS

III.1 - Correcoes diferenciais zeussianas

As correcoes diferenciais de Gauss sao analoges as coI-
regEes diferenciais de Leuschner, observando-se que estas ul-
timae originariamente foram desenvolvidas especificamente pa-
ra o metodo de determinagro de orbita de Laplacéd.

~ -~
As corregoes diferencieais de Gauss sao baseadas na equa-

qgo:
= — . 27
Po Qlcl Q2 + Q303 ’ (27)
" onde
pz‘_Aa’
-
i%s ?
3
c sl
w e ¥
3 53

Ql = A2-XT1 + BE.YTI + 02-ZT1 ’

Q2 = A2-KT2 + BZ-YTZ + CaogTz ’

+ *ZT. .
02

Q. = AEGAT3 + thYT 3

3

Deve-se observar que existem tres conjuntos, cl, 03 e pzx

12) Un conjunto "preliminar" (P), determinado pela equagao

(15) da secgao anterior



trd
O

c1 clP 8]

s

-
-
L

jo=]
Pl

Q
(S
i
Q
()
e}
i
.
-t
e
S
P

22) Um conjunto "computado" (C), determinado pelas expressoes
de Gibbs:
¢l
1 —
+R%
c = ¢ o m————
0 L, ?
3 Y2

3

32) Um conjunto "objetivo" (0), Cyr ©y» Que resultara - das

"~ td
corregoes diferenciais e que estara de acordo, nos limi-

,
tes dos erros permissiveis, com os valores observados de

Of.ea,

Tem-se, consequentemente, tres conjuntos de diferencgas

ou residuos:
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ou

A", = pc, = p'C (28)
3 I b
e expressoes analogas em p,, com as condigoes especiais
P2 ™ Pap ” i (29)

'

APy = Pop T Ppg = 0

A“p2 = P2 i Aipz :Apz M

As" diferencas acl e ﬁc3 820 as oorregSes dese jadas para os

. valores (C), e estao relacionadas a ;‘_\.pz atraves das equaggea

A =-B Mt -
cj Bj Ap, » 5w 1.3 5 (20)

onde

2
"u — -
Bl 3(c1 AO)(p2 F}/Rz ,

33“ = 3(c3 - Al)(p2 - F)/RZ 3

F= KTa-kz + YT, op, + 27,09, o

As diferencas A'cl e A'c_ entram no desenvolvimenio das

3
correcoes diferenciais, pois ambos os valores (P) e (0) de
cC., C_ e devem satisfazer a equag.g.o (27), isto E,

1 ? 2 9.2
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+ Q.c . (31)

(32)

Subtraindo (32) de (31),

A"y = Qy-Ate, + QA"c,.

Substituindo a equacao (28) temos

A"pz = Ql(ﬁcl - A'ol) + QB(ACB - A'cB)-

-

Pela eq_uagg.o (29),
% \ - - At .
Ap, = Ql(Acl A'cl) + Q3(ﬁc3 A 03),
utilizando-se a equagao { 30)

Q,(- B

= - ' - " 7= ]
Ap, = @ (= B "Ap, = A'e,) + Q B,"Ao, A03) >

Ap2(1 +QB" +Q 33") = = QA'0, = QA'c, . (33)

3 2 3

\
A equagao (33) e uma das equagoes basicas das corregoes
diferenciais de Gauss, e vode ser'resolvida diretamente para
a incognita Apz. Com Apz obtido deste modo, Ac_ e 603 sao

i
computados a partir da eguagao (20), obtendo, portanto, os



valores "objetivos" de cl e 03, que serao usados para calcu=
- - s . (s
lar um novo P, Que, testado com Apz, inaicara a  necessidade

-~ Lad
ou nao de uma nova ileracao.
= | 4 2 .
III.2 - Residuos Gaussianos muiio lineares

Conglderemos as expressoes

by

Todos os termos dessas expressoes podem ser obtidos com pre-

cisao satisfatéria, mas R2 é necesscrianente um valor preli-

minar, cujo valor computado seria dado pela expressao:

- - -

R, = c )R + o,lty s (24)
onde

- # 4

Ri = (xi, yi, zi) L] O3 - 1 = 1,2'3-

A equagao (34) pode ser substituida por



onde

2

B“

2 2
B, = (81 - 30,0, - 92)’(12 ’

e A'R, € o negativo da corregao no valor preliminar de R_.

Sendo que
R, ?
2P = °1pM1

-, -~
contem os meemos valores R, e R_. da expressao

escrever

AR = R

al - k= ] -ﬂ
o = By( &', = d0,) + e Rl

ou, se tomarmos

;TR -

1

3
/%)

3

j=1,3

3

.

(35),

) s

podemos
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-5 - -
. «B "1 4 R B "!
32 Rl Bl T3 B3

entao,

A'R_ = 8% -Ez.afﬁ K (36)

Fazendo-se o produto escclar de ﬁz com a equacaa (36), obte-

F Alguns autores, como, por exemplo, Herrick ( 8 ), su-
_ gerem que este metodo seja adotado como criterio de verifica-
¢ao da necessidade de corregao nas razoes das areas. Se ne-
cessério, introduzem-se as correggea diferenciais de Causs .
Ja outros autores consideram os dois tipos de correqses inde-

pendentes, e esta foi 2 orientacao seguida neste trabalho.
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IV ~ PERTURBACAO

-~ L4
A equacao do movimento de uma particula de massa mi, gob

- - - -
a atragao predominante da massa m , mas tambem  influenciada
0

por outras massas mj, j = 14240een = 1, j # i, € por um campo

e »
externo E, e

onde

::- n F - - -.-ab .
r K(mo mi) (ri)poi iRi + Ei Eo " (37)

_ —d_(rE
R, = KEI m [Pia + 3 (t &, +mym, + Cilj)] ,
JFi

considerando o sistema retangular 0tm{ com origem emm , e
o

Pij

satisfazendo a equa§;o

-—u'—'F(P)’

; para cada j.
d
pij ij

Se nos restringirmos somente ao caso em gue, para cada j

-2
P =
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Segue que
-2

F(I‘, = T
;) )

e, portanto,

P 1
ij e, °
ij

-
Se abandonarmos o indice i, podemos escrever

n-2 EE, + MM+ LL
R =K Z m, ("p"]; - j 33 j)-
i =1 ¥ ry

. . * .1 -
Considerando~se que exista uma so particula perturbadora

(3 = 1), m, = m' (ver fig. 9 ), tem-se

_ Km'(%— EEr 4+ T}’ﬂ; + LTt ),
.t
&
m(E!"]sg)

' (§rynt,g")

Fig.9



40
onde E, 1, Lakls N L sao coordenadas retengulares referen=
ciadas a gquealquer sistema retangular com eixos fixos no €S-

- i = -~ "
pago, e origem no primério; r e r' sao as distancias ao pri-

L
mario, e

2

o? e (8= 4 (n-m)°

+ (L=~ .C')z

é a dist3ncia entre m e m'.

0O termo % & conhecido como a perte principal da funggo
de perturbaczo. O outro termo e chemazdo a parte indiretajela
expressa a aggo do planeta perturbador sobre o Sol. Surge de-—
vido ao fato de gue se utilizarmos coordenadas heliocentricas
este termo se anularia se iomassemos como origem o centiro de
massa do sistemz2 Sol - planeta perturbador.

Da equagao (37) obtem-se, n2o considerando os campos ex-

ternos,

- "~ -
Fazendo-se VR = F temos, em fungao das componentes de I' ao

longo dos eixos £, M, I,

e 3 44

+
go i

"

by

1

-

.. I—Ln &
R A Eg Wy < (38)

PR 14

g + ;3 = I
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ALe substituigoes é = Vi M = Ve l=v, transformarac 25
-~ i = L
tres equacoesg diferenciais de segunda ordem em seis equagoes

diferenciais de primeira ordem:

Integrando essas eqanSes, para um pequeno intervalo de
tempo, obteremos novos valores para as velocidades e para as
coocrdenadas. Nesta integragzo consideraremos constantes os
elementos orbitais, o que pode ser justificado teoricamente
pois o intervalo e pequeno (Herrick, 8 ). |

Esses novos valores, szo da orbita verdadeira, isto & ,
perturbada, em um instente tl. Considera~se agora, uma orbi-
ta de dois corpos e calculz—-se novos elementos orbitais. Es-
ses elementos caracterizam uma orbita chamada "orbita oscula-

dora"™ no ponto em guesti3o. O corpo celeste em sua orbita

perturbada tem neste instante, t_, as mesmas coordenadas e &

1!
-
mesm& velocidade que teria se estivesse se movendo na orbita

osculadora neste mesmo instante.
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v - ¥E70D0 DR CAICULO

V.l = Egsguema Computacional

Com base na teoria formulada nos itens anteriores, de-
senvolvemos um programa em FORTRAN IV cujo objetivo e czlcu-
lar, a partir de tres observagSes astrongmicas, uma orbita
preliminar 121 que seus elemenios possam ser usagos como
inicializador ("starter") nume integragio rumérica, por exem-
plo,. das equagges planetarias de lagrange. O programa foi
processado no Burroughs B-6700 do Nicleo de Computagao Ele—
tronica da Universidade Federal do Rio de Janeiro.

0 programa seguiu, basicamente, o secguinte esguema

ORBITA DOIS
CORPCS

CORRECOES
DIFERENC IAIS

PERTURBAGOES
PLANETARIAS

ORBITA
DEFINITIVA

A partir de tres conjuntos de observacoes obtem-se, pelo
metodo de Gauss, uma ajustante a estes valores. Essa ajus—

tante & uma elipse (em geral, uma conica) pois, inicialmente,
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o problema foi tratado como o de dois corpos. & ajusiante, se
necessario, e otimizada atraves de corregoes diferenciais,

Introduz-se 2 seguir as forcas perturbadoras em questao
e obtem-se equagoes diferenciais em coordenadas retanzularess
aue 530 intesradas para intervalos pequencs, especificamente,
um dia antes e um dia apos c2da data de observaczo. A €sco-
lha deste intervalo decorre de razoes teoricas e experimen=—
tais: sob o aspecto teérico, a posiggo dos planetas perturba-
dores e considerada como invariivel ao longo do -intervalo de
integraggo e coincidente com os instantes das  observagoes ;
sob o aspecto experimental, a escolha de wm dia foi motivada
pela apresentagao das efemerides planetériaa que listam posi-
gges em intervalos de um dia. Certamente, a hipétese da in-
variancia e tanto mais rigorosa gquanio menor for o movimento
néhio do planeta, o gue n;o e critico no caso de Jupiter o
Saturno, cujas perturhagges sao as mais importantes no  pro-

€. ' ~ .
blema de astroides e cometas. I'inalmente, esta invariancia e
uma exig%ncia do metodo adotado para as integragaes das equa-
qges do movimento. Pesquisas posteriores deverao examinar
com maiores detalhes os erros introduzidos em tais aproxima-
gges, bem como alteragoes que se fizerem necessarias 2 fin de
gue as perturbagses com elevados movimentos médios pogsam ser
incorporadas.

A partir dessas integracoes calcula-se uma osculadora
para cada data de observaggo, obtendo~se assim novos valores
para o e § nas datas de observacao. Com esses novos valores
de ®e &, que incorporam perturbagoes, retorna-se ao metodo
de Gauss, obtendo~se uma nova ajustante para a; datas de ob=-
servagao . £ vbonm frisar que'esseé o e § desempenham, no me-
todo de Causs, a mesma fungao que os & e § obtidos da obser—
vagao, isto 5, seriam novos valores observados., Em princi-

pio, a2 escolha da curva que se ajustaria aos conjuntos de AR



e DIC o arbitriria.
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Escolhemos conicas apenas porque isto nos

-
permite a realimentagao do programa a pariir de suas fases

e - e . .5
iniciais, porem tecnicas como as dos minimos quadrados en

aproximacoes polinomiais poderiam fornecer arcos da orbita re-

"~ -
2l, possivelmentie com precisoes superiores as elipses. Neste

- -~ Lad
projeto admiterenos, por hipotese, que asg conicas, fornecerao

resultados aceitaveis, pelo menos em pequenos intervalos de

teapo. A validade da hipotese sera testada por COmparaggc com

outros resultados (ver seccao VI).

Velol - Definigzo das variaveis do programa

Nas variaveis abaixo, tem—se que I = 1,2,3.

éT(I)
ALFA(T), DELTA(I)

xs8(1)s Ys(1), 25(1)
7s( 1)

K

LAT, LOM

ORO

x?(1), YI(I), 27(I)

LA(T), MI(I), NI(T)

A(T), B(1), (1)

instantes de observacao

ascensao reta e declinagao das
observagoes 1, 2 e 3

coordenadas geoceniricas do Sol

tempo =ideral local das observa-
goes

constante gaussiana da gravita-
¢ao

latitude geoceéntrica e longitude

geocgnirica do local d=s obser-
vaqges

obliquidade da eclitica para a
epoca das observagoes

-~ Ead
distancia geocentirica do lugar
das observagoes

coordenadas topocetricas do Sol

- £ v -~
cossenos diretores das tres ob-

~
servagoes

quantidades auxiliares do metodo
de Gauss definidas no item 11,
pag. 19
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TE( I)
(1)

SI

SII
SIII
L, ¥, ¥

R(I)

F1, F2, F3

XA(I), YA(I), ZA(I)
QU( 1)

B( 1)

GA(T)

RO(I)
Qs(1)
XR(1), YH(I), XH(I)

r

CI, SE

45

determinanie da matriz definida
no metodo de Ceuss, pag. 19

intervaloe de tempo entre as
observagoes

distancias pgeocentricas do cor=
Po considerado

-~ -
razao entre as areas S1 e S

3

L -
razao entre as areas 3_ e S

2 3

.
area S

3
quantidades auxiliares do‘méto-
do de Gauss, definidas na pag.l8

distancias do Sol ao corpo nos
dias das observagoes

quantidades utilizadas nas for—
mulas de Gibbs

coordenadas heliocentricas do
corpo

quantidades auxiliares do meto—
do de Gauss, (I), page 27

quantidades auxiliares do néto-
do de Gauss, pag. 30

razoes entre os setores ocurvie
f s
lineos e as areas triangulares

gquantidades auxiliares do metow
do de Causs, (I), pag. 29

quantidades auxiliares do méto=
do de Gauss, (1), pag. 28

guantidades auxiliares do meto-
do de Gauss, (I), pag. 20

guantidades auxiliares do néto-
do de Gauss, (I), pag. 30

coordenadas ecliticas heliocen—
tricas do corpo

-~
parametro definido a partir da
constante das areas

quantidades usadas para definir
0S cossenos e senog, respecti-
vamente, dos angulos cujos gua-
drantes desejamos calcular
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OMEGA, OMECAG

v(1), v(3)

EX

AE

N

WP, WPG
AN, ANG
u( 1)

T2

XF(I), YF(I), 27(I)

“MF( 1)

UF( 1)

QSI(I), ETA(I), ZET(I)

AF(I), DF(I)

ERRA(I), ERRD(I)

DIX

DIO, TA(T)

DII, TD(I)

ALZEP(I), ALPI(I)
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angulo que define a inclinagao
. i
da orbita

longltudé do nodo ascendente
anomalias verdadeiras dos ins-—
tantes tl e t3

excentricidade

semi-eixo maior

movimento medio

argumento do perigentro

rl
anomalia media

-~

anomalias excentricas das +<res
posigoes

tempo tomado como referencia

coordenadas retangulares heliow-
centricas do corpo

anomalias medias finais das
tres observagoes

anomalias excentricas finais
das observagoes

coordenadas retangulares  geo~-
-
centricas do corpo

ascensoes retas e declinagoes
calculadas

erros relativos entre as ascen-
soes retas e declinacoes, res—
pectivamente, observadas e cal-
culadas

data para a qual deseja-se in-
terpolar

data imediatamente anterior a
DIX

-

. data imediatamente posterior a

DIX

88081’13;&8 retas correspondentes
as datas DIO e DII, respectiva-
mente do planeta periturbador



DEPZE( I), DEPI(I)

ALPMI(I), ALPII(I)
DEPMI(I), DEPII{I)

Xp(I1), YP(I), 2P(I)
ALFAP(T), DELTAP(I)

ROP(I)

%1(1), FY(1), Fz2(1)

vx(1), vy(1), va(1)

(1), ¥(2), ¥(3)

1(4), ¥(5), ¥(6)

ERROA, ERROD

47

L -
declinacgoes corregpondentes es
datas DIO e DIX, respective~—
mente, do planeta perturbador

ascensoes retas imediatamente
anteriores e posteriores &
ALZEP(I) e ALPI(I), respecti-
vanente

declinagges imediatamente an-
teriores e posteriores a
DEPZE(1I) e DEPI(I), respecti-
vamente

coordenadas retangulares geo-
centricas do planeta perturba-
dor

ascensoes retas e declinagoes
do pleneta perturbador para as
datas de observagao

distancias geocgntricaa do
planeta perturbador

coordenadas das forgas de per-
turbagcao para as datas das ob-
gervagoes

componentes das velogcidades do
corpo

coordenadas equatoriais helio-
centricas verturbadas para um
dia antes e um dia depois das
datas de ohservaggo

componentes das velocidades
perturbadas para um dia &ntes
e un dia depois das datas de
observagao

diferengas entre os e & ob-
gervados e os o e & calcula-
dos pelo metodo de Couss de-
pois de ter sicdo efetuada a
perturbagao
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V.1.2 - Fluxograma

Pr(1), ALFA(I), DELTA(I),
xs(1), vs(1), zs(1), LAT,
LoM, 7s(1), X, E, ORO

¥ETODO DE
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GAUSS

Calculo dos elementos
orbitais preliminares

Calculo das efemeri~
des e das corregoes

.
Gorrecoes
diferencials
Tlewentos orbitaia
Efemerides
Corregoes 0 = C
i |

_,<

3wl X >

Caleulo das correcSea
entre os &,5 de en=
trada e 08 ultimos &,
S calculados

turbados

medias

Flementos orbitais per-

Efenerides perturbadns
Correcoes para as datas

ALFA(J)

PARE




V.2 - ¥etodo de Integraggo Numerica de Bulirsch - Stoer (B-S)

0 metodo B-S e utilizado vara resolver um sistema de

Ll L4
equacoes diferenciais ordinarias da forma

y'i » f:l.'(x’yl' 3'2$ sy .Yn) ’ i=1) ceey n
sendo dados valores iniciais.,

Essencialmente e baseado em extrapolacoes, pois que a
extrapolaggo e un meio poderoso na aceleraggo de converg%ncia
de solugges. Tem sido provado que extrapolaQSEs baseadas em
polinomiais interpoladoras ou fungses facionais, fornecem so-~

'—lugges bastante precisas; entretanto, a expericncia tem mos—
trado a superioridade da extrapolagso por fungges racionais
Bobre a extrapolagao polinomial.

Uma comparaqgo entre o método B-S e os metodos de Runge
Kutta, idams - Moulton - Bashforth, e o de extrapolagao com
polinomiais baseadas na regra do ponto medio modificada, mos-—
trou que os resultados s2o muito mais precisos € o nunero de
operaqges necessarias para obte-los, e muito menor quando se
faz uso do metodo B-S. Além do mais, este e mais faoil de
ser programado, pois nao & necessario computar valores ini-
ciais especiais e a ordem de aproxima¢ao nao e prefixada, po—
dendo ser modificada de acordo com o problema em questgo. E
para finalizar, nao & preciso nenhumé preparag%o especial das
equag;es diferenciais a seremlintﬁgradas.

Para uma melhor visualizaggo das vantagens, deste método
sobre outros citados acima, sugerimos um exame dos exemplos
apresentados no artigo "Numerical Treatment of Ordinary Dif-

ferential Xquations by Extrapolation Methods™ do anexo 1, em
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especial do exemplo 3, pois refere-se a um problema de Meca—

nica Celeste. Hemetemos tambem 20 Anexo 1 o leitor interes—

& - > > L4
sado em pesquisar os aspectos teoricos e praticos do metodo

-
em questao.



VI - ANALISE DO3 RESULTADOS

V1.l - Introducao

0 programa degenvolvido foi testado para tres asteréides,
683 lanzia (1909 HC), 1342 Brabantia (1935 CV) e Ceres. Em
seguida, foi testado para dois cometas, 1977 HB e Kohler, com
dados obtidos dos telegramas do I.A.U. ( Uniao Asironomica In=-
ternacional).

Os resultados de cada um serao analisados separadamente,
fazendo parte da analise conparacses com rezultados obtidos
por outros autores.

As coordenadas retangulares geocantricas do Sol, as coor-
‘denadas esféricas geoceniricas de Jupiter, as coordenadas dos
observatorios (guando necessarias), a obliquidade media da
eclitica, a reduggo para tempo sideral e, finalmente, &8 cor=
recoes para a precessao, foram obtidas de "Nautical Almanac".
A constante gravitacional adotada, k, tambeéem foi obtida da

mesma publicecio, edicao de 1978, e o seu valor e

k = 0,0002959122

As ascensoes retas e declinagoes topocentricas de entrada
foram reduzidas para radiznos e, quando necessario, para a da-
ta de observaggo.

As anomalias medias, os argumentos do pericentro e as in-
clinagoes sao referenciadas a época de observagao.

Alguns problemas que surgiram quando da determinagao das

referidas ortitas serac examinzdos na secgao VII.



he

VI.2 - Asteroide €83 lLanzia

Os dados de entrada deste asteroide foram obtidos de

Herrick ( 8, pag.284):

DATAS 7,8205 26,7480 48,626

h m s h m _s h n B
a1910 350 24 ;3 3= A% 3 30 4" 54 19,5
81910 250 11*' 10",5 220 29' 31%.3 20° 14' 51",9

As datas tl, t, et sa0 dadas em tempo medio de Creenwich
' -

2
referenciadas a2 192 de Novembro de 1910.

Os resultados por nds obtidos, utilizando corregcoes  di=-
ferenciais gaussiznas, estZo nas tabelas n® 1 e 2, onde a ano-
malia media, o argumento do pericentro, a inclinagao, o nodo
ascendente, DELTAF e ERRD s20 dados em graus e fragges; o
semi-eixo maior XF, YF, 2F, 2SI, ETA, ZE?, em unidades astro-
nomicas; o movimento médio em radiano por dia solar medio e ,

finalmente, ALFA e FRRA em horas e fragoes.

TABELA 1 - ELEMENTOS ORBITAIS

ANOMALIA MEOTI#=221912165)

SEMI EIX2 MAILA= 2.121299 U.A,
MOVIMENTO YEDIO® 04178731 "rod/den
EXCENTRICICADL= (C.04877)

ARGUMENTG CO PERICENTERG= 2652877941
INCLINACAU=T 1¢Q@4523&0

NOOD ASCENCENTE=260%681716



TABELA 2 — EFEMERIDES E CORRECOES

EFEMERINES

=

% vF 4

2endbrytutton D.72393286532 1299827807 1
Sef®S5h 23411 3 Ge9472833525¢k 1333935721821
27029046901 1.1272947316 13681763459

151 ETA 2T
2.1060158554% Delbhn3dB837532 10209067371

236473277173 De132935725% Ne34Cobubicl

Z+54C0575961 122658495815 NeP774345459

CNORRECLES

ALF A& s =
Ds29E8L3ETSI “{le

M
-

L)

R NE LT AF _ ERRD "
g030CL1492 25« 14n2449702 “N.0000000597%

| 0«2145CC1€37 =040000001585 22.49206258C062 =0.0G00003294

Ve R27TUZT5555 CeCC0OCC1742 2042477439530 00000008401

cos b 2’5""2 = - 0",0085618
n62 = - O",6705766

Os resultados obtidos por Herrick ( 8, pag.399-400) 5

atraves do método de laplace, foram:

SEMI ETZ0 MATOR =  3,1212221 U.A.
MOVIMENTO MEDIO =  0,1812481 rad/dem
EXCENTRICIDADE =  0,04888372
ARGUMENTO DO PERICENTRO =  267°,05142
INCLINACEO = 18°,49806 e
NODO ASCENDENTE = 260°,65696

cos 82Aa2

652

n
I
o
=
-
(%)
1

]
1
<
ey
o
~O



L4
Usando-se os residuos gaussianos muito lineares

mos

TABE

ANOMALLIA MELTIA=¢2191F1650

| SLMI

o4

obtive—

LA 3 - ELEMEZNTOS ORBITAIS, EFEMERIDES E CORRECOES

wILC #ALIOR= 3.,121299 g.a,
MUVIMENTC MELIU= 04173731 rad/dem
P EXCENTRICIUALL ®  Ce(43776
ARGUMENTC Su PERICENTSOS 2Fn37
INCLINAC AU 1€04732¢0

NUDC ASCEWOENIZ=26C2861719

XF Yf
1 286€08345%598 Cel343280532
z 2eT354234713 {.QAfﬁi?iEbE
3 2eTUZACHEIRT 1el27294731¢€

st ETA
2e1n00158555 Ne 1453337532
2e3nu7 227713 ,3.]g£9§g;2tc
2.6400075961 C.z26534921¢

|

h COBERE
ALF 2 FRsA C DELY
Ds29E0C5€ETSS =(000C0C1497. 225418

*L.00CCOC158¢€ 22«4

Uel2i42CC 10637

Q= 52 10 d 55955 LeDCCA0T1742 2usedy

EFEMERIDIES
2F
1.2998278¢71
1.21339%91¢21 |
1.3631753459
7671
1.0209067071
09805646821

Ca97T43404CSS

gtz

r\r
bBea45762

€530 _
“0«C00UC0205912
=“0.00C0003294%

20258062

fTAT9E30 0.CCCCG034C
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-

Da tabela n? 2, tem-se
cos Gém§ = - O",0085641,
enananto que Herrick ( 8, pap.200-400) fornece
cos 6 A% = ~ O%,2
sl 122
Neste exemplo nzo foi considerada a perturpacao planeti-

ria; ele gerviu para testar o metodo de Gauss, que foi 2 base

do propgrama.
VI.2 - Lsterside 1242 Brabantia

Os dados de entrada obtides de Danjon ( 5, pag.97) fo=-

ram
BATAS 13,05561 28,90839 37,96207
hoocm 08 h . m .8 h m_»
*1935,0 1025 287,39 | 10 1 587,85 [ 9 49 14,92
- 5° - 8O 1 " £ '
*1935,0 B AT 8 39! o01",1 90 57t 48",0

Ae datas sao apresentadas em TU (Tempo Universal) e refe-
renciadas a 1¢ de Fevereiro de 1925,

& fim de possibilitar uma comperagao com o8 regultados

dados por Danjon ( 5, pag.102), 2 tabela n® 4 foi obiida sen

~ : -
wuouliups guricyau dllerenoclal e sem perTurbaglo.
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TABELA 4 - TFLEMENTOS ORBITAIS. EFEMERTDRS R CORRZCOES
e —— - Ry
ANOMALIA MEDIA=34S5.07b4us

SEMI EIXC PAICR2 ¢.293468% U.d.

MLV IMENTC MECIU=  .28376t rad/denm
EXCENTRICIDAUGE= 0.:02014

ARGUFENTC 0C PERICenTiO= 227%¢c5525

INCLINACAUS 212063110

NCOC ASCENDEANTE=312%994s160

LFeMERIVED
XF YF I iF
1 =lebc/7 13463206 CeYOubywe2l? 0ela4720C807F7

2 ~1l.0%921141171 Leal?9527553655 0.0051719723
3 =1.,72037254151 UaEB187950¢cl =0.0760655003

. Qs COETA i
- m0.e34Z950691  0.3650402331 -0.0cCE5E52557

=C.704b74s335 C0e43271b1425 =0.13306€7551

=U./47251b234 Cod795207608 ~C,15517¢€5277

CORRECLCES

ALt A LRICA DelTAt ) _
10e 4245535162 =L.00C0011 33y “S e 58523 E91ER ColOUQ42a944

10.,€33015730b ~=L.C000C18310 =R,65030€7812 eaC0C0B3Z3%0

3820081751381 =(.0000C060033 =5.9133242451 =C.C0000%1163

1 e R . 3

ERFA) - 08,00408204 - o“,60659448 - 08,0244926

ERRD| O",15297984 0%, 22766256 - 0",03281868

\
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Danjon ( 5, pag.225-228) aprecenta og seguintes elemen-—

tos orbitais:

ANOMALIA MEDIA

L

345°,823

SEMI EIXQ MAIOR

1l

2, 29265 Us.Ae

MOVINEETO MEDIO 0,282921 rad/smd

EXCENTRICIDADE = 0,20202 '
ARGUMENTO DO PERICENTRO = 2279,976
INC LINACAC = 21%,048 1535,0

NODO ASCENDENTE = 312°,974

T B8 =
ERRA | -0 ;01 I 0,01 l - 07,01

ERF.D l 0",1 I - O",}- I o 0",2

Neste caso particular o processo computacional nao apre—
~ Ld i
sentou convergencia em IRRL e ERRD por nenhuma das tecnicas
de corregges diferenciais. Tentamos entzo obter a  conver—
-~ Lo
gencia calculando, pdrimeiro, a perturbacao devida a Jupiter,
Cad -~
e, em seguida, as corregoes diferenciais. Mas a convergen-
-6 o~ :
cia, para 10 , nao foi obtida, e os erros se mantiveraen na
-4
ordem de 10 .,
L4
Tendo en vista o exposto acima, diminuimos o criterio de
~ s £ -4 A
convergencia, neste caso especifico, para 10 ' e, consideran—
~ . ‘ : ' 5
do a perturbacao devida a Jupiter, obtivemos a seguinie tabe-

la:
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TABELA 5 — ELEMENTOS ORBITAIS, EFEMERIDES, CORRECCES E

CORRECCIS FINAIS

0

anunALia MEDIA®345% 985206
SEMI EIXU MAIUR=
MUV IMERTU MEDLJ= U.203382 rad/dsm
EXCENTRICIDADE= 0,.202108

AKGUMENTO 00 PERICcaTnu= 227%712931
INCLINACAU= 212096537

NUOU ASCENODENTE=3150011960

ce295557 U. A,

EFLMERIDES
XF YF iF
B =1.6281756503 0e9093369205 0el4706E3950
166931266246  0e7533029767 0.00496133572
3 =1,7214192004 06625308748 =0.0763149240
2ET
~0,0370660776
“0.1338357154
~0.1553£62266

ETA
De3o54B39319

De433283719%¢6
De48CL777254

WSl _
=0,035250n0607
=Je 650373407
-0 7403254737

CURRECUES

ALF A
104245382492

10.03303€60717
9482080248409

ERRO A
00000141915
=0.00002217 44
. =0.0000517679

ERKE
=0.0000011&41

=L U0OUDULlB L4
“Le Q00007504

tRROD
=L, 0003723582

=L 00UZ 749544
=lLe 0003 U_C}U 3'52

DL TAF
“5.4540220660

=8.05001C5832

“9.9129653231

ERRD
0.0000421241

UeauLOB3ULSG
-0,000003870612

CORRECUES FINAILS
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VI.4 - Ceres

Os dados de entrada, bem como as coordenadas retangula-
”~ - -
res geocentricas do Sol e as coordenadas esfericas geocentri-

cas de Jﬂbiter, foram tiradas do "Nautical Almanac® para 1978

DATAS 1,0 16,0 : 31,0
%1950,0 18% 57 16°,91 18" 1™ 47°,03 19" 27 11%,32
81950,0 - 300 42' 46",0 | - 300 12* 08",7 |~ 299 31 50%,2

Ase datas estZo em TU (Tempo Universal), e sao referenciadas a
~1? de Outubro de 1978.

Por meio de corregges diferenciais gaussianas, e sem

considerar & perturbaggo planetéria, obtivemos os resuliados

das tabelas n? 6 ¢ 7.

TABELA 6 — ELEMENTOS ORBITAIS

 ANOMALIA MEDIA® 699443270
SEMI EIXO MAIOR= ce77366¢ U.A.
MOVIMENTC MEQIG= Ce2133f5 rad/dsm
EXCENTRICIDADE= N.077436
ARGUMENTOD CO0 PERIfcANTRD= 742623442 -
INCLINACAG= 109597362 ">
NODG ASCENCENTE= AG21027¢3



TABELA 7 -

XF
“147699583772
~1.65822103851
~1.5410425763

QS1
“2.7629224772
-2,5316836851
=2.33314027¢63

EFEMERIDES F CORKEGORS

YF
“1,9567755166
“2.0434C72221
“ce133150064534

ETA '
=2.0737946166
-2.3930029221
=~2.,6821976434

EFEMERIDES

ZF
=0.5€630379581
“0.62973574323
“0.69365657279

1EY.
=0 6144344551
=0.,77514E2323
-0,5317212279
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CORRECCES

ALF A ERRE DELTAF
16.45%4102545 0.000NC02177 =10.08511C4994

1&;55519%&69% “C.0000(C00252 =12.48055£55362
15.26564166885 =0.0000C00208 =14,68635E606406

ERRD
=0.0000005109

=C0.0000000154
“0,0000002404

Efetuando-se a perturhaggo, devido a Jdbiter, obtivemos

como resultadosg finais os apresentados nas tabelas n? 8 e 9.

TABELA 8 -~ ELEMENTOS ORBITAIS

ANDMALIA MEDIA= 6RQc12206 |
SEMI EIX0 MAIGR= ¢.772971U.A.
MOVIMENTC MEDIO= 0213445 rad/dsm
CEXCENTRICICABE= 0.077529°
" ARGUMENTO OO0 PERICcMTRO=
INCLINACAC=s 109598324 -
NCDC ASCENCENTE= BuD101009¢

7649457573
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-

TABELA 9 - EFENERIDES, CORRE(CES E CORREGOES FINAIS

EFEMERIDES

XF YE F

| @] ,7697555933 21,956F303097 “0.5€3606C7 451
=]l o6581425736 =Z,064H73266535 =0,6298949444

P w1.5409351596 =2.1330697650 =0.6936273743

081 ETA 26T :
“2.7627T496988 =2.0736694097 =0.€143572451

=2,5815451736 =2.39287.33653 =0,7791C74444
“2.3330326596 =2.682C767690 -0.9316508?43:

| CORRCCCE $

LFA ERE? DELTAF ) ERRD
1 M58 148539 €.6000C02196 =10.0851223390 =C.C000006186
L4 ES51575189 =0.0000000266 =12.4305615555 =0.0000000059
| 15.2654185311 =0.0000000222 =14.6863350259 =0.C0000023€3

CORRECCES FINAIS

- ERECA ERRQD
'~=0 40000037417 0.C0CN112286

. =0.0000030747  0.0000050053
| =0.0C00018634  0.0000C01429

As efemerides planetérias (“Ephemerides of Minor Planets

"
for 1978) forneceram os seguintes elementos orbitais para
Ceres:
ANOMALTA MEDIA = 3489,581 _ ‘

ARGUMENT® DO PERICENTRO = 719,335
INC LIKACEO = 10°,610 1950,0

NODO ASCENDENTE = 809,486
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Sende aoue o3 dados de entrada foram tirados do "KNautical
Almanac", eles jé estao corrigidos da perturbagao de Jﬁpiter,
e dos ouiros oito planetas. Portanio, o gque fizemos foi cal=-
culay uma neva pcrturbag;o devido @ Jupiter. TIsto implice em
dizer que colenlumos a perturbagao sobre Geres devido & um
planeta de massa equivalente a duas vezes a massa de Jﬁpiter,
o que foi feito a fim de testar o gran de influencia de Jupi-
ter sobre Ceres, Como pode ser observado, esta influencia e

pequena, pelo menos na configuracio estudada,

VI.5 — Cometa Kohler (1977 m)

) Os dados de entrada foram tirados das efemérides apre-
sentadas nos Telegramas da T.U.A., circular n®3205. As coor-
-denadas retangulares geocentricas do Sol e as coordenzdas es—
fericas goocgntrioas de Jupiter foram obtidas do "Nautical

Almenac" para 1978.

DATAS 1,0 11,0 v
- - h m h m

*1950,0 2 9T 495 6 13,23 6" 27,83

5)950.0 - 14° 28144 14° 21',9 - 140 2417

~ ~
Ag datas estao em TU (Temvo Universal) e sao referenciadas a
1¢ de Junho de 1973. _ i
Nao considerando corregoes diferenciais e a perturbagao

planet&ria, obtivemnos os dados da tabela n? 10.
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TABELA 10 — ELEMENTOS ORBITAIS, EFEMERIDES E CORREGOES

ANUMAL 1A McoIAR 02205973

SEMI ELIAC MAICR=1¢)e6435283VU.a.
MOVIMENTE MEDID: $+029975 rad/dsm
EACINTRICICADE® 06990523

ARGUMENTC DG PERICENTRO= 1619972297
INCLINACAU™ 462782448

NCDD ASCENDENTE=181072828y

EFEMERIDES

XF

2F

YF
"Je31763450637 Zel0d331 32334 =1.3184068573
2 =0e4UST14E3T7o Z«B5138B25052 =1e364€647¢37
3 "0e473I3710433 £e9523493992 =1e4u964820¢25 |

95T BT

2F7

. . N0333771363 36417086324 =0.9399128973 ¢
“0e21783964 175 3777339834352 =0,9677155636
“Q0el736072433 3838644844992 =1.0054956425 -

-

CORRECCES
ERRA DULT AF

FRRD

ALF A A |
59553066777 CeDDUB2E3009 =1u.4714498€24 =0.0013423423
be22Cu397045 L-g')UQBC.’bz&Q “14a3466911692 *)eNN15445029
be 4034235497 CeDUIBUIITALTS =14441021768652 =0e0014470319

Incluindo correcoes diferenciais gaussianas, as tabelas

& seguir foram obtidas.

TABELA 11 - ELEMENTOS CRBITAIS

' ANOMALIA MEDTA= Q.y€2933
(SEMI EIXG MAI0R=222.131756
MOVIMZINTC MeDI0= .0.000298
EXCENTRICIDACES 0555676

ARGUMCNTC DO PIRICONTRO=s 162.6441167

INCLINACAU= GB.778255
NCODD ASCENDENTE=131.700492

|
"



TABELA 12 -

XE
»(e 31ESUYZSH2
-0. &t}ﬁohll.ﬁbb

ey 24262852

NS 1
003425258433
=Ue21675657 365

“Jet7256025352

EFEMERIDES E CORRECOES

YF
de70713 66232
2«B8623353023
Ce9530020475

ETA
J3.04620120232
37777931023

38851371475

EFEMERIDES

ZF
=1+3181864¢17

“143644366549

=1.4095600£89)

7ET
“-0,9%969243019

“N,9675378949

=1,0053796850

CORRECCES

64

ALFA
569040767998

6o 2189312237
6o 4624312633

—— .

ERRA
Ca0G17564787

Led015637G78
CeOU14U 20139

DELTAF
=1helb70396217

~1lue3Nu273958L3Y
=1l4estunfal 9245

ERRD

*0eNDN6292543)

=0«00559610232
“De00649227420

0 telegrama apresenta os seguintes elementos orbitais:

EXCENTRICIDADE =

ARGUMENTO DO PERICENTRO =

NODO ASCENDENTE =

INC LINAGAC

0,999502

1639,4880

1810,8240

= 48%,7181

-

1950,0

Como pode ser notado examinando-se as tabelas acima, as CoOI=

recoes diferenciais, apesar de melhorarem os elementos

i ~ -
tais, piorarzm os erros em alfa e delta, nao levando 2

verg@ncia desejada no nivel 10-6.

oTrbi-

con=-
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V1.6 - Cometa 1977 HB

Oe dados de entrada foram obtidos a partir des efemeri-
des dos Telegramas do I.A.U., circular n23159,

As coordenazdas retangsulares 5eocﬁntrioas do S0l e as co-
ordenadas esfericas geocentricas de Jupiter foram obtidas do

"Nautical Almanac" para 1978.

DATAS 1,0 11,0 21,0

a h
1950, 0 2" 17,16 23" 557 0 0" 24™,76

8 o o

i 1‘950,0 L 30 50',0 2 5',5 8 22"3

As datas estio em TU (Tempo Universal) e sio referenciadas a

19 de Fevereiro de 1978. Obtivemos como resultado:

INCLINAGRO =  3°,64872983
NODO ASCENDENTE =  320°,59351595

EXCENTRICIDADE > 1

enquanto que o telegrama fornece

INCLINACRO = 9%,4221
NODO ASCENDENTE =  329,7856

. EACENTRICIDADE =  0,23449508
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A causa da excentricidade ser maior gque um foi devido @o
"~ Ll
fato de obtermos com o programa distancia geocenirica negati-
Lo d
va n2 primeire aproximagao calculada pela subrotina RAIO. Es-

te problema sera retomado na proxima seogao.
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VII - CONCLUSOES B PERSPECTIVAS FUTURAS

vVIii.l - Preparaggo de dados

L4
A medida gue as diferenteg orbitas foram zendo computa-
"~ £l
das, verificamos que para aplicacgoes sistematicas do esquema
’ q p
proposto (ver pag.48). se faria necessario a montagem de uma

i~
subrotina que processasse as seguintes conversoes:

Ld
a) tempo universal em tempo das efemerides - esta con=-
v - » - - - - 3
versazo e necessaria a fim de compatibilizar as unidades de
~ Ll
tempo empregadas nas observagoes (TU) e nas efemerides do Sol

e dos planetas (T%);

» '] -
b) coordenadas aparentes em medias - isto e necessario,

una vez gue para fins computacionais e na hipotése de publi-
cagoes, devemos referir as coordenadas observadas (aparentes)
& algum equinﬁcio fixo, usualmente 1950,0 , bem como na
transformaggo das coordenadas dos planetas perturbadores para
0 mesmo equinécio, se estas coordenadas sao retirsdas do
"Nautical Almanac". Somos de opini2o gue a converszo de co-
ordenadas aparentes em médiaa, bem como a passagem de um
equinocio a outro, deva ser feita a partir de formulas rigo-
rosas e nao das indicadas no "FKautical Almanac", que 820
aproximadas (1978, pag. 9 ), dado que em grandes programas
gue, como no presente caso, operam com base em iteragges, pe-
quenos erros nos valores de entrada podem se converter em er—

ros apreciaveis ao final do processamento;

¢) subrotina SOL - esta subrotina gue realiza interpola=
g;es besselianas nas coordenadas do Sol e dos planetas per-

turbadores, a fim de obter valores correspondentes as datas

de observagao, necessita ser modificada com o objetivo de in-
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cluir diferencas de ordens superiores Zs segundes,de tal ma-

neira guec precis;es da ordem de 10“ nesias coordenadas sejam
asseguradas., JIdealisticamentejo programa deveria conter sub-
rotinas que computzssem, a vartir des teorias planetérias, as
coordenadas do S0l e dos planetas, quando entio as coordena-
das destes corpos deixariam de ser dsdos de enitrada. Do pon-
to de vista pratico, contudo, isto implicaria em um tal acre-
gcimo do tempo de processamento (significaria, ,por exemplo,
resolver um conjunto de 81 equa§ges planetarias de lagrange -
equagoes diferencizis ordinarias de 12 ordem nto lineares ),
que s0 se justificaria caso fosse economicamente viavel a

montagem de uma central de calculo de orbitas;

d) correcoes de paralaxe e aberragao planetaria — a fim
‘de tornar possivel a utilizaggo de obseranSes feitas em di-

Ld
ferentes observatorios.

VII.2 - Subrotina RAIO

Esta subrotina resolve o sistema de equagses

B
A.wﬁ.-l-;'!“,

r2 ==.&2 - (2R cos ) '+ Rz,

onde A e B sao constanies obtidas a partir dos dados de en-

trada e
Rcosy = AXT+ pY¥T + vor,

2 2 2
R® = XI° 4 YI° + 2D ;
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"~ -~
& partir de uma estimativa inicial da distzncia heliccentrica

do astro, ry e de acordo com o esquema abaixo:

(1) B

{912 BT G sontd® 4 2,

- (o)

sendo i - ly2yswvy © T e estimetiva inlcial. O ciclo de

-~ » -
iteracoes e processado ate cue

~6
=10 ",

A1) (1-1)

Este esquenma, entretanto, apresentiou uma circunstancia

de nao solucao: se A<0, obtivemos A <O, 5 que & impossivel.
Testes realizados em calculadoras demonsiraram que nestas
circunstancias outros esquemas, como, por exemplo, aproxima=
goes de Newton — Raphsow (Herrick, 8, pags. 386-387, 390-391)
poden ser usados. Ilustrativamente, tendo-se r(o), podemos

obter

A_(i - 1) = R cosq;t\ﬂ;(i - 1% * R2 + (R coe¢)2, (39)

&(i - 1) 1
- T s - E_(i - 1)]3 : 49)

f(r(1 - JL)) = %

-r(i - 1)

3
® - - 7 ] , (41)
B(_-i(l“l} - Reos{) [;(i“l)]4

- f‘(r(i - 1))

gatt =Y, gt = Ty et Ty (42)
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RE

Ali=1) | sali-1) , (43)

i) [A(i)]z (2R cong)alt) 4 2 M2 (44)

onde i = 1,2,... 0 ciclo de operccoes e fechado entre  as
formulas (44) e (40), a formula (29) sendo utilizada apenas

se i = 1. 4 iteracao sera interrompida se

<;10"?.

i‘

s (=D _5ald)

Como € facil de ser observado, o tempo de processamento
e bem menor no primeiro esguena do qué no segundo, uma vez
-qu'e aquele opera sobre duas formulas e este sobre cinco. As—
sim sendoja subrotina RAIO deveria conter um teste sodbre o
sinal de A e sobre |ﬁ.— R 003¢4 . A necessidade de testar o
modulo e devida ao foto de que a diferenca indicada aparece,
na equacao (41), em denominador: se esta diferengé ge  apro-
xima de zero, Seu inverso crescera para além de qualquer 1li-
mite, induzindo indeterminagSes programiticas (Herrick, 3,pag
176). |

Dado que, em programas muito longos, o ganho em tempo de
processamento ¢ fator critico, os testes sobre A e|A- Rcos'
na subrotina RAIO, deverao, por exenplo, obedecer 2 uma hie-

rarguia do tipo:

Se A>0 =~ processe RAIO

Se A<0 =~ teste se l-\—Rcos'b|<E,
caso negativo processe RAIO 2 (fér?ulas
(39) a (44)),
caso positivo processe RAIO 3 (ver formu-

las (45) a (48)).



71

Como proposta para uma RAIC 2, temos
Ah-l),A-yL““lﬂ3, ‘ (25)

f(r(i - 1)) y [A(i - 1)] 2 _ (2R cosq,)-_\(i 1), 22 [r(i i~ 1)];3'

(46)

§ 1)

(i -1) 3B (A(i_l)

- oo S CERE

) = 2r - R cosy)

(47)
(1)

{1 - #
st 1), h{i) T obtidos pelas formulas (42), (43), (44).

(48)

A n7o utilizagao da RAIO 33que n2o contém denominadores
ceéazes de se anularem, em lugar da RAIO 2, decorre do fato
de que a presenca dos denominadores acelera a converg@ncia,
desde qué, e claro, estejamos operzndo com diferengas
A- R cos[>€. Pesquisas adicionais terao que ser realiza~
das a fim de que possamos determinar um valor para g, caso
existe apenas um que poésa gser satisfatorio em todas as cir—
cunstancias orbitais. Neo encontramos, nos textos consulta-

dos, uma soluggo prara este problena.

VII.2 - Estimativa inicial da dist2ncia heliocentrica

&

Porque = solugao de todo o problema do cilculo da orbi-

ta depende da possibilidade de serem realizades estimativas
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(o

- - -~ 5

mais ou menos confiaveis nara r y varios esguemas tem sido
Lad i g oy Lad

propostos para solugao " .. ' = desta questao, e sao baseadas em

L
graficos ou tabelas (Herrick, 8, pag.386, 389). Este tipo de
Lad Lad -~
gsolugao pressupoe ou a interrupcao do processamento a fim de
e - 3 - .
que os graficos e tabelas sejam consultados, ou 2 utilizagao
- -~

de arguivos no computador. A primeira hipotese nao deve ser
— -

considerada por razoes evidentes. Quanto a segunda, somos de

» -f“ -

opiniao que solugoes alternativas possam, talvesz, serem tes—

tadas. Como exemplo, dado o seu interesse para a determina-

piad - - g . * -

¢ao de efemerides Ce procura, que sao provisorias e servem
S~

apenasd como orientagao aos observadores, acreditamos que o

- L - -
metodo de Olbers parz a determinacao de orbitas parabolicas,

possa ser estabelecido como uma subrotina capaz de:
-

a) fornecer estimativas mais precisas para Az ou r, )

Ld Ld
indice 2 referindo-se a data intermediaria);

.
b) fornecer efemerides de procura no caso de cometas ou

O. rd
asteroides recem descobertos.

Certamente, este método pressupoe & possibilidade de es—
timativas de A na posiggo 1l estaren disponiveis, o0 gue parece
retornar o problema ao seu ponto de partida. Entretﬁnto, o
que acreditamos ser possivel realizer & a combinag2o dos me-
todos de Olbers e de Gauss na solugzo do problema, ume vez

que neste devemos estimar az, our e naquele.dl. A forma

2’
L "~
pela gual esta combinacao poderé, ou nao, ser processada, de-

pende de estudos posteriores.

VII.4 - Corregoes diferenciais

-

o~
Que as corregoes diferenciais, tanto gaussianas como pe-
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los residuos muito lineares, tenham apresentado circunstane
cias de nfo convergencia, ¢ quest2o ainda 2 ser justificada,
pois que na bibliografia consultada rao encontramos indica-
gges dos motivos pelos cuais a nao converg%noia ocorreun em
alguns casos (¥ohler e Brabantia), mas ndao em outros (Lanzia

e Ceres).

VII.5 -~ Espacamento entre as datas dags observaggés

-Para exemplificar, quando utilizamos as datas 1, 11 e

21 de fevereiro de 1978, o processamento da 6rbita de 1977HB

foi interrompido devido & uma raiz invalida GJI - e para
e>1). Contudo, com as datas 11 e 21 de fevereiro e & de

~margo, os resultados foram satisfatorios (ver secgao VI). A
primeira idéia é cue o esquema geral utilizado seja, de al-
guma forma, sensivel ao espacamento entre as datas de obser—
vagao. 4 solugao deste problema envolvera, certamente, pro—
cessanento de um ma2ior numero de Srbitas, juntamente com wum

-
reexame das formulas utilizadas.

VII.6 ~ Algumas circunstancias de nzo solugao nao Dprevistas
no programa

- -
1) Se a latitude do observador & muito proxime & zero,
- L4 * -
o metodo de Gauss so e aplicavel se uma quarta for utiliza-
- . - “
da. Em caso contrario, apenas com tres observagoes, pode-se

demonstrar que D tende 2 zero (Daﬁjon, 5, pag.218).

2) Se as tres posigSes observacas do objeto estiverem
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- £
sobre um grande circulo, D tambem se anula.

3) Tomando & representagao
- g -

.
-t -

com significados obvios para Te ﬁ, temos que se R e R esti-
verem contidos no plano determinado por z‘e i, nenhuma solu-
¢ao e possivel. Apesar do método de Gauas nao operar com ®
e t, esta condiggo pode ser usada para identificaggo de nao

solugoes.

4) "is oircunstincias de nio solugoes ocorrem nas orbi—
tas heliocentricas quando o objeto esté se movendo  proximo
ao, plano da ecl{tica; para orbitas geoc%ntricas quando o ob-
jeto e o ponto de observacao estio se movendo proximos ao

plano do equador."

Ls observagges 2, 3, 4 foram tiradas de Herrick (8, pag
379).
Evidentemente estas circunstancias de nao solugao terao

que ser incorporadas ao programa.
VII.7 - Outros tipos de orbitas

Apesar do projeto pretender 2 determinaggo de orbitas
eliticas, e evidentemente util que outras possibilidades se-
jam acessiveis. Explicitamente, a sugestzo € 2 incorporagao
de um comindo capaz de tesiar o valor da excentricidade, an-
tes que os elementos orbitais sejam computados, de tal ma-
neira que subrotinas para calculo de trajetorias hiperboli-

cas e circulares possam ser acionadas.
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VII.8 ~ Perturbagoes

0 movimento de dois corpos foi todo formulado a partir
da utilizaggo das coordenadas esféricas (v, 8,5} Entre-
tanto a integracao das equagoes de movimento pars o problema
perturbado foi feita a partir de formulas em coordenadas re-
tangulares (x, y, 2). A utilizaggo de ambos os sistemas en
um mesmo vroblema depende de um exame mais cuidadoso a  fim
de determinarmos se a transformacgo entre as coordenadas &
capaz de produzir erros observaveis. Alen disso, apesar dos
resultados nio perturbados terem sido bapgtante testados, o
mesmo n2o OCOrreu com os perturbados. Dessa forma, as pre-—
visoes feitas com base na tecnica adotada para o calculo das

Lo Lad L4
perturbagoes nao devem ser, ainda, tidas como confiaveis.
Lo
VII.9 ~ Observagoes redundantes

£ fato estabelecido pela experiencia que a ntilizaggo
de um numero de observagses precisas superiores a tres e ca-
paz, mesmo que perturbagges nzo sejam incorporadas, de me-
lhorar consideravelnente a confiabilidade cdos resultados

(Danjon, 5, pag.251).

VII.10 ~ Anilise de erros
Com este titulo estamos indicando explicitamente uma

* - - -
analise gue nos peraita fixar com segurzn¢a os efeitos que

os erros nos alfa e delta observados possa ter sobre os ele-
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mentos orbviteis, apés tedo o procegsamenio ser executado. A
alternativa @ um cstudo teorico de propagagﬁo de erro, em
geral oxtremamente dificil em problemas longos, @ 0 metodo
das tentativas a partir de ensaios computacionaieg. Em ou-
tras palavras, sao dados pequenas alteragoes nos valores de
entrada para muitas circunstﬁncias astroncnicanente possi-
veig, e os resultados comparados. Lsia tecnica nao produz
nenhuna demonstragﬁo, porem com & experiencia acpmulada  ao
longo de muitas computacaes, e capaz de fornecer indicsadores

razoavelmente seguros sobre esta guestao.
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PO T
AFENDICE 1

Considere-se a figura 7 , onde os Piy 1 = 1,23, sao as
sucessivas posicoes do corpo celestes Xg9 ¥3r gy $ = 1;2,3,
sao as coordenadas retangulares neliocentricas destas posi-
goes; e S;p 1= 1,2,3, sao as areas dos tri2ngulos formados
por essas posigges tendo o Sol como vertice comum. Atraves
da Geometria knalitica, sabe-se que o plano ger;do por Pl’Pz’

P e que passa pela origem, tem o determinante das suas co-

3’
ordenadas nulo, isto e:

x z
1 1 A
%a Tp %) =0 :
X z
3 73 %
Desenvolvendo~se o determinante em relagao a primeira

coluna, tem-se-
=3 - i - = 1
xl(y223 ysz) x2(31z3 y321) + x3(y1z2 yzzl) o (1)

As quantidades entre parenteses sao o dobro das projegoes
das areas Sa, 53 e S1 sobre o plano yz. Segue-se a demons—
tragao para apenas uma das éreas, no caso, 52; as outras sao
obtidas de maneira analogza.
Seja a figura Al,onde
SR € a area do  retangulo

cujos lados sso z_ e
# 3°7;
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A area 5, sera dada por

onde
SR = yQZB Py
- y323 p
A 2
o To%5
B- 2 ?
. (yz - y3)(z3 - z;_,)
c” 2 <
Portanto,
Ty¥y Yo%, (yz - y3)(23 - %,)
S, =y .z - — - .

e 3 2 s 2

Multiplicando ambos os membros da equaggo por 2 tem-se

252 = 2y2z3 - y353 - y2z2 - y233 + 3292 + y353 -t 3352 ]

donde

252 u-y2z3 - 3332 ’

como queria-se demonstrar.



-

Dividindo a equagzo (1) por (3153 - yBZI)’tem—se
11E12:3 - 13:2; - x, v, Eylfz = ¥p%y) i
ix B g 1'3 " %
Como
Ty = Ty = By .
ylz3 - 3321 = 233 ’

ylzz - y221 = 251 ’

temos a equacgao

- N
2 =
1 3 3 33

De forma similar resolve-se o determinante em relaggo as
outras duas colunas e obtem-se o sistema de equaggea funda-

mentais do metodo de Gauss e d'Olbers

S
x 1 E g I P Ei (0]
1S S
3 3
b £ 51 In + ¥ Sl 0
— —— .
1S5S 2
3 33y
18 2 s
3 335



APENDICE 2

Considere-se a figura 42,

onde vl

C) 1 Sol

P0 e P: posigoes do corpo
celeste nos  ins—
tantes t, e twto+0,

o ¢ 2 P

Spt area do triangulo PJC)P,

- rd
SS: area do setor curvilineo

PP, | Po(xo’y )
. X(:H: sistema de referencia I
retangular heliocentri- 1)
co situado no plano da 1 x
orbita. , g
A area ST e dada pela expressﬁo Fig.A2
2ST = Xo¥ = ¥oX . | (1)

Pela segunda lei de Kepler, segundo & qual o raio velor varre
areas iguais em tempos iguais, tem-se a expressao pare a area

[d
do setor curvilineo

25, = n 0, o 4 (2)

onde h ¢ a constante das areas por unidade de massa.
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Fazendo-se o desenvolvimento em série de Taylor de x e ¥

em fungac do tempo em torno de to s lem-se

X=X + 0(25 v QE (235) + Qi (de) ¥ Gue
o at’o T 21 ‘at2’o | 3t ‘atd’e ’
2 2 A 3
i ay, 8 4y S 4y
A AL R el e 31 (T3 * oo
Substituindo~se em (1),
2 .2
_—_— ay. LA & Ly
28y = X3, + X, 8(3), * 5, 5 (E;%)o + %37 (Gadlo *
2 2 3 3
. ax, _ 8 4dx 8 dx
= %% yoe(dt)o Yo 21 (th)o Yo 31 (E-t.?)o

o ; (3)

Sendo que h € o momento angular por unidade de masgsa

pode-se escrever

-~ g
f
=4
e
H e

e portanto,

i

ol

Wb

n

o) (o |
e 9 o
o o

e

csay
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sendo cue z = 0 e & = 0, devido ao fato de os eixos xy esta-

L4
rem no plano da orbita. Portanto,

h o= xf - vk (4)

Derivando-se a expressao acima sucessivamente

2
dy g ¥ . i
XS =Y a0, r 5 (5)

xyY-yX+yx~-yx =0,

xY-yx =yX~-xY, (6)

iv iV . wew . ese
)s

2y -3x =22(yxr-xYy

(7

Observa-se que os termos e Y sa0 as projagges da acelera-—

950 newtoniana do corpo. Tem—=se poritanto,

kx
2--33, (8)
y=- §§ y (9)

onde k € o quadrado da constante gravitacional. Derivando-se

L " L4
as expressoes acima, obtem-se
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ose k . 2 4R
A Rl e L (10)
k o« 3k @R
P~ 2+HT " (11)

LR ] Fr R k - .
xy-yx=—-§'3'(xy—yx) .

Obtemos atraves de (4 ) s

-

L] LR k
xy-yxz-——ﬁ"j;h.

Substituindo (10) e (11) em (7 ) e utilizando (4 ) chega-se

Z -+ Bazp-238,
"R’ F+R T TV R 4
6x dR , . h

"53"&'{("3' ¥yx) :
6x  dR

B at

A area do tri2ngulo sera finalmente dada substituindo-se
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APENDICE 3

%., XY .%_ € X.V.z. as coordenadas heliocen-
171%)2 *o¥o%; @ *3¥3%,

tricas correspondentes &s posicoes Pl, P2 e P3 do corpo em

estudo. Pode~se desenvolver estas coordenadas em fungac do

Sejam x

tempo e da posiggo media como segue,

2 3 4
x=x_+ a(t - t2) + b(t - t2) + ot - t2) + d(t - tz) +

2
(1)
Se
. Gy = %= % »
By ™ By ™ 30
03!01+82,
entgo,

- W
-

2
x =.x - a 91.+ b Bl ~-cQ_+a0,.,
Xa =%y
3 2

" 2 3 .. 4
X, =X_+a 92 +b 81 +.cv62 fld 0y o

i~ . ~
Derivando-se duas vezes a expressao (1 ) em relagao ao tempo,

..l’



a6

2
3

Q

2
= 2b + 6c{t - t?) + 124(t - te) g

%

, -~ Ead
donde se obtem, para as tres posicoes,

2
B
5 =2 - 600, +12a 0,

ﬂzb,

o
i 0 4 =
2b + 6¢ 24-126102

PO

dat

Lembrando que num campo de for¢as newlonianas temos

d2x kx
at? = " 3
se obtém o sistema
x =z, =28 +v02-coiea0?, (2)
X, =X,y . (3)
13=12+a02+b8§+032+d92, (4)
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12x1 ;
—5 = 2b - 6cC 4+ 1240, (5)
4 1 1

kx?
“;_5=2h! ' (6)
2

;T—" 2b + GC(E + 12d0§ % (7)

Multiplicando a expressao (2 ) por 92, a expressao (3 ) por

- OB e a expressao ( 4) por 51, e somando,

ﬂle - 9312 + 91x3 = (82 - 61 - 92 +'91)x2_+ bBIBE(el + 82)+

2)+ana(03+ez).

2
+ ¢8,0,(0, - 0, 172"V

82!1 - 0x_ 4+ 'Glx 2) *

25 = bﬁlezﬂ

+ 09152(81 + 82)(91 - €

3 3

2 2
+d6.6,(0, +0,)(0, = 9,8, + 0,) » “

0,x, = 8.x_ + 6.x, = 96,0 [ T 2 2 }
271 %2 13 123 | b + c(ﬁ1 .u2) + d(a1 8,0, + &2) .
(8)

Repetindo o processo acima com as expressoes (5 ), (6) e

(1), - o

oy oy e By ﬂ =d 010203 . (9)



Somando as expressoes (5), (6) e (7), cbitemos a terceira equa-

gao do sistema:

x x %
x|, "1 2 3 2 L2
- 6[}r o € S ﬂ = b+ 0(02 - Bl) + 2d(01 + 92) .(10)

A fim de eliminar as incognitas b, ¢, d do sistema, multipli-

camos as expressoes (8), (9), (10), respectivamente, por 1,

ai + 0192 + 02 y = 018293 e em seguida somamos as novas ex—
pressoes:
0,x g.x 8.x x x x
K 2 22l 32 13 kgape2 2 3
- 55(01 + 0.0, + %2)( 13 - r23 - r33) 3 . & 01 5 3(~3 “; + r3) +

+0,%, 03x2 + 8113 =0,
x 0%
1“5713(—8 - 0,0, =0, + 20,0.) 12—5-(0 + 8,0,
ok 51%3 2 " 2
+12_r?("“1'01“2‘02"20203)*02" 0%, *+ 9%,

k ) :
6%, (14 E%' [—82 - 01(61 - 82) + 201(91 * 92)] +

) .
1 T2r3 |~ 81— 8500, ¢ 6) ¢ 29283] =0

= 0 ,
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% 2 ¥
%% [1 * 15;% (0,0, -6, )] > g, Il "[12}7‘5 6,(0) + 8) +

x 2
¥ 9192} ¥ e [1 * Ter] Loyty = By )] it

¥ 2 _—— o
5%, [1 * Tord (6,6y -0, )] . e3’:2[1 " 1er (0,0, + o, }] i

. x 2
+ 61x3[1+ 121_% (9203 -8,y )] =0 .

Cu, .fazendo

! k_
vem
e 3
92::1(1+r§)-03x2(1-;g)+81x3(1+;§)=0.(11)

De maneira analoga obtemos o sistema
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- q’J ’
x . -2 s
/'62-1 (1 + 3 ) - Ssxe (1 - ey + 01x3 (1 + ;g } =0
2 3
¥y |

{op e 3) -0y, 1-F) v 0y (1+3) =0 (12)
oy r%.‘ 332 "r% / 133 +;§ = 1

¥y Yo o ¥y
\\8231 (1 « ;g') - 8322 (1 - = T 8153 (1 + ;g ) =0

Seja agora o sistema de equagoes fundamentais de Gauss:

xi% x+xi1* 0
1s. e g " -
3 3 by
18 72 g "~V
3 3 3
zi?- z+zs—1 0
18, 2 s
3 3 8,

Comparando com o sistema (12), chega-se as formulas de Gibbs

¥,
) I A |
3
- P
W 8 l_f%
3 :
e
1l ‘1}3
+;‘3'
w :
% 9

=
1
N o
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Fagzendo-se X = sen2g na serie acima,

2g = sen2g + + -

senBEQ 1.3 sen"2g 1¢1.5
2.3 2.4+5 2.4

2g — senag = %'senBZg + E% sen52g + E%E sen72g + eoe o

Sabendo~se que sen2g = 2 sen g cog g ,

)3 5 " 7

2g - seng = E" sang cos3g + 2= sen5g cos)g +'élg" sen?g CQSTg toas

40 112

Dividindo-se ambos os membros por sen3g,

2&_:_%222& . cos3g + 22 senzg cossg + = sen4g cosTg + ..

sen’g 3 > 7

Fazendo uso de (1), (2) e (3),

2g - cenZg B;nb‘;’“? -ta- 2p)3l+'4'5§‘p(1 o o 0L % ‘2p)5 N

# 228 050 w15 = 85 )] 4 e

gﬁsigggagﬁ = %‘(1 + g'p + %g 02 +’§§'PB Fp—_—

0 termo de ordem k e dado pela'eiﬁressgo:

46 ... (2k + 2) Fk—l
3¢5 ouo (2x + 1) ‘
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-
Gauss, no seu trabalho original, desiacou que 0 desen-

volvimento da guantidade inversa converge mais rapidamenie, o

que pode ser verificado observando a serie

sen” 3 9 9 g6 3
2g - sensg 4 10° Y175 p *Es P Foeem s

A inverszo pode ser obtida por divisao ou pelo método dos co-

eficientes indeterminados. Para tanto, tomamos,

sen3\ _3_ _Q_ ( E)
2g - sen®g 4 10 P=5ly
onde
2 2 52 3
E 35 p + 1575 p LR
Sendo

e
> m
T 1 + sené(&) ?
temos
3 2 m
Y =y = ’









“MSL ROUTINE NAME -~ DREBS

CURPOSE

 LAGE

VGUMENTS

= DIFFERENTIAL EQUATIDN.SOLVER =
- "EXTRAPOLATION METHOD

- CALL DREBS (FCN,Y,X,N,JM,IND,JSTART,H,HMIN,
TOL,R,S,WK, IER)

FON = NAME OF SUBROUTINE FOR EVALUATING FUNCTIONS.
i (INPUT)
THE SUBROUTINE ITSELF MUST ALSO BE PROVIDED
BY THE USER AND IT SHOULD BE OF THE
FOLLOWING FORM
SUBROUTINE FCN(N,X,Y,YPRIME)
REAL Y(N),Y RIJE(K)

FCN SHOULD EVALUATE YDRIME(J),...,YPRIKE(N}
GIVEN N,X, ARD ¥(1),..«;Y(8). %TPRIME(E)
IS THE FIRST DERIVATIVE OF Y(I) WITH
RESPECT TO X.
FCN MUST APPEAR IN AN EXTERNAL STATEMENT IN
THE CALLING PROGRAM AND N,X,Y(1),...,¥Y(N)
, MUST NOT BE ALTERED BY FCN. :
¥ . = DEPENDENT VARIABLES, VECTOR OF LENGTH N.
(INPUT AND OUTPUT)
ON INPUT, Y(1),...,¥(H) SUPPLY INITIAL
VALUES. -
ON OUTPUT, Y(1),...,Y(N) ARE REPLACED WITH
AN APPROXIMATE SOLUTION AT X (AS SET ON
- . QuUTRUT) .
: 4 - INDEPENDENT VARIABLE. (INPUT AND OUTPUT)
' ON INPUT, X SUPPLIES THE INITIAL VALUE.
ON OUTPUYT, X IS REPLACED WITH THE UPDATED
VALUE OF THE INDEPENDENT VARIARLE.

N - THE NUMBER OF EQUATIONS. (INPUT)
JM -~ THE MAXIMUM ORDER OF THE RATIONAL APPROX-

IMATION. (INPUT) JM MUST BE LESS THAN 7.
A SUGGESTED VALUE IS JM=6. SEE REMARKS.
IND ~ CONVERGENCE TYPE INDICATOR. (INPUT)
IND 1 SPECIFIES THE STANDARD ERROR TEST
IND 2 SPECIFIES THE RELATIVE ERROR TEST
IND = 3 SPECIFIES THE ABSOLUTE ERROR TEST
SEE REMARKS FOR FURTHER DETnILS.'
INDICATOR. (INPUT)
THE USER MUST SET JSTART TO 0 OR =1
JSTART = 0 IMPLIES PERFORM A STEP.
THE FIRST STEP MUST BE DONE WITH THIS
VALUE .OF JSTART SO THAT THE SUBROUTINE
CAN INITIALIZE ITSELF.
JSTART = -1 IMPLIES REPEAT THE LAST STEP
WITH A NEW VALUE OF H OR JM.
THE INITIAL VALUES OF Y, S,
AND X ARE SET TO THE INITIAL VALUES OF Y,
S, AND X FROM THE MOST RECENT CALL TO
DREBS WITH JSTART = 0.

o

JSTART

DREBS~1



3. AT EACH STEP OF THE INTEGCRATICN, THE EXTRAPOLATION
s PROCESS IS CONSIDERED TO EHAVE CONVERGED WHEN EACH
' Y(I), I=1,...,N, HAS SATISFIED A CONVERGENCE
3 CRITERION SPECIFIED BY THE USER. THE USER MAY CHOOSE
~ ONE OF THREE CONVERGENCE CRITERIA. IN TESTING FOR
CONVERGENCE, TWO SUCCESSIVE EXTRAPOLATED VALUES
(FOR EACH CCMPONENT) AT THE POINT IN QUESTION ARE
COMPARED. LET THE DIFFERENCE BETWEEN THE TWO FOR
THE J-TH COMPONENT BE CALLED D(J). THE THREE
CONVERGENCE CRITERIA CAN BE STATED IN THE FOLLOWING
MANNER; ‘ R
> A. STANDARD ERROR : .
LET YMAX(J) BE THE LARGEST ABSOLUTE VALUE ATTAINED
. SO FAR IN THE INTEGRATION BY THE DEPENDENT VARIABLE
. Y(J). THE CONVERGENCE REQUIREMENT IS
ABS (D (J)/YMAX(J)) .LE. TOL, FOR J=1,.s0,8
‘ IF YMAX(J) IS LESS THAN TOL, IT IS REPLACED IN THE
= TEST BY TO0L. :

B. RELATIVE ERROR -
LET Y(J) BE THE CURRENT APPROXIMATION TO THE
RESPECTIVE DEPENDENT VARIABLE. THE CONVERCENCE
REQUIREMENT IS ' .
ABS(D(J)/¥Y(T)) .1LE. TOL,; FORBR J=l,...,N
: IF ABS(Y(J)) IS LESS THAN TOL, IT IS REPLACED IN THE
A TEST BY TOL. :

C. ABSOLUTE ERROR
. THE CONVERGENCE REQUIREMENT IS
- MBS(D{T)). .LE. TOL, JI=), ... R
4. JM, THE ORDER OF THE RATIONAL APPROXIMATION, DOES NOT
HAVE TO EQUAL 1, THE ORDER OF THE DIFFERENTIAL
EQUATIONS. AT EACH INTEGRATION STEP, AS MANY AS JM
APPLICATIONS OF THE MIDPOINT RULE ARE COMPUTED FOR
; "SUCCESSIVELY SMALLER VALUES OF H AND EXTRAPOLATED TO
- : H=0 IN ATTEMPTING TO ACHIEVE CONVERGENCE.
TYPICAL USAGE OF DREBS WOULD BE WITH JM SET TO 6.

*lgorithm
JREBS performs one step in the integration of ¥Y'=£(Y,X) with Y(xinput)
‘iven. The value of Y (X ) is returned from DREBS.

output

JREBS is a modification of the Bulirsch-Stoer ALGOL procedure DESUB.

“ee references:

o Bulirsch, R., and Stoer, J., "Nuﬁerical treatment of ordinary
differential equations by extrapolation methods," Numerische
Mathematik, 8(1)1966, 1-13.

B Gragg, W.B., "On extrapolation algorithms for ordinary initial-
value problems", J. SIAM Numerical Analysis, Series B, 2(1965),

284-403.

DREBS-3

R B 8 e e e e



PRECISION/HARDWARE

RPQD. IMSL

N. JATION

R 1ARKS

DREBS~2

H - STEP SIZE. (INPUT AND OUTPUT)
ON INPUT, H IS AN INITIAL GUESS FOR THE STEP
SIZE. ZEEp :
ON OUTPUT, H IS REPLACED BY A SUGGESTED STEP
SIZE FOR THE. NEXT STEP. THE SUGGESTED VALUE
MAY' BE LARGER OR SMALLER THAN THE ORIGINAL
STEP SIZE. ‘
HMIN -~ THE SMALLEST PERMISSIBLE STEP SIZE. (INPUT)
DREBS WILL DE CHHASE THE STEP SIZE
UNTIL CONVERGENCE CAN BE OBTAINED.
TOL - TOLERANCE FOR ERROR CONTROL, (INPUT)
R - VECTOR OF LENGTH N. (OUTPUT)
N OUTPUT, R CONTAINS THE ABSOLUTE
ERRORS IN EACH COMPONENT FOR
THE CURRENT STEP.
S - VECTOR OF LENGTH N. “(INPUT AND OUTPUT)
P IRD =1,
BEFORE THE FIRST CALL TO THE ROUTINE,
(1) SEOULD BE SET TO Y(1), I=1,.sc M. iz
ON OUTPUT, S CONTAINS THE LARGEST VALUE
OF EACH Y COMPUTED SINCE THE START OF THE
INTEGRATION.
IP IND = .2,
BEFORE THE FIRST CALL TO THE ROUTINE,
B(I) SBOULD BE SEP TO Y1) . 15 ceunile
ON OUTPUT, S CONTAINS THE LARGEST VALUE
OF EACH Y COMPUTED DURING THE CURRENT STEP.
IF IND = 3.
BEFORE THE FIRST CALL TO THE ROUTINE,
S{I) SHOULD BE SEBT TO 1.0, I=1,:...N.
ON OUTPUT, S 15 UNCHANGED.
WK - WORK VECTOR OF LENGTH 29%N. .
WK ‘MUST REMAIN UNCHANGED BETWEEN SUCCESSIVE
- CALLS DURING INTEGRATION.
IER - EPROR PARAMETER. (OUTPUT)
" TERMINAL. ERROR
IER = 129 INDICATES CONVERGENCE COULD NOT BE
OBTAINED WITH CURRENT VALUES OF H AND
HMIN. Y,X, AND H HAVE BEEN UPDATED.
WARNING ERROR (WITH FIX)
IER = 66 INDICATES JM IS LESS THAN 1 OR
GREATER THAN 6. JM IS RESET TO 6.

- SINGLE AND DOUBLE/H32
- SINGLE/H36,H48,H60
ROUTINES - UERTST,UGETIO
-~ INFORMATION ON SPECIAL NOTATION AND
CONVENTIONS IS AVAILABLE IN THE MANUAL
INTRODUCTION OR THROUGH IMSL ROUTINE UHELP

1. THE SOLUTION Y, THE INDEPENDENT VARIABLE X, AND THE
SUGGESTED STEP SIZE H ARE ALWAYS UPDATED EVEN IF
CONVERGENCE IS NOT OBTAINED.

i IN GENERAL, HMIN SHOULD BE MUCH SMALLER THAN H TO
ALLOW THE PROGRAM TO ADJUST FOR RAPIDLY CHANGING
SOLUTIONS (WITH RESPECT TO H). =

November 1, 1979



~N e Fox, P.A., "DESUB: Integration of a first-order system of

- ordinary dlhkglc tl 2 tﬂhaulDﬂa » Mathematical Software (John R.
Rice, Editoxr), demic Press; New York, 1971, Chapter 9.

~Example -

This example illustrates the usage of
tial eguatiocns

DREBS. The system of differen-

B i3 = ¥y ¥t at X=0
¥
¥o 1T ¥y 5 e
i3 to be solved at X=4 We can proceed as follows:
inpuks i
- INTEGER N, JM, IND,JSTART, IER
REAL Y(2),X,H,HMIN, TOL R(2) S(2) ,WK(58)
2 EXTERNAL FCN
i N = 2
JIM = B
2 IND = 2
~ JSTART= 0
» iy = 1.4 .
yt2) = -1.0
& X = 0.0
= T -
- HMIN = .005 - ;
TOL = 1.0E-3 ‘ :
~ BLY) = “¥{1) IR . Sl
’ s(2) = Y(2)
cC . H = AMIN1.(H,4.0-X) NECESSARY TO HIT
C : : 4.0 EXACTLY AT THE END.
. 5 H = AMIN1(H,4.0-X)
e i S ALL DREBS TC TAKE A STEP
§ CALL DREBS (FCN,Y,X,N,JM, IND,JSTART,H, HMIN, TOL, R, S, WK, IER)

IF (IER.NE.O) GO TO 15
IF (X.LT.4.0-HMIN) GO TO 5

e Insert statements to write solution here
3 .GO TO 20 ;
~ 15 CONTINUE :

& Handle IER .GT. 0 here. Items that
o may help to diagnose the problem should
~ C be output here, e.g. Y,X,R,S5,H.

20 CONTINUE.

= STOP . \
END

5 SUBROUTINE FCN(N, X,Y,YPRIME) our Pui
REAL Y (N), YPRIME(N) Bt
YPRIME(1)=Y(2) Bl z.Q
YPRIME(2)=Y(1l)

o RETURN X e U
END

= Yer) Ol 23

“HREBS~4 November 1, 1979 e L
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Numerical Treatment of Ordinary Differential Equations
by Extrapolation Methods

Roranp ButirscH and JoSEF STOER*
Received June 3, 1965

1. Introduction

Extrapolation constitutes a powerful means of numerical analysis for ac-
celerating the convergence of solutions arising from discretization methods: If
the underlying discretization method gives a result T(h) for a finite stepsize
h 40, then the exact result T'(0) usually is very accurately approximated by

tlme extrapolated value 7,,(0) of an interpolating polynomial or rational function
T, (k) satisfying

Tub)=T();  §=0,...,m

for a sequence A; qf stepsizes tending to zero. In [7], the convergence behaviour
of such extrilpoht:on methods has been studied extensively provided T(h) has
an asymptotic expansion of the form

“) T("‘:' =Ty +?1’I“I‘ e it ka;‘*i -+ Rn #1 (*’Y‘} k?”';

7; independent of 4. For the existence of such expansions see Grace [2] aﬁd
STETTER [§].

If y,—-ty for all 4, then it has been shown in [ ] that there is a bound for
the error T (0) — T(0) of the type

|7 (0) = T(O) SCH ... .

Thus the error decreases with increasing y. Morcover, experience has shown
that extrapolation based on rational functions is normally better than polynomia!
extrapolation. i

The ;ires::nt paper can be considered as a continuation of the more theorctical
papers I[:, 8). Here, the practical aspects of extrapolation methods for solving
the initial value problem for systems of ordinary differential equations of the form

(2) yi=lfilt e 3y it n
are described.

The aleorithm < ! ; ;
basc(im .11,,iul)r1th@ to be given uses rational function for extrapolation and is
on the midpeint-rule ina slightly modified form due to GrAGG** us the

e ;CT::: rcs-."{ch‘: rt_i)urucl in this paper has been sponsored by the Air Force
ientific Research under Grant AF EOAR 63 ti
of Acrospace Research (OAR), USAF. 3-77 through the European Ofiice
*% Personal communication to H. J. STETTER.
Numer. Math, Bd. 8
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underlying discretization methed. It can be shown that for the midpoint-rule
the expansion (1) proceeds with even powers of A.
The proposed method is compared with the following alternatives
1. Runge-Kutta method.
2. The linear multistep method of Adams-Moulton-Bashforth (of order 6).
3. Extrapolation with polynomials based on the modified midpoint rule, ;

The comparison shows clearly that rational extrapolation yields i

1. more accurate results;
2. needs much less operations in order to obtain these results;

3. is much more easy to program than the alternative methods, due to the g

following reasons:

There is no need to compute extra starting values as is the case for linear multi- |

step methods. The order of approximation is not fixed and is automatically

adapted to the special problem to be treated. Moreover, no special preparation |

of the differential equation is necessary, such as building up total denvatwes
and so on.

Historical yvemarks. Coruy (1906) was perhaps the first, who tried to accelerate ,

the convergence of trapezoidal sums T{4) towards T(0) by forming suitable linear
combinations of T'(4,),4=0, 1, ... . Ricuarpson and Gaunt (1927) applicd this scheme
for solving ordinary differential equations. KommeriLn (1936) used it for the cal-
culation of 7. Ro.\lnn;uu (1955) presented an extrapolation algorithm {for the stepsize
sequence h,=hy/2*) for the numerical quadrature
scribed an-extrapolation method for general sequences k; and used it for solving the
eigenvialue problem {or ordinary and partial differential equations. Bavir and RuTis-
HAUSER-STIEFEL (1961) investigated the convergence behaviour of Romberg's method.,
RutisHAusER (1963) also used general sequences for the quadrature of functions and ¢
improved Euler's method for solving ordinary differential equations by extrapolation;
he also applied extrapolation for numerical differentiation. LAURENT (1963) investi-
gated the convergence of (polynomial) extrapolation schemes in the general case
and applied extrapolation to various problems. Further investigations were made
by Lv~ess and McHucH (1963
also [2, 7, 8] and the references of these papers.

The authors wish to thank Cu. Reinscu for useful discussions and for improving

and testing the ALGoL program of scction §. They are also grateful to D. Grigs for

his careful reading of the manuseript.

' 2. The Method of Computation’

In the sequel the system (2) of differential equations is written in vector form .

y'=fx3),
the initial values being

Zy) Yo=Y (%)

We denote by n(x, h) a suitable defined approximation to the exact value
¥ (x) obtained by a discretization method, e.g. the midpoint-rule, for stepsize s #0.

The modified midpoint-rule proceeds as follows: If

x=x°+l-b. ! an integer,

Hortoxn and Scorss (1956] de-.

Lo Memr and Suarma (1665) and Fivreen (1964); see

r——
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then

T(h)=T(h, x) e
is defined recursively by
s Vg s Ll +=0,1,...,0—1,
) (%, ) = 3o+ [(x0, 30,

(3) (X1, k) =n(x; 1-}‘}4'2".-‘(1.-.?)(-*;,15)), R I S ST

S(h x) =4 J}(xr: B) +n (%20, B) + hf(xlr’?{xh }'))Jn

T(h, %) =S[=, x|,
-

GRAGG has shown that under suitable differentiability assumptions, the asymp-
totic expansion of T(/, x) proceeds with even powers of 4

= T(h, x) =y (x)+ 7 (x) B+ 7, (1) 1+
Hlt can be easily proved that g(x, k)=

has an asympmtnc expansion of the form
b g ‘

n(#, —A) holds. This shows that if 5[z, A)

(%, h)=0g(x) +0,(%) h+oay(x) 24 -

then the odd terms u,'_'_,(x) vamqh Indeed, the recursion formulae (3) are equi-
valent to

@ ... wlx—h ﬁ.) y,_u(;,, y (% b)),
{h).. AL ,.,:‘ ;“"_'Va
(e}, Ntk by =n(x;—h k) +25k f(x;, »:IKX..J\)} i=0,1,2 ...

It {oilows fmm (b)

b f:(*.-h} =%y, —h)=

and by (a.) .
" n(xath, —h)=1,+h f{_“’n- 7(xy, —h)) .
.=‘J‘a+}‘”“'o- Vo)™

This proves ' i Ly
1 —h)= . k).
This in turn implies by (c) 7(% Y=n(x, k)
T ol —Ry=n(xe, —h)+2k [ (5, nlx, —h)
b s R =n(xo, k) +24 (2, n(x. h)
N =n(%y. B).

—k), i=3,4,...

In the same way follows
@ Ul By =n (s
Now if x is a fixed number and

hyi= x-}:x", k=12, ...

we obtain by (d)

_ n(x By =n(x, ~k),
proving

0y ;41{¥)=0.
In the same way it can'be shown that the asymptotic expansion of 'I‘(.’a x) contains

enly even powers of 4. (For a generalization of this result see a forthcoming paper
0! b‘:snzg)
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Therefore, it can be expected that extrapolation based on T'(h, x) thus defined
will yield especially good results (see [7]). We propose to use rational extra-
polation in order to approximate T(0, x)=y(x). For the computation of the
extrapolated values, the algorithm of [7] in a slightly modified form is used.
Since this algorithm is applied to each component of T'(h, x)€ R™ separately,
an index denoting the individual component is suppressed in the sequel in order
to simplify the notation.

If T8 () denotes the rational function

T (h) =

P4 Pl 2 4 e 4 plil jam =[,.~.] 4
g +af Bt e gAY i

* defined by the requirement
TOU) =T (h, %), k=i, it 1, ..., i+m,

where {i,} is a strictly decreasing sequence of stepsizes tending to zero, the
extrapolated values :
T : = T9 (0) ~ T(0, *)

can be computed from T'(k;, ) by the following set of formulae (see [7])

TH =0,
ﬁ'} =T(h, x),
(4) ; TN — 1) :
T =TI 4 B T k2t
. . = = 1 9

el

connecting the elements 7", T{f,, T4, T of the tableau

T=T |

o)
4 ™

™ o
78 ; T,
£ T
: ok
ol

T

by a rhombus-rule. In order to avoid repeated formation of differences in (4)
as far as possible, we propose recursive calculation of the differences

ATP = TP - T,
COim TP — T19,.

. P T e et e
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We easily obtain from (4) the formulae (which are equivalent to (4))
AT = Tih,.x),
CM=T(h,, ),

{m—A+1) prim—k+1)
(m—A) _ L S/
4T, = k"_k{l‘ k-1 . A
: - -t
2
{6) (i::_i AN [;,;{:;l-i- 1
m—A) _ i :
Ci == ;;m“:\! f k=1.2.....m
(52) 4meem - etz

with the abbreviation
w;h‘} - 1-'1 vl n(i—l](ﬁ T;:;] L 73“"”) :

The§e formulae are evaluated successively for m=0,1,2,.... The indexing in
(6) 1s‘ chosen so as to indicate the actual sequence of calculations, Note further
that for programming (6) only one linear array for storing the differences 4 Ti™*

=0, ..., m is needed, : ! '

As to the sequence of &, to be employed for extrapolation, the sequence (see [7])

) Gim i e, o o o b
_. e e b i by

can be u:fed without increasing the sensitivity to round-off, since the expausion
(1) contains only even powers of A The sequence

{1 hy hy &
- Gl i B
fife e )
yields esual accuracy at the expense of doubling the number of operaticns,
Section § contains an ALGoL-description of this rational extrapolation method.
3. Examples
The following examples demonstrate the effectivity of the method described

above. Rational extrapolation has been compared with the following most com-

monly used methods for solving the initial al ] : e _
equations: 5 tal value problem for ordinary differential

1. The well known method of Rung

: e-Kutta, which gives rise to an asympioti
€xpansion (1) of the form ¢ B

T(h x) =y (%) + 7y (x) A +1 (2) BS -+
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2. The linear multistep method based on the predictor formula of Adams-

Bashforth
Y=Y+ "%6 (42271, — 7673 f;_1 +9482f;_s — 6798/;_3 +
=Mz 7).

+ 2627 ;o — 425fi-a)s
and the corrector formnla of Adams-Moulton
HED = 3i+ i (4751 (Rians y00) + 1427, — 7981 +

+ 4822 = 173fi-s +27/i-4)

(see, e.g. HexriCI [1], p. 194—199).
For starting this algorithm the values f;, ..., f; are needed. For the sake of
simplicity we have taken the values of the exact solution for this purpose. Then

this method leads to an asymptotic expansion (1) of order 6
T{h, )=y (%) + 74 (x) B0+ 15 (1) A7+ ==

3. Finally, the extrapolation with polynomials
f,,"‘[fl} =a|l]i|_+_a&-')h2,i_ oo gl 3,

Tilh)y=T(h;, 3), J=i1+1, ..., 04m,
where T'(A, x) again denates the values yielded by the modified midpoint-rule (4),
was considered (for the recursion formulae see [7]).

For measuring the amount of work involved in these methods we have
taken the number 4 of evaluations of the righthand side f(x, ) of the differ-
ential cquation. The stepsize s for the methods 1. and 2. has been chosen
maximal so as to keep the (relative) error below 1071 after a simple step with
this stepsize. Further note, that the accuracy obtained with these methods
(1. and 2.) has not been controlled by such devices as comparing the resuits
for the stepsizes h and /2 (e.g. Runge’s method). This control would have doubled
the number 4. On the other hand, an accuracy control has been introduced into
the extrapolation methods into a natural way: One compares two successive
values 7% ; and T/ and increases the index i, till this diffcrence is small cnough.
Clearly this procedure wiil also increase the number 4 by some factor about y2.

The computations have been performed on the PERM computer at the
Technische Hochschule Minchen (word length: 40 bLit in the mantissa), The
following examples have been used for comparison

a)  y=-y, r(x) =1,

y{x)=¢€"
This example has been taken in order to test the stability of the extrapolation
procedure, since the midpoint-rule itself is a weakly unstable method.
The results are shown in Table 1. There, the relafive error ¢, and the number
A(x) needed for the calculation of T(4, x) from 0 up to x for the various methods

are tabulated.

1,=0,

Nurerical Treatment of Ordinary Differential Equations

Table 1. Relative errors by t'u!r,;rm.ﬁ'ug ¥=—y

Adams-Moulten-
Bashforth
Aoy —aw

Runge-Kutta
L ] Extrapolation with

Polynornials "
Ay=0.5 Fi:gn;l functions
- =0,
#rel | 4

£rel

0 o

4,01 —11
660 8.2.:—-11
990 1.24,-10
1.6,,—10

* It is well-known

. that for 4'= s

stepsize th Y=—=yitis the b ¢ ik T

Psize throughout the computation (see eg. (1] ;Stigzmtlegg) e ke
sl P s L 3

b) Euler’ i i
) Euler's equation of motion for a rigid body without external f
\ ternal forces

y,_ y:‘ yl J’a 0
)= 1 J’a ¥ Xo=0
L . ot o=V, y(x) = : » kK=o051,
Solution:
sn(x; k)
Y = Cn(x;k} .
dn(x; k)

' RCS a Si 2 G
.
l.llts re 10Wn in lable IhEIe, tlle l:l:lMIIlal 3639 ule error 8"1?.: Of the

Tab
]_e 2. Absolute ervors by integrasi

1y Euler's eguatio .

Adarns Maujton-
Baiforty
e -t

Extrapolation with

Polynomials

i ‘ Ratioaal functions
[ =t

x
% ;‘-——_“'——u_
10
i 20 0
. . (1]
i 30 o,
40 2.
4.

10— 10
'5”——1[1

4
=]
(5]
-
[ S oy
o

Examples a '
3 and b ‘
The nex ) and b) clearly show the superiority of rational ‘
<2 next example is more difficult o TUORAT exts polation
thise e 5 L URICUt 1In nature, Tt arjses from the ast .
T 1 B8 avvedn < . it SRR RHC astig IMIca
W g It system Sun- Jupiter-gt moon of Jupit Tﬁ onamical
n for th Howi 4 : upiter. This exg
for other high accur. the following reason: it has been t‘akcll': ts t -h b.-\umplc
Runge.12 _accuracy methods for solving d;fferential @8 test problem
{ g;. “utta-Fehlberg method [4] and the m I ‘erential equations, such as the
we i = 1 e metho i i
Lirrt (4] and REUTTER, Knapp [9)). - d of LiE series due to GROEBNER
. L =
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The differential equations for the three body-problem are

Xy =M,
. " X,— X E
% =——1_x m 2 T — L
) [xml? -t a{fxs_xup lel‘}'
with
x Uy
Xy = Xy | T = [ g |}
X, Ug

the constants m, and m,, the complicated vector function x, () and the starting
values being given in [5, 9].

Table 3. Three

i A 5 N
Starting 0 s} —0.185921 387400 0.712376 370000,4—2
values
results: ;
hg=10 100 210 —0.128523 007306 0.859964 263800,,—1
he=33.33... 100 99 ...08 2037721
k=50 100 98 ...7299 . 237811
hg=100 160 105 .. .09 s 2378501

Table 3 contains the results obtained by rational extrapolation for different
basic stepsizes A,. Again, a comparison with the results of [5] and [9] shows
that rational extrapolation gives comparable accuracy, whereas the labor in-

volved has been reduced.

4. Automatic Stepsize Correction

Since the sensitivity to round-off of the extrapolation process increases with
the order of extrapolation, it is useful to limit the number of columns of (5)
to be evaluated, Thus, the program of section 5 computes only 77 for A=<6
which has proved reasonable for a machine accuracy of 40 bits in the mantissa
and for m> 6 the elements 7{™~® of (5) are taken as successive approximations.

Since by the results of [7], the errors 7{"~% — T'(0, x) are of the type
T — 1(0, 2) = O (ko ... AR,
a new stepsize /&, can be evaluated by the equation
(8) R lg=R g b

1f }, is taken as the basic stepsize for the next step, then it will be probable
that in this step T{¥ will be a sullicient approximation. Thus an automatic
stepsize correction can be easily built in into the extrapolation method. How-
ever, it should be noted that a correction of A, is not so important for the ac-
curacy of calculations as it is the case with methods of fixed order: It is typical

——
e
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for extrapolation methods
. 10ds that the ac size i
1s automatically reduced to gy i tHeﬂ;a')Ipi:J?b]zini {fmt ghergdii o o
e +1 I imation s not good enouch. Thi
g shows that apart from extreme cases it is not necf.-:-;e.ary in ;r:n:‘- hI}S
S iple

t . = - L
o IEdL]CC the bﬂ-SlC Step }I hl:ict Eht,‘ V
0 ICbS, it ma be proaitab € 10 Ir crease j-l'o,

If a correction of hy is wanted

5 then it is nc i Soak
the cannlicated il g i It 1s not advisable to determine hy by

1€ Sequence § the simple rule

ho=hy-0.9- (0.6 -1 "z 7

is sufficient. This rule has been chosen, since the quotient 4

mately 0.6 and the computation of TjY is needed in order to co o ol

ntrol the accuracy
Dbody problem :

=,

s u,
Hy

My

0.775628 307000, ,—
7000,0—1 0.206230 159000,,—3 0.894287 23000010_3 —0.335610 452000, — 3
E 9

0.301406 208 -
01730—1 €.996344 855954,,— 3 0.5062815897038,,—3 —0.604248 620004
. : e 10— 3

«« - 008, —1
e 10 ---94?1.—3 _”m?w__s 098
“en 79%0—1 + e 9765y—3 B0a 3 i
« v 08079 . SEEVTNNT e 060, ,—13
Hide—1 20970, —3 ‘e 02433 : =g
ooy gi=3

Of J‘f J. II <7 ie i Y E
~/y LE,, ]f prcsumabl }? i 5 e Mmagn f]lfli
: : o 15 too bm»ln ﬂ.nd ShGuId b ifieg
a gument tion via {b) b.eaks dO“-'n‘ As a rule of thumb h‘é : 1‘ e
the abo\,e T nenta H y L Cilolce

. hy=hy
15 recommended. R
As an example* take the following system of d\jffcrer
feren

from the restricted robl
em of ] i
BERG (3], FiLippr [G:[!)-J R i e (

tial equations arising
earth-moon—spaceship, see FEHL-

; 5;‘:;;_’_2?__#; Xtu o
Tty — b—— — o
= " - Fi’ﬂtl W—wpiyp A5 Hor
y=}’—2.‘i’—~p’. 3 ¥
i (+ur 3ol ~ A Gy A =1~
_mitial values: x4 [(r—py2q- 9k “ 7
£,=0, H=1.2, ,;-020‘
J’e=0, §'°=_1_04935?50983

The " ;
o ;ol:tt;onl x(t}f, ¥{t) is a closed orbit with period T =g,4
size b= -
e ]:0 o ;bog.Z hTas bf:.cn chosen. The next stepsizes were caleulated
ot e r‘u.cs. Fig. 1 shows the points of the orbit deter ni d :
16 Llustrates the effect of automatic step size correction T;{“ 4
s ction. After one

92169331396.... As

——

he authors Wwish th I *ILIPP] w communicated this exa mpie to them
sh to ank 5. F
. 1 10 H u
x h
I . 1 let "
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period the values found by the computer were

% = — 0.0000 0000326,
§ = —1.0493 5750691 .

#=1.19999999672,
3 =0.0000 0000033 ,

In order to obtain these results the machine neefled 48 steps with 52158 ;va‘iza:;:::
of the righthand side of the difierential equation (9). The exampie sho

about three

digits were lost during the computation.

t=3

The pra\;ious examples have been computed w'iFh the

1 1 1 L L L
12 -10 -08 -06 -0% -0é

Fig. 1. Pericdic orbit for the restricled probiem of three bodles

5. ALGOL procedure
following ALGOL program.

procedure diffsys (n)

value »,eps; real x, ho,eps; . .
comment diffsys performs one integration step

imitial values: (%, 3)
basic stepsize:  (h0)
error bounds:  (eps, s)
procedure: 0 \
(exil): - y
integern; proceduref; array . s; lc_lbel exil;
with a stepsize A=}, for a
i i i i { the form
dinary differential equations ©
e ige of which must be given as a pro-

exil:

system of n first or
dzjdx=[(x, z), the rlg‘hthand s
cedure with the heading

procedure }(x, 2) resull: (dz) .

value x real x arrayz z p—
where the arrays z,dz are supposed to be of the {or:\::t z, :5 -
The program takes the first of the numbers I_\,. hof2, Bl .e‘ ’;;;eded P

"e E isr which no more than 9 extrapolation steps ar o

-:tz)fain a sufficiently accurate result. If Js < h, the program

the exit exit.

i g g

v
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% and ¥[1:#4) are the initial values. After leaving the procedure,
the original values of the parameters x and y are replaced by x-+4
and y(x-+7), respectively. Also i, may be changed (automatic step
size correction). The output value of &, is chosen so as to be the
(presumably) optimal step size for the next integration step. The
array s{1:#] and the constant eps are used to control the accuracy
of the computed values: The procedure is left, if forall i=1,2,...,»
two successive values for ¥ [¢] differ at most by an amount of eps x s[1].
¢ps should be not smaller than ,,(— D+3), where D is the number
of digits of the machine number representation. For the first integra-
tion step it is advisable to set s[i]=0. After leaving, the array s[1: ]
is changed to 5;:= max (s, % (&I}

d (5, 5+ A

begin real a, b, 41, ¢, g, 1, v, {a, fc; integer ¢, 7, &, kk, jj, L, m, 1, s7;

array ya, ¥, yir, dy, dz[1:n]), di{1:%, 0:6], 4[0:6), yg, yh[0:7, 1:0];
Boolean konv, bo, b, fin;
f{x, y.dz); bh:=fin:={alse; fori:=1 step 1 until # do ya[i] := v[i];

anfia:=h0+x; fc:=1.5; lo:=false; m:=1;r:=2; sr:=3; jji=—1;
forj:=0 step { until 9do
begin

if bo then begin d[1] :=16/9; 4[3]:=64/9; d[5) :=236/9 end
eise begin d[1}:=9/4; d[3]:=9; d[5]:==36 end;
ifj>2 then lonv:=true else konv:="false;
if j> 6 then begin!:=6; d[6]:=04; fc:= .6X[c end
else beginl:=j; d[I] :=m xm end;
mi=mX2; g:=hm,; b:=gx2;
if b aj <8 then
begin
for 1:=1 step 1 until » do
begin ym[i] ;= yA[7,¢]; yl({] :=yg[j~] end
end
else
begin
Rhi=(m—2)[2; m:i=m—1;
for i* =1 step 1 until n do
begin ¥/[i]:=va[i]; ym[i] = ya[i]+gxdz[i] end;
for k:=1 step 1 until m do
begin )
flx+hkxg, ym, dy);
for i:=1 step 1 until n do
begin
wi=yi[e]+bxdy[i]; yilf]i=yn[s]; ym(s]:=u;
wi=abs(u); fu>si]thensli)i=u
end; "
ifh=kkak <2 then
begin ;
Jji=1+4jj; fori:=1{ step | until n do
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begin yi(ji, 1] :=ym ) Y8 [jj.§):=yt[3] end
end
end
end;
1(a, ym. 45);
for i:=1 step 1 until n do
begin ; e T O) 2 ()il +ex
v:=di[3,0}; fa:=¢: s, 0= (ym i1
for k:=1 step 1 until 1 do~
begin T
i b1:=d[k] Xv; h:=bl—c; #i=1U
if b=£0 then ‘
lhegin bi=(c—u)jb: wi=cXb; c1=0dIXb end;
vi=dt[i, k]; difi, k] =% la:=utla
end; . . e
if abs(y (] —ta)>eps xs[i] then konv:=false; y[¢]
end;

if konv then goto end;

ey ri=5r; S I=MA2
d[2]:=4 d{4]:=16; po:=nbo; mi=1; Ti=57, 5

::'d;-tbh' fin 1= true; KO 1= A0]2; gotola.nj;
end: hO"=jc whl; xi=a; if fin then goto exié;
end diffsys
The following program is to 1‘llnjt
integration of ¥'=5 xf,=0. Yo=
begin
integer u;
n:=1, ™
begin real K0, ¢ps, %i array s, y(1:];
procedure 1(x,2) result:(dz),
value x; rgal x; array z,4z2;

rate tfxe typical use of diffsys. It refers to the
1, in the interval [0, 10}.

begin
’ dz[1):=z[1):

end;

procedure diffsys .. .
h0:=05; eps:::,.-—s,
x:=0; y{1]:=1 s[1):=0: .

marke: diffsys(n, %, %, ko, eps. s, | extl);

exit: print(%, Yo
if x <10 then goto marke;

end
end

e — S

e et
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in §2 and see that the actual error of the numerical solution of the problem is
well represented. : :

Historical remarks on Richardson-extrapolation: While the original suggestion
of Ricnarpsox and GauxTt [I] is almost 40 years old, systematic investigations have
begun quite recently. They started with Rouserc's well-known extrapolation for
trapezoidal sums, with &, =5 (2 (see (2], [3], et al). In the meantime, LAurENT [4]
and Burirscu [§] have considered more general sequences {A,), RuTisiauser [6]
has applied the general principle to other approximation processes, and Graca [7]
has carefully investigated the basis for Richardson-exirapolation in the numerical
solution of ordinary dificrential equations. While polynomial extrapolation has been
used in all the above instances, receat investigations by Burirsch and Stozr [§]
have shown that rational! extrapolation will normally give better results.

§2. The e.syrﬁptotic expansion

2.1. Preparalions
We consider functional equations

(2.4a) F(3)=0
with side conditions (e.g. initial or boundary conditions)
(2.1b) R{y)=0,

where F: D' E! and R: D*—E? are two generally nonlinear operators from
subspaces D! and D® of a Banach-space E into Banach-spaces E and E% \We
will always assume that (2.1) has a unique solution ye D D*n D% ¥

For the purpose of numerical solution the problem (2.4) is discrefized in
the following sense: ’

We define families — depending on a real parameter hcH :=(0, &,], with

hy>0 fixed — of B-spaces E,, E}, E3 and of linear transformations 4;, 4}, 4%
which map E, £}, E? into E,, E}, E} resp. ;

Then we choose two families of (nonlinear) operators @,: E,—»EL and
P,: E,—E? such that for 2¢D and heH

(2:23) By(0,5) =1 B {F ) 1w, @} +0ymy,
vep
(2.2b)

» N z
Padas) =4 A3 {R() +3 177, () + O+,
r=p

where f,: D—>E! and r,: D E? do not depend upon 4.

The expressions @,{4,v) and P,(d,y) formed with the solution y of (2.1)
are often called the local discretization errors of (©,,P,). n,, 7., and p=1 are
suitably chosen integers (comp. the applications in §3).

_ The original problem (2.1) is now replaced by the “algorithm’
(23) P, (n)=0, Pinj=0,

2 Natu;ii; we could regard (F, R): D—+E'x E® However, the discretizations

“* F and R have, in general, different stability properties (sce below).

ae
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which is supposed to have a unique solution n(h)€E, for he H. The global dis-
cretization error of (2.3) is defined as

e(h):=n(h) — 4,y€E,

where v is again the solution of (2.1).
(2.3) is convergent of order p (p =1) if

(2.4) le(M=CH for heH.

{..] will always denote the norm of E,.

The global discretization error ¢(h) admits an asymplolic expansion o the
order N (N=p) if there are ¢,cE, v=p(1)N, ¢, independent of k&, such that

N
2.5) “e{h) —4, }:h'-e,H_E_CNh”“" for heH.

-p

@, and P, will always be assumed to possess at least one Frechet-derivative.
We will call (2.3) nyy, my-stable for z¢E, z fixed, if there is a constant S in-
dependent of k& such that each solution e€E; of

(2.6a)

Pi(diz)e=p,  Pi(diz)e=p

satisfies (].]; is the norm of E}, i=1, 2)

(2.6b) ClesSEm™eh +A™]el] for heH.
{2.6) is a natural extension of many of the usual concepts of stability as we
will see in § 3.

Remarks. 1. Compared to the formulation of (1.41) we have now restricted
ourselves to the case of integer p,. More general sequences {p,} can be treated
similarly (the p, are always rational).

2. In some applications it is nccéssary to subdivide F, R, @,, P,, and the
corresponding B-spaces because the stability properties of various parts of @,
and P, differ from each other. In these cases, m,; and m, are vectors and (2.6b)
is modified in an obvious manner.

3. A stability concept similar to (2.6) is found in [9], but with an important
restriction: CHUN calls {2.3) stable only if (2.6) holds for all z¢E, this is rarely
the case in applications to non-linear problems.

4. Naturally the existence of a “local” expansion (2.2) and the size of N
depend on the differentiability properties of (F, R), the soluticn y, and of
(.. P.). Actually one has a sequence of subspaces I),7 E (which contain ele-
ments with certain differentiability propertics) and corresponding subspaies EL
and E}, in particular with resject to assumption ¢ of Theorem 1. This sstuaten
i3 Jdusplayed with the example of sect. 3.1,

T —

o A g e, B S
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2.2, The existence of a !
Theorem 1, Let . i

:) an expansion (2.2), with N=p, hold for (2., P,); ‘
2 : 4
) (2.3) be 3, #ty-stable for the solution y of (2.1) v.:th :
) (2.3) be convergent of order P

d) the operators in 2.2

.2) b
(N+1)/p; i

e) F'(y)e=becEX R*

T)]1 (Ye=beE* R (")e=ccE? have a unique solution z¢p,
1en the global discretization error of (&,, P .
€Xpansion (2.3) to the order N. e

Proof*, We will determin

tions e, of

nplolic expansion

13nd #, from (2.3):
21, with p from (2.2); 2 (2.2);

M-times Frechet-differentiable at y, with J"r%.
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e be £ 0
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B, (1 (W) — Pu(4u3) — Pl & V)

.—.ME’:I ;—! o (4, 8N +E) O

p=2

Fuix J_‘. o (Bas¥1*+0 (e PN 4O (W™
15

e,_p) +O(PEY o),

p=2

=" {A}:

N
z "'grtyr‘p’ )
-3p

i s
where we have defined the nonlinear operator

3 S v S “=: y g +O{Js"+‘).
uzx 1 1[""') ) +a§':#hl ﬁlb'ﬂ('}:’h c,) Z;

(2.142)

It is easily seen from (212) b
For the remaining parts of &€

(2.13)

2
(2.14)

Collecting the various expressions we ha

P =— " {zi},'ih’ a0

{2452 -
s +o(n1eM) +O{k"+‘}}.
Completely analogous}y we obtain |
PLEY =—I"
A3 _
(2 15 ) + O()’pnsﬂu) +o(f,h+!)}‘
where _ " o ?‘ i . . %‘
s LI{RW Ity (y'_l‘( c') =2
,.gl. f‘t \R (}'] +l§p r=p e=2p
a =0 for ¥<2p. e
5 F;jx-=p(1]5' we can now recursively

the brackets in

only €,'s v
through {

p=3 T“

that the g,
we obtain from (2.2)

g, via (2.10) by

=l

N 3
@ydy) =i {B VL0 0 o)

and from (2.10) and 2.7

A,;ﬂ=af~{a:£i;r[

re=

b+ S RGO ) +O)
A=p

—m{azr +:f’];fi(ylc._.l +OE).
r=p -

vith p< v while t
2.7, all the b, s

(2.13) since the co
he ones for b, an

and ¢, are uni

choose b, and ¢,

rresponding conditions for ‘lhc
d ¢, do not cont.uin an

iy defined for v

permits the use of the generalized Taylor-expansion

+39) by (2.41) and assumption ¢

+N+Y) by (2.9) and MpzN+1

depend only on e,'s with psr—9p.
and (2.1)

ve — with g,=0 for y<2p —
r—1 " b]
corlomg) +1,0) +lE’hU’)¢,_;+ 2

r—1
; e te
{A} % I [:' (3, Epreees e, + r, () +l§rq[y) 6y ]
p-p

wt, +0 K

which annihilate
b and ¢, conta®
¢, at all. Thew
x ;‘gl}.\

e A ———
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. With this choice of the ¢,, (2.13) is reduced to
GEY =)m{0 (W [F]) + 0 (W)},
PLEN =m {0 (M [eN ) 0 (™).
By assumption & and (2.6) we conclude from (2.9) inductively [#V]=0('"?),
7=2,3,... until jp would surpass N +1 and the final estimate [#¥] =0 (4"
is reached.

Remarks. 1. It is clear that the constant Cy of {2.5) may actually be deter-
mined (in terms of certain bounds on derivatives of the various operators) for
each particular application of Theorem 1, although this may present a formid-
able task. See e.g. [4].

2, Since the unique solvability of the non-linear problem (2.1) is required
to huve the discretization error e(A) well defined, condition ¢ on the analogous
linear problem ‘usually presents no difficulties. See also remark 4 of sect. 2.1.

2.3. Expansions in. k?

Tor particular algorithms (%,, P,) it may happen that the expansions (2.2)
proceed by even powers of & only, p also being even. This property is inherited
by the asymptotic expansion of the global discretization error.

Theorem 2. Let all assumptions of Theorem 1 hold and let £, and », be
zero operators for odd » in (2.2).

Then the asymptotic expansion of the global discretization error of (@, P))
contains only even powers of A.

Proof. We try, for even N,

N2
(2.16) My =Y he,,,
Sy g
i.e. e,=0 for odd #, and check the proof of Theorem 1 for possible inconsistencies:

It is easily checked, however, that now the brackets in (2.15) vanish for
odd », if b,=¢,=0 for ¥ 0dd; this is consistent with assumption (2.16).

Remark. To make the odd power terms vanish in (2.2) it is often necessary
to choose 4} and A} judiciously, see e.g. sect. 3.4 and 3.3.

§3. Applications

3.1. Ordinary differential equations, initial value problems*
We consider a system of ! first order differential equations

FU) :_V'[x:] - G (_'V(x;]) =0,
R(y) =y(a) =y, =0,

B4 z€[a,b].

We have E=FEV=C;[a, b] (= space of continuous functions y: [, ]— R, into
the I-dimensional real space), E2=R,. If the independent variable should occur

* This case has been thoroughly investigated in [7] with special methods, We
Bt as an introductory example and to display the influence of differentiability

Lulmgitans (comp. reinark 4 of soct. 2.1).
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R
L¥T}

By Theorem 1 we conclude, for NX M —_;'l
B ;
(z, B =y(x) + 3 Ko (x) +O(W*Y for xe[a,b),.
yoml

For general one-step methods (e.g. Runge-Kutta) it is often cumber-some to
explicitly derive the expansion (2.2a); but only the existence of such an expansion
and the consistency of the differentiability properties are needed. These are
verified quite easily (see [7]).

Linear mullistep methods (see e.g. [10], Chapter 5)

i i
2:05‘-74‘["”- ~— R Enﬁxc(ﬁ(":ih})‘-:ﬂ. o =0,
- -

may be treated in the sane manner after they have been formally reduced to
one-step methods by regarding the vectors 7 (x)7:=(7 (), # (Zi )y -+ N (Fipaa)-

As an example of a “symmetric’ method we choose the frapezcidal rule
k
33) Ou(m) =i —Nn— 5 (L +1)Gg) =0.

In order to obtain an expansion (2.2a) in even puwers of & we have to use the
following discretization operator 4} (see remark of sect. 2.3):

1 A
Mizi=— (G+ DLz
where 4, is the trivial discretization.

Then we have for sufficiently differentiable z and even N

1{p W 1 airtl N+3
q},\, (.d,:) =;H1* {f‘f:'} +'}:L I3 m it z} —E-Ol:!';. L )

.
and, by Theorem 2, the asymptotic expansion of the global discretization error
contains only even powers of & (p=2). For the special case of Romberg-integration
this asymptotic expansion is explicitly given by the Euler-Maclaurin sum formula
(B, are the Bernoulli numbers):

A n—_-‘l N
3 [ +2Z 1) +1060] = T10 s
::,':‘3 _}l'i'_ B U(h-l){x )__}ﬁz,-x}(g}— _\_O(];.'-tlj
2 gt : 14 :
3.2. Ordinary differential equations: boundary value problems

As an example for the application of Theorems 1 and 2 to nonlinear boundary
value problems for ordinary differential equations we consider the second order

equation for one function y(x)*

(3.4) Fly)=—y"(x) +G(x, (%)) =0,  xe[a,b];

with G, (x, ¥)20 in a suitable region. We assume sufficient differentiability

for G to justify all expansions, we will not analyse the precise requirements here,
* Systems are treated analogously.
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3 Tli case of boundary condilions of the first kind:

J'(a}-—fl‘::c‘ . "‘ -
n(xe) — A}:D
(3.7) Pin) = {n(x") _B I -
is s ili £ (3.9
s otties, To establish the 2, O-stability o
It)res‘igt: tl;::tdtl;x{::é;:fgon :C’R.n of the linear system (wuh 5 from {3.4}[(}.6})
os
&4, ye =@eR, (equ. at %, X2, Zp—1)
‘Pe=pcR, (defining e(x,) and 2(%.)

; in R ST R»—I' R’

1 2l 1 Qb |..h. 1..J. are- norms . et 1101,

53“”{)185 }iii%ligkiaﬁt: }l%ﬁf};.&mm (in different terminology), see €8 (20}
resp.). Sauk

e ¥ i ‘eatisfie xists an a-
Thug}'em 7{18e other hypotheses of Theorem 4 are satisfied there exis
Since th k, N

i the exact
i ion i - ars of b for the difference g(h) between
totic expansion in even powers 0 r oy
giiﬂoan qtaf;the algorithm (3.5)/(3.7) and the salut‘mfn yo S i{id .
To be able to replace nonlinear boundary conditions of the ,
(}"(ﬂ) mC(}‘{ﬂ)))=o‘ C';E O 1 D' 0, ..

= ROV={yp) 40 (o)™ DO T
by a symmetric boundary condition, we extend our elements nEcy
v o
Tx.,) and (%)™ and choose ‘

e LT =T )0z — A C('}(xo}))
(3.9) P"m=(§{Trﬂ“‘)n{xu}+‘¥'D(n(x..)) | 1 N
- sx pans have
Assuming z¢E to be extended beyond [a, 8] by Taylor-expansion We

58S g 2¢ 4

sufﬁcienfiy differentiable z

LI N+3
P,(A,z);m:{k ) +,3;,i‘2 ,,,m}.yom -

by values

(3.93)

SCTC o Q 1 fl = Y i Y i d'{(ﬂ‘el‘llh
A i tiz wtion { (‘ } 2 t. 4 ma !MZ Ol)l:\‘lned b} Using the i
it A |8) w al

cquation (3.4) to knock out the A*-term in (3.9a).

i ¥ 23 rse.
.77 % This includes 3 modification of E, and EL, of cou

o ——

Asymptotic Expansions for the Error 27
' +3e will now establish the 2, 4-stability of (3.5)/(3.9). From this stability
the convergence of order 2 of the algorithm (3.5)/(3.9) for 5 —0 may be deduced
as usual (see e.g. [10], sect. 7.3) and by Theorems 1 and'2 we have the existence
of an asymptotic expansion in terms of A® for the global discretization error.
We have to show that the solution e={(e,..., £,,,)c R,z of the linear
© .system (y is the solution of (3.4)/(3.8))
ol

Ci(dyy) e=gpe R,y

i

(equ. at z,,..., %,),

(3.10)' : .
il Pildiy)e=p¢R, {equ. no. —1 and # + 1, at x, and x,)
satisfies [e] < S (h * ol + 4 tlok).

Let W=y, ) =% 412 W be the matrix of (3.10), where A2¥® contains

the Ab-parts of @, (see (3.5)). Then ¥ as well us ¥ have a positive inverse

' {for sufficiently small &) by virtue of the row sum criterion and ¥ — ¥ is also
" positive. Hence

lpm—l — Y1 S_Um—l{y!___ g.fmj '}"1'_&:0

i.e. the clements #,, of ¥/-? are smaller than those of Y-, The fact that the

latter ones are all of order O(1)%) in & is easijy verified by explicit computa-
¢ tion. From

o : o e 1
Elu:'f"jr,-lg*l‘f' ZUV,.-?'v“’V;-,nﬂ Oni1 and “-‘:O‘:_j;)
we have the desired result.

(This also shows that (3.9) is a sensible discrete boundary condition to be
used with (3.5).)

3.3. Partial differential equations: snitial valune problems

From the variety of problems we choose as an example the Cauchy-problem
. for a system of quasilinear hyperbolic equations in two independent variables
with two characteristic directions. Such a system may be reduced to the follow-

; ing normal form (y*=3*(4, ), see e.g. [12}):

S ik 2
2 aty) 715 =0,

Ba1a) 1= PR

pe N 1=K <K
Bat0) g =0, =B+ (K,
k=1 “ .

in D:i={{4p): A+p2=0, A=1, p =1}, with initial conditions

(3.11b) YA — A =¥ (=0, k=1(1)K, in|i]=1.

The a'* depend on the y* but not on their derivatives, 7*(4) is given.

A theory of finite-difference methods for problems of this type has been
"presented in [13]. Here we consider the “mean-value method":

éaih(’ﬂ{nt,mﬁ' T, m

_'2—'"'.) (i am—7ha] =0, iSK,
(3.12a) o3
3o (F—_—ﬁ"-"”‘,,—L "‘"-"‘) O mis—Uiw) =0, i>K'
A=1 i
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with
(3.12b) =7 (hi).
Obviously, E, E}, and E® are B-spaces of functions from D and [—1, +1]
tesp. to the Ry while the functions of E,, E}, and Ej are from the nodes of a
square mesh of mesh-size A=1/n, » integer; n ,i=n(lh mk), I, m integer.
Again we will not regard differentiability properties, in any case we have o
restrict ourselves to a closed subregion D*<C D in which the solution y of (3.11)
and its derivatives are bounded. . It is well-known that D* may be much smaller
than D even for highly differentiable o™,
In order to carry the symmetry of (3.12a) into the expansion (2.2a) we
choose a 4}: E'—E}, of a special structure
2! (1) k,mh) + 2Lk, mh)

A e N A1) b mb) 2 (Lh, m )

Mo T2y K ih, (m1) h) + X+ h, mb)

' Kb, (m 1) B) + 25 (Lh, mb)
It is easily verified that this choice leads to an expansion (2.2a) in even powers
of s, with ;=1 and p=2.

From [13] we know that the algorithm (3.12) converges of order 2 and that
it is 1, O-stable. By Theorems { and 2 (the remaining hypotheses present no
difficulties) it follows that there exists an asymptotic expansion in even powers
of & for the global discretization error. The order of this expansion is naturally
limited by the differentiability properties of the solution y.

Further applications to initial value problems for partial differential equa-
tions will be treated in a separate publication, in particular the question of
my , my-stability under various norms.*

3.4. Partial differential equations: boundary value problems
The application of the theory of § 2 to boundary value problems for partial
differential equations of elliptic type follows the ideas presented in sect. 3.2,
A detailed investigation of some aspects of Richardson-extrapolation for problems
of this kind will be presented by P. HormMany in his doctoral thesis.

' 3.5. Integral equations
Consider the nonlinear integral equation
b
(3.13) Fy)=y(s)— [ K(st.y()) dt=0

which is assumed to have a unique solution.
As a discretization algorithm for the numerical solution of (3.43) we may
use the following nonlincar system for the n(s,):

(3.14) Py () = (n(s) —p,g—;ﬂ,x(s..r,-.nu,!)- i=0(1) n)=o0.

* For partial difference equations, stabiity may depend upon the narm whal
is wsed, see o (14

Asymptotic Expansions for the Error

Natural choices for the g, are ﬂﬂ——-:s =3, f;=1 el
AT = se

=0 == =2 = i 3
(20.’] aJ”:'n i: Baj 5 ﬁg,‘._'g—-:}. (Simpson-rule). Both choic
- ._t €n powers of %, with #, =0 and P=20r 4 res
- ) ] =2 SP.
T}(\i.:&) possc:.s;:s d unique solution for sufficiently s}r)ral‘ )
re are no boundary condiy S et o b
PR s ou wdary conditions, The definition of 1} B-3
.I dwoun, the discretization is the usual one R
N order to apply Th o
. pply 'I‘J“cr._urems 1 and 2 we have to assume that i i
on of the second kind A P g

(trapezoidal rule) and
¢s yield an expansion
Naturally we assume

b
P smgiii o 3K
Gle=efs) ~ [ Ty BLy@O)el)dt=b)eCra,p)
has i ion, i 5 -
8 unique solution, i.e. that 1 is not an eigenvalue of the kernel

B(s, 1) := K
(s,¢): % (s, Ly(y).
‘rom this assumption, however ;
n, er, i ici
I }e 1t follows that for sufficiently small

matrix of the linear syste s

D (dhs)e=(e;—h ¥ '
u)e=(6i—b 2 Ris8) =0, i=0(1) n)

has an inverse which ; i

130(1) in A {se 5] :

i o (see [25], Thearem 1, P-35). Thisis eq

” ;:Th;z convergence of (3.14) of order 2 can be
3-13) (see eg. [15]), thus we have aga

error of the solution of (3. S i

of A.

Integrodifferential equations are treated in a simi

uivalent

' be proved under certain conditions
in the result that t1

el : s Qe discretization
) possesses an asymptotic expansion in even powers

lar fashion,
\

§ 4. Examples

4.7, Euler's M)
o . : fiod
~Ahe solution of y' =y, Y(0)=1 at x=1 by Euler's Method is

7(1: B) = (1 -+ )% — 3 lectrsn
o0
A __j A2 h? 4
N ZAlf=g+5 -5+
which yields after some manipulation
r.r(i;ﬁJ-‘=t{1-%f*+§§ a
By tht? method of sect.

_,11 ‘&S'I."“'J'

st first terms of the asymptotic
x .
al)=—2 ., alt)=— Lo,
exfxr) = * : 2
2¢ Bx +8)e, ealt)=+

‘ a x4
== 35 0 +8r 4190, e 7
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4.2. A boundary value problem of the third kind
Consider the non-linear boundary value problem

—y"+6Yy—x=0 in [LZ.
7
¥ (1) — 51— 5 =0
y'(2) = s4ly(2) =90, » B
ith the solution y(¥)=x"4+%, and its discretization according to sect. 3.2
wl A

(4.4)

""2-’~1+27}."’ﬂi+1+ 64 }’;?__.—‘:’x;*:ﬁ.
1)

(=1~ +m)2— J (7}3 + -1_6_) =0

(— Nn—t T pf2— S4hfr1, =0,

i=0{1)n,

(4.2)

. \
‘here u:=1/h integer. e
) e'I'he 12, and 7y, of the expansions (3.5a) and (3.9a) are fp\?n«) to

_ 8 e
I “’“‘”ﬁé'f}?)l“‘m"(‘)' 72, () = Ta7 4! el
’ i i cblerns
The procedure of sect. 2.2 yields the following linear bounda;yt.::il:e; ’gansiom
of :hz third kind for the first two terms €, and e, of the asymp

o 6 1_
—& T ';a‘_%:_z x

’ ) ’ 3 I T .
3, A= Sam=—1t, 4@+Fa@="% ..
’ 6 2 r____‘__
i +‘Sn"a=" f“":'[' waT phT LY
A 1 s s il iy
(4.4) - ; =~ gt 3t et

= 4 5 _1_ =2,
arie=gd+gatz 7 el sl
' = —'_, =0 »
The algorithm {4.2) was salved by Newton's mtit_hood(“fﬁzcgu;:?j woﬂ i fouen
: s imation 7{x)=2.5% ! N T
with the poor initial approxima 4.3) and (4.4) were also sOlV
AL dary conditions). Then (4.3) and . e
s.xtlfjf‘:‘l‘:‘)'a' ‘:‘l.?:hbcs’::?{ic'\ie:;ﬂ accuracy, and the bcgmn{:ing {)f t‘f: asymptots
mericatly " uted values 7.
: ; to the errors of the comp At B _—
pANn. ¥ af;cor:piiei‘hcm the lfe, term is still non.-nr:-ghglble t:lc \:jl\ich
Ex‘ﬂ;l‘t o of y(8) +he(3) + ey (x) coincided e ﬂ:;‘: aci;::bgundary
?’lf :1?(\: 2 gbta'mcd for 1) over the whole interval {1, 2] including
al e

m in the Table below:
btaine h,=1Y are shown in t
v Sample values obtained for /;= 20
values. Samp
* 1 i kY, \ g+ Ry v htey A
¥ s
. ‘ §3547
4] 1.2300 \, 1.2304 54381 it 53'545 b
4 CTiss | 1718306027 93699 9369
4.2 T8 ' 5 11323037 ...22050 ".,!-.,,“
e 206 | 32momers ETEY S R
: y i3 t 1378 i awe i P
Hﬁ; ’( i..z:n | 4423572311 'i'-:.t b2
}‘In L R LA Canh 42278 ver 427

A B
O

. —————————

Asymptotic Expansions {or the Lrror 3t

.

As to be expected, Richardson-extrapolation gives an excellent improvement
“on the values of 5: Although the error of 5 for /i,= 1 was 1—3 X 1074, the values
extrapolated from # for hy, &y, by were correct within 2x 107!

S
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1965
ON - EXTRAPOLATION ALGORITHMS F0+R ORDINARY INITIAL
VALUE PROBLEMS

WILLIAM B, GRAGGYE

i ] w120, 1] and it generalizations
1. Introduaction. The algorithin of Romberg 1201, [3] and its t,.,l_]h ! : g
’ i ' 3 * 3 - X . : . NL . . ]I l‘:
i o) B £ B 0 rieal evaliuntion of delinie |t|!1~;.!;1.t|.-_ are hased on
EL LA T the ntnerienl evalun : Vil i i
i fl' al, weder sutable peguthodty asstptions on the integrn 4, 1l
4 i, Shintihe i , Oy WoexXpinsion i
frapezondal approaimation with step b has an asymplotis t}.]} .
. : ‘. : Tavit T T o
CA7 1 proposed in 15515 to apply similar ideas 1o the .[n i
ol > o e Iuler's ' as Lhe
Etivst onder oshiaey initiad vatoe problens using Fuler's i lltl:t >~
b =~ H ! il : ! :
£ . 5 NS T then con-
Bosie dserctization, The corresponding asyniptotie expansion g
U Bt i . " ITE] . 0 : 3 . " )OS :l ) I-‘l
tuins also odd powers of b The toain purpose of this pape ![n 1 v
L B . s . . + " e iy wiler
| “shnnle diseretizasions of both first and special second or
e enistenee of siable diseretiz: i a o
o 1 i i s s =e e nes
vetems whiel e Asyiuplolie expanstons 1o powers ol i, 1 e ) i
e ¢ Y ' - suse ol rationgd funetion
cortbded wirtle o Slower wesh refinensent [H] and the use tvl! rations i
: 7] : Aeetive aleariths of this type for ordinary
strzeodation I shonld lead to effecetive aleo e
iy W b - Y1 Ay Ve Tty i
ot value prablenes, Numeread results are given for the restyi

L E ) celassieal teehngues,
tondy problon nctuding conn. o with some of !

2. Extrapolation schemes. 1.1 D(h) be a complex vilued diserete ap-

sroxingtion detined for steps b IF = (0, &) o the solation D(0) ui’ :;:
tinntesiteal problem, Under the aosmmption tea Deh) has an asymptolic

4 ‘mu..\fun

2.1) D(h) ~ ¢, + e e 4 -, B &

= . . a1 s . WO
Richaedson LIS 1O proposed to obiain improved approxinations fi Tnl{ l”
" ey s reqgniring that the
o nore values of D), say at by > by > > I, by requiring

Snear combinst ions

a3 8 D)
w -0
.ri«l_\'

W o

‘”H"' = D0 + (Nf.'uh-*:_l.

nh

L) o
P fmportant that the constants e, need not be caleulated. [.]u ','Jl..I
: ! veville aleor for the reenrsive von-

can B dound pdiveetly wih the Neville algorithum for 1l recirsi ‘
: 00 where po R s the polvnomial of degree
o ) o+ o, Une

“tidetian of !;,,”'
poin B0 which interpolites Doy at b = hy, b=

'.ll‘ll'l\t'- b Lhe edite s .‘I.l\ 21, 'wib.
ik 1 ;'nj- (A RTHITHY sy iy i vt i chbessee, 0y resenty ll Wid
Pl 1l N I Lt 1 [} '\ IHT 't T
i i ' ’

redd by the United States Atomie Foergy Comtaission wder contraet with
prosored iy r States 3
Pl Vlperoam bk Carporation
{ ( { { L A { £ 4 94 X ok { - ( L B

ENTRALOLATION ALGORITIEMS o,

forms the trizngula ey

m
»"
.‘ (7] 2]
P Py
L]
plll'\ an
? i
P i 4
A z
i
pa(m =
from the linear recursion
: {
W= Dh,),
7 {m=—1}) 1)
(2.0 W) e o i = e
" il ntl g R e—

T —
For the applications discussed in this
oceurs in the evaluation of (he first
generting, af the il stage, the upward sloping dingona! |
P See, for example, the aleorithims i {21 [l
The following theorem sties that, under mild asstinpyons on f20hy angd
the rate of refinement of the mesh,
forntion ;u,,'" =R

paper the madn computational offor
colunin, The seheme is built up Ly

eRinning witl

the linear sequenes 1o S EIIITRITEN
Cof the first columm into the d
and Bt preserving, The stflicieney
Sticfel and Rutishauser (23]
i,

THrorea 2.1,

frins-
ingonal is conve St
Wits .-r:llr‘tf, n sl UAR TSN !'.1,‘
A ove genery! theorem i that of Lanrent

A necessary amld stfliciont cordition that lim,

e =000
Sor all functions 1l ) conlinuons from the right o= O is that
)‘l,.l
{3 a = sup -~ <,
wou }J,,
In particular, (2.3) implics the Tocplitz condition
(2.1) C= sup 2 e, | < .

LIS LA TR ]
The constant (' is o meastre of the nnnerienl st ahility of the seliene, e
sequences k(e), 0 < a <1, defined Iy

f ,I"'IIII —= }'
(..,)‘.-)' h"[“} = j._” 5 {
u ¥ IR entier M;,,. ) 4 1,

( { { ( { { { { { { \ \ \ { \ \ \ A
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Lo the Toltowing values for Cla):

¥ L | g N | 4 |
a ge-F g EETRE
26) - '

Ce) L 197 | 2m | sa |18

=% 1
—

4850 | 4 =

PN —————SE A E

The next heorem provides sttements about the rates :sl' convergenee }uf
be colutns and prineipal diagonal of the p-schene. It follows from resuits
i 111, (5L

Trrvowes 22 Lt D(R) have the asymplolic cxpansion {2.1) and Iit

i, = o Lk Then, as n — =,
o (e

".’_4 [} P — f}_l‘,\ = (ﬁl_iﬁg "Hl(}l" e ;1,1+"I}2+ [l(_{!i,. L

I inadditioe, @ . 3 2 t0zebua /e then there crisl constants b, such that,
Ja ' = 2

Jur cack ne 20

(13Y

IR Lpd™ = D) £ K wlls oo T nz0,

1n the normial case where e, # 0, m = 1,2, -+, (2.7) states ”f:” cach
colamn of 1he pescheme converges 1o D0 fuster tan the preceding one,
aind 2.8 shows et the pllm |[|tl l!l‘l"lllll‘ converves faster thun any
cotnrn, Under nntd restrietions on the rate of vrowth of the order con-
<tant= nonhed by 12.1), 1 i;m be shown that py " vonverzes o‘u;us{threh'{y
v [0y the sense that | p'" — DOy = K, and han, . R = 0.
Sl as the easedt D) can lut\!vmh d o s funetion whiel is analytie
ko= % . ' '
An ottt generalization of (2.2) has mtutl\' Lieen ]‘ll'u}lu:-t'tl i Al
I uses the ateorithne of Stoer 124] 1o construct e T 0), where
SR Y e e pationad funetion with nunerator degree g oand denomii-
i lll’l degren vt 4 v = m) which interpolates Dok at b= by leo= n,

s il & Noosing the scquence (g, ») = (0,0, (0, [RA (e O O T S

CEIVes thee noulinear rectrsion

~1 i
e AW = DL,
(m-1 = {m -1}
’ oot pL = 3 ”‘1" L S e
" == el Clm—
{240) wl h,, 1‘:.1] — ¥y ]__1
L0 bl
by L o= r‘ul
with the diaeram
‘,l:u -1
=0
HRY smo=mhigt!
fI.hli]
-
| | I | | { ( ( ( ( ( { ( ( ( ( (

R

EXTRAPOLATION ALGORITHNMS aNe

A statement aedogous to that of Theorem 2.2 on the rte of convergenee
of the columms of the Stoer seheme involves the Hankel determina s

(’p cp+1 o f’y*w—l

Cptg—1 Epygq **° Cptag—s!
Turorem 2.3, fu addition to the hypotheses of Theorem 2.2 let H'Y 5 0,

p=0,1,q =12 o If I (s sufficientty small the nah colunn of the Stoce
seheme exists aud

Im-

1)(”) — {'—l}mh.ﬂl:}l,, e }tH.,,,).:, n—r £,
where
(g 1) (y+1)
i‘E = !;U_“ s é..' n= I!l H-_.
i H ’ o I,

The algorithm of Romberg [20] for the evaluation ot definite integrals,

["‘ [I = la, bl tinite,
o) = | fod,

u ]
\

€ C°(2),
has been studied in the interesting papiers [1], [23], [22], 13] by Bauer, Ruti-
sluwuser, and Sticfel and, {for more general feesequences, by Bulirsel "1,
The discretization is the trapezoidal rule

N
(2.10) T(h) = hMa) 4 fla+ by 4+ - 4 f(b = h) + 5]

which, according to the Fuler-NMuclaurin formuly, has the asymptotic
expansion

(211)  Th) ~

TO) + 55 e ) = £ @l

m—1
The B, are the Bermoulli ninnbers
Hm_ _ l)m ]5f"1.'1)

t'.’m}f {_-,-r)-’" !

and £(z) is the Rienmnn zeta function, If f is analytic on 7 then (2.3
inplies that pe"" — 7'(0) superhnearly ws n — o,
One can also bhase siilar schenmes on the midpornt rule

Mik) =1 [j'((:+ f:) - ((”+ H‘)_{»_

Sinee
- Dray + ww),

"
[
-~ .
o
oy
e
|
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the Buler-Naelaurin formula shows that (2.1) holds for M (/) with

2 B. 2 1) d2m—1)
e ko e TPy R m — (a)].
=Ll e

. l+
The relation (2,121 was used by Romberg, with the sequence h(37), to
cotstruet the fisst colinnn of his 7-scheme,

3. Two one-step methods for first order systems. Let f be coutinuous
sned uniforialy Lipsehitzian with respeet to its second argument on the set
3 = X f',., where [ o= {a, b} s a tinite intervald and (7 15 the l'i]llll‘hll'x
noried linear spaee of Ftaples o= (o, o0 J_'(“). Let it be !'(':U[:I"l'd
to tind wed st actixed point £ = a -+ by € 1, where ¢ is the unique solution
of the innial vadue problem

£la) = 8,

i
s o= f, ), el

!I' euit s wanted wt u number of points £ ¢ 1 the algorithins deseribed
Below, coupled with the extrapolation schemes (2.2) or (2.9), ean be ap-
ulied aver e suhintervals be WO SUeeessIve |m|!|1.-. When { > | the
ll\ll tolation selicmes are :1}n|;lil-d to the idividual components of the
ratmeriead solution, Two failine one-step methods are considered in this
seetion: Fuler's method and 1he usual genersdization to diferential CUits
tions of the trapezoidal rule, For the speeial case where f s ill(il']r(?!l}[(']l[ of
£, their asymptotie expansions reduee o the Fuler-Nacelarin Tormula
200 The proofs, which are casier than the proof of Theoren 1.2 appear
in [0 |21, ‘ ‘
“ I is asswned Turether that £ € (D). Denote by J the Jacobian matrix
of f, evaduatal at the solution ¢,

J) = j’; (1), (€1,

ard - define the synimetrie k-linear operstors /" f, o)), € 1, from €',
to ' by

1 1
e —~ c?j(! ¢(!Jl (ty) ()
! ,}'...- = o 4 bR J"t SRR =
J oL ety F o !Z.al e a.t un ars g

The properties of suelt operators are diseussed in [15]. This deviee reduces
the formal study of systems o that of a single ditferential equation,

The cactlicients of several asymptotic expansions to be given below ean
be defined as =olitions of certain reeursive svatems of linear differentinl
covgt e, ot

l { ( ( { é ( | [ ( { ( ( i
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(33.2u) e(t) = ¢(1),
and, form = 1,2, ... y et en(t) satisfy

en(a) = 0

(3.2h) L
% Cpwm = J“’J('m "*‘ t'fn.(() + !’n.(‘l)| { E 1)
where
(3.2¢) a,(l) = ‘Z m—f"f.:rfxw(f.]'
k—=1
and
0 x - &
(3.2d) )2 bu()z" = 3 ;.‘—, 51 6(0)) (Z [..,,,mz"-) ,
m= k=2 K. m=1

The integer ¢ and constants ayp will be
the generating funetion

(3.2¢) A(z) = Z 2™

It was proposed in [3), [5] to use Euler’s method

of (3.1), Thus put

specified 1 each particular ense by

s asinple diseretization
E(t; k) = ax(h), Nh =t - q,
where the sequence £,(h), n = 0, y NV, sutisfies the difference ceation
Ly = 8

*u + (L., z,),

i

Ly +1
with 1, = a + uh,
Thronen 3.1, Let the Junctions e, (t) be defined by (3.2) with

Afz) = 3 he -
z = )
Then
(3.3) Lt ) ~ ey(t) o e (0)h + e.()1 hsies

uniformly for t € I and sleps o € 1.

Sinee (3.3) contains odd powers of & the extrapolation schemes niust he

maodified in an obvious way. For ey xample, the Neville se hvme ht-mmu

() 1) p(m—l} p{m 1}
m) (ma= +1 i #
P’ = pap T L
h,
e e
}dn_ﬂ-m
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This results in a loas of numerieal stability. Some values of the correspond-
i constants Cla) (see (2.4)-(2.6)) are:

s

B A | L ]
P -;;%‘ff’r\a‘o 1

S B

|
f e it e g | _
370 8500 | >10° | + =

o) 831 1L | 70
. i - = » "
Note that, for the differential equation x(0) = s, £ = ar, & = const.

g log (1 + ah)
Lo ) = () 4 ah)'s = exp al e 8

= "1 + plat)ah + palat) (ah)* + -+ +1s

i analytic for 'h 1 < 1/al. The pu(t) are polynomials of dt‘[.{',l,"&;,‘ﬁ m.gIrt.
foltows Tronn this and o previons remark that if @ <1 lhv{! P —*ed
supettinearly for the Neville scheme. However, this supt-rhm-iu‘ conver-
wenee s ~lower for larger valnes of {a ] This hehavior generalizes to the
othier wethods <tudied below, ), ) .

A abvians chotee for w diseretization of (3.1) with an !s'—vx;u.m:uun is

the =il genersdization of the trapezoidal rule:
T,y = xxth), Nhi=1—nu,

with

k:‘l‘ Tutl = Za +‘§: {ff!h}-l,lfq+l} e f(!un-rn)]'

'l'lu:uui—:,\x 3.2, Let the functions en(t) be defined by (3.2) with

o z\ _ - Ba zu)_l
) .'I(Z) = ‘z— til!lh '.., — 1—0{-”}' '

If hy is sufliciently small the diference’ equation (3.4) hus a unique solution
Al =0, 20v ) .‘\‘r, and

t;r{f;h) NEu{z) + h(f}h! + (‘:(!-”,I. + .

uniformly for t ¢ I and steps b € 11 )

This generalization of the trapezoidal mule (2.10) has an important
stability property. Tt has been shown by Dahilquist 7], [8] that any ln‘mur
waltistep method which preserves the asynuptotic stability of solutions
of o = A, Re X)) <0, forall b > 0 necessarily is of order = 2 :.uul
that, anong Hhe sccond order miethods with this property, the trapezoidal
rle has the snedlest orror coustant, This is of interest when has =ome
cicenvilues with Lirge negative real parts so that the general =olution von-
tains rapidlv decaying transients, The trapezoidal rule prevents these

{ { ( { | ( { ( { | \

EXTRAPOLATION ALGORITHMS Jo

cotmponents from reentering the numerical solution once they have do-
eayed, Dablquist then proposes using global extrapolation to inerease the
order of the approximation.

It is not possible o base a general purpose procedure on extrapolation
of the trapezoidal rule since the A-expunsion does not hold unless the
system (3d) is solved exaetly at each step, The clussical predictor-cor-
rector technique requires in generad infinitely many evaluations of f to
obtain the K-expansion. On the other hand, if it is relatively easy to solve
(3.1) exuctly the use of extrapolation gives very good results.

4. A composite rule. The starting point for the main result on first order

systems is Nystrom's second order method, commonly ealled the midpoint
rule:

]

AN(t; h) = an(h), Nh=t—ua,

(4.1) To = &, ry = s(h),

Lngr = Tua + 2‘;‘!("" 3 ‘rﬂ)'

This is a two-step method and thus requives an additional starting value
s (0. T s the stplest linear £-step method {6,

P(h..}-ru = }!G{H!f(f,, ' ;!‘.-,),

which is symnetrie in the sense that
p(z) + 2'p(27") = a(z) — 2'a(z7") = 0.

The requirenient of stubility implies that all zeros of p(z) are of unit
wodulus for a synmetrie method. If & > 1 and negative growth parameters
exist, weak instability can ocenr. This is less important in the step-hy-step
use of symumetrie methods with extrapolation schemes, 1t does reqguire a
moderate control of the step hy , however,

Por synunetrie methods it is theoretipally possible, by a suituble choice
of starting values, to obtain nsymptotic expansions in powers of A% The
following theorem was given, in part, by de Vogeleare 4] who extended a
result of Gaunt [10]. Tt generalizes easily to the cluss of synunetrie mulii-
step methods,

Treoues 4.1, Lel the functions e, () be defined by (3.2) with

A{z) = .‘E_‘.‘,%LE = ! *

e 2

o (26 + 1!

Ms

-
If the starting function s,(h) satisfies
sith) ~ela+ L) + efa + h)h2 + eda 4+ MR+ -
~¢(a) + ¢ (a)h + 38" (a)h’ — P41/ (n)e" (a) + o (V' + - -
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Jur e € I, theu
Nt k) ~ eo(t) + (DR + ex(OR* + -+

weiforndy for t & 1 and steps h € 11 =
] lI!.\':-t:!v ifil{tl c_;ji‘! does nﬁt require s(h) = ¢la + h). lt. is (,.ilﬂl('l.lh. to
obtain since it requires a knowledge of J and high order dl*l“l\.':t’l ives u’f the
<oliution ¢. De Vogeleare proposes the nse of methods of Rungc-l\ut!.:;
Tvpe Lo satisiy (12) ;1]>;n'n_\"nu:1|{-‘:_\t:. This appears cumbersome and in
generd does not lead to an irifinite A-expansion, . ‘
The ost natural ehiotee for the starting funetion si(h), in terms ol the
itz of the problem (3.1), 18

t4.3) silh) = s+ fla, s)h

It ix o rencukable faet that this choice leads to o certain type of Im:h.mfc
B expansion, The statement of this pesult requires the recursive definition,
<imilar to (3.2, of fwo sequences of funcetions ew(), full). Put

("-"“j eyll) = fu{!) = ¢{!l!

and, form = 1,2, -+ let e, (1), full) sitisfy

; o 1 (24
eata) =0,  fula) = *E tt_jmfm-;(“)*
{t4h) ' <
en = J(W)fm 4 @n(t) Fbu(), o - fu' = JDem +enll) +du(l),
tel,
where
- 1 2A+1)
P L
(4.1¢) - i 1 "
- i e SOy
ealt) = =2 Gy St (6
andd i
2 ball)e™ =2, ?ll—ff(k](h 6(1)) (gfm(t)z"‘) ,
m=1 k=1 i ”»
(tad)

o = - k
S da()e™ = 3 ;—’f“"(t, ol0) (Z (‘,.{_!)z"').

wm—1 Le=2 w=1

Turonres 4.2, Let 91(t; h) be constructed jrom the algorithm (4.1) with
sith)y = s 4 Jta, s)h. Then

o
2N 1} Ty - "
t10) Nl h) ~ E:{P ( i te lhell
=0 _f.,,“])
e (oo o vy i i ke wt ontT e ee (¢ ") i

-

e
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This result shows that there exist two distinet h-expansions arising
from Nystrom’s method with the starting function (4,3). Ixtrapolation is
thevefore possible with a sequence of even N's or with a sequence of odd
N’s. Since en(a) = 0 but in general fu(a) # 0 for m 2z 1, the fornwer

procedure is perhaps preferred. To better understund Theorem 4.2, put
un(t) = Yem() +Lul®) va(t) = Yea(d): = fu(0)],
and compare with Theorem 4.2 of Henrici [13]. The functions u,, and v,.
sitisfy differential equations of the form
W, = J{{)u. -+ inhomogencous terms,
v, = —J(t)v,. + inhomogencous terns;

the expansion (4.5) becones

(44) NG h) ~ 2 [unl(t) + (=1)"va ()",
m={

The functions v, are the “weakly unstable” components of the diseretiza-
tion error. Note that vo(f) = 0. By choosing a more accurate starting value
s (h), 1Uis possible to obtain s expansion of the form (4.6) where, in adddi-
tiow, v, () = 0. Such is the case if

si(h) = ¢(a) + ¢'(a)h + 18" (),

but this requives the knowledge of fi(a, 8) and J(a). Even then vo(f) £ 0
in general, Tt will be seen fater how to annihilute ¢y (¢) which is the leading
unstable component,

Proof of Theorem 4.2, For p 2 Land t =, = a + nh let

e(h) = 2,(h) — (1) — 8.(h),
_ 2 fen(D) ,2m [even)
8a(h) = : {M”} ™ " odd }

It will he shown that 6, (k) = QA7) uniformly for ¢ € [ and S-l(‘pr} he fl.
This is known for p = 1 [13, Theorem 4.1]; thus
(4.7) &(h) = O(F*), tel, he .
Define the lincar operator £ by

Len = €uyt — €y — 2RJ(en

For p > 1 the result will follow from

(4.8a) a(h) =0, (k) = 00",

(1.8h) Le(h) = O] e(R) ) ¥ O®™), te I hell,

{ { L | { | A a5 | \ \ 3 \ \
By (e Yhat p = Phopphuentions of a3 wehand 8.2,

\



394 WILLIAM B, GRAGG

The first equation of (+£.84) holds since zy(h) = 8 = ¢(a) and en(a) = 0,
m o= 1,2 ... Siuilarly

J'_l- dm
a(h) = ¢(a) + ¢ (a)h — ij..w + )R

. fr . o oy o it
Expunding fu(a + &) in finite Taylor series ubout k = 0, rearranging into
powers of b, and estimating remainders gives

gt o ] 2k 2
—elh) = z [_fmful + Zl (—).‘,)1fo£(0}} h

5 [f...'hu %7 ok i 1 .fi‘**"(;r)] P4 O, he H.
m=u L 3 '

The =ums vanish because of the initial value problems defining the £, .

By (4 4d), dia) = 0 sinee ea(a) = 0. This completes the proof of (4.8x).

To =how | LS, write
p—=1 It' ti)l e
» s s ' " ;'
(4.9) Len = L1, ;u.l. Rk
and consider cach term on the right separately. From the difference equas
tion (-1.1), 28
Lo, =20 (4, d() + 8, + &) — JU (1) + b + )]

Fixpanding f(1, ¢(t) 4+ 8., + «.) in a finite (Iréchet) Taylor series nh();lt
¢(L) and estimating remainders, using the fuet that both &,(h) and e, (k)
are uniforly Oh*), gives

P50 44, & o) =20, 8608) = JU B + )

- PZIJ,I—, ® 1 o(1)) By + &) + OR™)
k=2 K1

p_l

= T LIV 80080 + O | e ) + OU),
Combining the last two expressions with (4.4d) yields

' fda()) 2
L, = 2 l:f(f,qblﬂl — J(De(t) + Z]{’, m} h""]
RO m

%

+ O &) + O™,

%

tel,he M

te I hell

S ——

et g
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The mth term of the sum (4.9) can be expanded similarly:

" {e.(t)} A {f,.,(t +h) ~ falt = h) - Qh.!(f)e,..(t)}
folt) en(t 4+ h) — en(t — h) — 20T () fa(t)

= op [{ () = J(Den(t)) . 72 I | Rl 1 0 %]
- -)‘h' [{Cnni(o == J(”fm(t) + kZ; (_Qk + [)!{em{ﬂc“)(l) 5
+ O(h'.’(p—’n}‘bl),

Rewrranging into powers of 42 and applying (4.4¢) the

tel,he H.
n gives
=

5 (O] 1o o BRI = J(ent) — Calt) |
. .-.-Zo' {f\m(”} . = mz«;; {em’({.] = J(t)fm(‘) = am{”)' k

+ 0™™),  terLhelL.

The verification of (4.8) is completed by combining this with (4.9-10)
and reealling the differential cquations (3.1), (1.4b),

Beenuse of Theorem 4.2 it seems natural to separate the “even” and

“odd” parts of M(¢; h), Also, noting the special case of ordinary integr;i-

tion- when f(1, x) is independent of z, one is led to define gencralizations of
k) and T(R) by
At h) = xu(h), Nh = — q

7(t; h)

yalh) {;f(r, zu(h)),

wlere

h
Iy = 3§, yu=s+;5f(a,s),

(‘l.ll) Tuty = Zn + hf(ln*'} » yn)!
y"+l = y" + hj(’n‘”. ) xn-l-l)-

These rules are related to 9U(t; ) by

(1.12) Mt h) = o (:; ’j)

(-1.13) TG, h) = o (t ~+ ;};; g) - gf(t, m (t; f«:))

It follows directly from (4.12) that

,1)’”; h) £ i Em(t) (g)h ]

m=y

teLheH,

1}
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and by expanding the vight side of (4,13) using (1.4-3), that

Tl K) o~ S‘“ galt) (‘)

tLel,h€H,

where

; il
gn(l) = Z(,,})‘ met (1),

Notiee that now, by the initial conditions for the funetions f,, , guiae) = 0,
: 1,2 i

Tl rules H':r By and Tt by again provide two distinet A5expansions,
s extrapolation for @) is pos=ible in either with an arbiitrary sequence
ol N~ More generally one could  consider the Tincar combination =
e Y 4 01 — Tt ). Noting (2.12) 0t s nataral (o take ¢y =}
vt ahins to pan

A by = MUy 4+ T ).

The rule dod; Ao has the asymptotic expansion

r tm
At h) i~ L le. (1) + J.”{)!() " (e 1, h A= .

wmi- U
Fie partienlar
alt) + gitt) = w(t) + ")

does not contain v (1), This is reminiseent of the averaging procedure of
Milne and Reyuolds [17] for annihilating the leading “unstable’ component
ol the diseretization error,

Finally, the following observation guarantees the numerieal stability
of the (practical) step-hy-step algorithms, If cither of the rules M, 7,
or .1 is coupled with the Neville (Stoer) sehienie using o fixed number of
ostrapolitions per <tep fg, then the entire process is a0 Runge-Kutta (one-
step) method, The existence of the Stoer schenes at cach step must be

asstttned i the ter ease.

5. Special second order systems. Let f nzain satisty the hypotheses of
3 and wow letir be required to find ¢() ot fixed point £ € [, where ¢
s the unique solution of the speeial second order system

4
Fia) =8, £(a) =¥,

tor )
= flt, 1), tig 1.
The siaplest Tnear k-step method of the form

pUl)e. = Ka(E)fL, , )

( [ \ | ( { ( ( ( ( (

- ——— e

T e e < T T A e e
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lor the solution of (5.1) is the Stormer second order scheme:
i 2o
Luyy — —)fo i Eny = }‘J(!n ) -ru)-

Phe simplest choice of starting values conipatible with this method i

9 Iy =8, L = 8 + h.‘f' + gf{ﬂ,S}.

I its sunmied form, which reduces the accunwilation of rounding errors
98 x sehene il
(12, §6.4), the seheme 1akes aform similar to (4.11) bat with one funetion

evalution per step:

/
I, =g, yu-‘—-‘r‘"}*;;f{a,s)s
(0.2a) A
L1 = I, + hyn y
Yoer = Yo + (1,44 v Easr)s
The rules S(4; 1) and S*(t; h) are now defined by

SUG ) =xy(h), N =1 —aq,

(22b)
SR = yu(h) — f(l,.ry(.'ij).

In order (o state results simil:r to those of § let the functions e, (1)
= 1, be detined recursively by '

{7.3x) eoll) = ¢(!)y
and form = 1,2, . + hy
'ﬂm( ) = 0, o = e 3 P ek St
—y a e (@) :“):I oI + iy et (a),
rm” = J’(’}cm ﬂ'm(f) -|: bm(z)s t E ],
where %
(53¢) Sl = =3 3 o 1 m +2J(£J
k=1 (2 + 2‘1 ™
el )

(5.3d) 2 ba(t)z"

m=1 m=1

= ‘;%f{”(ﬁ o(2)) (i e,..(t)e"')k-

Buaddition put, for i = 1

L]

1.""' (’} a= T P 'L+ll
gzu ("f.. I)Il (),
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ad note that
eo*(t) = ¢'(1).
Tiroren 5.). The rules S(t; h) and S*(t; h) have the asymplotic ex-

JHInsions

(555 S(t; h) ~ 2 en(O)I",
m=0

(3.43) S*t; h) ~ X et (DK,
m=0

wniformly for t € 1 and steps h € .

The result (5.5) was recently st ated by Mayers [16], but without explicit
expressions for the funetions en(t). Theorem 5.1 is actually more satis-
fying than the corresponding re<ults for first order systems. There is no
fear of instability brought on by the numerieal method. If instability
exists it is nornedly inherent in the differential equation (5.1). The methods
for speciad second order equations are usually justified by the faet that a
<ving ean be achieved if one avoids computation of the dervative ¢>’U).
1 is necessary to know ¢ (1) for the step-by-step use of (5.2) coupled
with extrupolation schemes, It is therefore noteworthy that an JE-expun-
sion ean be obtained for its l'.;l]rutmi{)-n with no inerease in the nunber of
evaluatious of f.

Proof of Theorem 5.1, For p Z I'and t = 1, = a + nhlet

ea(h) = x.(h) — ¢(t)' — 5.(h),
p=1

5,(h) = Ze..(f)ht".
m=]

“T'o prove (5.5 it must be shown that e(h) = O( W**) uniformly for t € 1
and steps b € H. This is known for p = 1 (12, Theorem 6.71. Define the
linear operator £ by

ey = €ngl 2€n + €n—1 = h“‘l](f}f- .
For p > 1 the required result will follow from
(5.71) ' w(h) =0, a(h) = O(K*"),
(5.7H) La(h) = O || e(h) ) + 00™), tel heH,

by the result forp = Land p — 1 applications of (12, Lemma 6.3).
The verifiention of (5.7) is necomplished by showing, similar to the
proof of Theorem 4.2, that

e i S e . S U e ———
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2.0
l
RUNGE-KUTTA
1.5
]
: ! ! |
s 1o '
k ;
Q i ‘
{ I
0.5 ; |
| | |
ADAMS, p=4 (bottom)
AND p=5(1op) |
| . ﬁ
0 H | |
0 2 < 6 8 10
PERIOD
I'ig, 1

”

—CR Y =T ___1 2k+1) 2m+1
(_ ) '2 l:em (G) + E (2!; —}-_-I—)—I 3:.—&1 (a)] h

p—1
1 & - 1 2 2
-+ "; l:§ em (@) + E (L:.E‘L_}-_QF ef,ff: ”\ﬂ)} Bt 3 O(hﬂp-l-l), h€H,
and )

— Le(h) = h“m; lem” (1) — J()en(t) — @m(t) — ba(t)]R*™

+ O(h' || ea(h) ||) + O(K***), te I, he H,

and then applying the definitions (5.3).
Ta prove (5.6) note that

Ut ) = WOLSC A+ By ) — S( W) — & £t S(8 1)),
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12
0.9
%
St 0.6
Q
@
Q
0.3 \
| ADAMS, 2=6 |
! ¥ = |
- 1 | | 41
OO 2 4 B 8 10
PER!IOD

g, 2

’ : I
and expand the right side using (5.3-5).
6. Numerical results. The restricted two-body problem

T o) =000 0 =101F,

i 0<! < 20m,
= e F

|| e | = sqrt (2 + 1),

(6.1 x

with exact solution o
¢(t) = [cost, s {

i ;. 8* coupled with the Neville
wits solved numerieally with the rules A and 8, 8* coupled with

amed Stoer algorithms, To compare the -
i j irst order system wis

miethods the formmlation of (6.1) as a first l}ftll] systen s g

by the Runge-Kutta method and Adams |n'm1|rlm'-m]n-vi.nl Pt ¢ ‘

. ¥ The number of evaluations ot F

_wehemes with =ome elassienl
also solved

p =400 with two corrections per step. |
vip e roEt g coly cop Lt ip this comparisor.
3 | \ { 1 \ | | ( { { ( (

|

et i S0
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8.0 T ‘\
|

6.0
= |
% %8 foss
3 i
Q

'i

|

S, 5™ smﬁy 1

2.0
' \|
|

1 S, S®*-NEVILLE
o . - -

= 2 “ & 8 10
' PERIOD
Fia. 3

The evaluations of f were accurate to 39 binary places; high precision
was used in the remadning computations, The extrapolation schemes used
the sequence (2.5) with ky = 73, @ = 1/sqrt (2), and six extrapolations
per “global” step &y . Figs, 1-3 show the results of these experiments,
The error e(f) = | F(t) — ¢(t) !, where £(¢) is the numerical splution, is
plotted as a function of the number of periods.

The error eurves had roughly the same shape in each ease; some appear
linear due 1o the seale, The efliciency of the extrapolation algorithms is
somewhat Jower than the Adams sixth order miethod in this example,
This standing cun be proved by using highey precision and, perhaps, o
slichtly larger value of . A similar comparison with seven extrapolations
per step gave maxinum errors of ~ 2,107 for both the A-Neville scheme
aned the Adams sixth order method, The ervor was pure rounding error in
these cases, [t s interesting that the Neville algorithn gave better results,
when coupled with N, .\'*, than the Stoer algorithi, Thix does not appear
to he o t‘\’|rir‘.'11 l'.\.‘lJII]!Il‘ however, .

Foy prst Aol of we ok Aasy Wity o g e LWt e S
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z(0) = 10, 1),

-1 1
2 = Az, 0= t=100, A=[_1 _1]'

with exact solution -
#(t) = e *[sint, cos 17,

was solved (in high precision) with the sequence h(3%), by = ], and six
extrapolations per step, Fig. 4 shows the relative error &) = e} 2(1) —
¢(1) ! as a funetion of ¢, _

In conclusion, it should be noted that the extrupolation algorithms pro-
vide good estimates of the “locul error” and are extremely flexible with
regard to varintion of the step hy .
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412 A. Scudnmace: Zur quadratischen Konvergenz des Jacobi-Verfahrens

s<v=t bezeichnet,

bii— by, iﬂ-»—————zl{aﬂ+a”}£ [a,_;[ Z([ a,4| +1a,:l)
1-}1’
laial is= i
Sgi ety

In Verbindung mit (7) ergibt sich 2(d — Ay SVn— —2 -y im Widerspruch zu (6).
Sobald (6) erfiillt ist, wird also das maximale 4;, nur no-r.h auBarhalb der

Teilmatrix (g, ) (s=v, p'S!) gefunden. In [I] ergab sich nach = (n—'l) Rota—

tionen ein y"*il/_: - —A——Z- daraus folgt p" <y, sobald 4 — 2/}7] = -1
rreicht ist. Diese Bcdinguné ist von dhnlicher GriBenordnung wie (6).

Hat die Matrix m Eigenwerte mit Vielfachheiten v,, vy, ..., U, dann crhilt man

v
nach dem hier bewiesenen Satze schion nach hochsten%— (n—1)— 3‘ “ (v,—1)

Rotationen €in y"ﬁ A (man vgl. (16) in (1]). In diescm Smne wird

die Konvergenz durch die Emtcr.z mehrfacher Eigenwerte beschleunigt.
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Fehlerabschitzungen und Extrapolation
mit rationalen Funktionen
bei Verfahren vom Richardson-Typus
Von
ROLAND BULIRSCH und JOSEF STGER

1.

Sei T'(h) die zu cinem Diskretisierungsparameter % gewonnene numerische
Niherung eines exakten Problems, definiert durch ]i'n T{h)=T(0). Von RiI-

cHARDSON [8] stammt folgende Idee ciner \’crbuacrun" d :r T(h): Man berechne
T(h) fir ve*schwden# B, i=0, ..., m, lege durch die Stitzpunkte (k;, T(k))
ein interpolierendes Polynom f‘,‘(}:) und nehme f,,,{n) als Niherungswert fiir
T(0). LaAURreNT [7] hat kiirzlich in einem allgemeinen Rahmen gezeigt, dab
unter gecigneten Voraussetzungen f‘m{t’)] mit wachsendem s gegen 7(0) kon-
vergiert. .

Ricuarpsons Methode, verbunden mit einem von NEviLrE bzw., Arrxes
stammenden Interpolationsalgorithmus zur Ermittlung von 7,.(0), liefert im all-
gercinen mit geringem Aufwand sehr gute numerische Resultate. Beispiel dafiir
ist das bekannte, nach RoMgERG [9] benannte Quadraturverfahren; vgl. dazu
die Arbeit [1] von BAUER, RuTisHAUSER und STIEFEL und die Arbeit [3]. Weitere
Anwendungen finden sich in Arbeiten von Rutissavser [i0], BorToN and
Scoins [2] u.a. Siche dazu auch die Arbeiten [13, 14, 15, 161

Voraussetzung fiir die numerische Brauchbarkeit der Extrapolationsmethode
ist allerdings die Existenz einer Entwicklung der IForm

(1) : T(h) =1+ Ty + o« + T W% Ry, (h) s

mit [ Ry, ()] < My, fiir alle A>0, 7, -.., 7, unabhiingig ven 4 und 0<Ip, <---
<¥u11- STETTER [17] hat im Anschlub an Grace {4] gezeigt, daB solche LEnt-
wicklungen bei groflen Klassen praktisch wichtiger Diskretisierungsverfaliren (Dif-
ferenzenmethoden) existieren. Spezielle Probieme hat Navor [17] untersucht?,
Die vorlicgende Arbeit gliedert sich in zwel Teile. Im ersten Teil werden
unter der Voraussetzung (1) Abschitzungen f{ir den Extrapolationsfchler
|T.(0) — T(0)] hergeleitet. Der zweite Teil gibt eine neue Version des Extra-
polationsgedankens: Legt man_durch die Stitestellen (Bi, T(h)) cine inter-

policrende rationale Funktion I;,,

(#) (Zihlergrad u, Nennergrad v, p+vy=m),
so kann auch ? ,(0) als Nitheruagswert fir T{0) genommen werden. Die Extra-
polation auf 7, ,(0) wird hier mit eifilem in [12] beschriebenen Algorithmus durch-
gefiihrt. Fir den Fall der Trapezsummen- E\tr'mu!anun kann der Extrapolaticns-

fehler wegen der spezicllen Gestalt des Restgliedes der Euler- Nk.L.mnmLhen

! Erst nach AbschluB dieser Arbeit zur Kenntnis gelangt.
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Formel angegeben werden. Beispicle zcigen die Uberlegenheit dieses Ycrfab.r¢_ens,
das, obwohl nur geringfiigig komplizierter, in allen untersuchten Fillen nicht
schlechter, meistens sogar erheblich besser konvergierte als entsprechende Poly-

nom-Verfahren. "

Zunichst sollen lineare Extrapolationsopcratoren A%, mit den Eigenschaften

a) AT=I0= 'c("".- T(h)
@ T

c) Alwm=0, j=1,..m
rekursiv konstruiert werden. Dabei gelte o> 4> --->0. Definiert man den
Ausdruck (in Spezialfdllen das Polynom)

f'_ (B)=ag+ a4 ++ + a -
durch die Forderung

(,} T(h), j=ii-+th...i+m
so ist dxe Bestimmung von A,T glemhwerhg der Berechnung von T, (0). Ist
nimlich T [h) ein solcher Ausdruck, so gilt wegen (2)

AT =4 T=a,=Ta(0).
Zur Konstruktion der A%, 148t sich alsa die Theorie der Interpolation heranziehen.
Fir den Fall p;=jy liefern die Nevilleschen Interpolationsformeln, angewandt
auf ein Polynom in # (s. [5), [6]). die Losung
MT=TP=THh),

thu+n Pt -‘rtu

1-1.; itmim—1
) R '
1 [s
sa Ty m Tty yT,,’,_ m=1.
(h.i..') =

Ordnet man die TY in dem Schema an

T(h) = 73"

TI:O)
T ) = Ti\l 'I“.i
. () (] ﬂ” 2 T.{o]
& __Tin 1)
(@) T(hy) = T4 - 13

T(h)= 1Y 2 5

so lassen s;ch dle T4 ausgchend von der ersten Spalte rekursiv berechnen.
Fir die ¥ aus Gl (2) licfert die Intﬂpol:tloﬂs!cm-ﬂl von LAGRANGE

(5) m"II - m'

=t
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Die Formeln (3) und (5) gelten fur beliebige k,, soferne nur y;=jy ist. Fir all-
gemeinere Sequenzen y; ist cine dem \esnlcsmen Algorithmus entsprechende,
einfache Interpolationsformel nicht bekannt.

Im Falle allgemeiner Sequenzen y; lassen sich jedoch die Operatoren A,
fur die speziellen Schrittweiten J,=/Agl/, 0<b <1, leicht rekursiv konstruieren

(vgl. hierzu auch [10], §4):

Aus 2a) und 2c} ergibt sich ndmlich
A:‘h‘“ﬁ E {u} Ja"i?-—h"? b"" Z c{u 6"0"‘—0, o=1,...,M;
o=t

daher sind die "¢ gerade die }\ullmllen des Pdymnoms

RO Tl

je=0
und wezgen 2b) hat P (x) die Gestalt
o B () =BO () = [T 2

e R '

Damit gilt ¢, ,=c? fiir alle 4, und die ¢J) snd bis auf einen gemr:msa'nen

Faktor die elementarsymmetrischen I‘unhwn..r der %, g=1,...,m,
Wegen E bim
O (x) = 2777 pto)
RO = I RO (x)

erhilt man fiir A% T die einfachen Rekursionsformeln

MT=TP =T,

W

@ AT =10 = T =¥,
™ - T s

Fiir y,,=my geht (7) in (3) liber.

3.

Existiert fir T{?) eine Entwicklung der Forn {1) und wendet man auf T
den Operator A%, an, so 1Bt sich der Fehler {7 —T(0)] wegen (2) leicht ab-
schiitzen. Man erhilt
(8) I'[:("ﬂ} T(0) i ﬁﬂf. < L‘ IC(m ;, L2
wobel

My = SLP{ Pun‘ -
Ist T(k) Element eines Banach-Raums, so kénnea die Abschiitzungen im Sinne
der Norm des Banach-Raums interpretiert werden. Es gilt nun der

Satz 1. Fiir T(k) existicre eine Entwickiung der Form (1). TR =ALT sef
der aus den T(k), j=3,...,5+m exirapolieric \Jkrr,n'r's..-er: fiir T(0). Dann '
gilt fir die E;:rappb':‘onsur{akren (3) tend (7), falls ’“ <b<t, m=k und
Yirt—7i= y>0, yo=0, ist, dic Abschilzung &l

3
|7 — T(O)] SMy oy C@) e 510 B
mit Konstaulen C(87) und M,,,.
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Satz 1 gibt iiber das I\onvcrgcnzverhalten dieser L\trapolatwnswr.a}.rm
Auskunft. Besitzt T(h) cine asymptotische Entwicklung (1) von héchstens &
Gliedern (k=vco ist moglich), so konvergiert der Fehler in der mn-ten Spalte
von (4) filr n<k+1 wie ;i gegen 0, {ir #>k+1 wie A+ Aulerdem
sicht man, daB die Abschiitzungen fiir den Extrapolationsfehler |T/™~#— T(0)],
f=k, k+1, ..., m, dieselbe obere Schranke liefern. Das legt dic Vennutung nahe,
dab nur die Berechnung der ersten k41 Spalten von (4) sinnvoll ist. Dies wird
durch die Eriahrung bestitigt. Existiert ferner fir jedes k das Restglied R, ., (k)
in (1) und bleiben die R, ,(h) gleichmidBig beschrinkt, so zeigt Satz 1, daB
|78 — T(0)] fiic m—»co superlinear, nimlich wie hrmo b5 gegen 0 strebt.

Zum Beweise von Satz 1 werden zwei Hilfssitze vorausgeschickt. Zuniichst
folgt fir das Extrapolationsverfahren (3), das auf dem Neville-Algorithmus be-
ruht, das

Lemma 1, Falls fiir alle | y,=jy, >0, und %ﬂ <b<1, dann ist fiir h=m

¥

3| Sy BT R
j=
mit Konstanten C, (b, k) < C, (b7).
Fiir h"'=_1.£-!!-f' y=2 und k=m gill noch
itciulhh’mmrc__hr h”-E(m+1;l=—Eﬂ~-
j=0 n m!(m41)1

Bewers. Man hat

= m—h—1 om
B jempapenr "3 i B e
= =0 fum—k

J=

.Nun 140t sich abschitzen

prl m—k—1 m—k— L .34
PR LC Uasl SV N 2 1 Zir I w2
i=0 i=0  p=0 },I b "

m=t=1 1 1
Y
=)I':'_* k Z‘ }‘rq-h—f—l KL i— 1 %
ful S :
: s Y _a—j . L
1 2 1
X ssegrmcndl T} 7
B e IR =k 1=
- h? o h &
' A=t
m—k—1
1 1
v o
Shay... W, Z Y —1 e |
=0
m—k—j—1 1 - 1
x [[ —=w==mmav % || sopemrear
=0 p=m—h
SHach TP R S Ky BLCLOD,

weil der Faktor von A%_,... /% fir alle »» und k beschrinkt bleibt:

Fehlerabschitzungen und Extrapolati

Analog erhilt man

Auf Verallgemeinerungen wird ver rzichtet,

Firdie spa*er‘lauf:g benutzte Folge F = {h;
ergibt sich mit y=2 l

C,<5.
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~ &
PNl P . MU
f rary '&h—-li—f_—-l _Ik:—-l
. ho—rsg B rei .
" m—k—1
X —t x :
- L
pmmhifil g T e PR Y VY]
- 5
SHon e BCIO B Sy RLCP0).
Die erste Behauptung ergibt sich jetzt mit
G B =Ti (", 1) + TP, )< C, ().
Weiter gilt mit Hilfe der I’roduktdarstc]lung von sin z
1=~ ()
XI* e I’* F - ()=
woraus / ” +2 h _2 '
Dl R B Tl SRRy 2
2, - ~7E B b ) 2=
= o el (J-‘-i-:) o m!{m1)!

2386 R Taa

}ﬁ{ﬁmﬁ! 'ﬁ! Jig LI hy }

Fiir den Algorithmus (7), wo hi=h,¥, gilt das schirfere

Lemma 2, s Bi=h,V und die
festes g2 <1
. bi!il‘?}§g={1'
so gilt fiir k=m

I < qe fl+1i’

Sequenz der ¥i 1 (1) so beschaffen, daf fir

1=0 ganz,

s“ 2 |emil ip e STy (g b Y R0, A

Calg b ) =1-(1—g1) ...
1,
x{2(1+¢)...
201+4Y ..
und allgemein fiér baz.elr:ges kSm
Calgt R D1 (1 - ). (1 — g (2
94(z, q) Jacobische Thetafunktionen, i

(144",

(o s

(1= ?HJ (9:(0,9) 9,0, 9] ix

falls k=m
Y), Jalls m—k—1 Jest
falls % fest

%, (0, 9

}
0.9 01 g | — @)
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Fiir ¢=3 gelten die fiir diese Zwecke ausreichenden Néhemngsformelnl

[05(0,9) 90,9117} = V:Sre o~ sﬁ:q)

2%\h 9,(0,9) R /—iﬁ = e i
(T) [01{0 ) 010, q)l et l ® p( 6In?,]
Beweis. Man hat '
R (e g bre) L (B DY)
Z|c(°}1 o -—;,,vu.z ] (o) = e (e + 07%) . { :

j=0
(1 +b¥--’¥n.) (1 + b u—u] b=

s (rpouern)
1—b)...(1=t™) R

(1 +b¥ln“.’f§¢|} e

*
(wn—A) y2 h""g-‘}’f

X Hphb ;
; 2014 .- 1+ (14) ... (147 ) 5
é({"q!}---U"?2:'—"—‘_‘("‘1__“‘1.}_”“_?2:-&:}} =

&
= +
x I:‘o“'bm Kyie ’Eow.

Das Weitere folgt jetzt aus den Bezichungen
Y I o mafq g™
=2q*1'u1—q";:=. 2,(0, q)=2q*"r_1;n+q’ B —¢"
(0, 9)=9 2(0.9) #5(0.9) (0, @) |
/3
Am Rande sei vermerkt, daB fdr yy=0+17 (g=")

(=g l-0) s
. llm Z‘C"’!—”i [”q,) Sy [24(0, 9) 94(0, 4

Abschitzungen in Lemma 2 scharf.

#1(0, 9)
und

Speziell fir g=$
In diesem Fall sind die pe

(s. z.B. Rcmberg-Verfahrcn} ist
(050, 1) 9a(0, )] 71=1.969 -

C(5.9)= 4mﬂ$ﬁwA=””‘

k,0) ist scharf, falls mit = auch m—k und &

f
und

letztere Abschitzung fir Cyld,
. pmach oo strebt.
Der Beweis von Satz 1 ist jetzt einfach.

ich B < VA
Fiir das Extrapo]atmnsverfa}uen (3) ergibt sich aus Lemma 1 wegen A, =0 /%

m—h4m=htly +"|}? )
2 ’c(n)l h’qu-ny = h..-; K Cl{b" k) ._,;’;1 h+nrbt At + E {5 )
..-mumq-’;ir - C‘ lb'} h,,mbt-aimm\’;ﬁln

=T, (0, By RS HI7D
b” und =0 unmittel 'bar aus

und fiir das Extrapolmonsvcr{atucn (7) mit ¢*=
Lemma 2

L]
(1] ot "
i

P L "
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(8) liefert jetat .

&
]J"E‘Ol ez, Tro)] = ‘U’l+l C{b“j }35‘*1 b["*--hﬂ 1 '13:1."1

womit der Beweis von Satz 1 erbracht ist, dean der Ubergang von (i, 7.%)
nach (h;, T¥) kann als ,Umnumerierung” der k; interpretiert werden.

Als letztes 140t Satz 1 dic Frage nach dem nonvug(mur.nnu\ von T
offen, wenn von T'(k) nur bekannt ist, daD 11m T(h;)=T[0). Es gilt hier

Satz 2. Es sei llrn T(k)=T(0). Istfir m‘fr:; entweder yy={y und - ”_" Sh<

(RrLurswusfoan (3) ) oder hy=hyV, 0<b<1 und 2‘ b konvergent (ﬂi..::rswns-
{ormeﬁ (7)), so gilt lim TW="T(0), i=1,2,. =1

Beweis. Fir d(n FalI y;=]y ist dieser Satz bekannt ([ [
Rest! folgt aus Gl. (2a) nach Toerwirz (5. [3], Satz 1) lim, T

i

2 cmp=1,

7=t

?_‘\. 31). Fir den
:-]rn T(h), falls

L - 1.
2 L || = const,

f=i
3. lim ¢fl=0,
" —+00

fir alle m

$ <7, 7 fest.

Diese Bedingungen sind erfiillt, 'denn 1. {folgt aus Gl. (2b), 2. ergibt sich aus (6) zu
Sl =

’Tb' == I__[ 2 const, da i b konvergiert,
!-—b

y=i =

und 3. folgt sch]icﬁlich daraus, daB die ¢&; ;= c¢!¥ im wesentlichen die clementar-

symmectrischen Funktionen der b sind, p =1, ..., m, was zu der Abschitzung

.. fuhrt,

Ifu)l < i priim+is) ;} (1 — o)1,
Ael

i

Die folgenden Beispicle illustrieren das Konvergenzverhalten bei-der Extra-
polation. Im ersten Beispiel emcr Quadratur wurde 7, aus der Trapezsumme

(s. (3], GL (14))

1
T(hy = [Yxdx -:—rlh‘ + T g e R R(B)
é :

fiir 4,=2"" einmal nach Gl. (3} mit y=2 und einmal nach (7) mit b=2%, ,=}.
¥i=2(j—1), > 1, berechnet'(vgl. auch [10]).

Tabelle 1
" ‘[ | T8 wT(hal | Ti, yut i 79, 40 = b on
| ! ]
3 0,6581 30221626 | 0,663607569117 [ 0,6666 6614 7251
& | 0663581196876 | 0,665592365132 | 0.6660 66663132
. 5 0,6655 5893 6282 1} 0666287699043 | 0,6666 GHEH 6L6T

P i adie Folge {3

Hemerkung :n [20]), § 4.
i-‘d Wait Fof &

Footh b2 004,20 tindet sich allerdings cine entsprechende
]
; i
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Das nichste Beispiel betrifit die Integration der Differentialgleichung.y’ =9,
y{0) =1, mit Hilfe der Runge-Kutta-Formeln. In diesem Tall lautet die Ent-

wicklung (vgl {4])
T(h, )=y (9 + M7, (0) + B 1a(2) + -+ + R(% ).
Zur Extrapolation wurde fiir h,=2"" GL(7) mit b=}, 7;=3+7 verwendet.

Tabelle 2
" T = Tlha 1) J| T
0 2,70833333331
1 2,71734619139 2,71794704 860
2 2,71820093919 2,71827786025
3 2,7182 7654 440 2,71828181 110
4 2,71828150016 2,71828152 844
8 2,71828182 844
(enz.?18281328-‘-6)
4.

Die bisher untersuchten Verfahren beruhten auf der i?terpola‘don durch
polynomartige Ausdriicke. Es liegt nun nahe, im Fall 7i=17 statt dme::vra;
tionale Funktionen zu benutzen und als Niherungswert fiir 7°(0) den Wer

Tj:].=ﬁffl (0) derjenigen rationalen Funktion in A”

' i ) 4 ) JF b e e ol BBV
© fam= Bl R

2 QUL g ey Wty

zu nehmen, flir welche gilt
(10) TOMm)=T(h), [=ii+t..itpty=itm
In [12] wurde gezeigt, wie man die Werte T, (&) an einer f;sten_Stc:].le EF ':1;1 Sg:;
gegebenen Werten T(k;) rekursiv berechnen kann, ohne die rat:or} e. :
T8 (h) selbst, d.h. ihre Koeilizienten, zu bestimmen. Setzt man in die in (12]
a:{gcgebcnen Formeln £=0 ein, so erhilt man

_ BRI = M T

i)
I:‘e 'k’: a h¥+y
: K — R
Ly N . e
Th= Y W,
und fir g, »=1 P T > B

i i i4+1)
7‘{‘) hrﬁi—tﬂi {Tb}‘ L T:‘—"l}‘!—l) i h¥+#l -T»_G(’l Ly {T;!_*']f}, _’ﬁ‘— 1,7=1

= - - A T
i Hu;t'-j-l..v_"r:.-rlf]r—i) = h’:+y+'{r":l}’! _Ij:l.v-'l}

o i i V i+1)

J""'J:H”: {I;('L—l "]:ah:lfl-x" = "'ruﬂ -.";:,’-:1 {T;l[::-“l _‘7;{'— Lot
B ; + VA
3’.’ ('I,‘El—; = ?;\E‘—:'-l:)v-l} T h¥+p+ » (T:,‘I—“l o T:‘:I..--l:'

oder

T}?v:
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Wiihlt man fiir die Extrapolation folgende Sequenz der (g, #): (0, 0)—=(0, 1) -
(1.1) > (4,2) = - = (i,4) = (. i+1) > F+1,i+1) =, (Zahlergrad =
Nennergrad (—1)) und schreibt man T, fir .}, (u +»=m), so reduzieren sich
die obigen Formeln auf ’

¥ =0
‘ T = T(hy)
(11) : T+ _ 7
) — Ti+1) m— -1
TO=TU+D 4 T }:»‘TF:":?‘_H : m=1.
O PO o T (S
Aitm ATl

Man erkennt die formale Ahnlichkeit mit dem Neville-Algorithmus (3). Ver-
wendet man die Formeln (11), so muB nian allerdings pritfen, ob die auftretenden
Nenner nicht zu klein sind. Insbesondere besteht diese Gefahr bei griSeren i,
da |T6+P —TE+)| bald sehr klein wird. Dieses Verhalten ist jedoch ungefdhr-
lich, weil es nur die schnelle Konvergenz des Verfahrens bestitigt und in der
Regel nicht auf algebraischen Ausnahmesituationen beruht, wie sie in [12] aus-
fidhrlich beschrieben sind.

Bei der Extrapolation durch rationale Funktionen liBt sich nun ebenfalls
ein Ausdruck fiir den Fehler T, — T(0) angeben. Ist ndmlich k<, so gilt
wegen (9) und (10} .

BI\(R))=T(h;) 02, () f=t i1, . itput+v=itm.

EEATR R T

Multipliziert man dicse Gleichungen mit den Lagrange-Koeffizienten el (s. (5))
und summiert iber f, so erhilt man wegen (1) und (2)

4 ?
BO(0)=T(0) 90,(0) + 3 el W7 Ry () O, ()
oder falls QP (0) =g}’ +0 =

e
i ; 1580 s i

(12) I —~T(0) = - Z O BAITR, () O, (h).

Leider enthiilt dieser Ausdruck fiir den Extrapolationsfehler noch das Nenner-
polynom QF, (5}, so daB er zunichst nur bedingten Wert hat. Wire allerdings
Ry i (h)=const, =", ..., i+m, so ergiibe sich fiir k=u

)
T —T(0) =(— 1)K o Bam S Risa,  ptr=m.

143
Q

Gilt lediglich ’_Iim T(h;)=T(0), so konvergiert T,)", fiir g +»— co gegen T(0)
(vgl. Satz 2), falls i;’ta <b<1 und
)

(13) %;‘_("g]l <C, fir ale u,»j.
Denn wie in (12) folgt '
] = . . iim » o O, (
=g ARG T =TT, H=a G

29*
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und mit den ¢ (s. [3], Satz 1) erfiillen wegen (13) auch die Ei’,‘{ d‘.xe “Bebdil‘lg‘uf'gg{-m

von TOEPLITZ .
ikm

P s
1. Yelh=1

. i+m . ' A
2. Y| Sconst, fir alle m

3. limelh=0, i=jf, 7 fest.

m
"—t 00

B,

Uberschaubare Verhaltnisse bei der Extrapolation mit ratio_nalen I‘junlftione_n
erhilt man bei der Quadratur durch Trapezsummenexirapolation. Hier ist mit

y=2 und p="k
1
T(h) =ff(x}dx+ L4kt 4
; )

7 ﬂ‘"““ff“,‘*"{-x) i 2("“’“”"—;)
]

(25 z)1h+1 ax,
Ael - —
woraus . ) L
3 oy P ;
i) A il B 12 I
T [imdx="Tq f 120 ) x
L] ‘

x
2(1 "6052”8—*—]

i+m o0
i I i
X {Z c};'ljh;nu Q}-]*-*{’fi} Z——--/a(n P }dx.
ne=l

=

Wenn die Funktioﬁ S(x) in der geschweiften IKlammer ihr Vorzeichen nicht
iindert, liefern Mittelwertsatz und Formel (2)

; 0, Bues « e
" G~ 1 Lh+2) :
(14) nﬁ_.—ff{xwx=(_1} ;.:'...h:‘,,_-asi;-{ﬂfz’]—,f‘ - (§)1 :CIII<§<.1I
L]

B,y Bernoulli-Zahlen.

Fiir k=m (Nennergrad 0) erhilt man die bereits in [3] abgeleitete Beziehung -

1
T80 — 1) dx = (= 1" K oo B et (00
o

zuriick, ‘ o s her

Im Gegensatz zum Fall k=m ist fiir k<<m cine a prion Entsc caiing‘m'm
Vorzeichenwechsel von S(x) nicht moglich, weil S {x) von di-r}m zu l:c:; u‘ m‘:' ‘n.i >
Nennerpolynom Qf%a_, abhingt. Trotzdem erlaubt die 1’M|ct;u;m;, i;‘},.:l,;uf;,
stens einen qualitativen Cherblick tber den zu erwartenlen Feliler: Da

* | e & le v lost, scheint (14
im allgemeinen 7[;1'-:—.::)‘. ™ "(lilum £ Uber alle Gienzen wasbot, schoint (14)
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zundchst den SchluB nahezulegen, dal k=0 den kleinsten Fehler bej der Extra-
(i)

polation licfert. Andererseits gehen jedoch in f?-"'f_”}'i, wie sich zeigen lilt,

o | § A : %

Ableitungen bis zur Ordnung /"% (x), 7=max {k, m — &}, in komplizierter Weise

ein. ‘Man wird also in der Regel am giinstigsten mit fc:{-':! (Zihlergrad ~

Nennergrad) arbeiten. Die numerische Erfahrung auf der Rechenanlage PERM
(TH Miinchen) hat diesen Schlul bestitigt.

In den folgenden Beispielen zur Trapezsummen-Extrapolation sind die Er-
gebnisse bei unterschiedlicher Extrapolation gegeniibergestellt. Als Schrittweiten-
Lt L LL L }

gyt tg gt geTr
gewihit (L Linge des Integrationsintervalls), die auch hier in bezug auf Arbeits-
aufwand und Genauigkeit die besten Resultate liefert. In der folgenden Tabelle
gibt m die Anzahl der Extrapolationsschritte, 4,, die Anzahl der bis zur Schritt-
weite k4, zu berechnenden Funktionswerte und 7'(h,) die berechneten Trapez-
summen an. Die weiteren Spalten enthalten in der Reihenfolge dic extrapolierten
Werte bei der Interpolation durch

folge wurde die bereits in [3] erwihnte Folge g—:{

a) Polynome, ; . . ;
b) rationale Funktionen (Zihlergrad = Nennergrad (—1)),
¢} reziproke Polynome. '
(Es wurden zwei ,schlechie” und ein ,gutes'” Beispiel ausgewihit!)

henne e .

Tabelle 3

| m | Am] TiAm) 749, R l o

]
| 1,00000336225
| 1,00000017063

1,00000281 498
1,00000014 667

4{ gl 1,0058 S652083
§113!1,00330707022

1,0000 0100 964
1,0000 0003 995

‘—d‘i"
i
1

611711,0014 7397628
25 1,0008 2994 518

1,0000 0000 458
1,0000 0000 010

-3

8/33/1,00036913108 1,0000 0000 000

2! 510,977048616664 | 0,09999849 5995,0:
3 (G74 | 1,00000003 {25

4 0,09999999 999201
5 1,0000 0000 000
_6]17,0.998571697007|  _ ~

4| 910,2741 5567 7808 | 0,+85234799393
5

6

7

5

9

o

n

|
J’sinxdx ‘
o

| 9,0,091251888297
130,9967 85171357

1310,249811161476 | 0,223744283778
i 17/0,234006508335 | 0222193662130
—_f_.rsmsxa’x Izs 10,2287 6077 5525 | 0,22222251 4134
=Y 4 ! 13310,2251 00165925 | 0,22222222 1926
] (49 0,223835594426 | 0,222222222186
11065 ]0,2229 37547635 | 0,22222222 2213

n
']

1

1,0000 0000 080 ] 1,0000 0000 541

1,0000 0000 000

| 1, 0000 0000 GO0

1,01'\:_»::.0..(1-'}{1‘[0 3

] i
0,0999 9957 0210,4 0,990+ 85360517

1,0000 0000 656
1,0000 DOOD DOD

0,2226 5227 5416

0,22222326 3636
0,22222221 781§
0,222222222178
0,22222222 2223

| 1,00000316914
| ©,9999 9904 2386
| 1,0000 0000021

1,00 QOGN 000

0,22234864 0653
| 0,22222334 6708
3452
0,222222222186
10,2222232222223

|

[ PR .
Man sieht, daB die Werte 79, _ .. 1 jewcils am schnellsten konvergieren,

Ein weiteres interessantes Deaspiel efort die Integration der Dilferential-

glechung 3= f(x, 3) nach dem Ealer-Vamhiren v, =y, 4 fls,, ¥.).

Das
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Fehlerverhalten ist hier gegeben durch
(15) T(h, x)=1y () + b1y (%) + K1y (x) + B34 (2) + «--.

Als spezielles Beispiel wurde wieder y'=1y, ¥ (0) =1 gewihlt, vgl. dazu auch [1],
§ 10. (In diesem Fall ist T'(4, x)=a‘-—h;—e'+h’ (-‘% + is’-)s‘+ }

Mit der Schrittweite k,=2"" ergibt sich

Tabelle 4

" Tihw, 1) i T::_‘o Tl‘:!"-'}.ﬂ—["'ni ;

|

] 1
2,56578451393 | 2,71387899486 | 2,7181 5516173
2,63792849736 | 2,71802083460 | 2,71828078 559
2,67699012937 | 2,71827434380 | 2,71828181 701
2,69734495258 | 2,71825171 514 | 2,71828182855

v B

.

2,71563200012 | 2,71828182855 =

Man erhilt also mit der einfachen Eulerschen Methode fiir m=6 durch Bildung
von 7{% praktisch dieselbe Genauigkeit wie mit den Runge-Kutta-Formeln mit
anschlieBender Extrapolation (vgl. das Beispiel am Ende von §3). Die Anzahl
der zu berechnenden Funktionswerte f(x,, y,) betrigt in diesen beiden Fiillen
121 bzw. 120. Das Verhiltnis verschiebt sich sogar noch zugunsten der Euler-
Integration, falls die Schritl\-;ei'.cufolgé 3 benutzt wird. In diesem Fall erhilt
man durch Beréchnung von nur 30 Funktionswerten das Ergebnis T3% =

2,71828182652. Hohere Genauigkeiten kénnen hier mit § im Gegensatz zur
Trapezsummen-Extrapolation leider nicht erzielt werden, da wegen der lediglich
nach Potenzen von i fortschreitenden Entwicklung (15) durch die nahe bei 1
liegenden Quotienten i‘}’*l die Rundungsleliler stark ins Gewicht fallen.

i 06

Das folgende Arcor-Programm zur Berechnung von [ /(x)dx benutzt zur
UG

Trapezsummen-Extrapolation rationale Funktionen (Zihlergrad ~ Nennergrad,
s. Formel (11)). Verwendet wird die Folge 3={£,£,£,£,£,—§-,... it
0G—UG. Das Programm ist optimal konstruiert, bereits berechnete f(m k)
werden zur Ermittlung neuer T{™ wieder verwendet. Bezeichnet A, die Anzahl
der f(n b;) zur Berechnung von T3Y, ..., Ti™, so ist

3 B m gerade
A_='1-+ P ﬂl::

271 42717, m ungerade

(\fgl. Tabelle t in -'Jlj ! Vil borven 0 th
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Das Programm ermittelt zu vorgegebenem ord die 7% . fiir

m—i
m=0,1,..., ord

t=nt,m—1,...,70m) mit 7(m) =max {0, m— 7}

. ’ aG
und liefert als Niherung fir [ f(x)dx den Wert T{rfort)
uG

ord-r{ord) *
(Die Erfahrung zeigt, daB es keinen Sinn hat, iiber mehr als 8 Stiitzpunkte

(B T§Y) zu extrapoliercn.)

7 ir die s ]
Voraussetzung fiir die schnelle Konvergenz der T\ _ jst allerdings die Existenz

_einer Entwicklung (1) fitr T(h) mit y=2fund k=7 (trifft zu, falls i’c[jm](.ﬂl dx
e o

existiert}

real procedure Trapezsumaenextrapolation (g, og, ord, eps) procedure ; (/1;
comment Die rozedur Trapezsummenextrapolation liefert den .-\}iilac:';mg;wc-t
fir das Integral der Funktion f(x) zwischen der unteren Grenze {:f’
und der oberen Grenze og, den man durch cin E.\‘.tr;av—n!:\.timswrc:
g'hre; mit rationalen Funktionen von der Ordnung ord 1-’ =2) <:r3-. t
le Iixtrapolation wird vor ihrem natiirlichen Ende ab.cbrochen
wenn sich zwei aufeinanderfolgende Nihm‘u;:gs'.n-rt:[:z'i]a:g:ld.‘l 3‘—2‘”'
— o?:yj;a:pil;ncgral um' weniger als epsxabs(¢[{ +1]) unterscheiden: ’
real ug, og, eps;
integer ord;
real procedure f;
begin real’, ¢, 10, t2a, t2,in,13, ha, hg;
integerw, nn, 1i;
integer array » [0:0rd];
array {[0:7];
boolean io;

procedure extr (m);
value m;
integer m:;
begin recl v,d, «, hu, ku:
integer 1, mr;
vi=0; 1i=¢[0]; h:=1[0]):=tn;
if m> 7 then mr:i=7 else mr:=m;
for i:=1 step 1 until mrdo
begin d :=nln]/n[m—];
hvi=l—v; hurs=h—u;
if iv=:0 then
begin hi=h-+hul(dx(1—hulhv) —1);
visuw, wi=t[i]; i[i]i=h;

i=dxd;

end
else go to rude;
end;

i end e
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n[0]:=1; n[1]:=2; n[2]:=13;
for i:=13 step 1 until ord do ﬂ[i]:_-—_.u[i_.zlxz:

.= og—ug; bo:=true; 10:= (f(og) +/(ug)/2;
([0):=t0xe; t2a:1=12:= flug +e]2); tni= (10 +12)Xe[2;
extr(1);
13 1= f(ug+¢[5) + flog —e[3); tni= (10 +13) xe[3;
extr(2); hai=h;
for m:=73 step 1 until ord do
begin nn:=n[m]; hg:= efnn;
if bo then
begin for i :=1 step 2 until nn do
12:=124flug +ixhg);
= (12 4+ 10) % hg;
end
else
begin for i :=1 step 6 until nx, i:=5 step 6 until nn do
13:=13+(ug+ixhg); '
tn:= (13 +t2a + t0) X g, t2a:=12; :
end;
.extr(m); bo:="1bo;
if abs (ha — ) < abs (h) x eps then go to ende;
ha'=h;
. end;
ende: trapezsummenextrapolation := k;
end trapezsumntenexira polation

’
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NUCLEO DE COMPUTAGAO ELETRONICA

Bo7oy F ORTRAMN LB ®rPILEATILDN 1 A R K ¢

)
)
- 52
Lo
1 <

i
" .
L1}

K(2)=1,
COMETA  KOHLFI
IMFLICIT DOUBLE FRECISION (A=2)
INTEGER I,12,13, Il:}
5 REAL LAT,LOM,E,aLFA 'fi-l-Tﬂ,X3;79;253-T5;'."FL?,TT"[g’rg,:’-.l__Ff*P,{}FL.TAP,”i?
*Pr“P:hIX»UTU;bIIrIn,Tn.ALﬁwl.ALdﬁQ:ALPI;éLPII,DLHHI.D&PZYpDFPI.PFP
NI NI s F2E s F L o F Il e T L a XX F g YYF o Z2F sV UNY y VUV FFX o F R Y s FFZe T Yo KK RE
*AGPALFASPUELTA,PALF o FDEF o T ALF AU DELTAD X8R, X579 X81,X811,v548,YS82,
YT YY1 Z8A 282,281,251
DIMENSION TT(3)pLFAa(3) ) DELTAC3) XS(3)sYSC3)925(3)rTS(3)TE(3)D(3
*) oM 3)pGAC3) JLE(R),11AC03),R0(03) e iSCR)axACR)pYA(3)22AC3),R(3),XT(3),
- *TAF(3),3DF(3),EnnAC3), ERrRD(3),MFL3),UF(3),vG(3),%FGL3),UFG(3),rVI(3
*)sDS(3),0X00),NYC06) DZC3), ALFA IP(3),CFLTAP(C3) ,ROP(3),XP(3),YP(3),2F
*C3) )P xC3)pFY(3)pF2(3),TA(S),T ‘(5),GLFHI{5).ﬂL2FPtﬁJ;ﬁLPlEi),ALGII{
*«3),0EPMI(3),0DEPZE(3),DEPT(3),DFPIT(3),YX(3),VY(3),V2(3),Y(6),YTL3)
*pYH(3)p2ZM(3) .V ( 3) 0\ lzJ:‘F(tjrfF' {}?éFtH;':.LL3]JLT [§},Z'T(;},MF(K
*)pDF(3)pZTC83 oA (33,0 1(3),01C03),A(03),R( ),rrsw,f*(t), A(R)Y,XH(3),F
*“(33JFUV”i($)r“”F7F(5"”U“I(5Jr’fPII(EJrK\ﬁ(SJ'Yﬁaf Yo lAACS) ) XAAA(
*3),YAAB(3),ZANL(R) ,XFACR),YFA {*J,zFAth.ALF:P(s).DLLIaf(SJ,TJIE)aé
:;_ *LFADN(3) ,CELTAQU3) ,eRRDACS) ,ERRODIR) ,VAX(3), VAY(3),VAZ(R),X84(3),X5
k2 (3)r XBLC3) e XSTIC3) o YSA(B)Y,YSZ(3),YSI(3) s YSIT(3)sZSAL3),282(0%),s251
*(3),2511(3)
READES,1) C(17(1),151,3),CALFACT),151,3),(0ELTACT), I=1,3), (XS (1),1-,
*I:EJ;(Y%(IJ.I_!.ﬁ).{zotlipl_i,31,(TocIJ, 121,3)
 READIS,2)K e LAT LU, E,DHD

00N

REARLD,25) CTA(I),120,3),0TDC1 ), 15y ,3), CalPMICI) I=1,3).,CALZEP(L),
*1~1p‘}r(uLF1{‘},1~1,5J;('L“II(IJ.I:i.S],IHFPMI(l},I:i,S},{&FP[E[I)
ke I=1e8) o (LEPTCT)pI=1,5),(DEPLICI), IR1,3), p (ROPIT(1),123,3),(ROPYZ

.*t(11,1=1,5},(~rr1(1J,1-1.sJ,E»H“ [C1)el®1,%)

> READ(5270) (XSACI)oI=193) 0 (XSZCI) oIzt p3) o XSI(I)r151,3),C(xSTITC(1)01
*2fp3) o CYSACT) s I=1,p3) o (YSZLY IR, 3) 0 CYSICL), 151,32, 0YSTIC1),151,3)
*p(ZSACT)p151,3),0282C1),151,3),C281 (1) s1=1+3),02811C1),151,3)
Nih=1 ;
K(2)=1,

Call SOL(xS8a,XS82,Xx81, ¥S11,YQ., SZ,YS1,YS511,254,282,7281,7811,%XS5,YS,
*I8,TT,T4,7T0)
PO 19 I=1,3
ALFAOCTI)=abFA(I) ™10/ (3 ,1415926535%18)
19 DELTAUCI)SDELTA(T)«180/3,14152206535
CALL TOPOCGC (XSIYS[{i;]U[L F,Hps,xT YT,272T)
36 CALL CUDIR(ALFA,DELTA,LA,MTI,NT,A,8,C,E0)
TECL)STT(2)~TT(1)
TE(2)=TT(3)=T1(2)
TEC3)=TE(1)+TE(2)
CALL RAIOD (AoBsCoxToYToZT,LASNI, NI,TE,K,R,D)
SIS(TECI)/ZTE(3)) 414 (K/A) 4 (TE(3)xx2m TECIYx=2)2(1/(K(2)x%3)))
SITRITE(2)/ZTF(2))A (14 (K/6IA(TE(E)*42mTE(2)432)%(1/(P(2)**3)))
¢ SIeha PAZAD EMTRE AS AREAS SI E S3;SI1, A RAZAO ENTRE S2 E 83
31 LaSII»XT(1)=XT(2)+S12XT(3)
MREII+YTOy ) YT (2)+312YT(3)
NeSII221(1)m2T(2)+51+¢2T(3)
CCI)=C1 /811D »CAC ) 2L 40 ) ame( (1) *N)
RE2)=AL2) L +B(2) 40 () xl
DC3)=(1/STI*(A(3)~L+B(3)rM+C(3)*N)
KIS (1) 22220 (1) ¢ (L ACI)»XTCE) 4+l (1) 2YT( 1)+ T () *ZT (1)) +XTC(1Y a2y
*Tli}*td+2T[l)**&
R(1)SODSUKET(RY)
R3= b{%J***-E*Dtsl (La3)#XT(3)+MI3)*YT(3) L (3)*ZT(3))4XT(3) ne24Y
pT( 3&1 Y+ ZT(3)rng

NUCLEO DE COMPUTAGAO ELETRONICA
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Rl

o

11

20

13

15

30

2l

K(2)=sL8ukT(RY)

CaLlk TENPO (T17,TE,D2)

Fla(R/t2) (TR (1)ae24TE (1)eTE(2)=TE(2) *%2)

FE2s(K/Z12) (TR (1) +x243sTE(L)ATE(Z)+TE(2)*%2)
FAS(F/A2)4(mTE(])2al24TE (1)*TR(2)4TE(2)%%2)

SI=(7F {11/7r{;);*i{14#:/ (3)%x3)/(1=F2/H(2)%%x3])

SII=(TE(2)/TF(A)IA( (14 L/ (1) X%x3)/(1mb2/F(2)%n]))

CM.l_. RATQS (E‘J :siloa;’- C,0 ,'n.xf YT ZI L-f ‘ipA{ H’ -\

DO 7 11,3

K(I)=rA(])

CALL TEMPCG (TT,7FE.D)

CALL HELTIOC (LAL L DeXToYYoZTiXApYA,ZR)

CALL GUI (R, XA, Yb,s2,0U)

HO1) o (ReTR QL) *#2) /7 (N (1) 2422 (R (1)4R(2)+(2*SCRT(2)/3)*LU(1)))
H(2)S(X+TE(Q)*22) /(LU (2)*#2x(RP(2)4+R(B)+(P+30RT(2)I/3)25U(2)))
HR)Z (X ATE(3)242) /(HU(3) 422+ (P (3)4R(1)4(PwSERT(2)/3)*G1U(3)))
DO 3 Iz1,3

MHzH(]) .

CALL CUBTC(HH,GANEXT) -
GA(I)=0GANEXT

SI=Z(TFECLI/ZTEC3) I v {GACRY/6A(1)) ,
SII=CTE(R2)/IFE(3)I+(GCA(RY/GA(R))

Cabl nal0s (S1,317,0,B8,C00RAXT, YT 2T LA ML, 6T R)

RO 18 I=t,.3

R(I)=PECT) -

CALL HELIQ (Lir‘-l,"--l,U,'*T.F,\'T,ZT,Yf-,YA,ZM

CALL QUI (RyXxA,Y&,Z4,7)
LECI)2(R(1)4F(2) =S RT(2)2U(1))/(2%80URT(2)#02U(1))
LEC)=(R(2)+R(R)w5uRT(2)20U(2)) /(2454 T(2)*EU(2))
LECR)z(R(1)+R(3)@ILKT(2)2EUCA))I/Z(2250RT(2)*6UC3))

0O 135 I=1,3

MACL)S(X&TE(I)*eP)/(22S5UFT(2)2UL(])*x3)
ROCI)=(eaCl)/ZGACT ) »a2)=LEC(T)
USCII=((2,735,0aPU(1)x02)4((S2,71575,)*R0O(1)»*3)

SCALL TEMPO (TT1,TE,D)

ACI)S(ReTEQI)##2) /(U1 ) #e 22 (K1) 4R (2)42%(SukT(2)/3)20U(1)» (143408

*(1))))
HOP)T(RaTt (2)aa2) 200U (2) a2 a (KI2)4R(A) 42 (SORT(2)/3)+0ULZ)# (143405 7
x(2))))

HE3)= (R *TE(3)%x22) /(U3 2222 (RO1)4R(3)42% (SURT(2)/3)2WU(3)* (1431060

*(3))))

DO 15 I=1,3

HH=HM(T)

CALL LURIC(HH,GANEXT)

GA(L)SGANEXT

SI=(TE(1)/TE(3))*(GAC3)/6AC1))
SII=CTe(2)/TE(3))*(GA(3)/6a(2))

CALL RATOS (SIeS1IoieByCelyPRAraT YT lT oAl oNIsR)

COMECA 0O CALCULU 0S8 FLEMENTOS OKBITALS

CALL COEDIFC(FO TE pr a8,y xTeYTe 2T LA T NI 0p81,81I1,08)

PRIMEIRGS CALCULUD L-S COORDEMADAS ECLITICAS HELIOCENTRICAS

CALL HELIO (LA,=LenlpDpxTpYTe zT;xﬁrYﬁ,zaJ

DO 21 I=1,3

xHCI)=xA(I) i

YH(I)= Yr(fJ*C{b(EJ+£n(IJ*&1 (gD

IH(I)==YA(L)*STH(E)+28C1)=COS(E)

SEGUNULIICALCULD e Pwxp SII: 8 KaZAD ENTRE AS AREAS Y b 3
SITISUSURTO(XH(IIAYH () =XH(3) 2 YH(]) ) 2224 (YH(1)AZH(3)=YH(3)*ZN(1))*#
kb4 (XP (L) *ZH(3)=xH(2)alH(1))*x2) /2

P(a*xs ] T [«*2205a02)222)/(KaTE(S) xxQ)

TERCEIRPO: CALCULG DA INCLINACAD (I) E DA LOKEGITUDE DU NODD, OMEGA
CIS(XH(I)*YH(3)=a(3)AYH(L))/Z(2*S]II)
SESRSURT(1=Clxse)

CALL anGULD (CT,S8E,11)
JIG=(]12180)/3,14d15924535
COREXM(1)#ZH(3)mati(5) LM (1)) /(2+5 111
SO=(YH{1)*IH(3)mYH(3)e2r(1))/(P*SITI
CI=CO ,

SE=50

"'ﬂﬂ'\
L
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Wrugd

c

C

CALL. ARGULE (CT,5E,11)

OMEGAaz=]T

OMEGAGZ(OEGAXTIAN) /3 1815926535

QUZRTYS CALCULD Das ATDMALTAS VERDADEIRAS VI(1), V(3)

CALL AHUVER (HA,SII1,RPpVetiu,01.03)
VGL1Is(Vv(1)d»150)/3,1415926538

V(3= (V(3)*180)/3,1415926535 x
QUInToy CALCULU DA EXACENTRICIDADE , EX

EXI=DIAC1/0C0O5(V(1))) .

EX2=D3» (1 /70CUS(V(3)))

Ex=(txitExe)/2

SEXTUZ CALCULD w0 SEx] EIX0 MmATOR, ARk, B DO MOVIMENTO MEDIO, NM
AE=B/(1mb Xwag)

MM (UOURT (X)) Z(DSURT(LARS(AL*%3)))

MNMOE=Mal B8O/, 1415926535

SETIMUY CALCULD DG ARGUMENTO 00 PERJCENTRO, wP
I1=(1IG*3,1415926535) /140 :

Sa=Zu(y1)/(Ra(1)2008141(C11)) 5
CAZ((XH(1)/RA(1))2DCOS(UMEGA) )¢ ((YH(1)/RA(Y))#DSIN(OMEGA))
Cl=Ca i

SE=5A

CALL ANGULLU (CI,5t,1I1)

wi=sll

WPZH =V (1)
IF(wP 6T, u) GO TO 4o
WP=aP 4243, 1415926535
40 WPOLE (P *1£0)/3 1415925545
OITAaviy CALCULG Da ALOMALIA MEDIA AM
11201163 ,141562653%5) /180 :
CALL ANOMED (V,EX, N4, TT,AMU,T2)
REG= (AMXIAD) #3,1415926%35
VERIFICfCAQ
00 120 1=1,3,°
120 RV (Il)=htr(1=FX*:C05(UCI))) -
CALL EGUATI(UMEGR Py L1 AE o b o EX)AG ACIBAPEC)ABIAX ) AYIEZ BX Y )BZ)
caLt f“UQTE(51:#*;ﬂﬁrﬂi:DYrUZJU;TT;TZ;NV.GﬂfEX,XF,YF,ZF,NF,UF]
CO 131 I=1,3
MEG(L)S(MF(I)*150)/3,1415920535
1531 UFGCI)=(UF(I)*1E0)/5,1415926535
CALL BEWUATR(XFaYF pZ2b p KT, YT 2T, 0L FA,DELTA, GSIJETA,2ET,,AF ,DF, TAF , SUF
kpbErHA,ERKD)
"‘RITELHQQ}
WRITE(b,B) AMGAF ,NMG,EX, wPG, T1G,0MEGAG
WRITE(6,1U)
FRITE(6H,24)
LD 500 1s1,3
S00 wRITECO,)12) T,xbF (1) pYFCI)ZF (), wSICI),ETACT), ZETCI)
ARITE(G,12)
D0 bUC I=1,3
600 wRITE(H,23) T1,aF (1), FurmA(I),LF(1),ERPRD(])
IFCVVX g B ) GU 7O 48
CONTIMUE
PO 4dn l=1p3
ExnuAa(I)SaLFAQCI)=AF(])
dp ERFULCIISDELTAO(I)aUF(])
WRITE(6,49) ’
o 700 151,33
Tl aRITE(L,)57) 1,ERFLRA(L)ERROL(T)
GO TO RHuo
48 JF(LardS(eRRa(1)) LE,1E=6) GO TO 32

GO T 3

3¢ IF(LAsS(ERRACI)) JLELIE=G) GO TO 33
GO TO 3%

33 IF(DASSCERRD(1))LELJIE=d) GO TO 34
GO 1O 31

3

34 JF(Ran8(FRFD(3)) LEL1E=5) GO TO 35

B0 O M
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INICIO GO CALCULD wos 11 MENMTOS UksITAIS PERTURBANDS PANA UATAS
S

PROXIMAS UAS yarne
comM

55

1ue

141
143

VAZ(3)=Y(0)

SEPVACAD, FSSES ELEMEMNTOS SERLC USAnNDS
0 STAKTER A Ilrs,u,b,p NMURERICA D25 LGUACOES PLANETARIAS
CORTINUE
RO 160 121,3
DIxs11(1)
DIG=T14(])
Gri=to(g)
Fral=alLPMI{])
F;F ALZERPC])
=aLb101)
FIT:aLPII{l}
CALL. HESSEL(DIU,OTX LIT LOMFRT FZEFLoFIToFXX)
BLEGP (1)=FXX
FAalzuepnl(l)
Fle=20LPZe(1)
FI=DEPI(1)
FIIZOEFPLIICI)
CALL BESSEL(OIO,RIX,0II,LOM ,FHI FZE,FI,FT1,FXX)
CELTAF(I)=F XX
FMIzROPII(])
FZE=wPLZECT)
FIsnuPI(l)
FII=ROFP1IC())
CALL HESSEL(DIn, 01X, 011,LoM, FMT,FLZE,FI,FXI,FXxX)
ROF(1)=FxX
COnNTINUE
CALLTHANSF (ALF AP, LELTAR,KOP, XP, rp,zv)
CALL PERTUR(ZP,YP , XP, XSG, Y5028y K yMPoFX,FY,FZ,XF,YF,2F)

-CALL VEL”ﬁI(”“r‘!LEr“FrElrﬂPlﬁ“tﬁarIIrVXrV?fVZ)

DO 141 1=21,3
YFACI)=YF(I)
FAQT)=ZF (1)
xFA(T)=xF (1)
0o 143 1=1,3
(JCIY=TT(])

DO 160 J=1,3

XXXFzXFA(J)

YYYFEYFA(D)

ZILF=ZF A L)

Yvvx=vx(J)

YVVY=EVY ()

VvvZ=vZ(J)

RREAZHE ()

FFEX=FX(J)

FEFY=FY{J)

FFFZ=F2(J)

XXF=8HGLIxxXxF)

YYF=506LCYYYF)

L2F=80GL(Z222F)

Vyx=SiibLiyvyx) :

VY=g GL(vVvYy) _— 2

VyZl= q'GL(VVVZ} _ -

RRAZSMNGL(RRRA) s

FFX*ﬁth[‘rFXJ

FFYeSNGLLFFFY)

FFZ=SUGLLIFFFZ)

KKzap Gy, (%)

CALL INTEGH(TIprF,YYF.ZZF.VVX,VUY,?VZ,FFx,FFY,FFZ,HK,T,Y,RRA)
XA(R)=y (1)

YA(R)=Y(2)

ZAL3)=7(3)

VAXC(2)=Y (4)
VAY(3)=Y(5)

Sttt ey pper A - S e |

S



CALL. ILTEGH(TI pxXF pYYF pZZF pVVXa VYUY pVVLobFXpFFY ) FFL KK Ty Y, HRA)
Xp(1l=y(1)
YA(1)=Y(2)
(ACY)=¥(3)
Vax(1)=Y(4d)
VAY(1)=Y(H)
VAZ(1)=Y(n)
Xpt2)=rFa(d)
YACS)sYRACD)
ZAC)=2FACY)
VAX(2)=sVX{Jd)
VAY(2)=VY(J)
vz (e)sve (d)

NULLEU DE CUMFUTAGAQ ELETRUONICA

TE(1)=1
; TE{Z2)=
TE(BR)=¢
Tl rdld)my
TT(2)=TJ(J) 3
TTI(3)=T0(J)+)
PO 150 1=1,3 Y
) RRCIJSXACI)®XACI)I+YACI)IAYACII4ZACII*2AC])
. 180 ROI)=DSUKRTLHER(TI))
; CALL nUI (RyxAeYhsst,ipl)

b 1ol 1=1,3
1ol RA(I)=F(1)

H3)=(K*TE(3)xA) Z(uU(3) 2222 (RO3)4R(1)+(2280RT(2)/3)*10U(3)))

HH=H(3)

CALL CUBIC(HM,GANEXT)

GA(S)=GAatiexT '
LEC3)=(K(1)+2(3)=SURT(2)*0U(3))/(2*SGRT(2)*5U(3)) L.
MA(3)T(KATE(3)422)/(P+SORT(2)4QU(3)#w3) E
KUOCAYS(ACR)/6A(0)anl)=lE(3)
G8(3)=((2,735,)¢P003)*+2)4((52,/71575,)*P0(3)»x3)
HE3)=(RaTE(3)#22) /7 (UU(3) #2222 (H(I)+R(3)42%(SORT(2)/3)+LU(3)*(1+32US
»(33)21)

HH=ZH( L)

CaLl CuBlC (HMH,GANLEXT) r
GA(2)=CGAkexT

G COMECA N CalCULLU COS FLEMENTONS ORAITAIS PERTURBAROS
£ C PRIMEIRO: CALCULD DAS COORDENADAS ECLITICAS HELIOCENTRICAS
Y DO 162 I=1,3
: XH(T)=2XA(1)
; YH(I)=Ya(1)=COS(E)+2AC1)*SIN(E)
. 162 ZH{1)==YA(I)*ETIn(E)+ZA(I)ACOS(E) c
: c SEGUNDOICALCULG UE  Pa, SIJ: A RAZAD ENTFE AS AKEAS 1 E 3
4 SITIgUSHRT((XHCI)AYH(Z) =Rt (D) eY (1)) **2+(YH(1)*ZH(3)=YH(3)xZH(]))*

*hk 24 (A (1) *2H (3 ani (X)) e 2 (1)) a2 /2
Pe(adaSIIIangxGA(3)ar2)/(KaTE(R)%22)

C TEXCE TR CALCULD DA InCLINACAOD (IY) E DA LONGITUDE DO NODO, OMEGA
CI=Oxt (i) ayH(3)=xH(3)=Y4(1))/(2*5111)
SE=030rT(1=Ci*eg)

CALL ANGULG (CI,38E,11) :
II1G=(II+180)/3,14199P0535 H
CO=LXHOL)*ZH(3)mXH(3)2LH(1))/(2%3T11*3E)
SOS(YH(L)wZH(3)»YH(3)AZH(1))/(2*SI1]+*SEk)
cI=cu
SE=30
) CaLl ANGULO (CI,S8E,1I1)
j} ~ OMEGAZ]TI
OME GAG= (OMEGA#I NG ) /3, 1415926535
C QUARTO: CALCULD DAS AHGMALTAS VERDADEIRAS V(1)e V(3)
CaLL AfUVER (Ra,SIIT,2,y,U,01,03)
= TOVG(3)=(V(3)x18a) /3 1415926535
VGCI)=(v (1) *x120n) /8 1415226535
c pULHTO: CALCULG DA FxCENTRICIDADE , Ex

EX1=01+(1/DCDS(VETY))

EX2=052(1/0C08S(V(3)))

EXZ(EXI+EX2) /¢

W R



NUCLEO DE COMPUTAGAO ELETRONICA

Ly

NUCLEO DE COMPUTAGCAO ELETRONICA

C

163

42

10
24
14
12

23
25
45
ul
43
59
70
BOo

SEXTU: LALCULD DO SEMI EIXO MAROR, AR, ¢ wu MOVIMENTO MEDIO, KM
AESP/(1=EX*+x2)

NME(DSURT(K))/CLSHRT{AR223))

WhMGalifag 1’.“-":/’_‘}. 1415920535

SETIri0y CALCULD 0D AXGUUENTO D0 PERICENTRO, of

F1~C1106%23 1d15926%35)/153¢

SAzZH(1)/(HA(T)sDSIG(TIT)) :
CAZ((xH(1) /8B (1))+DCOS(UMEGA) )+ ((YH(L)/HA(1))*DSIN(OMEGA))
Cl=Ca

SE=84
CaLL ANGULDO (CI,S5k,11)
=B

PzZvil=V(1)

IF(eP 6T G) GU TO 163

.’.P:.-.’»‘-t,")_xs 1415926548

»thiiP*]ru)/§,1u15?Hn555

OITAyUS CALCULY DA AROWALIA MEDIA ApM

JISCII06%3 1415926%35)/1080

CALL ANOMED (VobEXpuM, TT,A01,U,T2)

BMGR(AMELIE0)/5,14159¢0535 \

CaLlL LOUATI(OMEGA, mP, J1,4E ,E,EX 80, AC,BA,BC,AB,AX,AY,A2,8X,BY,BZ)

CaLl EQUATC(AXpAY g AZat3X g B8Y o8, TT T2, g AM E X, XF , YF e LF ¢ MF ,UF)

ALFasal.FACLJ)

POELTAa=velLTA(J)

PXT=XTLd)

PYT2YTLI)

P2T=Z21(d)

CALL ERUATU(XF o YF o 2F o PXToPYT,PZT,PALFA,PDELTA,WST,ETA,2ET ,AF,DF ,EF
kHA,ERKRLD)

WRITE(H,49)

MRITE(6,8) MG AE NG FXp PG ]16G,0OMEGAG E

HWRITE(Ly41)

RRITE( 6&,24)

b0 4¢ j1=1,3

VHITE(Op1) Lo XFCI) o YFOL)pZF (1) NSICL)PETACIY) ZET(1)

WRITE(n,12) _

1=¢ L

AWRITE(op23) T,AF(2),EREA(2)(DF(2)ERRD(? }

ALFACY)IZCAR(2)#5,14154926536+15) /149

DELTA(JISUF (2)*5 1415926535%1/)140

ConTINUE

00 144 I=1,3

T7(1)=1J(])

GO TU 36

FORMDAT (4F 1P, 4)

Format (4F18,4)

FORMAT (25X paTARELA OS5 ELEMENTOS DRBITALSEH)

FORMAT(/Zp 2 CANIMAL LA PEDRIAZOFY Jabhy/ /92X 2 OSEM] EIX0 MAJOR=OF10,6,/
*/ 2K OMUNTIEHNTO 2 BI020F 0 ,6,7/7,2X, 06 XCENTRICIDADESGF1Q,0,//,2%,0¢
*RGUIERTO DU PENICENTHOZOF 11 ,0,//,2%,0INCLINACAOZBF I, 00//7,2% GALLIT
* ASCEHDENTE=OF14,.8)

FORMAT(/ZZ ¢ 35K, CEFEMERIDESS, //)

FORMAT (9K, BXFO, 13K, 0YF6,13X,02F0,13X, ou510,1ax BETAD, 12X, 38LET0)

FORMAT(I(2X,11,6F15,10,/)) :

FORMAT(//, 2,5A'ccrlwﬁifLﬂ§»35 //7XJOALF456(1CX;QERQAGIQX10DELT4&F5 11x,0
*ERKA)

FORMATCI(2X, L1 dF15,10,2))

FORMAT(UF 1K d)

FORMAT(29X,0TatEba DUS ELEMENTOS ORBITAIS PERTURBADCSD)

FORMAT(/// 235X, OEFEMERIDES PERKTURNADASG,/7)

FORTUTC/Z,39%, 0C0OKSECOES FIUAISD, /7,75, 0ERROAD,9X, 0EFRUDD)
FORMATC3(2X,11,2F19,10,/))

FONMAT(4F 18, 4) -

STOP (/

END \
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SUBROUTINE SOL(XSA, X529 XST,XSIT,Y8A,Y52,Y81,Y511,25A,2582,251+2511¢
*XS,Y5,28,TT,74,1D0) :
DOURLE PRECISIUN FXX :
DIMENSION XSAC3) e xS2(3),%x31C3),xS11(3),Y54(3),Y82(¢3),YSI(3),YSII(3
*),LSAL3),Z82(5),251(3),Z81103),%8(3),YS(3),25(3),TT(3),TA(3),TDL3)
DO 1 I=

DIU=TALL)

BIX=T71(1)

DII=TODC(C])

FRIsxsal(l)

FZE=Xxs2(1)

FI=xS1(1)

FII=xS11(1)

CALL BESSEL(DRIO DIX,DIT,LOM, FML, FZE,FI,FIL,FXX)

X8(1)=FxX% :

FuI=ysa(l) -
FZE=YS2(1)

FI=Ys1(1) _—

FII=Y513C1)

CALL BESSEL(DIC DIx DI LOMFMT, FZE,FIFTI,FXX)

YS(I)=FxX

FIsZSa(])

FZE=252(1)

Fr=Zsy(1)

F1I=2811(1)

CALL pESStL(DIU,DIx DIX LOM F T, FZE)F1oFTI,FXX)

ZS(1)=F XX

RETUK!

EnD

e e e e e e e —— ————— — . ——— T —— T P T o S A S T A e g T B P8 s S

SUBFOUTINE TUPOC(XS,Y53,28,TSeLAT,CRO,XT,YT,2T)

TRAGFDRNA COORDENADRAS GEOCENTRICAS DO SOL

Em COOKPDENADES TOPOCEHTRICAS

DIMENSION x$5(3), Yq(s),?S(B),TS(4};Dx(53,07[3)aDZ(E),xT(S},YTIBJ;zT
*(3)

DOUBLE PRECISION XT,YT,2T, ox.'Y. )2

We, 0000427

0o 30 y=1,3
OX(I)z=O0ROXCOUS(LAT)IACOS(T
DY(1)==mprOxCostLATY *5INCT
DZUI)=mOROXRSI(LAT) aw
XTCI)=xS(I)+DX(])
YT(I)=Y3(1)+DY(I)
ZY(1)=2S(1)+02(1)

FE Ttk

£ ND

1))
& )

30
T8¢



44

"y
L b ¥ g | T A Tl G AT e

32

6.3

SISTEMA

SF}E':-L=UTIi-!E: CODIR (ALFA,DELT 'L;t'feI'!_iI'&,H'C'E;I-_,J
DETERMINA OS COS DIRETORES € AS CONSTARTES DU
GQUE OEF 1HE Lo

DOUBLE PRECISION La,il ey NIgheB, C+F ¢ ,;l‘,f“

OIMENGTION I'th[))f‘.{LlifS) CAC3) 4 MIC3),HI(3)2AC3),B(3),C(3)

Do &0 1=t,

L"tI\~Lh1(ifL|~;I)J S(ALFA(1))

MICT)SCOS(DELTA(I)) w(;L{q{I]J

NICI)=SIN(LELYAC]))

FSMT(2)ANI(3)=MICS) 1] ()

Ca=lA(2)AN](3) *L.tk‘)"- 1(2)

"J Lal2d aMI(3)el g M1(2)
sba(l)*FaMl(1) b+ 31[1 J*h

5(1J”F/”

BC1)=6/D

CCL)=G/D
A(2)s(MIO1)ANT(3)=MI(3)aNIC1)) /D
BOEIS(MIC1)*LaCs)=rl(
CC2I= (LA * M1 C3)mLA(3)aMI(1))/0
A(3)m(MICI)RNT(2)=NI(R2)2NI(1))/D
BORIS(MICIdaLale) =10 2) o AC1)) /0
Cl3)=(LAa(l )« ICe)mba()aMICL)) 2D
EDp=D

RETUKDY

£HD

3IxLA(L)) /0 .

-

AT LT T i £ L g LT et

SUBROUTINE BALO
COUsLE PRECISICH
*&&|H%'q’!” Hu'!!.};*%;hm'

Lh .',,.' 41,!\ ks (-,XT YT l'rpﬂp
tg K

e e o

(A By CoXT o YT 2T, LA, MT, N, TE,K,R,D)

ﬂa.aw.hf,n1,el A2,82, "

CIENSION A(3).1(3), L(*J;xT{SJ YTCR) o 2T (3, LAC3) oI (3),HNIC3),TE(CS)

*,R(3),Ra(3),0(3)
ﬂb TECL1Y2TE(D)
50'(1F{1)/1t{6)Jl[K/tJn(TF(%J*tL-TF(I)*tE)
1STE(2)/ZTE(D)
Hl-t1£(9J/Ik(%J}-(“/cl»(Tf(ﬁ)**e-Thterpa}
AZnil#xT(1)=x1(2)400+xT(3)
BESBIAXT (1) +BexxT(3)
AR=AixYT(1)=YT(2)4402YT(3)
HASHIAYT(1)+B2+YT(3)
AU=AIRZT(1)=2T(2)+2022T(3%)
BA=RI* 2Tt )+nur20(3)
BS2A(2) a2+ () e 8340 (2) vAY
BS=A(2)«B245(2) B340 () at3dd
L= L&(?J*x1£91*”I(?}*YT(£J+AI(2)*ZTC?J .
BOSXT(Q)*#x2+YT(2)4r2+427(2)axp
DEP)=a5+(BS/(F(2)2+3)) '
RA(Z)=DSURTID(Z2)s#¢ -9*D(£)*ab+~u)
IF(RACR)~K(2) LT, 1E=0) GO TO 31
H{g)sHAa(2)
GO TC 32
R(2)=PA(2P)
RETUHN
g U



% SUBROUTINE T
C CatcuLA 05 7
POUSLE PRECISION O
OIMENMSIUN TTC2),1L(3),0(3),TA(3)
DO g I=3,3 :
TACI)=,00577+0(1)
56 TT(I)=1T{I)=TA(L)
TECLI=TT(2)=TT (1)
TE(2)=TT(3)=TT(2)
(3Tl )sTELR)
KETURN
EfiD

e L1 1aYE DD

"
FiuPnS F JUTERVALDS CORRIGIDOS DA ABERRACAD
5
(

SUBROUTINE KRATOS (SIeSIIoAslgColsRApXToYToZToLA,MI NI, R)

C CALCULA LS DELTAS £ 08 KAIOS VETURES :
DOUBLE PRECISION ApBeCoDoReXT o YT, 2T LAMI, NI, RA, RO, L M, Ne81,811
DIMENSION AC3) ot (3)pC(3)p0(3)sR(3)pXTC3)pYT(3)9ZT(3)oLAC3) NIC3),N

*IC3),0A(3),RD(3)
LESIIaXTl1)eXT(2)+STIaXT(3)
MESTI2YT(1)=yT( ) +ST2YT(3)
NeSTI*ZT(1)=2T(2)+31+2T(3)
DCYI)=C1/31I) 2 (AC1) #L+S (L)Y AMSC (1) *F)
DI2IZA(2)*L4E(2) ~ueC(2) *n
DES)=Cl /81 )2 (ACA) a4 (D) 2?4 C [ 3)20)
DO o€ I=1,3
ROCIIZU(I) #22m220(T)ACLACI) AXTCI)+MICI)*YTCID4nNTICII*ZTCI))HXT () %2

* 24 YT (1) eecaZV(T)ae?

00 KACI)=SUSURT(ROCI))
HE TLURD
EnMD



SURKOUTINE HELIO (LAMI  NT oD xTo¥T 2T XA,YA,ZA)
CALCULL a5 CoOrDEnALAS HELIDCENTRICAS DU ASTRO
DOUSLE PRECISTON Lﬂ’rllr‘.:ll.'l“‘!"rt"T;?_T:,l’_ﬁ;Yﬁ,Jﬂ
CIVMENSION LACS) pMIC3) ¢fil(3)¢0C3) o XTC3)pYT(3)22ZT(3)eXA(3),
*";\[%),Z-‘ql_‘}}
BQ T0 I=1,3
XA(I)=LACI)*D (1) =xT(1)
YACT)=MI(1)xD(1)eYT(])

70 ZA(1)=nICI)2D(1)=2T¢(1)
RE Ttk
£ D

SUBROUTINE QUL (KeXRApYApZA,0QuU)

CALCULA A5 QUART AUXILIAKES qguUI),qul2),qu(ld)
DOUBLE PRECISION Mo KA, YA, Za, WU, U1, 0U2, QU3
DIMERSION ML3) s XA(3) o YAC3)SZA(3),0UC3)
QUIEK(1)2R(2)+xA01) exa(2)+YA(L)#YR(2)+4ZA(1)*24(2)
PUCL)=0sWrT (OUL)

QUK (2)*R {3+ XA(2) *XA(3)#YA(2)*YA(3)$24(2)*22(3)
GUCS)=NSHRT (uug)

USSR (1) %R (3)¢XA(1)#XA(3)+YA(T)*YA(3)+2A(1)*ZA(3)
BUECR)=0SdRT(uU3)

RETUKN

END



SUBRUUTINE CUBIC(HH,LAREXT)
LOUSLE PRECLISTIUN RH,GAL,GAREXT EPSLO
POL(GAA)SGLAsx3mGAh e JmtMAGAAmMII/D
FRIME(GAAISA*GAA A =P i Gn AR
GANEXT=] '
EPSLUSE=S
LIVMIT=2G
fhomis

30 fumrig]
GAASLANEXT
IF(PRIME(GAA)) 10,1,10

1 COnTInUE
CALL EXIT

10 GAREXTEGAA=POL(GLA)/ZFRINE(GAA)
IFCUAES(bAL=GAREXT)»EFSLU) 2,2,20

¢ CONTInUE

GO TG 5 ;
20 IF(n=LINIT) 30,30,3 - ;
3 GO Tu S
5 KETUNN
EHD

SUBKOUTINE ANGULO (CI1,8E,I1) ,
C CALCULA v QUE JUADRANTE ESTA O ANGULO DESEJADD
COuBLE PRECISION C1,5€,11,8E1
IF(CI.EQe®) STOP
SE1I=5E/C]
IF(5E+0) 80,81,82
80 IF(3EI+0) K3,83,84
B3 JI=DATAN(SE]I)+6,28381853071
Gu TO 91
Bd I11=3,1419920535+0ATAL(SE]L)
GO TU 9}
81 I1l=0
GO T 91
82 IF(8eI+0) 85,8%,R6
85 I1I=DATAN(SE])+3,1415926535

GO 10 91}
Bt 11=DaTAaMN(SE]) '
91 RETURN - i

END



e7

SUBROUTINE ANOVERIRA,SIXII, P, v, uti,D1,03)
DIMENSBON V(3),RA(3), BU(3) -
COUBLE PRECISION KA SILIsPVa01,D3,TVE,V2, QU
SYIzs(2»3111)/7(a(1)era(3))

Vi=ar3]n(svy)

Rlz(P/KA(1))=1

D3=(P/RA(S) )=

Tve=((D1=03)7(D1+03)) + (0 (\J**f)/(r*olll}
IF(TVE)1+1,2

IF(OI=03)3,4,45

Venh.ﬁbﬁlu5§w71+bgig'(TJ&}

GO TU 6

veesi

GO 10 o

Vaz3,14159205354+DATAN(TVS)

GO TO 6

IF(D1=D3)5,4,9

V2sDATAN(TVR)

v(3)=y2+(vi/2)

V{i1)sve=(vi/2)

RE TURD

Enp

e e s e e m e S S — e o L M O

SUBHOUTINE ANOMED (V,EX NM, TT,A0,U,T2)
DIVMENSTUN V(3),U(3)eM(3IpC(3)sMZL3),4TT(3)
DOUSLE PRECISION ,ptk;li ';H\I;L;,TU UI,H C,*ﬂ‘
00 27 1=21,3,2
TU‘U5HF1{(1"XJ/(l+tx)J*UT&h(€(I)/2J
UIs2*DATAMN(TU)

IF(nTah(UlJJ fales?
IF(V(I)eblTo3,1415%920535) GO 1O 3
UlIJ—zﬁTﬂulHTh*{UI)J+£*3 1415%2053%
GO TU 8
U(I}—“nlh,[uTnu{u1)315.1u1ﬁqer555
{3{‘! [{, ‘.3

IF(V(1),6T,3,1481592653%) GO TD 3
U(I}:DﬁTA}(DTLI(UIJJ

MOI)=UCI) =EX*0STMCUCT))
TZEHFIX(TT(2))+}

C(I)=mtia (TT(I)=T2)

MZCI)=m(1)+C(])

AME(MZ (1) +MZ(3)) /2

RETURT

END



. SUBECUTINE EGU”r1(UVFUﬁp“PrII:JF:ErﬁlfﬁﬂrQCrH5;HCr&HfAXrAYrAzrﬂX!U
*Y,HZ) ' : i .
Uuubtt‘PHtﬂlﬁjuu ak,ﬁT,hZ,dX1,dx,HY,Ez,ga,nC,hL,BC,;B,UM&Gd,&P,ii,

*EX, AL :
AXE(CCOS(OMEGAYADCOR(P)=DCOS(II)+D3IN(OVEGAY#DSTIH(P) ) 2AF )
AYS((DSIN(UMFBA)2OCO8(wPY+RCOS(LLI)#0COS(UNMEGA) #DSIN(WP))*CQ8(E)=DS
kIO (IL)*0SIr(aP)»SIN(E ) 4AE

Rz L(DSIN(OMFGA) 20COS(wP)HDCOSCITI*DCOS(OMEGA) «DSIN(AP) ) *SIN(E)IDS
(1) 20O (nP)2CUS(F)) P AE

BX1mAE ¢ USGRT (1=t X xap)

HXS(=OCUS{UMFLA) eRSIN(WP)=UCUSIII)*0SIN(OMEGA) »LCOS(wP) ) *RY Y
BYS((=DSTNCONEGA) A0S [ (WP)+DCOS (1) #DCOS (OMEGA) #DCUE(+P) ) #COS(E) =D
*SIN(II)CLCOS(wP)aSLri(R)) X
BZE((=0SIN(OMEGA) *DST (AP )+BCOSCLI)ADCOS(OMEGA) *DCOS (P ) ) *STN(E) i
*SIN(IIIADCOS()»COS(E))*RXY
AASAXt2 40 Yra 42 er
ACSAE*ap
BASEX2424BYa 22+ 7200240 ,0
HCEAEAa2e (1 =F X#r2)

ABSAXEb X+ AYrBY+AZABZ

RETURN

END

SUBROUTINE EQUAT2(AX,AY ALy BX, BY, BZyUpTT, T2, 00, A EX,XF, YF, ZF MF 0
*F )

I4PLICIT DOUsLE PRECISION (A=2)

Reak 11,72

INTEGER 1 : '
CIMENSTON G(3)sCO3)pAC3),6C3), TTC3), xT(3),¥YT(3),2T(3),xF(3),YF(3),
*2F (3),4F(3),UF(3)

CQl)s=atia(TT(1)~T2)

Cl2)zenta (1T(L)=T2)

C(3)=miiMa(TT(2)wT2)

0O Y I=1,3

fF(I)=sAr=C(])

MEF =0F (1)

CALL UFINCEX,MFF,UFF)

UF (1) =UFrF

MEFF=MF(2)

CALL UFIN(EX,MFF P UFE)

UF (2)=UFF .
MFEsME(Z) T L
CALL UFINCEX,MFF,UFF) ' gl

UF (3)=UFF

GO 2 1=1,3

A(I)=DCOS(UF(I))=EX

sCI)SDSINCUF(I))

XF(1)=AA!Q(I]+bKlU(l)
YF(I)=AYXACT)4EY 4 (])

LF (L)SAZ*AC1)+pZer(])

RETUKN

END



T

*

SUBRCUT INE

EGUATY(XF, YF,ZF o XT, YT, 2T, ALFA,DELTA,Q81,ETA,2ET,AF (DF 1

AF p SOF g LRIA , FRED)

IMPLICIT
INTEGEK

1

DUUBLE PRECISION (A=Z)

KeAL dLFA,LpLTa, ﬁLFZF,LF{T&F,AL#AP,!ELT“@

DIMEMSIO

M

)F('))l‘{"{.’) (’F( }: 1;-\ JIET (_J;ZET(.’}I L{P‘(});GEL1 (3);

*TAF (3)rSDF(3) g AFC3) LECR) ,ACCR) ,ERRACE) ,ERRD(3)»XT(R),YT(3),2T(3),
COF(3),TOF(3),ALFAF(3),DELTAF(3) ,ALFALC3),DELTADC(S)

*

SUBMOUT INE

00 1 1=1

? 3

E3ICI)=xFLI)+xT(I)

ETACI)SYF(I)+YT(T)

LET(L)=2F(1)427(1)

TAFCI)=(ETA(L)/Z81(C1))

SOF(I)=(ZET (1) /7CUSUNT(EIT(I)*#24FTACTI)A*24ZET(I)*%2)))
AC(L)=DATAN(TAF(I))

IFCALFAQI) LT ,3,1415926535/72) GO T0 2

IFCALFACL) LT 323,1415926535/2) GO TO 3
&F(IJ-“LLI1+a*s ulboﬂbsss

O TO 4

AF(1)=ACC(T)

GO Tu 4

AFC(I)=ACTI)+43,1415926535

GO 10 4

AF(I)=(h F(I]*lﬂl]/{j 1415926535%15)

“'"I\

COF

DF(1)

1

(1) GRT(YmS0F () an2)
?DF(Ijrthti)/( L1
=1 HTlr;[‘!_‘F([J]

DF(I)=(DF(1)*1E1)/3,1415926535

ALFAF (I)=ALFACT)*180/(3,14d159926535%15)
ERRA(I)=ALFAF(T)=aF (1)
PELTAF(I)SOELTA(I)»1080/3,1415920535
FREKO(TI)=UELTAFC(T)=0BF ()

RETURL
EnD

UFIMN(EX,"FF,UFE)

IMPLICIT DOUBLE PRECISION (A=2)

U=o
ARGSCFF +U
UF=EX%x23

UsUF
60 TG 3
UFF=IFF 4UF

RE TUM
Enp

I00CAKG)
IF(DAUS(DARS(UF ) =DAES(U)) LE. IE-O) GO 10 2

—— e,




ONOOO

SUBRODUTINE CORDIF(ED ) TR K pRApXToYTp2ToLAMT,NLI«0sSI,SII,08)
CALCupLa A5 COrkECDES DIFFRENCIAIS DAS RAZIDES DAS AREAS = BagFADQ NAS
CURRECOES DIFERENCIALS DE LEUSCHOER,

IMPLICIT DOuUBRLE PRECISION (A=2)

KEAL TE

T6TEGER 1

DIMENSTUN XTC(3),YT(3),2T03),0(3), TE(3),HA(3),LAC3),MI(3),n1(3),A(3

*),8C(3),5P(3),F(3),Fa(3),F8(3),FC(3),PP(3),1(3),08L(3),0S(3) ¥

AC1)=TE(L)/TE(3) :

A(3)=TR(2)/TF(3) .

SPU1)=a()*x(1+(K/0)*(TE(3) 2x2=TE(1)xx2)}*(1/RA(2)*%x3))

SP(3)=A(3)a(14(K/0) s (TE(3)axP=TE(2)xx2) 2 (1/HA(2) #23))

FIZ(K/Z12)2(wmTE(L)2»2+TE(1)2TE(2)4TE(2)%x*2)

F2R(K/12) % (TF (1) ~«2+43+TECL)«TE(2)+TE(2)x%x2)

FI1s(K/Z12)%(TF (1) ee2+TE(1)2TE(R)=TE(R) *%?2)

SCC1)=AQI)*((1+F3/RA(3)*#23) /1 =F2/RA(2)*%3))

SC(R)=A(3)*((1+F1/Ra(1)rr3) /()1 =F2/RA(R)AX3))

RCOXT(2)XLA(L)+YT(2)*MI(2)I+Z2T(2)*N]I(2)

po 1 l=i,35 -

FACI)SLACL)ACYT(1)~NI(3)=2T(1)*M1(3))

FBCI)=MIC1)*»(XT(I)AMI(3)=2T(1)2LA(3))

FCCI)=nI () A (XTCI) AT (3)=yT(I)ALACH))
1 FOI)SFACT)=FB(1)+FC(])

PzD(2)=RCU

PAS3*p/Ra(2) %%

DO 2 1=1,3,¢2

PP(I)=S8C(I)=A(I)

BECI)=PP(L)*PA

DO 3 I=1,3,2
3 DSLLI)=SP(1)=3C(I)

CSEDHF (1) xs(1)+r (5)#(3)

DO=(=F(1)*0SLC1)=F (3)+05L(3))/0

DO 4 I=l,3,2

DS(I)==t(1)*00

Sy=81+05(1)

SII=z311408(3)

RETURN

£ N0

SUBROUTINE BESSEL(DIO,DIX DIT LUMFHT F2E,FI,FI1,FXX)

ATE AS DIFEREACAS SEGUNDAS

IMPLICIT DUUBLE PRECISION (a=2)

REAL LOMyDIQ,0TXe QI Ftal ,FZELFILFII

PIX=CATA PARA A QUAL DESEJA=SE INTERPOLAK

G2 FATUR DE INTERPOLACAQ :
DIO=DATA IMEDIATAy ANTERICR A DIX; DII=IMEDTATA,Z POSTERIOR A DIX
F2E,F] DADOS COURESPUNDENTES A 010 E D1x RESPECTIVA/

Fly Il DANOS THEQTATA/Z AGTERINRFS E POSTERIORES AFZE & FI
LOMSLUMSIU0/(38,1418926539%15424)
NRE(L/Z(UTI=DIM ) (UIx=CI04L0H)

FDISFZE=FM] _

FD2=FI=FZE 0 -

FOA=F1I=F1I -

FOU=FOP=FDY

FOL=FO3=FDZ

FXXSF2E+NB*F O (psa(ninw] ) /d)* (FRDO4FLL)

KETURN

£



o

SUBROUTINE TRANSK (ALFAP,CELTAP,ROP,XP,YP,ZP)

THAMSFORUA

COORDFSADAS CSSFERICAS GFOCENTRICAS DOS PLANETAS

C PEPTUFUALUKES (ALFA,DELTA,RU) EM CUURDENADAS RETANGULARES GEOCENTRIC?
C  (XPeYP,2P) -

POURLE PRECISIGH xP,YP,ZP

\

DI iuolul HLFap(s),ur;Tﬂv(3;,rUJ(5J XP(3),YP(3),2ZP(3)

PO.1 Is=l,

3

ID(I]ﬂ“UP(lJ*CﬂJ[UELTﬁP(I]JtCUS(&LFAP(I)}
YP(Y)=RUP(I)*COS(DELTAP(I))I*SINC(ALFAP(]))

KE TURN
1D

L S —.

L

ZP(1)sROP(I)«SIN(LELTAP(]))

SUBROUTIHNE PERTUR(XF )YP)ZPyXS)YS5,28, Ky MPyFX,FY FZ XFyYF,ZF)
C CALCuL?™ A5 C

1PLICTY
INTEGEKR T
REAL 1P, X
DIMENSTUN
x(3),YH(3),
*JfﬁTﬁ{ﬁ)t
Lo 1 I=1,
UET(1)=xF
ETACL)=YF
LET(L)=ZF
X(I)=051¢(
Y(I)=ETA(
2(1)=2€e7(
RPCI)=X(1
ROP (1) =rp
A(1)=X5(1
C(1)=28¢1
g(I)=y&8(1
K1(1)=a(]
RCI)=K1(1I

OHPOMESTES Da FORCA Dt PERTURBACAD DE CADA PLANETA
DOURLE PRECISION (A=2)

b'YJf?q

xP(3),YP(3),7P(3), xb(S) YS(3),25(C3) ,Fx(3),FY(3),FZ(2),xF
ZFEAJ FP(3), th(lJ,a(’J (%), LfSJ,RitsJ H(I),H?(SJ GST(3

iET(SJ:‘lbj T(‘J: (3)

(1)+XS8¢(1)

(L)+YS8(1)

(I)+45(1)

1)=XP (1)

=yP(I)

1)=2FP(1)

Jt4(11+vtIJ«YtIJ+dtIJt£(IJ

(I)*OGHURT(RP(I))

I=XP(1) o b

I=LPL1) '

IJ=ypP(])

J*n(13+“(IJ*“(I)+CEIJ*C(I)

Y*OSURT(RI(I))

CEXCI) =k aniPpe (X(T)/RUPCI)mA(TIY /(1))
FYCI)=nariPx(Y(T)/RUP([)=B(I)/R(]1))

FZ( ):KaMPQ(Z(])/k‘P[ )-t{IJ{t(‘)J

WRITE(6,/) FX,FY,F2

RETUKI
Enp

I R S A S ML S

(22



£ GARLEULA

SUBROUTINE VELOCTI(RA,X,AE, UF JEX, WP, OMEGA, T1,VX,VY,VZ)

IMPLICIT
INTEGER ]

A3 VELUCIDADES

DOURLE PRECISION

MO SISTEMA. FQUATORIAL HELIODCENTRICO
(é=2)

DIMENSION RA(S) UF(S5)sUSL{3)pETLI3),VX(3) VY (3),VZ(3)

ov 1 [=1,3

GSL(I)==(1/RA(1))+DSURT(K*AE ) xDSTH(UF(I))

AzKapt v (1=EXaEX)

ETLCL)=C1/KACI) ) *DSARTCAIADCOSC(UF(TI))

B=DCOS(P)
C=DSIti(uP)
D2pCescll)
Ezus51n01]1)
F=0CO5(0NMEBA)
G=D3IN(UOMEGA)
Ditzp+F=CALxD
D1°=BAG+CxF %D
D13=CHE

D212mC b mBrGrD
D2e==(*G4+B2F D

Doisn*t
00 2 1=1,3

VX(I)=D112GSL(T)+D212ETL(I)
VY (D) =D12%30 (1) +D22#ETL(T)

RETUK®Y
Enp

VZL1) =D 3+UBL(T)+D2326TL(T)

‘:
4

SUBROUTINE INTEGH(TI:XKFIYYF!ZZF;VVKIVVY!\"VZ:FFX:FFY:FFZ!K"(;TrYr RR U
*8) '

PROCESSA A JNTEGRACAD NUMERICA PARA DATAS PROXIMAS AS DE OBSERVACH

ExTERNAL DFN
ReEal KK

DIMENSIUN Y(6) R(u),S(6)sniK(174),0Y(6)

YC1)=xxF
Y(2)=YYF
Y(3)=21F
Y(d)=yvyx
Y(5)=vvy

¥(e)=vvy

S(1)=xxF
S(2)=YYF
S(3)=21¢
S{d)=vvx
s(%)=vvyY
S(6)=Vv2

T=0

H=L,15
HMlnz=Q,01
EPS=0,0000001

=6

JMzo

Inp=2
JSTART=n
PQ 2 I=1,5

B0, 24FLOAT(])

CETTS

IFKHlenH’“TJ

CALL DYA(RRA,FFX,FFY,FFZ,KK,Y,DY)
CALL DREBS (UFN,pY T o0, My IND, JSTART ;M HMIN,EPS,R, Sk, IER,DY)

IF(IER ,ME D) STUP
1F (T'LT.HFHHI'-}J

nlITeE(6,/2) T,Y
RETURN
EMD

GO TO 1



SUBROUTINE INTEGN(TIsxXFo YYF.ZJF qvx.UVchvzpFFXaFFYrFFZ;hKaT:Y Ll
*A
pinchaH A INTEGRACAQD hu%gwlgn PARA DATAS PROXIMAS AS DE OBSERVACAZ
EXTERMAL DFAN
HEAL KX
DIMENS TUN Y(o),"(6),58(6),nKk(174),DY(6)
Y(1)sXXF
Y(Z)=YYF a
Y(3)=ZLF
Y(4)=svvX
Y(5)svvy
Y(6)=VVZ
S(1)=xxk
S(2)=yYF
S(3)=27F
S(4)svVX
S(8)=vvy
S(e)=vvs ,
T=0 f -
HE=G,15
H-‘-ﬂl.'-i:--').(}l :
FPSz0,0000001 ' )
N6
J,-‘.--]:b
Inpse
JETaRT=n
RO 2 Iasles
B0, 2*FLOAT(IL)
1 IF(ABS(H) BT, (K=alt§5(T))) HEmB=T
CALL OYA(HRA FFEXIFFY FEZeXK, Y, DY)
CALL DRLdb (OFN,YpTyehygd ,qu,JsTnRT,H H”INrtpSrkJSIlK!IER DYJ
-JF(IER, NE ,0) STUP
IF(AHo{T) LT, (B=AuS(HMIN))Y) GO TO 1
2 WRITE(6,/) T,Y
RE TukK
END

cm e e

SUBRUUTINE DYACRRA,FFEX,FFY,FFZ,XK,Y,DY)
KEaL, KK

DIMENSTION Y(o),CY(0)
DY(d)z=mAKEY (1) /0 ana3+FFX

DY(S)owkKkY (2)/HHEARMILFFY

DY(6)3=KayY (3)/5RA«234FF2

KETUMY

END



SUBROUTINE OFN(Y,T,N,DY)
KEalL MK

DIMENSTON Y(6)2DY(0)
DY(3)=Y(4)
PY(2)=Y(5)

DY (3)=v (o)
DY(ua)=zpY(a)
CY(S5)=0Y(S)
Oy(e)=0v(o)

KHETURN '

EnD

e et . i i e . et . o B 8 S

SUBKOUTINE EQUATU(XF s YF  ZF o PXTyPYT PZT,PALFA,PDELTA,GS],ETA,ZET,AF

%, UF ,EFRA,ERFU)
IMPLICITY DO0URLE PHECISION (A=2)
RERL PALFA,PDELTA,PALF ,POLEF
INTEGER T

DIMENSION GSI(3)sETACE),ZET(3)pXF(3)sYF(3)s2ZF(3)sTAF(3),SDF(3),AC(

*3),AF(3),COFC3), TOF(3),DF(3),ERRA(3),ERRD(3)
WOT(2)=XF () +PXT

ETA(2)=YF(2)ePYT

ZET(2)=2F(2)+P2T

TAF(2)=(ETA(2)/7US1(2))

SOF (2)=(LET(2) /DSURT(USI(2)#*2+¢ETA(2)**2+4ZET(2)%*2))
ACC2)=0ATANCTAF(2))

IF(PALFALLT, 3,141%926535/2) GO 10 2
IF(PALFALT 3#3,141592693%/?2) GO TO 3
KE(2)=4C(2)4223,141592n535

G0 TU 4 -

AF(2)=aC(e2) :
GO 10 4 o 3
AF (2)=AC(2)+3,1419926535 e

GO TQ 4 = By SuR
RE(2)=(AF(2)%x181)/(3,1415926535%15)

CDR (2)=030ukT(1=50F (2)*222) .
TOF(2)=5DF () /COF(R)

DF(2)=DATAN(TEF (2))
CF(Z)=(LF(2)*18u)/3,1415926535
PALFSRALFA* IR /(3,1415926535%15)
ERRA(2)=PALF=aF (2)

POEF=PDELTA*1BG,3, 1415926535
ERRD(2)=PUEF=0F (2)

RETURMN

END

e
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