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Os ritmos bioldgicos sdo fundamentais para a compreensao do funcionamento
fisiologico dos organismos, sendo uteis na prevencao e tratamento de doengas. O ritmo
cardiaco ¢ um exemplo notavel de biorritmos, sendo tratado neste trabalho pela avaliagao
da atividade elétrica do coragdo, registrada pelo eletrocardiograma (ECG). Um modelo
matematico composto por trés osciladores ndo lineares acoplados com defasagem
temporal ¢ empregado para a descri¢do do sistema cardiaco. Simulagdes numéricas
fornecem ECGs sintéticos, que reproduzem uma grande variedade de respostas cardiacas,
incluindo comportamentos normais e patoldgicos. Nesse sentido, a modelagem
matematica pode ser util para destacar tipos distintos de comportamentos, o que pode ser
interessante para aplicagdes clinicas. Ainda, as simulagdes numéricas sdo comparadas
com ECGs experimentais. Além disso, situagdes deterministicas e nao deterministicas sao
tratadas mostrando a possibilidade da combinagdo de aspectos nao lineares e aleatérios
para definir a complexidade dos ritmos cardiacos. Aspectos ndo deterministicos sdo
incorporados considerando conexdes aleatdrias entre osciladores. Duas abordagens
estocasticas sdo aplicadas: paramétrica, considerando acoplamentos descritos por
variaveis aleatdrias; e nao paramétrica, por meio da teoria da matrizes aleatdrias.
Diferentes ferramentas, incluindo mapas de Poincaré, diagramas de bifurcacao,
histogramas RR e expoentes de Lyapunov sdo empregados para mostrar possibilidades
uteis em eventuais aplicacdes na identificagdo, monitoramento e controle de ritmos

cardiacos.
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Biological rhythms are fundamental for the comprehension of the physiological
functioning of organisms, being useful in disease prevention and treatments. Cardiac
rhythm is a remarkable example of bio-rhythms and is treated in this work by evaluating
the electrical activity of the heart based on ECG observations. A mathematical model
composed by three nonlinear oscillators coupled by time-delayed connections is
employed for cardiac system description. Numerical simulations provide synthetic ECGs
and a great variety of cardiac responses, including normal and pathological behaviors, is
reproduced. In this regard, mathematical modeling can be useful to highlight distinct
kinds of behavior, being interesting for clinical purposes. Also, numerical simulations are
compared with experimental ECGs. Besides, deterministic and non-deterministic
situations are treated showing the possibility of the combination of nonlinear and random
aspects to define the rhythmic complexity. Nondeterministic aspects are incorporated by
considering random connections between oscillators. Two stochastic approaches are
investigated: parametric, considering couplings described by random variables; and non-
parametric, by means of random matrix theory. Different tools including Poincaré maps,
bifurcation diagrams, RR histograms and Lyapunov exponents are employed in order to
show interesting possibilities that can help in identification, monitoring and controlling

cardiac rhythms.
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1 INTRODUCTION

Natural phenomena have essential nonlinear characteristics responsible for the
variety and richness of behaviors. Rhythms constitute one of the most relevant
manifestations of natural systems being possible to be regular or irregular in time and
space. In this regard, periodic and non-periodic dynamics can be related to either normal
or pathological physiological functioning. This idea motivates the natural system analysis
through a dynamical perspective that usually can be performed based on either
mathematical models or time series analysis (Savi, 2005).

Chaotic dynamics is pointed out by several works as advantageous for biological
systems in order to increase their adaptability. (Pool, 1989; Goldberger et al., 1990;
Skinner et al., 1990). According to Pool (1989), “chaos may provide a healthy flexibility
to the heart, brain, and other parts of the body”. Classical dynamical invariants are widely
employed to characterize biochaos, including power spectrum, fractal dimension and
short-term predictability, having the Lyapunov exponents as the most widespread
method. Chaos identification in cardiac and neural systems, which can be performed by
time series analysis, has been treated in several research efforts (Herbschleb et al., 1980;
Chen et al., 1998; Skanes et al.,1998; Glass & Mackey, 1988; Rapp, 1993).

The cardiac system is one of the possibilities where dynamical perspective has
showing to be useful, being applicable either for clinical or control purposes. In brief,
heart is a muscular organ activated by electrical stimuli with the function of pumping
blood through all the organs and tissues of the body. In mammals, the heart is divided
into 4 cavities: 2 atria and 2 ventricles, as shown in Figure 1-a. The conduction of the
electrical impulse in the cardiac system can be understood as a network of self-excitatory
elements formed by sinoatrial node (SA), atrioventricular node (AV) and His-Purkinje
complex (HP) (Gois & Savi, 2009; Glass, 2009). The initial excitation occurs in the SA
node, natural pacemaker, and propagates as a wave, stimulating atria. Upon reaching the
AV node, it initiates a pulse that excites the bundle of His and, afterward, the Purkinje
fibers. The fibers distribute the stimulus to the myocardial cells, causing the ventricles

contraction (Dubbin, 1996).
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Figure 1 — Schemes of: (a) human heart and (b) normal cardiac cycle.

A representative and widespread register of cardiac rhythm is the
electrocardiogram (ECQ) that records the heart electrical activity in the form of waves.
In brief, it is possible to represent the electrical current in different areas of the heart
allowing a comprehension about heart rhythms, elucidating the difference between
healthy or pathological signals. Figure 1-b shows a schematic picture of an ECG normal
cardiac cycle. Three important components should be pointed out: P wave, QRS complex
and T wave. P wave represents the impulse generated by the SA node. The QRS complex
is formed by ventricular contraction. T wave reflects ventricular repolarization.

A relevant analysis from ECGs is based on instantaneous heart rate variations
using RR interval time series to define the so-called Heart Rate Variability (HRV) (Malik
& Camm, 1995), which can be considered one of the best predictors of arrhythmic events
(Mansier et al., 1996). Unavoidable noise contamination demands reliable signal
processing techniques (Goldberger & Goldberger, 1977) and, among them, it is important
to cite the detection of R-peaks (Pan & Tompkins, 1985; Kaplan, 1990) and calculation
of heart rate variability and breathing (Mood et al., 1985; Malik & Camm, 1995).

Determinism and predictability in heart time series is explored by Gomes et al.
(2000) and Lefebvre et al. (1993). Some works point that a chaotic response can be
predicted for a short period (Abarbanel et al., 1990; Farmer & Sidorowich, 1987;
Sugihara & May, 1990), being explored by several papers treating cardiac dynamics.
Govindan et al. (1998) investigated the existence of deterministic chaos in human ECGs
by using surrogate data analysis, short term prediction, correlation dimension and
Lyapunov exponents. Regression methods for prediction of short time series are treated

by (Barahona & Poon, 1996; Poon & Barahona, 2001; Wu et al., 2009).



HRYV can be considerably different even in the absence of physical or mental
stress and this information has been applied for clinical and research purposes. The
existence of HRV points that, besides nonlinear characteristics, heart system can present
some random behavior. Influences of external factors on the HRV as the increase of
physical effort or breathing are treated by several researches. Glass (2009) discussed three
main points: stochastic stimulus influences, respiratory influences and multiple feedback
circuits. In a theoretical investigation of a modulation model of normal SA rhythm, Zhang
et al. (2009) showed that the stochastic release of the acetylcholine regulator in the
vicinity of the SA node leads to an irregular, chaotic-like rhythm. It is known that
breathing influences heart rate in such a way that the heartbeat rate increases during
inspiration and decreases on exhalation. Wessel et al. (2009) employed regression
methods to investigate such coupling and concluded that the heart rate variability is
directly caused by fluctuations on respiratory rate. Buchner et al. (2009) investigated the
bidirectional coupling between respiration and cardiac rates using stochastic methods.
Tobon et al. (2017) proposed a new method to HRV analysis for highly noised ECG
signals, called MD-HRV (modulation domain HRV). This method is based on a spectro-
temporal ECG representation, separating cardiac components from artifacts. Shiraishi et
al. (2018) realized a HVR analysis that provides a real time visualization of power spectra
during physical exercise. A group composed of healthy individuals and people who
suffered heart attack provided the data. Wang et al. (2018) investigated differences
between normal sinus rhythm (NSR) and congestive heart failure (CHF) by applying three
approaches: time-domain, frequency-domain and non-linear indexes. Hu et al. (2019)
developed a method based on seven time-scales to identify NSR and CHF using HRV
measures of Physio Bank data. Recently, Iconaru et al. (2021) introduce a study to
evaluate the efficiency of Poincaré maps in measuring reaction time variability in serial
tests, whose results indicate satisfactory performance of the mentioned method.

Deterministic chaos and random noise of the heart rhythm analysis are compared
by Kantz & Schreiber (2002). Bozoki (1997) developed a data acquisition method for
fetal heart rate suitable to be used by both power spectral analysis (statistical) and chaos
theory (deterministic). An analysis of canine ECGs made by Kaplan & Cohen (1990)
suggested that fibrillation is similar to a random signal. It is also shown that a
deterministic dynamical system can generate random-looking, non-chaotic behavior. The
challenges to take decision between determinist or statistical analysis to treat human

cardiovascular behavior are presented by Yates & Benton (1994). Deng et al. (2018)
3



presented an ECG identification framework via deterministic dynamical neural learning
mechanism for human cardiac pattern classification. According to a symbolic analysis in
atrial fibrillation surrogate data made by Aronis et al. (2018), pathological response is not
driven by a rescaled linear stochastic process or a fractional noise. They supported the
development of deterministic or nonlinear stochastic modeling. Son et al. (2019)
developed a stochastic cardiovascular-pump model representing the effects of left
ventricular assist devices on heart hemodynamics. Based on these references, it is possible
to conclude that deterministic and random aspects are important for the comprehension
of heart system dynamics.

The presence of different time scales in heartbeat time series is indicated by Peng
et al. (1995). These results are extended by Alvarez-Ramirez et al. (2009) with the
introduction of time lags into detrended fluctuation analysis. Biological time delays were
identified in various cardiac feedback control loops. Multiscale methods have been
employed to analyze multiscale organization and non-equilibrium dynamics, presenting
better results in situations where the classical measures as power spectra and Lyapunov
exponents do not present proper results. A review of these methods is presented by Costa
et al. (2009).

An alternative for the heart dynamics analysis is via mathematical models. The
first mathematical model to describe heart dynamics was proposed by van der Pol and
van der Mark (1928) establishing an analogy between heartbeats and electrical circuits
described by nonlinear oscillators. Some studies treated different aspects of AF, such as
modeling of atrial tissue under atrial fibrillation (Moe et al., 1964) and description of
mechanisms that sustain atrial fibrillation (Jalife et al., 1998). Different approaches of
ventricular fibrillation are also presented, including reentry mechanisms that cause
arrhythmias (Krinsky, 1978); and restitution properties and spiral wave behaviors of
cardiac action potential (Fenton ef al., 1998, 2002). A review of the most relevant studies
about mechanisms of initiation and maintenance of ventricular fibrillation is found in
Jalife (2000). Nash & Panfilov (2004) presented an excitable tissue model capable of
conducting nonlinear excitation waves, using a constitutive model of the deformed tissue.
This model is able to reproduce reentry mechanisms that occur in arrhythmias such as
flutter and fibrillation.

Grudzinski & Zebrowski (2004) proposed modifications on the original Van der
Pol oscillator (Van der Pol & Van der Mark, 1928) in order to present a more suitable

description of the natural pacemaker. Santos et al. (2004) presented a simplified cardiac
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system model considering two asymmetrically coupled modified Van der Pol oscillators,
representing the behavior of the two cardiac pacemakers, SA and AV nodules. Gois &
Savi (2009) proposed a three-coupled oscillator model in order to represent ECG signals.
Besides, SA and AV nodules, His-Purkinje complex (HP) is also considered on system
modeling. Each oscillator is based on the model due to Grudzinski & Zebrowski (2004)
and the system has bidirectional and asymmetric time-delayed couplings to represent the
time spent on impulse transmissions. Jawarneh & Staffeldt (2019) developed a study of
bifurcations on a modified van der Pol oscillator applying Conley index methods.
Cardarilliet al. (2019) proposed a model with four modified Van der Pol oscillators
representing the groups: SA and AV nodes, Right and Left bundle branches. This model
is based on Fitz-Hugh-Nagumo equations (Ryzhii, 2013) and is motivated as an
improvement to simulate branch blocks. Also considering Fitz-Hugh-Nagumo model to
describe electrical activity, Pearce & Kim (2021) develop an mechano-electric feedback
model by including the organ level dynamics (left ventricular pressure and volume) and
contractile dynamics, which allows to study the influence of local mechanical demands
over electrical response of the heart.

McSharry et al. (2003) presented a model based on a set of three ordinary
differential equations to generate synthetic ECG signals. It also considers the respiratory
sinus arrhythmia (RSA) where the frequency is calculated from a power spectrum with
two Gaussian distributions. Based on the model due to McSharry et
al. (2003), Evaristo et al. (2017) calculated the RSA frequency by using an
autoregressive (RA) process, using Poincaré maps to compare results obtained by RA
method with experimental data and numerical simulations. Mitchell & Schaeffer (2003)
introduced a model for ventricular cardiac membrane dynamics consisting of two
temporal functions, representing the membrane potential and current gating variable, both
employing a first order ordinary differential equation. Ueno et al. (2018) employed
Malthusian parameter and recurrence plots in order to investigate correlations between
numerical data, generated using model of Gois & Savi (2009), and experimental data
(PhysioBank). Silvestri et al. (2019) applied neural networks to obtain parameters that
satisfy desired ECG signal features employing the model due to Ryzhii & Ryzhii (2014).
This procedure allows to generate synthetic ECGs without a deep knowledge of the
mathematical model.

The control of cardiac rhythms has been exploited by considering different

approaches. Garfinkel ef al. (1992, 1995) presented the first experiment of chaos control
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on biomechanical systems, applying OGY method (Ott et al., 1990) on rabbit cardiac
muscle. Ferreira e al. (2011) employed time-delayed feedback control for natural
pacemaker using a model proposed by Grudzinski & Zebrowski (2004). Afterward,
Ferreira et al. (2014) employed the same technique for ECG signals built with three-
coupled oscillators (Gois & Savi, 2009). Results showed stabilization of unstable periodic
orbits embedded on chaotic attractors, avoiding critical situations.

Concerning stochastic modeling, several approaches can be applied for
uncertainty quantification. A widely used approach in structural dynamics is the
probabilistic approach (Jaynes, 2003). In this regard, the parametric probabilistic
approach considers uncertainties in the model parameters, hence a probabilistic model is
constructed to each parameter of the system; and the nonparametric probabilistic
approach (Soize, 2000) considers uncertainties in the model itself, then a probabilistic
model is constructed directly for the generalized matrices of the system. The rationale
behind the idea of considering Random Matrix Theory to take into account model
uncertainties can be found in Soize (2000), and in Ritto & Fabro (2019). A historical
review of the Random Matrix Theory (RTM) can be found in Forester e al. (2003).

This work deals with the analysis of cardiac rhythms by considering a nonlinear
dynamics perspective. The heart dynamics is described by a mathematical model of the
electrical functioning of cardiac system, being represented by ECG signals. The present
model is an improvement of the one due to Gois & Savi (2009), by including alternations
in coupling terms in order to increase the capability to describe pathological behaviors.
Basically, the model has three-coupled nonlinear oscillators with delayed connection. It
is represented by delayed differential equations being able to capture the main aspects of
heart dynamics, representing normal and pathological rhythms. The use of nonlinear
tools, essentially Poincaré maps, Lyapunov exponents and bifurcation diagrams is
exploited, showing the potential of these tools and the model itself in comprehension,
description and identification of the complex behaviors of the heart. Besides, a global
comprehension of the natural pacemaker behavior is provided by bifurcation diagrams
for dissipation and external stimulus of the SA oscillator, which allows to identify
different kinds of behaviors including chaotic responses. The influence of these different
kinds of behaviors on the electrical activity of the heart, represented by ECGs, is
investigated establishing a connection with distinct pathologies. Probabilistic approaches
are also of concern considering either parametric and nonparametric analysis,

contributing to the understanding the physiological details of cardiac system behavior,
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which can motivate more efficient clinical strategies. In parametric approach random
couplings are individually investigated showing that they can change the ongoing rhythm,
inducing different pathologies. Nonparametric probabilistic approach relies on Random
Matrix Theory (Mehta,1991) and Gaussian Orthogonal Ensemble (Weaver, 1989; Ritto
& Fabro, 2019) to describe uncertainties of the cardiac system. The main idea is to use
the proposed mathematical description and introduce random matrices that will create
coupling terms, i.e., connections among the oscillators. With the proposed strategy model
uncertainties are taken into account, and only one parameter, that controls the uncertainty
level, needs to be calibrated. This is advantageous comparing with the strategy of
considering individually eighteen uncertain coupling parameters.

The main contributions of this thesis can be resumed in the following topics, and
their resultant publications: cardiac system model improvement and the use of nonlinear
dynamics tools (Cheffer et al., 2021a; Cheffer & Savi, 2021); parametric probabilistic
approach by using random couplings (Cheffer & Savi, 2020); and nonparametric
approach based in Random Matrix Theory (Cheffer et al., 2021b).

1.1 Work organization

The work is divided in six chapters. In this initial part, an introduction to the
subject is made. Also, motivations, intended results and organization are presented. In
addition, a brief description of the physiology and functioning of the heart is presented.

The second chapter describes the mathematical models of natural pacemaker and
the cardiac system, including ECG generation. Also, two probabilistic modeling, Poincaré
maps procedures and details of numerical integration are discussed.

Chapter 3 deals with numerical simulations, which provide some behaviors of
the natural pacemaker (SA node), based on bifurcation diagrams; and the cardiac system,
highlighting physiological aspects and their effects on the ECG.

Chapter 4 contains the application of Poincaré map procedures in cardiac system
responses presented in the previous chapter.

In chapter 5 are presented responses obtained with probabilistic approaches.
Results are analyzed by using RR histograms, states spaces and Poincare maps. Finally,

chapter 6 presents the conclusions and suggestions for future works.



2 MATHEMATICAL MODELING

This chapter introduces the mathematical model for cardiac dynamics, including
natural pacemaker model and cardiac system model. Besides, deterministic equations, the
motivations and development of stochastic modeling are also discussed. Afterward,
different procedures of construction of Poincaré¢ Maps, numerical method, and Lyapunov

exponents estimation are presented.

2.1 Natural Pacemaker Model

The mathematical modeling of the natural pacemaker is the starting point for
cardiac modeling. Van der Pol oscillator is often used in the modeling of cardiac functions
because its dynamic response presents typical characteristics of biological systems such
as: limit cycle, synchronization and chaos (Grudzinski & Zebrowski, 2004; Gois & Savi,
2009). Besides, the Van der Pol equation exhibits an oscillation amplitude that does not
depend on the oscillation rate. The model proposed by Grudzinski & Zebrowski (2004)
is a modification of the original Van der Pol oscillator replacing the restitution force by a

cubic function being expressed as follows:

x(x+d)(x+e) 1
de =F® W

X+ax(x—vy)(x—vy) +

where a defines the pulse shape, characterizing the time when the heart receives the
stimulus; v; and v, determine the signal amplitude, and in order to preserve the self-
excitatory nature, v;v, < 0; and F(t) is an external stimulus.

The stability analysis of equilibrium points through the eigenvalues of the
Jacobian matrix shows that the system exhibits 3 equilibrium points (x, x): (0, 0), (—d, 0)
and (—e, 0), being respectively characterized by center, saddle and stable node

(Grudzinski & Zebrowski, 2004).

2.2 Cardiac System Model

Cardiac system modeling, represented by ECG, can be made from the coupling
of three nonlinear oscillators with asymmetrical and bidirectional connections as
proposed by Gois & Savi (2009). Figure 2 shows the conceptual model of this approach.

Note that the general model presents situations that do not occur in the normal



functioning, but they represent all possible conditions, in some cases associated to

pathologies, that can appear in a real heart.

Fsy
7 BN\

FAV v FHP

Figure 2 — Conceptual model of the general cardiac functioning represented by
sinoatrial node (SA), atrioventricular node (AV) and His-Purkinje complex (HP) with

asymmetrical and bidirectional connections. Fs4, F,y and Fyp are external stimuli.

Therefore, the cardiac system can be modeled by three oscillators (SA, AV and
HP) that are coupled by time-delayed terms that represent the transmitting time spent
among each one of the oscillators. Each oscillator is described by the model due to
Grudzinski & Zebrowski (2004), proposing some modifications in couplings in order to
increase the model capability to describe pathologies. Based on that, the synthetic ECG
obtained by the model is a result of the behavior of cardiac cells. Therefore, it can be
understood as a macroscopic behavior related to the electrical activity of the heart, rather
micro or mesoscopic behavior of the heart. Central nervous system stimuli are represented
by limit cycle behavior and is considered external stimulus any input different from that
exist in normal functioning. Under these assumptions, the cardiac system dynamics is

governed by the following equations.
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— ksa—ppxs + ksa_pp X; — kay—upXs + kay_pyp X5



By considering indexes m and n that can represent SA, AV or HP, and m # n,
equation terms are now explained: F,(t) are external stimuli; k,,_, and k},_, are
coupling coefficients between m and n nodes; and xiT ™ = x;(t — Tyy—p) are delayed
terms, where t,,_, is the time delay. Since the couplings have temporal delays, the system
is governed by delayed differential equations (DDEs).

The mechanisms of initiation and maintenance of pathological rhythm motivate
the assumption of external stimulus in the form F,(t) = p,sin(w,,t). In general, it is
mainly associated with reentry mechanisms (Krinsky, 1978), spatiotemporal periodic
activity during atrial fibrillation (Skanes et al., 1998) and spiral waves behavior in
ventricular fibrillation (Fenton et al., 1998, 2002). On this basis, external stimulus
represents spatiotemporal aspects and therefore, is considered as a reduced order
representation of spatiotemporal aspects. Note that the external stimulus increases the
system dimension based on spatiotemporal information.

The ECG is formed by the signal of each one of the oscillators, being a linear

combination of the state variables given by (Gois & Savi, 2009),

X = ECG =XSA +XAV+XHP (3)

where each oscillator is related to the following signals,

Bo

Xsa = 3 + B1%1
B

XAV = ?0 + ﬁzX3 (4)
Bo

Xup = 3 + B3xs

where £y, 1, B2 and [ are constant coefficients. Therefore,

. d(ECG)
X = —dr = P1x2 + Baxy + B3 ©)
Since governing equations are presented in dimensionless form, it is interesting

to define a dimensional time t [s]: £ = ; t, where [B;] = s can be estimated by the ratio
between experimental RR interval, RR,,, and numerical RR interval, RRyqyp, i.€., Bt =

mean(RRexp)

mean(RRnym)
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It is important to highlight model improvements proposed in this work in
comparison with (Gois & Savi, 2009). By observing physiological aspects of some
pathologies (atrial flutter and fibrillation) arises the necessity to dissociate coupling terms
k(x; — x;) into kx; — k* xj. Thus, are obtained responses qualitatively more adequate
(rhythms and related responses presented in sections 3.2.1 to 3.2.5). Another
improvement is the definition of f;, in order to provide quantitative comparisons between
experimental and numerical data.

A novel form to write the cardiac system model is proposed to enable the
development of the approach based in Random Matrix Theory, which is also an
innovative contribution. Therefore, the governing equations of cardiac system can be

written in matrix form as follows (Cheffer et al., 2021b):

x=Hx) +F@1t) + Kx + K'x" (6)

where x is the state space vector; x7 is the delayed state space vector; H(x) is the system
vector field, which gathers the nonlinear oscillator terms; F(t) represents external stimuli;
K is the coupling matrix; and K* is the delayed coupling matrix. The definition of each
one of these terms depends upon the choice of the format of state space vectors x and x*.
One possibility is shown below:

x=[X1 X3 X5 X X4 Xg]T

)

Xt = [x'SEHP—SA x:'lfSA—AV x;AV—HP x;AV—SA x'SEHP—AV x;l[SA—HP]T :
X2
X4
Xg 0
X1 (% + dsa) (%1 + €54) 0
—asXp (X1 — Vsar) (X —Vsg ) — d 0
H(x) = sa T €sa s F(t) = Fo, |
x3(x3 + day) (x5 + €ay)
—ayXs(X3 — Vay ) (X3 — Vayz) — doo + FAV(t)
AV €av FHP(t)
Xs(xs + dyp) (x5 + eyp)
—aypxe(xs — Vypy)(Xs — vyp ) — doo +
- HP T €hxp
0 0 0 0 0O
0 0 0 0 0O
K = 0 0 0 0 0O
—(kav-sa + kup-s ) 0 0 00 of -
0 —(ksa—a + kup-av) 0 0 00O
0 0 —(ksa—up + kKav—up) 0 0 0

11



2.3 Stochastic Models

Coupling terms can be associated with nondeterministic aspects of the heart
dynamics. In this regard, random aspects are incorporated in the mathematical model to
perform a broader description of the cardiac dynamics. Therefore, probabilistic
approaches are of concern considering either parametric and nonparametric analysis.

Concerning parametric modeling, coupling parameters can be described by
random variables that follow probability models, such as uniform, exponential and
gamma. A representative probability model for natural phenomena is the normal (or
Gaussian) distribution. Therefore, coupling parameters are modeled as uncorrelated
stationary Gaussian stochastic process {k;,t > 0}, i.e., for each t the random variable k;
follows a normal distribution independent of ks, s # t. Based on that, coupling terms

can be written as follows,
{k,t >0}, k ~N(k,d?) (7)

where k is the mean, nominal value, and o} is the standard deviation of the normal
distribution. This approach is exploited in Section 5.1.

The idea of stochastic modeling of coupling terms can be extended by
considering a nonparametric approach, that allows to describing uncertainties in the
model itself and therefore, the probabilistic model is constructed directly for the
generalized matrices of the system. This strategy is based in Random Matrix Theory and
Gaussian Orthogonal Ensemble, which is treated in Section 5.2.

The considered nonparametric probabilistic model is based on Gaussian
Orthogonal Ensemble, being employed by Ritto & Fabro (2019) to treat structural

dynamics. The symmetry is preserved by the following random germ matrix:

Gs = (G+G")/2 (®)

where G is a random matrix with dimension mx m, composed of independent and
identically distributed Normal random variables, with zero mean and standard deviation

12



oy, algebraically G;; ~ N(O, 0%). Therefore, only one parameter, g, controls the level

of uncertainty of the stochastic system.
The deterministic symmetric system matrix X g, is perturbed by the symmetric
random matrix germ G yielding the symmetric random matrix Xg:

Xs = Xge¢ + Gs ®)

Note that X is symmetric by construction, and its mean value is X ge;-

2.4 Poincaré Map

Poincaré map is a stroboscopic representation of the dynamical system response.
It reduces the time continuous dynamics to a discrete set of states, a map, allowing a better
understanding of the global system dynamics. There are different ways to build a Poincaré

map and two approaches are employed in this work: secant section and reference period.

2.4.1 Secant section map

Secant section map uses a geometrical inspiration to build Poincaré map. Figure
3 shows a schematic picture of the use of a secant plane to build a Poincaré¢ map on state
space. Basically, map points are related to the vector field that transversally crosses a

specific section in the positive direction of ¢, defining a state space subspace.

Figure 3 — Schematic picture of the Poincaré map construction using a secant section.
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2.4.2 Reference period map

Poincaré map can be built by considering a reference period that defines the
stroboscopic sample time. This procedure establishes the section position spaced by a
period T through time, observing system dynamics states through the section, as presented

in schematic picture of Figure 4.

Figure 4 — Schematic picture of Poincaré map built using a reference period that defines

the stroboscopic sample time.

2.5 Numerical Procedures

The fourth order Runge-Kutta method is used to integrate governing equations
for pacemaker (eq. 1) and cardiac system (eq. 2) (Mensour & Longtin, 1998). In order to
treat the DDEs system (eq. 2), it is necessary to approximate their solutions for time
instants before 7;. A Taylor series expansion is proposed (Cunningham, 1954; Gois &

Savi, 2009).

x{ = x; —T(%) (10)

A convergence analysis reveals that time steps smaller than 103 presents error
of the order of 1078, considered satisfactory.

Lyapunov exponents are important to be estimated in order to identify chaotic
response of cardiac systems. The classical algorithm due to Wolf et al. (1985) is employed
to estimate Lyapunov exponents for pacemaker model (eq. 1). The time-delayed states
dependence, present in cardiac system model (eq. 2), requires an appropriate approach
for calculating the Lyapunov exponents. The same procedure considered by Ferreira et

al. (2011) is adopted in this work.

14



3 SIMULATIONS OF HEART RHYTHMS

This section presents results of pacemaker (eq. 1) and cardiac system (eq. 2),
obtained by numerical integration. Initially, pacemaker dynamics is exploited by means
of bifurcation diagrams, constructed for dissipation and external stimuli parameters.
Thus, several pacemaker behaviors are identified.

In sequel, cardiac system is treated. Some heart rhythms, including normal and
pathological behaviors, are described in terms of physiological and electrical aspects.
Moreover, numerical responses (synthetic ECGs) are compared with experimental data.
At the end of the chapter, the selected pacemaker responses are used to drive the cardiac

system, which enables obtaining novel ECGs characteristics with clinical relevance.

3.1 Pacemaker simulations

Natural pacemaker behavior is now in focus considering the oscillator of the SA
node, governed by a nonlinear differential equation. A global comprehension of the
pacemaker behavior is obtained by considering bifurcation diagrams, that are built by
using Poincare maps based on secant section. A section orthogonal to {x;,x,} inx, =0
is adopted and transversal intersections in negative x, direction are collected, as
schematically showed in Figure 5. Initial conditions (Cheffer ef al., 2021a) are given by:
{x1,x, } = {—0.1,—0.025}. Parameters for natural pacemaker normal functioning is
presented in Table 1 that assumes that there is not an external stimulus F (t) = 0 (Ferreira

etal.,2011).

X2

Figure 5 — Poincare Map employed to build bifurcation diagrams. Red and blue points

are related to negative and positive x, directions, respectively.
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Table 1- Natural pacemaker parameters associated with normal functioning
(Cheffer et al., 2021a)

a V1 Vs d e

1 -1.9 1.9 0.55

Natural pacemaker behavior is treated by evaluating the influence of two different
parameters: dissipation and external stimuli. The analysis is based on bifurcation
diagrams where different kinds of behaviors are identified by numbers that are employed
from now on as representative of each kind of behavior. The slow quasi-static variation

of parameters considers the last state of previous simulation as initial conditions.

3.1.1 Influence of dissipation

The influence of dissipation coefficient (@) is now of concern. Figure 6 presents
the analysis of system response due to parameter variation. A bifurcation diagram is built
by considering a in interval [0.5 ,9] with steps of 0.1 and simulations with t € [0,1000].
Different responses identified in the bifurcation diagrams are highlighted by considering
phase spaces and time history. Note that bifurcation diagrams indicate regular responses
that can be either periodic or quasi-periodic. Lyapunov exponent analysis points those
responses are quasi-periodic since an extra null exponent is identified, in addition with
time dimension. Besides, it is observed that as « increases, oscillator frequency decreases.
It should be pointed out that the typical normal functioning is associated with response 2

(a = 3).

16



®

T2

®

40
20

-20
-40

40
20

-20
-40

40
20

-20
-40

&y
b RN oo M

&Iy

B M oo M
T

)
A R o wm

o

o

-

0

R

50

50

\ J\ \ Jh\, J\ J'\ , J\l J\
Tl i il il e B il |
t
L
B o i ,L i il ,l/:

0 5 10 15 20 2: 30 35 40 45

Figure 6 — Influence of dissipation a on natural pacemaker behavior. (Top) Bifurcation

diagram; (Bottom) state spaces and time series referring to numbered responses marked

in diagram.

17



3.1.2 Influence of external stimulus

This section evaluates the influence of external stimulus by considering a
harmonic external stimulus, F(t) = p sin(w t). On this basis, the investigation is based
on two parameters: amplitude (p) and frequency (w). The other parameters (including a)
are related to normal functioning of the pacemaker presented in Table 1. In general,
external stimulus induces pathological behaviors as atrial and ventricular fibrillation
(Cheffer et al., 2021a).

External stimulus amplitude analysis considers p € [0,10] with steps of 0.025,
simulations with t € [0,5000], and a constant frequency is adopted, w = 2.1 (Cheffer
et al., 2021a). Figure 7 presents a bifurcation diagram, identifying four responses
associated with chaotic-like behaviors. Each response has one positive exponent, which
assure the existence of chaos. The following values are obtained for the maximum
exponents: 0.06 (Response 4); 0.10 (Response 5); 0.14 (Response 6); 0.13 (Response 7).

External stimulus frequency is treated considering w € [0,10] with steps of 0.025
and simulations with t € [0,5000]. Amplitude value is constant p = 5.45 (referring to
response 4 in Fig.7 - first chaotic region) and the other parameters are related to normal
functioning of the pacemaker (Table 1). Figure 8 presents bifurcation diagram showing
different kinds of behaviors including chaotic-like responses and periodic windows.
Selected responses are highlighted showing chaotic-like responses with positive
Lyapunov exponents, with the following maximum values: 0.08 (Response8); 0.19
(Response 9); 0.32 (Response 10); 0.38 (Response 11); 0.38 (Response 12); 0.38
(Response 13).

It should be pointed out that parameter variations result in different kinds of
responses that are related to electrical activity of the heart. Natural pacemaker is the
driving signal that defines the electrical activity of the heart, represented by the ECG. The
main objective to be treated in the section 3.2.6 is to establish a relation between each one

of the natural pacemaker behaviors and the global electrical heart activity.
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3.2 Cardiac system simulations

Numerical simulations of the cardiac system model are performed with the
objective of presenting different system behaviors. The idea is to compare normal and
pathological responses represented by ECGs. Experimental ECG data available on
Physionet (www.physionet.org) and Canabrava (2014) are used as a reference. In all
simulations the following parameters are used: [, =1mV, f; =0.06 mV, B, =
0.1 mV, B3 = 0.3 mV; and the following initial conditions are applied (Ferreira et al.,

2014):
101"
xo=[-0.1 0025 0.6 01 —33 — a1
Six cases are investigated in order to evaluate the model capability to represent
heart dynamics: normal rhythm, atrial flutter, atrial fibrillation, ventricular flutter and two
different ventricular fibrillation cases, with and without external stimulus. Table 1
summarizes parameter values employed for simulations of different cardiac rhythms.

Each case is treated in the sequence, highlighting the conceptual model of each one of

them, elucidating the parameters presented in Table 2.
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Table 2— Cardiac system parameters.

Normal Atrial A'tria1 Ventricular \f{lebrrlitlr;::il(l)a;r \f{ﬂc;rrlitlr;::il(l)?lr
rhythm flutter fibrillation flutter . . . .
with stimulus without stimulus
SA oscillator
sy 3 3 3 3 3 3
Vsa, 1 1.65 1 1 1 1
Vsa, -1.9 —4.2 —-1.9 -1.9 -1.9 -1.9
dsy 1.9 1.9 1.9 1.9 1.9 1.9
€s4 0.55 0.55 0.55 0.55 0.55 0.55
AV oscillator
Ay 3 7 7 3 3 3
Vay, 0.5 0.5 0.5 0.5 0.5 0.5
Vay, —-0.5 —-0.5 —-0.5 —-0.5 —-0.5 —-0.5
day 4 4 4 4 4 4
eay 0.67 0.67 0.67 0.67 0.67 0.67
HP oscillator
Ayp 7 7 7 7 0.5 0.5
Vip, 1.65 1.65 1.65 1.65 1.65 1.65
Vip, —2 —2 -2 —2 -2 -2
dyp 7 7 7 7 7 7
eyp 0.67 0.67 0.67 0.67 0.67 0.67
External stimuli
DPsa 0 0 8 0 0 0
PHp 0 0 0 0 30 0
Wsa 0 0 2.1 0 0 0
Wyp 0 0 0 0 0.8 0
Couplings
Ksa—av 3 0.66 0.66 3 3 3
Kav_up 55 14 14 45 30 14
ki av 3 0.02 0.09 3 3 0.4
kiy_up 55 60 38 20 30 38
Time delays
Tsa_av 0.8 0.66 0.8 0.8 0.8 0.8
TAV_HP 0.1 0.1 0.1 0.1 0.1 0.1
Ratio experimental/numerical RR interval
B 0.1048 0.0809 0.0230 0.1111 0.1048 0.5283
3.2.1 Normal rhythm

Normal heart rhythm has unidirectional couplings in such a way that the

electrical impulse is conducted from SA node to AV node and then, from AV node to HP

complex. External stimulus does not exist in this case. The conceptual model of this

behavior is schematically represented in Figure 9.
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Figure 9 — Conceptual model of the normal heart functioning.

Figure 10-a shows experimental data of a normal ECG (www.physionet.org).
Figure 10-b presents simulated normal ECG and each oscillator response that compose
ECG response. Figure 8-c presents state space represented by subspace {X X } Note that
simulations capture the main features of the experimental ECG, presenting P, QRS and T

waves, being in close agreement with experimental data.
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Figure 10 - Normal rhythm functioning by different perspectives: (a) experimental
signal (physionet.com); (b) simulated time series response of ECG signal (X) and each

oscillator (X5, X4y and Xyp); (c) state space represented by subspace {X, X}.

3.2.2 Atrial flutter

Atrial flutter is a rhythmic disorder classified as supraventricular tachycardia,

characterized by very high atrial rate, usually 300bpm, ranging from 240 to 430bpm
23



(Brugada et al., 1991). According to the electrophysiological mechanism, flutter is
classified into two types: type I (or typical) and type II (or atypical). Type I is
characterized by a macro-circuit of reentry in the right atrium with counterclockwise
(most common) or clockwise rotation, presenting an ECG with P-waves with “sawtooth”
form, called fwaves (Canabrava, 2014). Atrial flutter of type Il is also caused by a reentry
macro-circuit, but does not present a defined pattern of rotation direction, being more
complex (Obel & Camm, 1997).

Atrial flutter of type I is now of concern. Atrial flutter heart rate response
depends on the refractory period of the AV node. Under normal conditions, AV node
filters the atrial stimuli which means that if the AV nodule is half the atrial rate, the AV
conduction is 2:1. Conceptual model is similar to the one employed to the normal ECG
(Figure 9), making parameter changes in order to increase self-excitation frequency of
the SA oscillator. In addition, coupling term value between SA and AV oscillators is
reduced representing the filtering behavior of the SA signal frequency (see Table 2).
Figure 11 presents different perspective of the atrial flutter including experimental data
with 4:1 conduction (Figure 11-a), numerical simulation time series for the ECG and each
node signal (Figure 11-b) and state space (Figure 11-c). It is noticeable the good

qualitative agreement between numerical and experimental results.
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Figure 11 — Atrial flutter by different perspectives: (a) experimental data with 4:1
conduction (physionet.com); (b) simulated time series response of ECG signal (X) and

each oscillator (X, X4y and Xyp); (c) state space plot of subspace {X, X}.
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3.2.3 Atrial fibrillation

Atrial fibrillation is a pathological heart rhythm characterized to the existence of
several atrial reentry circuits. These multiple circuits are formed at different times and
locations in the atrial myocardium, leading to chaotic atrial contraction, with a frequency
of 400 to 600bpm (Fuster et al., 2006). This causes a non-effective atrial contraction,
resulting in the formation of atrial thrombi that may break off and cause a cerebrovascular
accident (CVA).

The AV node prevents these high-frequency stimuli to reach ventricles,
promoting a filter that reduces frequencies to be from 90 to 170bpm, avoiding ventricular
fibrillation. Atrial fibrillation is characterized by an irregular RR interval. In terms of
mathematical model, the multiple ectopic foci may be represented by an SA node external
stimulus. According to Skanes et al. (1998), “Reentry in anatomically or functionally
determined circuits forms the basis of spatiotemporal periodic activity during AF (Atrial
Fibrillation)”. The conceptual model of this situation is shown in Figure 12. In addition,

proper couplings need to be considered as presented in Table 2.

F,

e ©,

v

—

Figure 12 — Conceptual model of atrial fibrillation considering an external stimulus at

the SA node.

Figure 13 presents results related to the atrial fibrillation. Figure 13-a shows
experimental data where it is possible to observe the irregular RR interval. ECG
numerical simulation is presented in Figure 13-b together with each oscillator response.
Figure 13-c presents state space showing a dense region around the orbit of normal state
space. It is noticeable that the model captures the general behavior of the experimental
atrial fibrillation, presenting a RR interval irregularity and the actuation of the AV node

as a pacemaker.
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Figure 13 — Atrial fibrillation by different perspectives: (a) experimental signal
(physionet.com); (b) simulated time series response of ECG signal (X) and each

oscillator (X, Xay and Xyp); (c) state space plot of subspace {X,X}.

3.2.4 Ventricular flutter

Ventricular flutter is a tachycardia caused by a single ectopic focus or peripheral
reentry mechanisms. Usually, it evolves to ventricular fibrillation, the most dangerous
pathological heart rhythm. High frequency ventricular contraction (300bpm) causes
changes in muscle tissue stiffness in different cell groups, reflecting differences on the
stimuli conduction velocity. Thus, multiple ventricular outbreaks are activated,
establishing the fibrillatory process (Klein et al., 1979).

Flutter are usually caused by chronic processes (hypertensive, atherosclerotic,
rheumatic), but can be induced by acute myocardial infarction that end up seriously heart
compromising. Typically, ventricular flutter ECG is characterized to present the QRS
complex, the S-T segment and the T wave incorporated into a single bell large-wave form,
differing from the atrial flutter /' waves.

Ventricular flutter conceptual model is the same of the one employed to describe
atrial flutter (Figure 9). Nevertheless, in order to obtain the effect of a ventricular ectopic
focus, HP complex oscillator parameters are changed, keeping the other oscillator
parameters equal to the normal case. Figure 14 presents ventricular flutter results. Figure

14-a shows an experimental response. Once again, numerical results presented in Figure
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14-b capture the general experimental behavior, presenting an ECG with similar
characteristics. Numerical state space is presented in Figure 14-c where it is possible to

observe an enlargement of orbits around the greater loop of normal response.
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Figure 14 — Ventricular flutter by different perspectives: (a) experimental signal
(physionet.com); (b) simulated time series response of ECG signal (X) and each

oscillator (Xsa, Xay and Xgp); (c) state space plot of subspace {X,X}.

3.2.5 Ventricular fibrillation

Ventricular fibrillation is a disordered myocardial contraction due to the chaotic
activity of several ectopic foci located in the ventricles. This behavior results in total heart
pumping inefficiency and, from the hemodynamic point of view, corresponds to cardiac
arrest (Klein ef al., 1979). The causes of ventricular fibrillation are similar to the ones of
ventricular flutter: Purkinje ventricular fibers produce irregular electrical distribution that
characterizes irregular tracing in which P waves, QRS complex and T waves are not
recognized. There are several variations of ventricular fibrillation ECGs and some

possibilities are shown in Figure 15.
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Figure 15 — Different ventricular fibrillation experimental ECGs (Canabrava, 2014)
characterized by irregular electrical distribution with irregular tracing in which P waves,

QRS complex and T waves are not recognized.

There are different possibilities for the mathematical description of the
ventricular fibrillation. Here, two alternatives are treated: with and without external
stimulus. The first one uses a conceptual model presented in Figure 16, similar to the one
employed to represent atrial fibrillation, but applying the external stimulus on the HP

oscillator in order to represent multiple ectopic foci stimulation.

Figure 16 — Ventricular fibrillation conceptual model with external stimulus.

Figure 17-a shows experimental data. Figure 17-b shows ECG and individual

oscillator time series with external stimulus. Note that simulated results represent the
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irregular behavior of the ventricular fibrillation, being in agreement with the experimental

ECGs. State space is presented in Figure 17-c, where a filled space indicating a chaotic-

like response.
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Figure 17 — Ventricular fibrillation with external stimulus: (a) experimental signal
(physionet.com); (b) simulated time series response with external stimulus of ECG
signal (X) and each oscillator (Xs4, X4y and Xyp); () state space plot of subspace

(X, X}

Another possibility to represent ventricular fibrillation is considering a
conceptual model similar to the normal one, without external stimulus. The effect of
multiple ectopic foci is now represented by different coupling parameters (see Table 2).
Figure 18-a shows experimental data while Figure 18-b presents simulations related to
ECG and each oscillator time evolution. Once again, a filled chaotic-like state space is

shown in Figure 18-c.
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Figure 18 — Ventricular fibrillation without external stimulus: (a) experimental signal
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(X, X}.

3.2.6 Influence of different pacemaker responses

This section develops an analysis of the influence of different pacemaker
behaviors on the response of cardiac system, considering the behaviors discussed in
section 3.1. In this regard, quasi-periodic and chaotic behaviors of the natural pacemaker
are employed in order to evaluate the resulting cardiac system behavior represented by
the ECG. Each pacemaker response is associated with a number identified in the
bifurcation diagrams.

Initially, situations related to the variation of the dissipation parameter a,
discussed based on the bifurcation diagram of Figure 6, are of concern. On this basis,
ECG shown in Figure 19 are induced by quasi-periodic responses of the natural
pacemaker. Response 1 (small dissipation) exhibits higher frequency and QRS complexes
with double R peaks. State space is a closed curve with 4 large loops. Response 2 presents
normal rhythm showing well defined main waves and its state space is a closed curve,
with two loops: a small one (around {0,0}) and a large one (related to QRS complex).

Response 3, with high dissipation, has a small frequency compared with the other cases,
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and double R peaks, which is a characteristic of incomplete branch blocks. The state space

is formed by a closed curve with one small and two large loops.
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Figure 19 — Influence of dissipation a in ECGs. Each line shows simulated ECG (state
space - left column, time series - right column) driven by numbered SA responses

displayed in Fig.4.

Pacemaker responses associated with different stimulus amplitude p (Responses
4 to 7) are now investigated, as selected in bifurcation diagram shown in Figure 7. ECGs
induced by these pacemaker signals, shown in Figure 20, allow the identification of some
clinical characteristics. It is noticeable non-periodic rhythms, with irregular occurrence
of R peaks, which is a characteristic of atrial tachycardia. In addition, double R peaks are
identified, being associated with branch blocks. Alternations of the P and T waves are
observed as well. P wave deviations are related to junctional tachycardia (Brugada et al.,
1991). Historically, the development of proper methods for identification of alternation
of T waves is of great interest, since T wave alternations are useful as clinical indicator
of cardiac sudden death (Barbosa et al., 2004). State spaces are characterized by filled
regions around large loops, indicating a high density of orbits than previous cases,
pointing to a more complex response that, however, it is not easy to be observed through

time series.
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Figure 21 presents ECGs induced by responses associated with different stimulus

frequency values w, Responses 8 to 13 selected in bifurcation diagram showed in Figure

8. Simulated ECGs exhibit non-periodic rhythms, including alternation of single and

double R peaks. It should be pointed out that these cases present deviations from normal

rhythm being more pronounced in small oscillations (P and T waves). State spaces present

filled regions around larger loop, with small density of orbits than the previous cases.
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4 THE USE OF POINCARE MAPS

Poincare Map is employed to analyze cardiac systems. The rhythms reproduced
in the previous chapter are of concern: normal, atrial flutter, atrial fibrillation, ventricular
flutter the two types of ventricular fibrillation.

In order to obtain the quantitative measure of the dynamics of reproduced
rhythms, Lyapunov exponents are evaluated for DDEs and it is concluded that normal
and flutter (atrial and ventricular) are quasiperiodic responses while fibrillation (atrial and

ventricular) is a chaotic response.

4.1 Secant section map

Heart dynamics analysis considers a subspace {x;, X, X} where it is positioned a
secant section according to the following equation, allowing the observation of states that

crosses the section in the positive direction of x;.

6 .
X+ X =3X+3=0 (12)

Figure 22 presents system trajectory in blue, the Poincaré section, represented
by the gray plane, and the projections of system trajectory in black and of Poincaré¢ map
in red. Different cardiac rhythms discussed in the previous section are evaluated: normal
rhythm; atrial flutter; atrial fibrillation; ventricular flutter; ventricular fibrillation with and
without external stimulus. It is noticeable that Poincaré maps furnish a system dynamics
perspective different from which is usually employed in clinical purposes (time series).
Thus, this strategy provides to health professionals additional information that may help

to take decisions.
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(e) 09

Figure 22 — Poincaré sections built with secant section approach. (a) Normal rhythm;

(b) atrial flutter; (c) atrial fibrillation; (d) ventricular flutter; (¢) ventricular fibrillation

with external stimulus; (f) ventricular fibrillation without external stimulus.

Figure 23 presents an overlap of all the Poincaré maps in A — B plane, allowing
a comparative analysis among different rhythms. In general, it is possible to identify the
main differences from the normal rhythm, considered as the system signature reference.
Normal rhythm is characterized by a map containing two points (black). Atrial flutter has

three clusters of points (purple). Ventricular flutter map covers one straight line and one
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closed curve (yellow). Ventricular fibrillation without external stimulus shows a map
(blue) with a discontinuous structure. This same kind of behavior is observed in the
ventricular fibrillation with external stimulus (red). Atrial fibrillation map (green) also
shows a discontinuous structure, with higher irregularity. This analysis suggests that

critical pathological behaviors are distinguishable using Poincaré maps.
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Figure 23 — Projections of Poincaré¢ maps in A — B plane built with secant section for

different heart rhythms.
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4.2 Reference period map

A straightforward approach to define reference period is when the system is
subjected to a harmonic excitation, and the excitation frequency defines the reference
period. Otherwise, it is necessary to define a proper reference period, a self-excitation
period. The self-excitation period of the heart rhythm can be analyzed from the RR
interval measurement. In this regard, a histogram of the RR interval is built, establishing
the mean value, pu, that defines the reference period for the Poincaré map construction.

In the sequel, this procedure is applied to evaluate system dynamics considering
results discussed in the preceding chapter. Note that atrial fibrillation and ventricular
fibrillation with external stimulus are built using external excitation period; the other
rhythms use the self-excitation period. Figure 24 presents RR interval histogram for the
cases without external stimulus: normal rhythm, atrial flutter, ventricular flutter and
ventricular fibrillation without external stimulus. Based on this analysis, it is possible to
establish a mean value of each case that is employed to define the self-excitation period.
Table 3 presents mean values of each one of the cases. By considering the ventricular
fibrillation without external stimulus, it should be pointed out that there are two peaks
1.68 and 3.35 that can suggest another reference period.

Figure 25 presents Poincaré maps for all the cases, built with the appropriate
procedure. It is again important to observe that Poincaré map is an interesting approach
to identify the kind of response, since the rhythms can be more easily distinguished. It
should be pointed out that ventricular fibrillation without external stimulus has other
possibilities due to a two-peak RR interval histogram. Figure 26 presents the three

possibilities, showing that they are similar.
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Figure 24 — RR interval histogram for different cardiac rhythms. (a) Normal rhythm; (b)

atrial flutter; (c) ventricular flutter; (d) ventricular fibrillation without external stimulus.

Table 3 - Mean values employed as self-excitation period that defines Poincaré map

period.
Heart rhythm Mean value (¢)
Normal rhythm 6.403
Atrial flutter 12.067
Ventricular flutter 6.403
Ventricular fibrillation without external stimulus 2.67
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Figure 25 - Poincaré sections (blue) built with reference period. (a) Normal rhythm; (b)
atrial flutter; (c) atrial fibrillation; (d) ventricular flutter; (¢) ventricular fibrillation with

external stimulus; (f) ventricular fibrillation without external stimulus.
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(a) (b) (c)

Figure 26 - Ventricular fibrillation without external stimulus ECG state space (red) and
Poincare maps (blue) built with the following reference period: (a) 7= 1.68; (b) T =
2.67 and (c) T'=3.35.

Figure 27 presents a comparative analysis of all rhythms using Poincaré maps built
with reference period. Once again, it is possible to identify variations of pathological
responses from the normal rhythm. Normal rhythm is not characterized by a point, but as
a small neighbor (black). Atrial flutter (yellow) and ventricular flutter (purple) maps are
closed curves with different amplitudes, representing a quasi-periodic behavior. Atrial
fibrillation shows a chaotic-like map with two distinguishable clouds of points (green).
Ventricular fibrillation with external stimulus has a closed curve map, with smaller
amplitude compared with the previous cases (red). Ventricular fibrillation without
external stimulus shows a chaotic-like attractor map (blue). Results allow one to obtain
similar conclusions with the ones with the other Poincaré map construction, but point that

different alternatives can be imagined to build Poincaré maps.
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Figure 27 - Comparison of Poincaré maps built with reference period for different

thythms.
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S RANDOMNESS EFFECTS

Pathological responses are simulated by changing model parameters, exhibiting
stationary behavior. The idea that heart rhythms have a stationary nature motivates some
reflections about pathologies. The emerging of pathologies needs to be related to some
parameter change, which makes sense especially considering external stimulus.
Nevertheless, it is possible to imagine some different evolution due to random reasons.
The next sections introduce the idea of random connections that can explain the evolution
of pathologies from a normal rhythm. In this regard, two stochastic approaches are
investigated: parametric, considering couplings described by random variables; and non-
parametric, by means of random matrix theory.

Parametric approach, where the coupling parameters are individually exploited
and vary with time according to a normal distribution is investigated as presented in
Section 5.1. Non-parametric approach, where the random aspects are used to describe
uncertainties of the model is investigated as discussed in section 5.2. This approach allows
to simultaneously vary parameters and control the global level of randomness. Monte
Carlo procedure is applied, in which, for each level of randomness, a set of simulations
are performed with a set of coupling parameters that follow normal distributions. But in

each simulation, the parameters do not vary along time.

5.1 Random parameters

Mathematically, this approach represents a stochastic process, which by
definition is a sequence of random variables indexed to the time or events (Cataldo, 2012).
Since mean and standard deviation are considered constant along time, the process can
be classified as stationary of second order.

In next subsections are treated four couplings and are presented results for
different processes (different standard deviations). Although is presented only one
observation of each process, the duration of observations is sufficient (investigated by
inspection) for the system to exhibit all dynamic characteristics that can be generated in
each process.

It is important to highlight the difference between mean and standard deviation
of the coupling distribution ( k and o) and the mean and standard deviation on RR

interval histograms (u and o), discussed in the previous chapter.
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5.1.1 Random SA-AYV coupling

Consider the SA-AV  coupling represented by the parameter
ksa—av ~ N(ksa_ay, 67). Normal heart function has a nominal value ks,_4, = 3. Figure

28 identifies the couplings, highlighting the random coupling.

Figure 28 - Conceptual model with SA-AV random coupling.

Results for different values of standard deviation, gy, are presented in Figure 29
showing ECGs, phase spaces (red), Poincaré maps (blue) and RR histograms. Left
column presents ECG time series and it is noticeable that the increase of o}, induces
incomplete and complete branch blocks (bb) (Canabrava, 2014) changing the ECG
characteristic. Incomplete bb is characterized by QRS complex with double R peaks and
complete bb causes absence of QRS complex. Pathological characteristics induced by the
random coupling are highlighted and compared with experimental data. Phase planes and
Poincaré maps (middle column) show that the increase of o;, causes the spreading of
orbits around the normal orbit and also the increase of Poincaré map space portion. RR
interval histograms are shown in right column. When g3, = 0.5, the RR is close to the
deterministic case. When g, = 1.5, peaks appear below the reference RR, which may be
related to incomplete bb, where the QRS complex has double R peaks. For values greater
than oy, = 2.5, response reaches a complete bb (absence of QRS complex), which is
characterized by the appearance of peaks to the right of the histogram, corresponding to
RR values greater than .

Figures 30 show comparisons of the RR histograms and Poincaré maps for the
treated cases. The trend of decreasing the mean u of the RR intervals with the increase of
oy shows a correlation between the variability of the parameter kg4_, and the Branch
Block. Poincare Maps starts as a line (black) for normal case and, as gy, increases, evolves
to a cloud (red) around this line. For o, = 1.5, when incomplete bb appears, Poincare

section changes its shape presenting also a curved cloud (green and blue) above the initial
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cloud. When g3, = 3.5, complete bb occurs and is possible to observe a spreading of the

initial cloud (purple).
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RR histogram. Also, identified pathologies are highlighted and compared with
experimental data.
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5.1.2 Random AV-SA coupling

Random variations of the coupling AV-SA are now in focus considering the

conceptual model presented in Figure 34. This coupling is represented by the parameter

kay_sa~ N(l_cAV_ , a,f), where the normal ECG has a nominal value k,,_s, = 0.

Figure 31 — Conceptual model of the AV-SA random coupling.

Results of different values of oy, are presented in Figure 32. ECGs are show in
left column. Note that the increase of gy, is related to an increase of RR irregularity. This
behavior is physiologically related to atrial fibrillation where irregular contractions in
atria, caused by multiple electrical foci, are reflected in irregularities of the RR interval.
Experimental data illustrate these changes. ECG state spaces and Poincaré maps are
exhibited in middle column showing that for g;, < 0.5, which responses in time series are
apparently normal, there is significant change in state spaces and Poincare sections. For
greater values: g, = 2.0 and ¢, = 6.0, incomplete and complete bb are related to
analogous behaviors of the previous sections, but covering a larger area. Also, for g, =
2.0 it is possible to observe the appearance of bradycardia (reduction of cardiac
frequency). The occurrence of atrial fibrillation, for g, = 14.0, is related to denser state
spaces and Poincaré sections. RR interval histograms are shown in right column. Note
that for g, > 2.0, RR values are distributed over a larger range than the previous case,
which is reflected on the considerable increase of RR standard deviation. This spread of
histogram values with Poincaré map patterns is an indication that the response presents

chaotic characteristics.
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Figure 32 - AV-SA random coupling results for different oy, : (left column) synthetic

ECGs; (middle column) phase plane (red) and Poincaré map (blue); and (right column)

RR histogram. Also, identified pathologies are highlighted and compared with

experimental data.
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Figure 33 provides comparisons of the RR histograms and the Poincaré maps. In
this case, it is reasonable to think of a possible relation between the variability kyy_gy4
and atrial fibrillation. In addition, it is observed that Poincaré maps occupy a region
greater than the ones related to normal rhythm, which can be used as a diagnostic tool. In
this case, while g;, increases the evolution of histograms and Poincaré sections exhibit
characteristics explained earlier for incomplete and complete bb and also characteristics
that can be related to atrial fibrillation (larger range in histograms and area of the Poincaré

sections).
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Figure 33 — AV-SA random coupling: (top) Poincaré maps for different standard

deviations; (bottom) comparison of RR histograms for different standard deviations.
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5.1.3 Random AV-HP coupling

Random AV-HP coupling is now of concern considering coupling parameter as
kav_up ~ N(kay_p ,0f) with nominal value kyy_ = 55. Figure 40 presents the

conceptual model.

Figure 34 - Conceptual model for AV-HP coupling.

Figure 35 shows results considering different standard deviations, oj. In left
column are ECG time series. For g, < 55.0, ECG does not have significant differences
when compared to the normal one. Nevertheless, the increase of standard deviations tends
to alter the ECG in a dramatic way. Initially appears peaked T-wave and incomplete bb,
and in sequence, small QRS complexes and T-wave alternans. For g, = 440, occurs a
behavior thar indicates a ventricular tachycardia (Dubin, 1996), where sequential R-peaks
appear or QRS complex becomes greater due to irregular functioning of ventricles. Once
again, experimental data confirm the changes helping their visualization. Middle column
shows ECG state spaces and Poincaré maps. Even for imperceptible changes in time
series (for o, < 55.0), it is possible to see significant changes in state space. Once again,
one can observe characteristic changes of state space and Poincaré sections due to
incomplete bb (for g, = 110 and o, = 220). It should be highlighted that the
enlargement around the bigger loop of state space can be related to ventricular tachycardia
(0 = 440), indicating a trend. RR histograms are presented in right column, where it is
possible to observe a trend of decreasing the mean u with the increase of aj. The
occurrence of peaks smaller than the reference mean (4 = 6.403) represent that R waves
are becoming closer, which means that heart frequency is increasing, a behavior related

to a ventricular tachycardia (Dubin, 1996).
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experimental data.
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Poincaré maps comparison is presented in Figure 36 (top). Once again, the
increase of g, causes the Poincaré map spreading to a different pattern from previous
cases. Incomplete bb response causes expansion of a cloud around normal Poincaré
section, while ventricular tachycardia trends to stretch section to the left. This can be used
to identify and classify different responses. A comparison of RR histograms is presented
in Figure 36 (bottom). Note that peaks appear on left side of histogram reflecting the RR

interval reduction caused by closer and closer R peaks.
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Figure 36 — AV-HP random coupling: (top) Poincaré maps for different standard

deviations; (bottom) comparison of RR histograms for different standard deviations.
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5.1.4 Random HP-AYV coupling

Random HP-AV coupling is now in focus considering kyp_ay ~ N (EHP_ AV a,f)

where nominal value is kyp_,y = 0. Conceptual model is presented in Figure 46

%

Y

Figure 37 - Conceptual model for HP-AV random coupling.

represents.

ECGs are presented in Figure 38 (left column) showing that the increase of gy,
tends to induce the occurrence of R waves sequences, characteristic of ventricular flutter.
For values greater than o, = 20.0, typical changes of complete bb appear (absence of R
waves). All these variations are with experimental data. Figure 38 (middle column) shows
state spaces and Poincaré maps that give a different visualization of the involved rhythms.
Accompanied by changes caused by incomplete bb (g, < 20.0), already explained, the
enlargement of greater loop (g, = 30.0) can be related to ventricular flutter. Figure 38
(right column) shows RR interval histograms. In this case, a decrease in the mean u is
observed as gy, increases (sequential R waves). When g3, = 30, there is an increase of the

mean value, related to the absence of R waves.
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A comparative analysis Poincaré maps (Figure 39 - top) of and RR histograms
(Figure 39 - bottom) shows different shapes of RR peaks and different shapes of Poincaré
maps from the other studied cases. Once again, it helps to identify responses and
pathologies. As o, increases, Poincaré section evolves to a stretched cloud to the left,
which can be associated with incomplete bb. This cloud around greater loop is related to

ventricular flutter behavior indicating a trend to this pathology occurrence.
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5.2 Random Matrix Theory

This section deals with the use of nonparametric probabilistic approach that
relies on Random Matrix Theory (Mehta, 1991) and Gaussian Orthogonal Ensemble
(Weaver, 1989; Ritto & Fabro, 2019) to describe uncertainties of the cardiac system. The
main idea is to use the mathematical description proposed by Cheffer et al. (2021a)
establishing the coupling terms by random matrices. Under this assumption, the
connection can be analyzed by a simplified uncertainty modeling based on matrix blocks,
avoiding the analysis of eighteen coupling parameters. Different kinds of connection are
evaluated establishing situations where pathological behaviors evolve from normal
rhythm and random connections.

The matrix representation (eq. 9) is necessary to apply the random matrix
strategy. In addition, the delayed coupling term, K*, can be split into matrix blocks as

follows:

0 0
T —
K= [KBD KBI] (13)

where Kgp and Kpg; represent diagonal matrix blocks that can be interpreted,
respectively, as direct and inverse directions of signal transmission between oscillators.

By applying the described stochastic modeling to the system matrices Kgp and
K g, uncertainties are introduced not only in the main diagonal, but also in the extra
diagonal terms, which introduces coupling (model uncertainties). Hence, it is possible to
jointly analyze effects of eighteen uncertain elements, of these matrices, on the system
response by varying one parameter: the standard deviation ay,.

Stochastic modeling (eq. 8) is applied on Kpp and Kpg; in order to investigate
effects of their uncertainties, which are measured by the standard deviation g;;, on heart
model response for three cases: Kpgpis stochastic; Kg; 1is stochastic; and
both K, and K; are stochastic. This analysis is motivated by a physiology
interpretation that points that some pathologies are driven by stimulus propagation in a
certain direction. In previous section, it is possible to observe that random coupling can
induce different kinds of pathologies that evolve from normal rhythm. Therefore,
since Kgp and K; represent different directions of propagation, it is reasonable to
consider each matrix as random and both combined in order to represent different kinds

of pathologies.
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As a first approach, only diagonal terms of Gg are summed to Kgp and Kp;. In
this case, there is no additional coupling considered in the analysis. In order to analyze
results, time series, and phase plane {X, X } are presented. Monte Carlo simulations are
employed: 100 simulations for each case and gray-shaded regions that defines the bounds
of all responses are constructed. RR histograms are also constructed with Monte Carlo

procedure, where 100 histograms are superimposed and each one has its mean p;. The

mean Y, standard deviation, o, and coefficient of variation (CV = %) of this set of 100 y;

are calculated from simulations. Convergence analysis shows that 100 simulations are
sufficient to obtain converged behaviors of state spaces and RR histograms (including

respective mean and standard deviation).

5.2.1 Kgp Stochastic

Uncertainty analysis starts by considering that only Kpp is modeled as stochastic.
Figure 40 presents results of this analysis showing ECG, state spaces and RR histograms
from Monte Carlo procedure. Note that for small values of gy, only normal rhythm is
appearing. Time series seem desynchronized but state space shows that they are in the
same orbit. RR histograms show, for each response, single peaks close to deterministic

normal case. The calculated RR statistics are 4 = 6.4110, 0 = 0.1548 and CV = 0.0241.

=6.411; = 0.15481; CV = 0.0241
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Figure 40 — Stochastic analysis of Kgp with o), = 0.01: (a)ECG Monte Carlo response

samples; (b) respective states spaces and (c) RR histograms.
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By increasing the standard deviation for g, = 0.1, normal, incomplete branch
block (bb) rhythms and a mix of them are identified in Figure 41. The normal response
(blue) presents an orbit similar to previous case, but the RR mean is reduced, as can be
seen on RR histogram. Two responses for incomplete bb are presented. One is only
incomplete bb (red) characterized by double R wave and two peaks on histogram. The
other (green) is composed of incomplete bb (double R wave) and T-waves with variable
amplitude, generating a histogram with three peaks. Responses different from normal are
highlighted in Figures 41-d (incomplete bb) and 41-e (incomplete bb and variable T-
wave), being compared with respective typical experimental data. In this case RR

statistics are 4 = 4.7634, 0 = 1.6536 and CV = 0.3471.
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Figure 41 — Stochastic analysis of Kgp with gy, = 0.1 (a)ECG Monte Carlo response
samples; (b) respective states spaces and (¢) RR histograms; (d) Incomplete bb and (e)
incomplete bb with variable T-wave.

On Figure 42 are presented responses to gy, = 1.0. It is possible to identify six
rhythms: normal (black), incomplete bb (red), complete bb (blue), ventricular flutter
(purple), a variation of normal with small QRS (yellow) and one type (we called in this
work type 1) of ventricular fibrillation (green). Besides rhythms previously described, the

three new identified responses are highlighted and compared with experimental data.
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Complete bb (Figure 42-d) is characterized by the absence of R-waves, presenting small
region loops on state space and a zero-horizontal line on histogram. Ventricular flutter
(Figure 42-e) presents states space with orbits around larger loop of normal case and one
peak on RR histogram, indicating presence of one frequency in response. The response
with small QRS (Figure 42-f) exhibits on states space a closed curve with three loops: a
smaller representing P and T waves, a larger referring to normal QRS and an intermediary
generated by abnormal QRS. RR histogram presents a peak to the left of reference period,
representing the interval between two normal QRS. Ventricular fibrillation (Figure 42-g)
exhibits a denser states space around larger loop and a distribution of peaks in the interval
[1,1.7] in histogram. For this case RR statistics are ¢ = 2.8148, 0 = 1.5964 and CV =
0.5671.
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Figure 42 — Stochastic analysis of Kgp with o), = 1.0: (a)ECG Monte Carlo response
samples; (b) respective states spaces and (¢) RR histograms; (d) Complete bb; (¢)
ventricular flutter; (f) low-voltage QRS and (g) ventricular fibrillation type 1.
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Figure 43 considers even a bigger standard deviation, g, = 3.0. Some variations
of the previous responses can be identified: incomplete bb (blue), complete bb (red),
ventricular flutter (black) and ventricular fibrillation (green). In addition, two new
rhythms are observed: composition of ventricular flutter and fibrillation (purple, Figure
43-d) and a variation of normal with inverse T-wave (yellow, Figure 43-¢). Inverse T-
wave exhibits state space close to normal case but with the bigger loop a little bit smaller
and one peak on RR histogram. The calculated RR statistics are 4 = 2.3473, 0 = 1.1055
and CV =0.4710.

= 2.3473; o = 1.1055; CV = 0.4710
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Figure 43 — Stochastic analysis of Kgp with o, = 3.0: (a)ECG Monte Carlo response
samples; (b) respective states spaces and (c) RR histograms; (d) Ventricular flutter and

fibrillation combination and (e) inverted T-wave.

5.2.2 Kgr Stochastic

A new coupling characteristic is now of concern treating the case where Kp; is

stochastic. Analogous to the previous case, small values of g, tends to be associated with
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normal rhythm, with a desynchronized time series and the same orbit on state space.
Figure 44 shows the system response for oy, = 0.01 together with RR histograms that
show single peaks, but with mean u greater than previous cases with statistics u =

6.4590, ¢ = 0.1581 and CV = 0.0245.
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Figure 44 — Stochastic analysis of Kp; with g, = 0.01: (a)ECG Monte Carlo response

samples; (b) respective states spaces and (c) RR histograms.

By increasing the standard deviation to g, = 0.1, normal (green), a variation of
normal (blue) and incomplete bb (red) are identified (Figure 45). The variation of normal
rhythm presents a T-wave with greater amplitude and can be seen on spaces states as the
wider loop around (0, 0). The calculated RR statistics are u = 4.9733, 0 = 1.5817 and
CV =0.3180.
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Figure 45 — Stochastic analysis of Kg; with g, = 0.1: (a)ECG Monte Carlo response

samples; (b) respective states spaces and (c¢) RR histograms.

Figure 46 presents responses for g, = 1.0 where it is possible to identify five
rhythms: normal (black), incomplete bb (green), complete bb (red), ventricular flutter
(blue) and ventricular fibrillation type 1 (purple). For this case RR statistics are u =
2.6187, 0 = 0.8275 and CV = 0.3542.

4t = 2.6187; o« = 0.92745; CV = 0.3542
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Figure 46 — Stochastic analysis of Kp; with gy, = 1.0: (a)ECG Monte Carlo
visualization and identified responses; (b) respective states spaces and (¢) RR

histograms.
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Figure 47 shows the case with oy, = 3.0, presenting four kinds of response:
incomplete bb (blue), complete bb (red), ventricular flutter (purple) and a different type
of ventricular fibrillation (green, Figure 47-d), called here type 2. Now it exhibits different
orbits also around smaller loop on spaces states and several peaks spread over a larger

interval in RR histogram Histogram statistics in this case are 4 = 2.0587, o = 0.4929
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Figure 47 — Stochastic analysis of Kg; with gy, = 3.0: (a)ECG Monte Carlo Carlo
response samples; (b) respective state spaces and (c) RR histograms; (d) Ventricular

fibrillation type 2.

5.2.3 Kgp and Kp; Stochastic

A general random situation is now concerned considering that both Kz and Kg;
has stochastic characteristics. Initially, a small value of standard deviation is treated,
oy = 0.01. inducing pathological responses, different from the previous cases. Figure 48
shows three identified rhythms: normal (blue), a variation of normal with greater T-wave
(green) and incomplete bb (red), whose characteristics have been already explained. The

calculated RR statistics are u = 6.3536, 0 = 0.5406 and CV = 0.0851.
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Figure 48 — Stochastic analysis of Kgp and Kg; with g, = 0.01: (a)ECG Monte Carlo

response samples; (b) respective states spaces and (c) RR histograms.

By increasing the standard deviation to g, = 0.1, normal (black) with slightly
higher RR mean, two incomplete bb (blue and green) and complete bb (red) are identified
(Figure 49). Both incomplete bb responses have double R-waves, but with different
frequencies. These results can be confirmed by different peaks location on histograms.

The calculated RR statistics are u = 3.6296, ¢ = 1.4812 and CV = 0.4081.
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Figure 49 — Stochastic analysis of Kgp and Kg; with o), = 0.1: (a)ECG Monte Carlo

response samples; (b) respective states spaces and (c) RR histograms.
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Figure 50 presents responses for g, = 1.0, showing five kinds of rhythms:
normal with a lower RR mean (black), incomplete bb (blue), complete bb (red),
ventricular flutter (purple) and ventricular fibrillation type 2 (green), which exhibit same
response characteristics previously described. Histogram statistics are u = 2.2685, o =

0.9756 and CV =0.4301.
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Figure 50 — Stochastic analysis of Kgp and Kg; with gy, = 1.0 (a)ECG Monte Carlo

response samples; (b) respective states spaces and (c) RR histograms.

Figure 51 considers a bigger standard deviation, o, = 3.0, showing incomplete
bb (purple), complete bb (red), ventricular flutter (yellow), ventricular fibrillation type 2
(green) and a composition of incomplete bb and bradycardia (blue). The ventricular flutter
now identified presents a closed curve with four loops on state space. Bradycardia
designates a decrease in heart rate, which can be related to long RR interval observed on

histogram. In this case RR statistics are u = 2.7472, 0 = 2.3288 and CV = 0.8477.
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Figure 51 — Stochastic analysis of Kgp and Kg; with gy, = 3.0 (a)ECG Monte Carlo

response samples; (b) respective states spaces and (c) RR histograms.
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6 CONCLUSIONS

Cardiac rhythms are analyzed from a mathematical model composed by three-
coupled oscillators with time-delayed couplings. The proposed improvement
(dissociation of coupling terms) enhances the model capability to capture the main aspects
of cardiac dynamical response, reproducing ECGs for various situations of heart
functioning, normal and pathological rhythms, including atrial flutter, atrial fibrillation,
ventricular flutter and two types of ventricular fibrillation (with and without external
stimulus). Poincaré map construction is discussed pointing that it is an interesting
diagnostic tool to characterize pathological rhythms. Two different approaches are
proposed considering secant plane and reference period, both providing similar
conclusions.

In addition, a global comprehension of the SA behavior is provided by an
analysis of bifurcation diagrams, in which distinct kinds of pacemaker responses are
evaluated and classified as quasi-periodic and chaotic. The effect of these rhythms in the
electrical activity of the cardiac system, represented by ECGs, is then investigated. The
variety of generated ECG behaviors reveals some relevant cardiac arrhythmic responses
as branch blocks and junctional tachycardia that may lead to dangerous rhythms as atrial
and ventricular fibrillations. Also, T wave alternations are identified, which is useful since
it is usually employed as clinical indicator of cardiac sudden death.

The investigation of the effects of randomness on the system response, which
represent the main contribution of the thesis, is performed by considering random
couplings . Basically, pathological behaviors can evolve from normal rhythms due to
random couplings. This investigation allows one to conclude that cardiac system model
has great potential to assist the rich heart dynamics comprehension, being useful for
disease diagnosis. Nonlinear dynamics analysis as state space and Poincaré maps have
proved to be useful for diagnosis because they highlight response variations that are
imperceptible on time series. Regarding state space characteristics, it is noticeable that
normal rhythm presents a closed curve with two loops and pathological rhythms tend to
an open trajectory with denser orbits around the normal one. Poincaré map presents
normal response characterized by a line. On the other hand, pathological responses exhibit
clouds of points around the normal one. Poincaré section evolves to different areas and

shapes that can be used to identify and predict different pathologies.
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A nonparametric probabilistic approach is employed, based on the Random
Matrix Theory, which has the advantages of introducing coupling (model uncertainties)
among the oscillators, and having only one parameter to control the level of uncertainty;
the standard deviation ay,. In order to analyze results, time series, states spaces and RR
histograms constructed by Monte Carlo method. By increasing o;,, some pathologies are
identified, as incomplete and complete branch block (bb), bradycardia, atrial fibrillation,
inverse T-wave, larger T-wave, small QRS, ventricular flutter and ventricular fibrillation.

The analysis leads to the following conclusions: Poincaré map shows to be a
satisfactory tool to characterize dynamical characteristics, where both methods exhibit
potential to be implemented in real-time ECG monitoring devices or arrhythmia
discrimination algorithms; Due to the great range of behaviors that the model can
reproduce, it can also be used in algorithms for device therapy and rhythm identification
purposes; The proposed stochastic model is consistent, being able to generate cardiac
pathological dynamical responses that evolve from normal rhythm. In this regard, it
should be highlighted that dynamical perspective is able to provide a deeper
comprehension of pathological rhythms, which can be useful for identification,
monitoring and controlling of cardiac rhythms

Regardless, future research could continue to explore coupling modeling,
improving the description of spatiotemporal and biological aspects. For example, one can
investigate nonlinear couplings such as Duffing-type; HKB model (Haken ef al., 1985),
which represent phase transitions observed in biomechanics; Hui ef al. (2021) recently
present an study of effects of time delay in coupled oscillators, involving both theoretical
and experimental approaches. Moreover, stochastic modeling can be extended in context
of Random Matrix Theory. One possibility is investigating the effect of terms out of
diagonal of coupling matrices.

Some possibilities for using the presented model for clinical purposes can be
found in Cheffer & Savi (2021) In this context, development of algorithms and machine
learning techniques for device therapy and rhythm identification can be cited as promising
future works. Furthermore, chaos control of cardiac rhythms, as performed by Ferreira et
al. (2011, 2014), represent a relevant application that still exhibits several issues to be

exploited.
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