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Abstract

The interest in considering the relation among random variables in quantiles instead of the

mean has emerged in various fields, and data collected from complex survey designs are of

fundamental importance to different areas. The combination of both frameworks provides a

powerful tool for supporting decisions and is useful for practitioners from diverse backgrounds.

In this dissertation, we aim to advance in this literature by investigating new developments and

extensions of Bayesian methods for quantile regression analysis of complex survey data under

informative sampling. We not only focus on the absolutely continuous case as the previous

works on the topic but also develop methods for count data and multiple outputs. Our methods

are particularly appealing as they provide effective and easy-to-implement methodological

tools.
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1 Introduction

Over the last century, sampling has proved to be a fundamental tool to permit society to

collect a large range of information about populations accurately. Complex survey designs,

in particular, are essential to official statistical organizations and to the scientific advance

in different areas: economics (Ferreira, Firpo, and Messina 2022), education (Binelli and

Menezes-Filho 2019), public policy (Olson, Clark, and Reynolds 2019), health (Liu et al.

2018), to mention a few. It may be recognized as different from simple random sampling,

in which each unit in the population is selected with equal probability. We refer to Valliant,

Dever, and Kreuter (2018) for a detailed account of the various designs used in practice.

Three main motives for implementing complex survey designs instead of simple random sam-

pling can be underlined. The first is for efficient estimation. Tillé and Wilhelm (2017)

mentioned the “false intuition that a sample must be similar to a population” and pointed out

how one can frequently estimate more efficiently by sampling units with unequal probabilities.

The second is related to practical constraints introduced by the characteristics of the popu-

lation target from which the sample must be drawn. Last but not least is the variable costs

associated with data collection.

The sampling design formulation often establishes a correlation between the response vari-

able of interest and sampling inclusion probabilities. Survey designs that instantiate this trait

are denominated “informative” since the inclusion probabilities are informed by the response

variable. An example is the proportion-to-size sampling design in the Current Employment

Statistics (CES) survey employed by the U.S. Bureau of Labor Statistics. The CES is con-

ducted to enable total employment statistics computation for area and industry-indexed do-
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mains. Establishments with larger employment numbers are imputed higher unit inclusion

probabilities.

Therefore, the information correspondence between the observed sample and the population

differs in informative sampling designs. In this context, proposing a method on the observed

sample may result in biased inference about the population, and accounting for the design

might be required. Before this scenario, various methodologies were developed to account

for informative sampling. In one class, the sampling design is parameterized into the model

estimated on the sampled data (Little 2004). However, as highlighted by Leon-Novelo and

Savitsky (2019), the sampling design is often a nuisance to the analyst, and marginalization

over parameters indexing the sampling design distribution is needed. Further, it is also possible

for the analyst not to know the sampling design to parameterize it.

Another class of methods utilizes sampling weights inversely proportional to the marginal

inclusion probability to adjust the likelihood contribution for each unit in the observed sample.

In this class, some approaches require a specific form for the likelihood, which does not permit

the analyst to specify the population model of interest. Rao and Wu (2010), Dong, Elliott,

and Raghunathan (2014), and Kunihama et al. (2016) imposed Dirichlet distribution priors for

the mixture components, taking the hyperparameters as a function of the sampling weights.

For designs where subgroups of sampled units have equal weights, Si, Pillai, and Gelman

(2015) regressed the dependent variable on a Gaussian process function of the weights. The

inferential focus of these approaches is the domain-level estimation of simple mean and total

statistics.

Alternatively, some approaches are designed for inference about parameters that characterize

an analyst-specified population model. For example, Pfeffermann, Krieger, and Rinott (1998)

proposed a general formulation for a population model by applying the Bayes rule approach

to derive a marginal sample probability density function to the variables of interest. Their

approach allows discrete or continuous variables and the density function to depend on known

values of concomitant variables, as in regression-type models. The approach was extended in

different ways. Pfeffermann, Moura, and Silva (2006) and Silva and Moura (2022) introduced

2



univariate and multivariate multi-level models, respectively. Leon-Novelo and Savitsky (2019)

adapted the approach to formulate a fully Bayesian method.

In addition, some formulations account for the informative sampling design by exponentiating

each unit likelihood contribution under the analyst-specified model by its associated sampling

weight. The resultant function, called pseudo-likelihood Chambers and Skinner (2003), possi-

bly allows discrete or continuous variables and regression-type models. Following this, Savitsky

and Toth (2016) built a sampling-weighted pseudo posterior distribution by convolving the

pseudo-likelihood with the prior distributions for model parameters.

Although many methods that account for informative sampling enable regression-type models,

only a few allow for quantile regression analysis. Quantile regression models comprehensively

characterize the relationship between response and explanatory variables, provide a robust

alternative to heteroscedasticity and outliers, and encompass a valuable tool for practitioners

from myriad applied fields. Villarini et al. (2011) studied extreme rainfall by applying this

tool to annual maximum daily rainfall records from 221 rain gages in the Midwest United

States. Neelon et al. (2015) investigated emergency department-related medical expenditures

and proposed a spatiotemporal quantile regression model due to a more pronounced variation

in the extremes. Eide and Showalter (1999) estimated intergenerational earnings mobility

models using quantile regression due to its less restrictive nature.

Concerning quantile regression models for complex survey data in a more general framework,

Geraci (2016) offered guidance to analyze a continuous outcome when the variables of in-

terest are partially observed. Under missing at random assumptions, imputation models are

introduced. The motivating study regards the investigation of birthweight determinants in a

UK-based cohort of children. (Zhao et al. 2020) in turn developed a Bayesian empirical like-

lihood approach based on estimating equations, which includes the quantile regression one.

The authors demonstrated that their estimator is consistent, and the credible intervals are

valid in the sense of producing asymptotically design-based frequentist properties.

When we look at methods that combine quantile regression and informative sampling, the

work of Chen and Zhao (2019) is possibly the primary reference. The authors proposed
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different weight-smoothing estimators that combine nonparametric methods for modeling the

weight functions. Pseudo-population bootstrap methods are applied for variance estimation

with associated confidence regions. Their methods are illustrated with the 1988 US National

Maternal and Infant Health Survey. The paper of Wang, Kim, and Yang (2018) is also

a relevant reference in the topic. They developed an approximate Bayesian approach that

adopts the sampling distribution of a summary statistic to find the posterior distribution

of the parameters of interest. Their general formulation includes quantile regression as a

particular case.

In this dissertation, we aim to advance in this literature by investigating new developments and

extensions of Bayesian methods for quantile regression analysis of complex survey data under

informative sampling. We not only focus on the absolutely continuous case as the previous

articles on the topic but also develop methods for count data and multiple outputs.

1.1 An overview for the thesis

The work is divided into three main chapters (Chapters 2, 3, and 4), structured as three

independent papers.

As the primary reference combining quantile regression and informative sampling is Chen and

Zhao (2019) and their work is restricted to a frequentist framework, in Chapter 2, we introduce

different Bayesian methods relying on the survey-weighted estimator (Chen and Zhao 2019;

Geraci 2016) and the estimating equations (Wang, Kim, and Yang 2018; Zhao et al. 2020).

As Chen and Zhao (2019), we focus first on continuous response variables. We evaluate our

methods in a model-based simulation study by considering different data-generating processes

and informative and non-informative scenarios. We also propose a design-based simulation

study. The content presented in Chapter 2 consists of a first preprint version of a paper entitled

“Bayesian quantile regression models for complex survey data under informative sampling”

already accepted for publication in the Journal of Survey Statistics and Methodology.

To the best of our knowledge, the previous works focused only on models for continuous

response variables. With that in mind, in Chapter 3, we develop Bayesian quantile regression
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models that appropriately deal with count outcome variables bounded by a known range. Our

methods explore ideas related to the well-known quantile regression based on the asymmet-

ric Laplace distribution and pseudo distributions. We evaluate the proposed methods in a

design-based simulation study compared to a naive model fitting that ignores the informative

sampling design under different scenarios. This chapter consists of the first preprint ver-

sion of a paper entitled “Bayesian quantile regression models for bounded count data under

informative sampling,” which is under a submission process for possible publication.

In Chapter 4, we develop a Bayesian multiple-output quantile regression. We apply the

ideas presented in Chapter 2 and those introduced by Guggisberg (2023). Concerned about

computational efficiency, we provide an Expectation-Maximization approach in line with Zhao

and Lian (2016). The methods are assessed through model and design-based simulation

studies. This is an advanced work in progress that we intend to submit shortly.

Chapter 5 mainly briefly describes the ideas we plan to implement in future works.

All methods developed in this dissertation are implemented in R Core Team (2021), and

the codes are available at https://github.com/marcuslavagnole/BWQR_Informative_

Sampling.
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2 Quantiles for absolutely continu-

ous data under informative sam-

pling

2.1 Introduction

Data collected from complex survey designs are of fundamental importance to the scientific

advance in economics (Ferreira, Firpo, and Messina 2022), education (Binelli and Menezes-

Filho 2019), public policy (Olson, Clark, and Reynolds 2019), and health (Liu et al. 2018), to

mention a few. Complex survey designs are referred to as informative when the probabilities

of selection for the units in the sample are associated with the variable of interest conditional

on covariates (Fuller 2009). The statistical analysis of complex survey data under informative

sampling that fails to account for this relation, ignoring design features, which includes strat-

ification, clustering, and unequal weighting, possibly leads to biased results in the estimation

of parameters that index the joint distribution assumed to have generated the population

(Pfeffermann and Sverchkov 1999, 2003, 2009). For example, the Survey of Occupational

Illnesses and Injuries (SOII) uses a stratified sampling design to capture work-related injuries

or illnesses of workers who require medical care beyond first aid. The survey assigns higher

sample inclusion probabilities to establishments that historically express higher injury rates,

and predictions about illnesses and injuries among the population of establishments based on

regression models will be biased.
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Design-based methods using the design weights have been widely studied and applied to model

the conditional mean values of the study variables by regression. Pfeffermann (2011), Scott

and Wild (2011), among others, use the joint model of study variable and sampling indicator

to explore a likelihood-based method that maximizes the conditional sample likelihood. Magee

(1998), Beaumont (2008), and Kim and Skinner (2013), on the other hand, use predictions

from a model for the conditional distribution of the design weights given the data to substitute

the original design weights. Ultimately, Asparouhov (2006), Savitsky and Toth (2016), and

Leon-Novelo and Savitsky (2019) replace the likelihood with the pseudo-likelihood.

However, the interest in considering the relation among random variables in quantiles instead

of the mean has emerged in various fields. Quantile regression provides a more comprehensive

description of the relationship between a response variable and covariates, and it is a robust

alternative to heteroscedasticity and outliers. Villarini et al. (2011) studied extreme rainfall

by applying this tool to annual maximum daily rainfall records from 221 rain gages in the

Midwest United States. Neelon et al. (2015) investigated emergency department-related

medical expenditures and proposed a spatiotemporal quantile regression model due to a more

pronounced variation in the extremes. Eide and Showalter (1999) estimated intergenerational

earnings mobility models using quantile regression due to its less restrictive nature.

Despite a myriad of papers developed and the extensive literature on survey data analysis

and quantile regression models, only a few research papers explore quantile regression es-

timation accounting for complex survey sampling. In this regard, Li, Graubard, and Korn

(2010) modified the double-kernel method and the bandwidth selection procedure introduced

by Yu and Jones (1998) to include survey sample weights. Geraci (2016) described a gen-

eral methodology for handling quantile regression analysis of complex survey data when the

variables of interest are partially observed. Chen and Zhao (2019) focused on the quantile

regression analysis of complex survey data under informative sampling designs and proposed

several weight-smoothing estimators. Zhao et al. (2020) proposed a general formulation that

includes quantile regression models to complex survey data analysis through a Bayesian em-

pirical likelihood approach (Chen and Kim 2014; Kim 2009). From these papers, only Chen

and Zhao (2019) focused on the estimation under informative sampling, and only Zhao et al.
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(2020) explored a Bayesian estimation method.

In this chapter, we develop two new Bayesian methods where the quantile regression coeffi-

cients are defined at the super-population level, and their estimators are built upon the survey

weights. First, proceeding from a survey-weighted estimator (Chen and Zhao 2019; Geraci

2016), we extend the well-known quantile regression model based on the asymmetric Laplace

distribution to complex survey data under informative sampling following a similar argument

of Yu and Moyeed (2001). From the ideas of Kozumi and Kobayashi (2011), we implement

a simple Gibbs sampling algorithm for fitting the proposed model. Second, building on the

estimating equations (Zhao et al. 2020), we extend the quantile regression model using a

score likelihood (Wu and Narisetty 2021) to include sampling weights applying the results of

Huang, Xu, and Tashnev (2015). We then carry out an adaptive Metropolis-Hastings (Shaby

and Wells 2010) for sampling from the model parameters.

Our methods are compared with a naive model fitting, ignoring the informative sampling design

in model-based and real-data-based simulations. In the first, four data-generating models

for the population are specified. The models encompass symmetric and asymmetric cases,

homoscedastic and heteroscedastic cases, and heavy and light-tailed cases. Consequently, we

evaluate the performance of the proposed methods under different scenarios in terms of fitting

and mean absolute error and variance of the estimators. In the second, we have a design-

based study in which students in the ninth year from public elementary schools located in

Campinas municipality in São Paulo State are fixed as the finite population, and their results

in Prova Brasil are analyzed considering an informative sampling design. We compare the

point estimates of the proposed methods and the naive model with estimates that consider

the fully observed population and assess their uncertainty level.

Since modeling under informative sampling and quantile regression models are powerful tools

for supporting decisions in different areas and are applied by practitioners from different back-

grounds, our main contribution in this chapter is to provide two new and intuitive frameworks

that are particularly appealing as they offer easy-to-implement methodological tools. For ex-

ample, the asymmetric Laplace distribution is already widely applied in the quantile regression
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literature, with extension to ordinal data (Rahman 2016), count data (Lee and Neocleous

2010), longitudinal data (Yuan and Yin 2010), state-space models (Gonçalves, Migon, and

Bastos 2020), and spatial models (Lum and Gelfand 2012), among others.

2.2 Basic setup

Let xi = (xi1, ... , xip)
′, xi ∈ Rp, denote a vector of explanatory variables, and yi denote the

study variable. Suppose that a finite population FN = {(yi , xi), i = 1, ... ,N} is generated

from a super-population model F for which the true underlying distribution function is un-

known. Nonetheless, through a linear quantile regression model, we can assume that for a

fixed quantile level τ ∈ (0, 1) the finite population τ -th conditional quantile function of Yi

given Xi takes the parametric form

QYi
(τ |Xi = xi) = x′iβ(τ), i = 1, ... ,N , (1)

where QYi
(τ |Xi = xi) ≡ F−1

Yi
(τ ;Xi = xi), FYi

(τ ;Xi = xi) is the unknown cumulative dis-

tribution function of Yi given Xi = xi evaluated at τ , and β(τ) = (β1(τ), ... , βp(τ))
′ is a

p-dimensional vector of coefficients which depends on the quantile level of interest τ .

The true values of the unknown finite population parameters βN(τ) are defined as the solution

to the optimization problem

argmin
β(τ)∈Rp

N∑
i=1

ρτ (yi − x′iβ(τ)) , (2)

where ρτ (ℓ) = ℓ(τ−1(ℓ < 0)) is the asymmetric check loss function (Koenker and Bassett Jr.

1978). However, solving the expression (2) is not feasible in many real applications as we

usually do not observe the entire population. Our problem, therefore, lies in making inference

about the population parameters from a survey sample.

Suppose a survey sample S = {i1, ... , in} with size |S | = n in which the units are sampled

with inclusion probability πi = P(Ii = 1), where Ii ∈ {0, 1} is a sampling indicator such that
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Ii = 1 if unit i is selected and Ii = 0 otherwise. For cases in which S is obtained under Simple

Random Sampling (SRS), meaning that πi is the same for all i , the estimator for the finite

population vector of parameters is

argmin
β(τ)∈Rp

∑
i∈S

ρτ (yi − x′iβ(τ)) .

When data is collected from designs more complex than the SRS, in particular, when the

sampling design is informative, P(Ii = 1|xi , yi) ̸= P(Ii = 1|xi), it is required to consider the

design in the estimation process and weighting might be used to account for unequal inclusion

probabilities assigned to sample observations. In the following two sections, we present new

methods for quantile regression analysis of survey data under informative sampling based on

survey-weighted estimators.

2.3 The asymmetric Laplace distribution as working

likelihood

2.3.1 The setup

From the minimization problem in (2), Geraci (2016) and Chen and Zhao (2019) defined a

survey-weighted estimator for making inference about the finite population parameters as

argmin
β(τ)∈Rp

∑
i∈S

wiρτ (yi − x′iβ(τ)) . (3)

As Savitsky and Toth (2016), we assume normalized sampling weights wi = nw̃i/
∑

i∈S w̃i ,

where w̃i = 1/πi are the sampling weights. From the previous expression, we build a similar

argument to that of Yu and Moyeed (2001), who observed that the minimization of ρτ (ℓ) is

equivalent to the maximization of a likelihood function reached from independently distributed

asymmetric Laplace densities.
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Therefore, noticing that the minimization problem in (3) is equivalent to

argmax
β(τ)∈Rp

exp

{
−
∑
i∈S

wiρτ (yi − x′iβ(τ))

}
= argmax

β(τ)∈Rp

∏
i∈S

exp {−wiρτ (yi − x′iβ(τ))}

= argmax
β(τ)∈Rp

∏
i∈S

wiτ (1− τ)

× exp {−wiρτ (yi − x′iβ(τ))} ,

which is the maximization of a likelihood function formed by combining independently dis-

tributed asymmetric Laplace densities with a scale equal to 1/wi , we propose a Bayesian quan-

tile regression for complex survey data based on the asymmetric Laplace distribution (ALD).

Instead of working with a fixed scale equals to 1/wi , we can also incorporate a scale parameter

to obtain an ALD (ηi(τ), σ̃i , τ) with location parameter equals to ηi(τ) = x′iβ(τ) ∈ R, scale

parameter equals to σ̃i = σ/wi ∈ (0,∞), skewness parameter equals to τ , and likelihood

function given by

L(β(τ),σ; y, x,w) =
∏
i∈S

wi
τ (1− τ)

σ
exp
{
−wiρτ

(
yi − x′iβ(τ)

σ

)}
, (4)

where y ∈ Rn is a column vector, x is p × n-dimensional matrix, and w is a n-dimensional

column vector.

We, therefore, are not assuming the finite population is generated from a super-population

model with an ALD likelihood function. Instead, it is used as a “working likelihood” for

Bayesian quantile inference, deeming it as an instrument for efficient regression parameter

estimation. More often than not, it is a misspecification of the true underlying likelihood.

2.3.2 Mixture representation

The mixture representation of the asymmetric Laplace distribution (Kotz, Kozubowski, and

Podgórski 2001), which is based on data augmentation ideas (Tanner and Wong 1987),

includes latent variables ν = {νi : i ∈ S} in the observed data {y, x,w} and, potentially,

simplifies the posterior analysis. Kozumi and Kobayashi (2011), for example, exploit this

to propose a Gibbs sampler to the linear quantile regression model. Following Kozumi and
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Kobayashi (2011), we assume a mixture representation for the ALD, which can be represented

by a location-scale mixture of normals as below:

yi = x′iβ(τ) + σ̃iθν̃i + σ̃iγ
√
ν̃iεi , (5)

in which θ = 1−2τ
τ(1−τ)

, γ2 = 2
τ(1−τ)

, ν̃i ∼ Exp(1) and εi ∼ N(0, 1) are mutually independent,

and Exp(ζ) denotes an exponential distribution with mean ζ. A reparameterization of the

expression (5) is given by

yi = x′iβ(τ) + θνi + γ
√
σ̃iνiεi , (6)

where νi ∼ Exp(σ̃i).

As a consequence of the mixture representation in (6), we may express our quantile regression

as the hierarchical model

yi |νi , xi ,wi ,β(τ),σ ∼ N
(
x′iβ(τ) + θνi , γ

2νiσ/wi

)
νi |wi ,σ ∼ Exp(σ/wi),

(7)

and, from this hierarchical representation, the joint density function of the observed sample

responses y and the latent variables ν = (ν1, ... , νn) is written as

f (y,ν|x,w,β(τ),σ) = f (y|ν, x,w,β(τ),σ)f (ν|w,σ)

=
∏
i∈S

w
1/2
i (2πσνi)

−1/2 exp

{
−wi (yi − x′iβ(τ)− θνi)

2

2γ2σνi

}
× (σ/wi)

−1 exp
{
−wiνi

σ

}
=

(∏
i∈S

w
3/2
i ν

−1/2
i

)
(2π)−n/2 σ−3n/2

× exp

{
−
∑
i∈S

[
wi (yi − x′iβ(τ)− θνi)

2

2γ2σνi
+

wiνi
σ

]}
.
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2.3.3 Bayesian inference and computation

Our main interest lies in the posterior inference of λ(τ) = (β(τ),σ) based on the observed

data. However, sampling from p(λ(τ)|y, x,w) is rather difficult since we do not have a

closed form to this posterior density, and, in this case, Markov chain Monte Carlo (Gamer-

man and Lopes 2006, MCMC) algorithms to iteratively simulate observations for λ(τ) from

p(β(τ)|y, x,w,σ) and p(σ|y, x,w,β(τ)) are a handy tool.

Proceeding with the Bayesian analysis, we exploit the mixture representation described in

the previous section and assume prior independence between β(τ) and σ, which means that

p(λ(τ)) = p(β(τ))p(σ). We then specify the prior distributions β(τ) ∼ N(µ0, Σ0) and

σ ∼ IG (a0, b0), where IG (a, b) denotes the Inverse Gamma distribution with shape parameter

a > 0 and scale parameter b > 0. Consequently, the posterior density function of λ(τ) and

the latent variables conditional on the observed data is

p(λ(τ),ν|y, x,w) ∝ f (y|ν, x,w,β(τ),σ)f (ν|w,σ)p(β(τ))p(σ)

∝ σ−3n/2 exp

{
−
∑
i∈S

[
wi (yi − x′iβ(τ)− θνi)

2

2γ2σνi
+

wiνi
σ

]}

× exp
{
−1

2
(β(τ)− µ0)

′Σ−1
0 (β(τ)− µ0)

}
× σ−a0−1 exp

{
−b0
σ

}
.

(8)

From (8), the resultant full conditional densities have closed form as follows

• β(τ) ∼ N(µ1, Σ1), where

Σ1 =
[∑

i∈S
wi

γ2σνi
xix′i + Σ−1

0

]−1

and µ1 = Σ1

[∑
i∈S

wi (yi−θνi )
γ2σνi

xi + Σ−1
0 µ0

]
;

• σ ∼ IG

(
a0 +

3n
2
, b0 +

∑
i∈S

[
wi(yi−x′iβ(τ)−θνi)

2

2γ2νi
+ wiνi

])
;

• νi ∼ GIG

(
1
2
,
wi(yi−x′iβ(τ))

2

γ2σ
, wiθ

2

γ2σ
+ 2wi

σ

)
for i ∈ S .

As in Kozumi and Kobayashi (2011), the main advantage of this approach is a simple MCMC

algorithm with Gibbs steps only.
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2.4 Score based working likelihood

2.4.1 The setup

We can look at the population estimating equations instead of considering the minimization

problem in (2). Following an argument similar to that of Koenker (2005), it is possible to

demonstrate that solving the optimization problem in (2) is analogous to solving the following

estimating equations for the coefficients β(τ):

UN (β (τ)) =
N∑
i=1

xiψτ (yi − x′iβ(τ)) = 0,

where ψτ (ℓ) = τ − 1(ℓ < 0). Consequently, we can define survey-weighted estimating

functions as

US (β (τ)) =
∑
i∈S

wixiψτ (yi − x′iβ(τ)) , (9)

and obtain a survey-based estimator of the finite population parameters βN(τ) by solving

US (β (τ)) = 0. For further discussions on estimating-equation-based approaches in survey

sampling, see Binder (1983) and Godambe and Thompson (1986).

Observing that the Equation (9) is a weighted sum of the score function for the quantile

regression objective function in (2), we follow the ideas of Wu and Narisetty (2021) to propose

a likelihood as below:

L(β(τ); y, x,w) = C exp
{
− 1

2n
US (β (τ))′ ΩUS (β (τ))

}
, (10)

in which C is a constant free of β (τ) and Ω is a p × p positive definite weight matrix. To

define Ω, we adapt the weight matrix introduced by Wu and Narisetty (2021) to the results

in Huang, Xu, and Tashnev (2015) to obtain

Ω =
n

τ(1− τ)

(∑
i∈S

w 2
i xix

′
i

)−1

.
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As argued by Wu and Narisetty (2021), due to the quadratic form of the exponent in the

posterior, there will be a correspondence between values of β (τ) for which US (β (τ)) is close

to zero and the values of high posterior density. Furthermore, as the expected value of the

score function is equal to zero only at the true value βN(τ), a posterior concentration around

the truth is presumed.

Similarly to the previous approach, the likelihood in Equation (10) does not arise from a

distributional specification for the super-population model, and, once again, we are using it as

a “working likelihood” for Bayesian quantile inference, deeming it as an instrument for efficient

regression parameter estimation.

2.4.2 Bayesian inference and computation

Proceeding with the Bayesian analysis, we specify a prior distribution β(τ) ∼ N(µ0, Σ0).

Thus, the full conditional posterior distribution for the quantile regression coefficients β(τ) is

described by the function

p(β(τ)|y, x,w) ∝ L(β(τ); y, x,w)p(β(τ))

∝ exp
{
− 1

2n
US (β (τ))′ΩUS (β (τ))

}
× exp

{
−1

2
(β(τ)− µ0)

′ Σ−1
0 (β(τ)− µ0)

}
.

(11)

Wu and Narisetty (2021) propose an importance sampling algorithm for computing the pos-

terior estimates. Importance sampling is widely used as an alternative to MCMC, but its

performance relies on a good proposal distribution (Robert and Casella 2013). Building a

good proposal distribution for making inference about the true values of the unknown finite

population parameters when we have complex survey data under informative sampling might

be more complicated than when data is obtained under an SRS scheme. For that reason, we

employ a Metropolis–Hastings algorithm to propose an MCMC procedure for sampling from

the full posterior distribution in (11).

Let β(0) be an initial value for the coefficients, and δ
(0)
m be an initial value for the tuning
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quantity δm. Following the strategy of Shaby and Wells (2010), we employ an adaptive

approach to update δm in an iterative manner. A sample of draws from the posterior density,

therefore, is obtained by repeating the following three steps for t = 0, ... ,T :

• Given the current state β(t), generate β∗ from a proposal distribution β|β(t) ∼ N(β(t), Σ̂),

where

Σ̂ = δ(t)τ(1− τ)

(
1

n

∑
i∈S

w 2
i xix

′
i

)−1

;

• Generate U ∼ Unif(0, 1), the uniform distribution on the interval (0, 1), and compute

β(t+1) applying the acceptance-rejection rule as follows:

β(t+1) =


β∗, if u ≤ α(β(t),β∗)

β(t), otherwise,

where

α(β(t),β∗) = min

{
1,

p(β∗|y, x,w)q(β(t)|β∗)

p(β(t)|y, x,w)q(β∗|β(t))

}

= min
{
1,

p(β∗|y, x,w)

p(β(t)|y, x,w)

}

• For every m steps, calculate r̂ (t) = #jumps/m and κ(t) = k0(1/t
k1), where #jumps

indicates the number of jumps, and set

log(δ(t+1)
m ) = log(δ(t)m ) + κ(t)(r̂ (t) − 0.234).

The attenuation parameters k0 > 0 and k1 ∈ (0, 1] are the only quantities in the previous

algorithms that are not entirely automatic. In practice, Shaby and Wells (2010) verified that

their choices are not very influential and indicated to choose k0 = 1 and k1 = 0.8.

The idea behind the previous adaptive approach is quite intuitive. It takes a block of m < T

steps and estimates the acceptance rate for that block. When the acceptance rate exceeds
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the optimal value of 0.234 (Roberts, Gelman, and Gilks 1997), it increases δm. On the other

hand, if the acceptance rate is too low, it decreases δm. Moreover, adapting the logarithm of

δm rather than δm itself is advantageous in two ways. Firstly, it guarantees that δm remains

positive, and secondly, it permits multiplicative adjustments rather than additive.

2.5 Simulation study

In this section, we conduct a simulation study to assess the performance of our Bayesian

weighted quantile regression models (BWQR) compared with an unweighted benchmark under

different scenarios. We assume the well-known Bayesian quantile regression based on the

asymmetric Laplace distribution (Kozumi and Kobayashi 2011; Yu and Moyeed 2001, BQR-

AL) as the benchmark and denote the approach based on the asymmetric Laplace distribution

as BWQR-AL and the approach based on the score likelihood as BWQR-SL.

We propose a model-based simulation study to analyze the ability of our models to characterize

the entire population. Our models and the benchmark are fitted considering a sample from

a finite population, and a comparison criterion based on the check loss function is calculated

using all observations in the finite population. For that, we generate 200 finite populations

with population size N = 10, 000 from the following population models:

M1: yi = β0(τ) + β1(τ)x1i + ϵi , where the error term ϵi is a standard normal variable

independent of x1i ;

M2: yi = β0(τ) + β1(τ)x1i + ϵi , where ϵi ∼ t3 - Student’s t-distribution with three

degrees of freedom - is independent of x1i ;

M3: yi = β0(τ) + β1(τ)x1i + (1 + 0.2x1i)ϵi , where ϵi is a standard normal variable

independent of x1i ;

M4: yi = β0(τ) + β1(τ)x1i + ϵi , where ϵi ∼ SN(−0.7740617, 1, 4) - Skew normal

distribution (Azzalini 1985) with location, scale and skewness parameters equal to -

0.7740617, 1 and 4 - is independent of x1i . This particular choice for the location

parameter implies a zero mean error.
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For all models β0(τ) = 2.0, β1(τ) = 1.5, and x1i is generated from a uniform variable on

the interval (0, 2). Models M1, M2, and M4 represent homoscedastic error models, but M2

and M4 represent heavy-tailed and asymmetric examples, respectively. Model M3 represents

a heteroscedastic error model.

To obtain the final samples, we replicate a similar procedure to that of Chen and Zhao (2019),

meaning that for each generated finite population of size N , a Poisson sample with an expected

size equal to n = 500 was selected with inclusion probabilities πi = nki/
∑N

j=1 kj where ki is

treated as two different cases. On both cases, we have ki = {1 + exp(zi)}−1, but we have

zi ∼ N(yi , 0.25) for Case 1, and zi ∼ N(3.5, 0.25) for Case 2. Thus, for all data-generating

models, the first sampling procedure is informative since the inclusion probabilities depend on

the response variable, while for the second, the same does not occur.

For each replica in our simulation, MCMC chains of length 25, 000 are drawn from the full

conditional distributions described in Sections 2.3.3 and 2.4.2. A burn-in of 5, 000 and a thin

of 20 are taken. Following Yang, Wang, and He (2016) and Benoit and den Poel (2017),

σ = 1 is fixed for the BWQR-AL and the BQR-AL. Regarding the prior specification, we chose

a non-informative prior for the regression parameters in which µ0 = 0q and Σ0 = 1, 000Iq,

where 0q is a q-dimensional vector of zeros and Iq is an identity matrix with dimension q× q.

Measuring and comparing the proposed models with the BQR-AL in terms of quantities based

on a known fixed true value for the coefficients might not be appropriate in some of our

scenarios since the linear conditional quantile function QYi
(τ |X1i = x1i) = β0(τ)+β1(τ)x1i is

not comparable for all τ . Then, to evaluate the ability of our proposed methods to correctly

describe the finite population in a wider range of scenarios, we calculate

1

N

N∑
i=1

ρτ (yi − x′iβ(τ)) (12)

for all the 1, 000 samples generated in the inference procedures from the BWQR-AL, BWQR-

SL, and BQR-AL, and take their medians. Lee, Noh, and Park (2014) and Barata, Prado, and

Sansó (2022), for example, also applied criteria based on the check loss function to model

selection and comparison, but not in a complex survey context. As with any error function,
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the lower the quantity in 12, the better.

In Table 2.1, we summarize the results of our simulation study regarding both Case 1 and

Case 2, all data-generating models from M1 to M4, and first, second, and third quartiles

(τ = 0.25, τ = 0.50 and τ = 0.75, respectively). Table 2.1 reports the median and the

variances (in parenthesis) from the quantities generated using (12). Focusing firstly on Case 1,

we observe that BWQR-AL and BWQR-SL have similar performance, with a slight advantage

to the former. By our criteria, the BWQR-AL and the BWQR-SL present an evident gain if

compared with our benchmark - the BQR-AL - in all scenarios, indicating that our methods

outperform a naive model fitting, ignoring the informative sampling design.

Table 2.1: Median and variance (×103) in parentheses of the criteria considering models M1-
M4, Cases 1 and 2, and the quartiles with expected sample sizes equal to 500.

τ Method Case 1
M1 M2 M3 M4

0.25 BWQR-AL 0.3206 (0.0155) 0.4672 (0.0647) 0.3849 (0.0187) 0.1791 (0.0042)
BWQR-SL 0.3226 (0.0120) 0.4719 (0.0720) 0.3883 (0.0194) 0.1788 (0.0044)
BQR-AL 0.4135 (0.1763) 0.8949 (2.3766) 0.5221 (0.2906) 0.1898 (0.0143)

0.50 BWQR-AL 0.4031 (0.0332) 0.5601 (0.1304) 0.4852 (0.0927) 0.2517 (0.0144)
BWQR-SL 0.4052 (0.0299) 0.5621 (0.1272) 0.4879 (0.0876) 0.2517 (0.0160)
BQR-AL 0.5493 (0.5047) 1.0168 (3.5542) 0.7145 (0.7194) 0.2763 (0.0397)

0.75 BWQR-AL 0.3242 (0.0930) 0.4775 (0.3676) 0.3928 (0.2584) 0.2225 (0.0484)
BWQR-SL 0.3261 (0.0774) 0.4782 (0.3425) 0.3955 (0.2341) 0.2228 (0.0361)
BQR-AL 0.4714 (0.7170) 0.8046 (2.6716) 0.6349 (1.1284) 0.2558 (0.1022)

Case 2
M1 M2 M3 M4

0.25 BWQR-AL 0.3200 (0.0077) 0.4630 (0.0475) 0.3837 (0.0107) 0.1787 (0.0017)
BWQR-SL 0.3197 (0.0078) 0.4629 (0.0473) 0.3834 (0.0107) 0.1777 (0.0018)
BQR-AL 0.3200 (0.0077) 0.4629 (0.0478) 0.3838 (0.0102) 0.1786 (0.0017)

0.50 BWQR-AL 0.4013 (0.0104) 0.5528 (0.0499) 0.4811 (0.0134) 0.2505 (0.0036)
BWQR-SL 0.4012 (0.0102) 0.5525 (0.0501) 0.4810 (0.0139) 0.2499 (0.0038)
BQR-AL 0.4015 (0.0102) 0.5529 (0.0499) 0.4808 (0.0131) 0.2506 (0.0037)

0.75 BWQR-AL 0.3200 (0.0084) 0.4629 (0.0543) 0.3836 (0.0117) 0.2203 (0.0039)
BWQR-SL 0.3196 (0.0084) 0.4629 (0.0554) 0.3835 (0.0116) 0.2196 (0.0041)
BQR-AL 0.3200 (0.0082) 0.4628 (0.0542) 0.3836 (0.0113) 0.2201 (0.0039)

An issue of major concern pointed out by Pfeffermann, Moura, and Silva (2006) is under-

standing how including sample weights when it is not necessarily required impacts models’

performance. Case 2, therefore, is designed to enable this analysis. We note that all models,

BWQR-AL, BWQR-SL, and BQR-AL, have close results. From this analysis, we see that our

models present a better fit under informative sampling and do not have a negative impact
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when including sample weights is not required.

We also note that the medians of BWQR-AL and BWQR-SL are much less dispersed over

the replicas when compared with the BQR-AL when Case 1 is considered. When Case 2 is

analyzed, the results are closed instead.

Complementing the previous results, we proceed with an analysis focused on the coefficients.

On both M1 and M2, the linear conditional quantile function takes the form QYi
(τ |X1i = x1i) =

β0(τ) + β1(τ)x1i for any τ ∈ (0, 1), where β1(τ) = 1.5, and β0(τ) = 2 + Φ−1(τ) and

β0(τ) = 2+F−1
t3 (τ) for M1 and M2, respectively. Regarding M3, the linear conditional quan-

tile function QYi
(τ |X1i = x1i) = β0(τ)+β1(τ)x1i holds only at τ = 0.5 with β0(τ) = 2.0 and

β1(τ) = 1.5. Thus, for these cases, we can evaluate the capacity of our methods to recover

the super-population coefficients.

Table 2.2 reports the absolute errors between the mean of the point estimates for the co-

efficients and the fixed true values. The variances of the point estimates are reported in

parentheses. As point estimates for the coefficients, we used the mean of the MCMC draws.

Concerning Case 1, both BWQR-AL and BWQR-SL perform substantially better than BQR-

AL regarding the absolute error for all contemplated scenarios. The results indicate that our

methods can directly perform posterior inference about the population using only quantities

available for the observed sample when we have an informative sampling scenario. Regarding

Case 2, we observe that our methods do not have a significant negative impact on the absolute

error, strengthening the idea that our methods are competitive even when including sample

weights is not required. In terms of variance, there are no discrepant differences among the

models.
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Table 2.2: Absolute error and variance in parentheses considering models M1-M3 at τ = 0.50,

models M1-M2 at τ = 0.25 and τ = 0.75, Cases 1 and 2, with expected sample sizes equal

to 500.

τ Model Parameter
Case 1

M1 M2 M3
0.25 BWQR-AL β0(τ) 0.0101 (0.0170) 0.0087 (0.0229) -

β1(τ) 0.0275 (0.0264) 0.0903 (0.0395) -
BWQR-SL β0(τ) 0.0239 (0.0136) 0.0259 (0.0183) -

β1(τ) 0.0802 (0.0190) 0.2236 (0.0280) -
BQR-AL β0(τ) 0.7152 (0.0075) 1.3441 (0.0696) -

β1(τ) 0.1569 (0.0131) 1.2615 (0.1406) -

0.50 BWQR-AL β0(τ) 0.0267 (0.0279) 0.0130 (0.0309) 0.0593 (0.0383)
β1(τ) 0.0484 (0.0404) 0.1207 (0.0451) 0.1025 (0.0628)

BWQR-SL β0(τ) 0.0257 (0.0276) 0.0222 (0.0314) 0.0661 (0.0355)
β1(τ) 0.0474 (0.0399) 0.1356 (0.0438) 0.1133 (0.0555)

BQR-AL β0(τ) 0.7649 (0.0057) 1.0522 (0.0249) 1.0158 (0.0082)
β1(τ) 0.1296 (0.0111) 0.7290 (0.0596) 0.2198 (0.0127)

0.75 BWQR-AL β0(τ) 0.0453 (0.0603) 0.0550 (0.0944) -
β1(τ) 0.0844 (0.0843) 0.2382 (0.0981) -

BWQR-SL β0(τ) 0.0450 (0.0593) 0.0555 (0.1049) -
β1(τ) 0.0528 (0.0818) 0.1680 (0.1129) -

BQR-AL β0(τ) 0.8025 (0.0065) 1.0531 (0.0131) -
β1(τ) 0.1099 (0.0122) 0.3854 (0.0267) -

Case 2
M1 M2 M3

0.25 BWQR-AL β0(τ) 0.0142 (0.0143) 0.0079 (0.0217) -
β1(τ) 0.0151 (0.0108) 0.0023 (0.0155) -

BWQR-SL β0(τ) 0.0093 (0.0142) 0.0163 (0.0209) -
β1(τ) 0.0149 (0.0107) 0.0036 (0.0150) -

BQR-AL β0(τ) 0.0115 (0.0134) 0.0024 (0.0227) -
β1(τ) 0.0124 (0.0101) 0.0048 (0.0156) -

0.50 BWQR-AL β0(τ) 0.0113 (0.0127) 0.0035 (0.0126) 0.0013 (0.0186)
β1(τ) 0.0069 (0.0102) 0.0014 (0.0104) 0.0013 (0.0146)

BWQR-SL β0(τ) 0.0132 (0.0121) 0.0025 (0.0127) 0.0020 (0.0179)
β1(τ) 0.0089 (0.0099) 0.0007 (0.0106) 0.0001 (0.0141)

BQR-AL β0(τ) 0.0084 (0.0113) 0.0001 (0.0119) 0.0001 (0.0169)
β1(τ) 0.0048 (0.0092) 0.0009 (0.0101) 0.0041 (0.0138)

0.75 BWQR-AL β0(τ) 0.0024 (0.0139) 0.0004 (0.0220) -
β1(τ) 0.0014 (0.0100) 0.0037 (0.0176) -

BWQR-SL β0(τ) 0.0055 (0.0136) 0.0098 (0.0214) -
β1(τ) 0.0027 (0.0098) 0.0027 (0.0170) -

BQR-AL β0(τ) 0.0004 (0.0132) 0.0023 (0.0211) -
β1(τ) 0.0023 (0.0097) 0.0024 (0.0168) -
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2.6 Real-data-based simulation study

In this section, we propose a design-based simulation study that follows a similar path to

Savitsky and Toth (2016) and Chen and Zhao (2019). For that, we use a database from

Prova Brasil as Silva and Moura (2022), but here, we work with the edition of 2011 instead

of 2009.

Prova Brasil is a large-scale proficiency test developed by the Brazilian National Institute

of Education Research (INEP) for the Brazilian Ministry of Education. From standardized

tests, Prova Brasil aims to evaluate the educational quality of the Brazilian public educational

system. The tests are centered on two fields (Portuguese and Mathematics) and applied

to students in the fifth and ninth years of public elementary schools. The Portuguese test is

focused on reading, and the Mathematics test is focused on problem solutions. The proficiency

scores stem from applying item response theory (IRT) models to the test results.

Therefore, Prova Brasil is an important tool for federal, state, and municipal educational

agencies in designing, developing, implementing, and evaluating public policies oriented toward

enhancing student performance and reducing educational inequalities. Educational agencies

can identify frailties and correct distortions from the collected information, driving technical

and financial resources to focal areas. In this regard, quantile regression models encompass a

powerful tool to investigate distortions and inequalities in educational outcomes. Since several

educational assessment data originate from complex surveys that might be informative, the

methods proposed in this chapter can be very useful in the educational area. For example,

Costanzo and Desimoni (2015) applied a quantile regression approach to address issues of

inequality in education outcomes using INVALSI survey data, and Giambona and Porcu (2015)

studied background determinants of reading achievement in Italy using the 2009 OECD-PISA

survey.

In our analysis, we restrict the application to students in the ninth year from public elementary

schools located in Campinas municipality in São Paulo State. A total of 11, 004 students in the

ninth year, distributed among 128 schools, attended the exam with complete proficiency and
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predictor variables. Although Prova Brasil is not a sample survey, it is subject to non-response

due to school evasion or non-attendance on the day of the exam, and there is evidence from

previous editions suggesting that students with low achievement are less likely to participate

in the exam. Thus, it indicates an informative mechanism in the observed data collected from

the application of Prova Brasil.

Based on the previous consideration, we propose a design-based simulation study where the

N = 11, 004 observations from students in the ninth year from public elementary schools

located in Campinas are fixed as our finite population, and samples of expected size equals

n = 500 are taken. For the study, we consider an indicator variable for nonwhite students

(black, mixed, and indigenous) and an indicator variable for students lagging behind. The

former is applied as a proxy for socioeconomic inequities as there is a discrepancy in poverty

levels between whites and blacks in Brazil (Gradín 2009). The latter indicates students who

have fallen behind other students in their cohorts. As a response variable, we consider the

Mathematics proficiency scores.

Moreover, we generate 200 samples using a Poisson sample with inclusion probabilities πi =

nki/
∑N

j=1 kj where ki is ki = 1 + exp(zi) and zi ∼ N(yi , 0.25). We have an informative

single-stage sample design with unequal inclusion probabilities based on a proportional-to-size

sample similar to the procedure described in Section 2.5. However, the sampling inclusion

probability is directly proportional to the response variable as we intend to reproduce a scenario

in which students with high achievement are more likely to participate.

To assess the performance of our BWQR models, we assume the point estimates generated

from the BQR-AL considering the fully observed population as our best-case scenario. In

addition, we assume the estimates from the BQR-AL considering the sampled data as the

benchmark. Thus, the estimates from the BWQR-AL and the BWQR-SL should, ideally,

get close to the results from the best-case scenario and present, at the same time, a better

performance in comparison with the benchmark.

Similarly to the previous section, for each replica in our simulation, MCMC chains of length

25, 000 are drawn, a burn-in of 5, 000 and a thin of 20 are taken, and σ = 1 is fixed. Regarding
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the prior specification, we chose a non-informative prior for the regression parameters in which

µ0 = 03 and Σ0 = 1, 000I3.

Figure 2.1 compares the point estimates generated from the 200 replicas for each of the three

methods under analysis (BWQR-AL, BWQR-SL, and BQR-AL) with the point estimate gen-

erated from the best-case scenario. We analyze the estimates for three coefficients: intercept

(first column of plot panels), an indicator variable for nonwhite students (second column of

plot panels), and an indicator variable for students lagging behind (third column of plot pan-

els). We also analyze three different quantiles, τ = 0.25 (first row of plot panels), τ = 0.50

(second row of plot panels), and τ = 0.75 (third row of plot panels).

From Figure 2.1, we note that our methods outperform the benchmark, suggesting that

the BWQR-AL and the BWQR-SL are effective in performing posterior inference about the

population using only quantities available for the observed sample when we have an informative

sampling scenario. The results in Figure 2.1 also seem to be in line with those presented in

Table 2.2. Generally, our methods’ estimates get closer to the best-case scenario estimates

than the benchmark, supporting the smaller mean absolute errors in Table 2.2. We also

observe, for example, a significant distortion in the estimates of the intercept when the naive

model fitting ignoring the informative sampling design is considered.

Analyzing the coefficients, we notice that the indicator variables for nonwhite students and

students lagging behind are negatively related to the proficiency score for all quantile levels.

This negative association is well reported in the literature, especially if we look at the race vari-

able (Botelho, Madeira, and Rangel 2015; Marteleto 2012), and the high correlation of both

variables with socio-economic indicators explains it. The results reflect more the structural

problems in Brazilian society than individual ability.

24



−0.4

−0.2

0.0

0.2

τ
=

0
.2

5
Intercept

−0.6

−0.4

−0.2

Nonwhite students

−0.75

−0.50

−0.25

Students lagging behind

0.2

0.4

0.6

0.8

τ
=

0
.5

0

−0.5

−0.4

−0.3

−0.2

−0.1

−0.8

−0.6

−0.4

−0.2

0.8

1.0

1.2

BQR−AL BWQR−AL BWQR−SL

τ
=

0
.7

5

−0.5

−0.4

−0.3

−0.2

−0.1

BQR−AL BWQR−AL BWQR−SL

−0.8

−0.6

−0.4

−0.2

BQR−AL BWQR−AL BWQR−SL

Figure 2.1: Comparison between our methods and the benchmark. The boxplots summarize

the point estimates, and the solid line represents the best-case scenario.

Section 2.5 and the previous results mainly focus on analyzing and evaluating our methods’

performance in point estimation. However, uncertainty is also a relevant issue. Figure 2.2

compares the lengths for the 95% Highest Posterior Density (HPD) intervals generated from

the 200 replicas for each of the three methods under analysis (BWQR-AL, BWQR-SL, and

BQR-AL). Similarly to the previous figure, we consider the interval estimates for all three
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coefficients: intercept (first column of plot panels), an indicator variable for nonwhite students

(second column of plot panels), and an indicator variable for students lagging behind (third

column of plot panels). We also consider three different quantiles, τ = 0.25 (first row of plot

panels), τ = 0.50 (second row of plot panels), and τ = 0.75 (third row of plot panels).
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Figure 2.2: Comparison between our methods and the benchmark. The boxplots summarize

the lengths of the interval estimates.

From Figure 2.2, the BWQR-SL seems to present a lower degree of uncertainty than the

26



BWQR-AL and BQR-AL for all coefficients and all quantiles under analysis. The BWQR-AL,

in turn, seems to have a similar or lower degree of uncertainty than the BQR-AL, except for

the intercept when the first and the second quartiles are considered.

Beyond the length, we also look at the percentage that the point estimate generated from

the best-case scenario falls within the 95% HPD intervals generated from the 200 replicas

for each of the three methods. This measure gives us a sense of coverage. Table 2.3 shows

the results. We note that the percentages for the BWQR-SL tend to be smaller than the

BWQR-AL and the BQR-AL and closer to the nominal level of 95% mainly when we consider

τ = 0.25 and τ = 0.50. Jointly with the results presented in Figure 2.2, it indicates that

the BWQR-SL better describes the uncertainties and that the BWQR-AL and the BQR-AL

have excessively large intervals. We note that the percentages for the BQR-AL regarding the

intercept are very close or equal to zero, indicating that not only the point estimates but also

the interval estimates are precarious for this parameter.

Table 2.3: Percentage that the point estimate generated from the best-case scenario falls
within the 95% HPD intervals generated from the 200 replicas for all the three methods.

τ Method Intercept Nonwhite students Students lagging
behind

0.25 BWQR-AL 97.00 97.50 98.00
BWQR-SL 92.50 95.50 95.50
BQR-AL 1.50 99.00 98.50

0.50 BWQR-AL 99.50 98.50 99.50
BWQR-SL 96.00 96.50 98.00
BQR-AL 0.00 99.50 99.00

0.75 BWQR-AL 100.00 100.00 100.00
BWQR-SL 98.50 99.50 99.50
BQR-AL 0.00 99.00 99.50

2.7 Final remarks

In this chapter, we introduced two new and easy-to-implement methods for complex survey

data under informative sampling. We obtained an approach based on the asymmetric Laplace

likelihood from a design-weighted estimator (Chen and Zhao 2019; Geraci 2016) and following

the argument of Yu and Moyeed (2001). From the ideas of Kozumi and Kobayashi (2011), we

implemented a simple Markov chain Monte Carlo algorithm for fitting our quantile regression
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model. Our second method extends the ideas of Wu and Narisetty (2021) to include sampling

weights in their model, applying a result of Huang, Xu, and Tashnev (2015).

To evaluate the performance of our methods, we carried out two simulation studies and

compared them with a naive model that ignores the informative sampling design. In the first

simulation study, we considered a model-based simulation study in which four data-generating

models for the population were specified, encompassing different possible characteristics for

a data set. In the second simulation study, we considered a design-based study in which

students in the ninth year from public elementary schools located in Campinas municipality in

São Paulo State are fixed as the finite population, and the proficiency scores in Prova Brasil

were taken as the response variable. Our methods outperformed the naive model fitting,

ignoring the informative sampling design in all scenarios under analysis.
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3 Quantiles for bounded count data

under informative sampling

3.1 Introduction

Modeling count data under informative sampling is a substantive matter in survey statis-

tics. Savitsky and Toth (2016) constructed a pseudo-posterior distribution utilizing sampling

weights based on the marginal inclusion probabilities to exponentiate the likelihood contribu-

tion of each sampled unit to recover population information from the available sample. The

authors illustrated their method on an application concerning the Bureau of Labor Statistics

Job Openings and Labor Turnover Survey, specifying a count data model for the population

based on the Poisson distribution. Parker, Holan, and Janicki (2020) combined the pseudo-

likelihood approach and conjugate multivariate distribution theory to attain a unit-level model

for count data that accounts for informative sampling designs. Their method was illustrated

via an empirical simulation study using count data from the American Community Survey

public use microdata sample.

At the same time, the interest in considering the relation among random variables in quantiles

instead of the mean is also a relevant research topic that has emerged in various fields.

Quantile regression provides a more comprehensive description of the relationship between

a response variable and covariates, and it is a robust alternative to heteroscedasticity and

outliers. However, direct estimation of quantile regression models for count data is not

possible due to the association of the discreteness of the data and the nondifferentiability
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of the sample objective function defining the estimator. To overcome this issue, Machado

and Silva (2005) observed that quantiles of the randomly perturbed data have a one-to-one

relation with the quantiles of the original data and proposed applying quantile regression to

jittered count data as a mechanism to make inference about relevant aspects of the conditional

quantiles of the counts.

From Machado and Silva (2005), Lee and Neocleous (2010) proposed a Bayesian quantile

regression model for count data based on the asymmetric Laplace distribution and illustrated

it with an application related to environmental epidemiology. The method from Machado and

Silva (2005) has also been employed for further applied analysis, including fertility (Booth

and Kee 2009; Miranda 2008), car accidents (Qin and Reyes 2011), frequency of doctor

visits Moreira and Barros (2010); Winkelmann (2006), and students’ performance (Grilli,

Rampichini, and Varriale 2016).

Alternative approaches have also been developed from the solution introduced by Machado

and Silva (2005) to artificially smooth the data by applying jittering. For example, Congdon

(2017) proposed a Bayesian framework that combines the asymmetric Laplace distribution

with the Poisson model. Padellini and Rue (2019) interpolated the quantile function using

a continuous model-aware, allowing for proper quantile inference while retaining model in-

terpretation. Tzavidis et al. (2015), in turn, proposed a semiparametric M-quantile method

for counts. More recently, Frumento and Salvati (2021) applied the approach developed by

Frumento and Bottai (2016) to describe the quantile regression coefficients.

Despite the methodologies previously mentioned, there is a lack of tools for the appropriate

analysis of bounded count outcomes, even considering that it is often observed in many

applications. Mullahy (2023), for example, underlined some health-related outcomes like the

number of days per week on which adults reported engaging in vigorous or moderate exercise

from the 2015 Health Survey of England (HSE) and the number of physically healthy days

in the previous 30 days from the 2021 Behavioral Risk Factors Surveillance System (BRFSS).

Bottai, Cai, and McKeown (2010) provided a simple approach using the logistic quantile

regression to analyze bounded outcomes, but for the continuous case. To the best of our
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knowledge, no method in the literature accommodates informative sampling and quantile

regression analysis of count data, more specifically, bounded count data.

Therefore, this chapter aims to fulfill this lack by introducing effective and easy-to-implement

frameworks and providing valuable tools for practitioners from different backgrounds. We

propose two different Bayesian quantile regression models that accommodate bounded count

data under informative sampling. From the side of the bounded count data, we apply the

ideas of Machado and Silva (2005) and Lee and Neocleous (2010) to deal with quantiles for

counts, adapting them by employing the methodology proposed by Bottai, Cai, and McKeown

(2010). From the side of complex survey data under informative sampling, we propose two

different methods based on the asymmetric Laplace distribution (Yu and Moyeed 2001); one

is an extension of the approach introduced in Chapter 2, and the other is based on the pseudo

posterior distribution (Savitsky and Toth 2016).

Since complex surveys comprise one of the main instruments for collecting information in the

educational area and quantile regression models can characterize differences over the distribu-

tion of a data set, our framework can be particularly appealing, for example, in investigating

distortions and inequalities in educational outcomes. In this context, Costanzo and Desimoni

(2015) applied a quantile regression approach to address issues of inequality in education

outcomes using INVALSI survey data, and Giambona and Porcu (2015) studied background

determinants of reading achievement in Italy using the 2009 OECD-PISA survey.

With that in mind, we draw a design-based simulation study using data from Prova Brasil

2011. Prova Brasil is fundamental for Brazilian educational agencies in designing, developing,

implementing, and evaluating public policies directed toward the learning process and reducing

educational inequalities. The outcome is the number of correct answers among 26 questions

in the Mathematics exam, and to assess the performance of our approaches, we compare

them with a naive model fitting that ignores the informative sampling design under four

different experiments. The first experiment analyzes different sampling designs, while the

second has different degrees of informativeness. The third experiment covers different sample

sizes. Lastly, we propose a prior sensitivity analysis that compares a non-informative prior with
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two n-dependent priors (Narisetty and He 2014; Yang and He 2012).

3.2 Quantile regression for bounded count data

Suppose that Y is a variable of interest, and X is a p-dimensional vector of covariates. Let

QY (τ |x) stand for the 100τ th of the conditional distribution of Y given X = x, meaning that

QY (τ |x) ≡ F−1
Y (τ ; x) = min{α|P(Y ≤ α|x) ≥ τ}, where F is the cumulative distribution

function. Considering a linear quantile regression in which QY (τ |x) = x′β(τ) and β(τ) is

a p-dimensional vector of coefficients, Koenker and Bassett Jr. (1978) established sufficient

conditions for asymptotically valid inference on the parameters of the model. One of these

conditions states that the conditional probability density function f (y |x) must be continuous

and positive at QY (τ |x).

In this chapter, we are interested in studying cases in which Y is a count random variable

bounded from below and from above by two known constants a and b, where a and b are

defined in the set of nonnegative integers (N0). As Y results from a bounded count, the

sufficient conditions established by Koenker and Bassett Jr. (1978) are not satisfied. Regarding

the case where Y is a count random variable with support in N0, Machado and Silva (2005)

addressed this issue by adding a standard uniform random variable U , independent of Y and

X, to Y and working with Z = Y +U . This jittering procedure is a particular form of inserting

smoothness (Pearson 1950; Stevens 1950), and implies a conditional quantile function that is

continuous in τ . For some known monotone transformation hτ (·) which possibly depends on

τ , Machado and Silva (2005), therefore, assumed that the τ -th conditional quantile function

of Z given X takes the parametric form

Qhτ (Z) (τ |x) = x′β(τ), (1)

where x ∈ Rp includes the intercept.

To ensure that P(h−1
τ (x′β(τ)) ∈ N0) = 0, and, consequently, for almost every realization

of X, the conditional density of the outcome at the quantile of interest will be continuous,
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Machado and Silva (2005) also made some additional assumptions. The authors assumed that

x can be partitioned as (x(D), x(C)), where x(C) corresponds to the continuous covariates and

x(D) to the discrete ones. The intercept is included on x(D) and x(C) ∈ RpC , 1 ≤ pC ≤ p− 1,

satisfying P(X(C) ∈ C) = 0 for any countable subset C ∈ RpC . Moreover, if β(C)(τ) denotes

the components of β(τ) corresponding to the continuous covariates x(C), hence β(C)(τ) ̸= 0.

For a simple random sample {(yi , xi , ui)}ni=1 of (Y ,X,U), Machado and Silva (2005), there-

fore, defined an estimator for β(τ) as any solution to the optimization problem

argmin
β(τ)∈Rp

∑
i∈S

ρτ (hτ (zi)− x′iβ(τ)) ,

where ρτ (ℓ) = ℓ(τ−1(ℓ < 0)) is the asymmetric check loss function (Koenker and Bassett Jr.

1978). And attentive that the object of ultimate interest does not lie at the estimator for

β(τ), but on the quantile function of the discrete data Y , Machado and Silva (2005) proved

that under certain conditions QY (τ |x) is consistently estimated by ⌈h−1
τ (x′β̂(τ))− 1⌉, where

⌈a⌉ denotes the ceiling function that returns the smallest integer greater than, or equal to, a,

and β̂(τ) is the estimator of β(τ).

On their paper, Machado and Silva (2005) specified h−1
τ (x′β(τ)) = τ + exp{x′β(τ)} which

means that

QZ (τ |x) = τ + exp{x′β(τ)}

as quantile functions are equivariant to monotone transformations. The coefficients, hence,

can be estimated by running a linear quantile regression to model the transformed response

Y ∗ = hτ (Z ) = log(Y + U − τ).

Following the previous ideas, we apply the jittering procedure to the case we are interested

in, obtaining Z ∈ {(ã, b̃), where ã = a and b̃ = b+1. As our outcome is defined in bounded

support, we follow Bottai, Cai, and McKeown (2010) and specify

h−1
τ (x′β(τ)) = τ +

exp{x′β(τ)}b̃ + ã

exp{x′β(τ)}+ 1
.
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By doing this, we can estimate the coefficients by fitting a linear quantile regression to model

the transformed response Y ∗ = hτ (Z ) = log((Y + U − τ − ã)/[b̃ − (Y + U − τ)]).

3.3 Bayesian quantile regression for bounded count

data under informative sampling

Suppose a population FN = {(yi , xi), i = 1, ... ,N} generated from a super-population model

F where the underlying distribution function is unknown, and let S = {i1, ... , in} be a sample

with size |S | = n. When the sample S is a complex survey, and its design is informa-

tive, it is necessary to consider the design in the estimation process if we are interested

in inferential problems about population quantities. A sampling design is informative when

P(Ii = 1|xi , yi) ̸= P(Ii = 1|xi), where Ii ∈ {0, 1} is the sampling indicator such that Ii = 1

if unit i is selected and Ii = 0 otherwise, and πi = P(Ii = 1) is the inclusion probability.

With this in mind, we can define a survey-weighted estimator (Chen and Zhao 2019; Geraci

2016) for true values of the unknown population parameters β0(τ) as the solution to the

optimization problem

argmin
β(τ)∈Rp

∑
i∈S

w̃iρτ (hτ (zi)− x′iβ(τ)) , (2)

where w̃i = 1/πi .

From the previous definition, we present two new methods for Bayesian quantile regression

for bounded count data under informative sampling in the following two subsections.

3.3.1 The weighted scale approach

From Expression (2), it is straightforward to extend the Bayesian quantile regression model for

count data proposed by Lee and Neocleous (2010) for bounded count data under informative

sampling. From the content presented in Section 3.2 and Chapter 2, we can assume that

Y ∗
i = hτ (Zi) = log((Yi+Ui−τ−ã)/[b̃−(Yi+Ui−τ)]), i ∈ S, follows an asymmetric Laplace

distribution (ALD), Yi ∼ AL(ηi(τ), σ̃i , τ), where the scale parameter is σ̃i = σ/wi ∈ (0,∞).

34



As Savitsky and Toth (2016), we take normalized sampling weights wi = nπ−1
i /

∑
i∈S π

−1
i .

Following Kozumi and Kobayashi (2011) and taking the mixture representation for the asym-

metric Laplace distribution, we rewrote the model as below:

y ∗
i = x′iβ(τ) + θνi + γ

√
σ̃iνiεi , (3)

where θ = 1−2τ
τ(1−τ)

, γ2 = 2
τ(1−τ)

, νi ∼ Exp(σ̃i) and εi ∼ N(0, 1) are mutually independent, and

Exp(ζ) denotes an exponential distribution with mean ζ. As a consequence of the represen-

tation in Equation (3), we have the following hierarchical model

y ∗
i |νi , xi ,wi ,β(τ),σ ∼ N

(
x′iβ(τ) + θνi , γ

2νiσ/wi

)
νi |wi ,σ ∼ Exp(σ/wi)

ui ∼ Unif(0, 1).

(4)

The hierarchical representation in (4) is convenient as it proportionates closed form full con-

ditional distributions when proceeding with the posterior inference of λ(τ) = (β(τ),σ) based

on the observed data. Assuming prior independence between β(τ) and σ, and specifying the

prior distributions β(τ) ∼ N(µ0, Σ0) and σ ∼ IG (c0, d0), where IG (c , d) denotes the Inverse

Gamma distribution with shape parameter c > 0 and scale parameter d > 0, the resultant

full conditional densities have closed form as follows

• β(τ)|σ,ν ∼ N(µ1, Σ1), where

Σ1 =

[∑
i∈S

wi

γ2σνi
xix

′
i + Σ−1

0

]−1

and µ1 = Σ1

[∑
i∈S

wi (y
∗
i − θνi)
γ2σνi

xi + Σ−1
0 µ0

]
;

• σ|β(τ),ν ∼ IG

(
c0 +

3n
2
, d0 +

∑
i∈S

[
wi(y∗

i −x′iβ(τ)−θνi)
2

2γ2νi
+ wiνi

])
;

• νi |β(τ),σ ∼ GIG

(
1
2
,
wi(y∗

i −x′iβ(τ))
2

γ2σ
, wiθ

2

γ2σ
+ 2wi

σ

)
.

Therefore, it results in a simple and efficient MCMC algorithm with Gibbs steps only where

new values for Ui , i ∈ S, are drawn from a standard uniform at each iteration of the procedure
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(Lee and Neocleous 2010), and new Y ∗
i ’s are also built from these draws at each iteration of

the procedure.

3.3.2 The pseudo-likelihood method

From Expression (2), but taking the normalized weights as in the previous subsection, we can

also obtain the equivalence below:

argmin
β(τ)∈Rp

∑
i∈S

wiρτ (hτ (zi)− x′iβ(τ)) ≡ argmax
β(τ)∈Rp

exp

{
−
∑
i∈S

wiρτ (hτ (zi)− x′iβ(τ))

}

≡ argmax
β(τ)∈Rp

∏
i∈S

exp {−wiρτ (hτ (zi)− x′iβ(τ))}

≡ argmax
β(τ)∈Rp

∏
i∈S

exp {−ρτ (hτ (zi)− x′iβ(τ))}
wi

≡ argmax
β(τ)∈Rp

∏
i∈S

[τ (1− τ)]wi exp {−ρτ (hτ (zi)− x′iβ(τ))}
wi

≡ argmax
β(τ)∈Rp

∏
i∈S

[τ (1− τ) exp {−ρτ (hτ (zi)− x′iβ(τ))}]
wi

≡ argmax
β(τ)∈Rp

∏
i∈S

[f (hτ (zi)|xi ,β(τ))]wi ,

(5)

where f (hτ (zi)|xi ,β(τ)) is the probability density function of the asymmetric Laplace distri-

bution with location equal to x′iβ(τ), scale equals 1, and skewness equals τ . As mentioned

by Yu and Moyeed (2001), one can also include a scale parameter σ in this case. From the

result in (5), we have a pseudo-likelihood approach (Chambers and Skinner 2003) with the

ALD.

Following a Bayesian paradigm, our primary interest lies in the posterior inference of β(τ)

based on the observed data. For that, we assign a prior distribution for β(τ), π (β(τ)).

Consequently, we can write a pseudo-posterior distribution as below:

π̃ (β(τ)|y,w) ∝
∏
i∈S

[τ (1− τ) exp {−ρτ (hτ (zi)− x′iβ(τ))}]
wi π (β(τ)) . (6)
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The expression in (6) is straightly linked with the framework introduced by Savitsky and Toth

(2016).

Proceeding with the Bayesian analysis and computation, we assume a prior distribution

β(τ) ∼ N(µ0, Σ0) for the parameter of interest. However, sampling from π̃ (β(τ)|y,w)

is not straightforward, and Markov chain Monte Carlo (Gamerman and Lopes 2006, MCMC)

algorithms are employed to simulate observations from our target distribution iteratively. In

this chapter, we apply the adaptive Metropolis–Hastings algorithm proposed by Shaby and

Wells (2010).

Assuming that Y ∗
i = hτ (Zi) = log((Yi +Ui − τ − ã)/[b̃− (Yi +Ui − τ)]), i ∈ S, suppose that

β(0) is an initial value for the coefficients, and δ(0)m is an initial value for the tuning quantity

δm. Following the strategy of Shaby and Wells (2010), a sample of draws from (6) can be

obtained by repeating the following three steps for t = 0, ... ,T :

• Draw Ui ∼ Unif(0, 1), i ∈ S;

• Provided the current state β(t), generate β∗ from a proposal distribution β|β(t) ∼

N(β(t), Σ̂), where

Σ̂ = δ(t)τ(1− τ)

(
1

n

∑
i∈S

w 2
i xix

′
i

)−1

; (7)

• Draw Ũ ∼ Unif(0, 1), the standard uniform distribution, and compute β(t+1) applying

the acceptance-rejection rule as follows:

β(t+1) =


β∗, if ũ ≤ α(β(t),β∗)

β(t), otherwise,

where

α(β(t),β∗) = min

{
1,

p(β∗|y∗, x,w)q(β(t)|β∗)

p(β(t)|y∗, x,w)q(β∗|β(t))

}

= min
{
1,

p(β∗|y∗, x,w)

p(β(t)|y∗, x,w)

}
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• For every m steps, take r̂ (t) = #jumps/m and κ(t) = k0(1/t
k1), where #jumps indicates

the number of jumps, and set

log(δ(t+1)
m ) = log(δ(t)m ) + κ(t)(r̂ (t) − 0.234).

The attenuation parameters k0 > 0 and k1 ∈ (0, 1] are the only discretionary quantities.

However, Shaby and Wells (2010) checked that their choices are not very influential and

suggested choosing k0 = 1 and k1 = 0.8. The proposal distribution in (7) is also implemented

in Chapter 2. This approach tends to be less computationally costly for a fixed number of

iterations T as we do not have to sample from the latent variables at each iteration.

3.4 Real-data-based simulation study

We further assess the performance of our method for bounded count data, proposing a simu-

lation study based on a real data set that is similar to that analyzed in the previous chapter.

The data was collected as a part of the 2011 Prova Brasil. Prova Brasil is a large-scale pro-

ficiency test developed by the Brazilian National Institute of Education Research (INEP) for

the Brazilian Ministry of Education that aims to monitor the educational quality offered by

the Brazilian public educational system through standardized tests. The tests are focused on

Portuguese and Mathematics exams applied to students in the fifth and ninth years of public

elementary schools.

There are indications from previous editions that students with low achievement are less likely

to participate in the exam, suggesting that Prova Brasil is subject to a non-response bias

caused by school evasion or non-attendance on the day of the exam. Hence, although it does

not consist of a sample survey, there is an informative mechanism in the observed data, and

based on it, we propose a simulation study that intends to reproduce this effect. For that, we

fix the N = 10, 941 observations from students in the ninth year from public elementary schools

located in Campinas municipality in São Paulo State as our finite population. Moreover, we

consider the number of correct answers in the Mathematics exam as the response variable
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and the proficiency score in the Portuguese exam (x1) as the covariate. This proficiency score

stems from applying item response theory (IRT) models to the test results. Regarding the

response variable, its domain is bounded on {0, 1, 2, ... , 25, 26}, where 26 is the total number

of questions in the exam.

To evaluate the effectiveness of our methodologies, we compare the proposed methods, the

method where the scale parameter of the ALD is proportional to the weight (BWQR-AL)

and the pseudo-likelihood method (BWQR-PL), with a best-case scenario and a benchmark.

As the best-case scenario, we take the estimates from the unweighted Bayesian quantile

regression for bounded count data (BQR-AL) considering the fully observed population. As

the benchmark, we take the results from the BQR-AL considering the sampled data. Thus,

the BWQR-AL and the BWQR-PL should be close to the best-case scenario and present, at

the same time, a better performance in comparison with the benchmark. The comparisons

are made under different sampling designs, different degrees of informativeness, and different

prior specifications.

In the following subsections, for each of the scenarios, we generate M = 500 replicas, and

analyze the quantiles τ ∈ {0.10, 0.25, 0.50, 0.75, 0.90}. For each replica, MCMC chains of

length 25, 000 are drawn from the full conditional distributions described in Section 3.3, and

a burn-in of 5, 000 and a thin of 5 are taken. Following Yang, Wang, and He (2016) and

Benoit and den Poel (2017), σ = 1 is fixed. We also denote the intercept as β0(τ) and the

coefficient for the explanatory variable as β1(τ)

3.4.1 Experiment 1: Analysis under different sampling designs

We evaluate and compare our methods to the benchmark in this experiment through different

sampling designs. We consider three different probability proportional to size (PPS) processes

to obtain the final samples: Poisson, stratified, and systemic. In all cases, samples with

size equals to n = 500 are selected with inclusion probabilities πi = nki/
∑N

j=1 kj , where

ki = {1 + exp(2.5 − 0.5zi)}−1 and zi ∼ N(1 + 0.5yi + x1i , 0.25). These particular choices

for ki and zi are similar to those assumed by Chen and Zhao (2019). By doing this, we
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have an informative single-stage sample design based on a PPS sample in which the sampling

inclusion probability is directly proportional to the response variable. We are setting, therefore,

a scenario in which students with high achievement have a higher probability of participating.

Regarding the prior specification, we chose a non-informative prior for the regression param-

eters in which µ0 = 02 and Σ0 = 1, 000I2, where 02 is a 2-dimensional vector of zeros and I2

is an identity matrix with dimension 2× 2.

Table 3.1 reports the variance of the estimators and a measure analogous to bias in which

we replace the true value with the estimate from the best-case scenario. Hereafter, we refer

to the latter as bias. In terms of bias, we observe that the BWQR-AL and the BWQR-PL

outperform the BQR-AL regardless of the quantile, the sampling scheme, and the coefficient

under analysis. We note that the estimates of the proposed methods are close to the best-

case scenario, irrespective of the scenario. Comparing the BWQR-AL with the BWQR-PL and

considering the quantiles τ ∈ {0.10, 0.25, 0.75}, there is not an evident advantage between

them as they alternate the lowest bias values among the coefficients. However, for the

quantiles τ ∈ {0.50, 0.90}, there is a preference for the BWQR-AL.

Concerning the variance, we note that for all sampling schemes and τ ∈ {0.10, 0.25, 0.50},

the BQR-AL has a better performance in general; the only exception is the Stratified case at

τ = 0.50 where the BWQR-PL has a lower variance. At the same time, our methods perform

better for all sampling schemes and for τ ∈ {0.75, 0.90}, except for β1(τ) considering the

Systematic scheme and τ = 0.75. Comparing the BWQR-AL with the BWQR-PL, we note

that the latter slightly outperforms the former in all scenarios under analysis.

Hence, our methods seem to present a better performance regarding the variance when we

consider the quantiles where the sampling inclusion probabilities are higher. The remaining

results about the variance of the estimators might be reflecting, in some sense, the increase

in variance often observed from using the weights in a fully parametric context.

40



Table 3.1: Bias (×102) and variance (×102) in parenthesis under different sampling designs.
The lowest bias values are indicated in bold.

τ Method Poisson Stratified Systematic
β0(τ) β1(τ) β0(τ) β1(τ) β0(τ) β1(τ)

0.10 BQR-AL 1.38887 0.27542 0.58377 0.09724 1.43594 0.25236
(0.11896) (0.24278) (0.15620) (0.21631) (0.11126) (0.28696)

BWQR-AL 0.06030 0.00140 0.04787 0.00547 0.06090 0.00096
(0.27902) (0.61907) (0.21556) (0.31598) (0.27404) (0.63133)

BWQR-PL 0.12632 0.00076 0.10376 0.00396 0.12369 0.00042
(0.26736) (0.59832) (0.20663) (0.30726) (0.26200) (0.60536)

0.25 BQR-AL 0.99223 0.27350 0.68118 0.00534 1.00606 0.26758
(0.06394) (0.15783) (0.08025) (0.13386) (0.06312) (0.19325)

BWQR-AL 0.05348 0.00683 0.01713 0.00438 0.04079 0.00506
(0.10127) (0.31372) (0.10436) (0.16057) (0.09658) (0.30887)

BWQR-PL 0.07824 0.00443 0.03283 0.00250 0.06253 0.00291
(0.09926) (0.30257) (0.09961) (0.15755) (0.09372) (0.30202)

0.50 BQR-AL 0.90993 0.41661 0.81339 0.05017 0.93445 0.44667
(0.08605) (0.17783) (0.07329) (0.13932) (0.08516) (0.17511)

BWQR-AL 0.02430 0.00017 0.00266 0.00284 0.02162 0.00170
(0.09640) (0.21332) (0.07970) (0.14094) (0.09190) (0.21083)

BWQR-PL 0.02781 0.00204 0.00399 0.00665 0.02546 0.00529
(0.09146) (0.20621) (0.07317) (0.13566) (0.08766) (0.20471)

0.75 BQR-AL 0.78852 0.29109 0.7726 0.10844 0.77831 0.31300
(0.12231) (0.18683) (0.09234) (0.16221) (0.11965) (0.17894)

BWQR-AL 0.00158 0.00087 0.00117 0.00006 0.00146 0.00000
(0.11498) (0.17830) (0.08539) (0.14499) (0.11756) (0.18957)

BWQR-PL 0.00001 0.00009 0.00559 0.00082 0.00000 0.00049
(0.10858) (0.17332) (0.07944) (0.14097) (0.11050) (0.18782)

0.90 BQR-AL 0.78845 0.26960 0.84475 0.14099 0.82855 0.28535
(0.20187) (0.34418) (0.18887) (0.32948) (0.19635) (0.31997)

BWQR-AL 0.00479 0.00256 0.02359 0.00482 0.00904 0.00623
(0.18614) (0.30839) (0.16621) (0.27776) (0.17263) (0.30814)

BWQR-PL 0.02496 0.00457 0.05964 0.00742 0.03299 0.00846
(0.17509) (0.29383) (0.15402) (0.26437) (0.16222) (0.29555)

3.4.2 Experiment 2: Analysis under different degrees of informa-

tiveness

In this experiment, we compare the performances of the proposed methods and the BQR-AL

under different degrees of informativeness. For that, we take Poisson samples with expected

size equal to n = 500 with the following inclusion probabilities πi = nki/
∑N

j=1 kj , where

ki = {1 + exp(2.5 − 0.5zi)}−1 and zi assumes three different specifications: 1) zi ∼ N(1 +

0.5yi + x1i , 0.25) (Informative I); 2) zi ∼ N(1 + 1.5yi + x1i , 0.25) (Informative II); 3) zi ∼

N(1+x1i , 0.25) (Non-informative). The first two specifications are informative since both the

inclusion probabilities depend on the response variable. However, the first represents a case

of a higher degree of information. The third case represents a non-informative scenario since
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the inclusion probabilities do not depend on the response variable. This scenario is important

to address how including sample weights when it is not necessarily required impacts models’

performance (Pfeffermann, Moura, and Silva 2006).

To illustrate the different degrees of informativeness we proposed, we use a similar procedure

to Chen and Zhao (2019) and calculate the partial correlation between the response variables

and weights given the covariate to measure the degrees of informativeness. For that, we fit

a generalized linear model to the response variable and a linear model to the weights in the

logarithmic scale. From the estimated residuals, we compute the correlations. Figure 3.1

summarizes the results.
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Figure 3.1: Boxplots of the correlations from each replica for the different degrees of infor-

mativeness.

Table 3.2 reports the variance of the estimators and the bias, as explained in the previous

subsection. Note that we are making the same choice as the prior experiment for the first

specification; we then take the results from the Poisson scheme in Table 3.1 as the scenario

with a higher degree of informativeness and also report them in Table 3.2 to facilitate the

visualization and the comparisons. Therefore, considering the case with a high degree of

informativeness (Informative I), we observe that the proposed methods are advantageous in

terms of bias, and the BWQR-AL and the BWQR-PL alternate, which is better depending on

the quantile and the coefficient. Regarding the variance, our methods perform better in the

quantiles with higher sampling inclusion probabilities.
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Table 3.2: Bias (×102) and variance (×102) in parenthesis under different degrees of infor-
mativeness. The lowest bias values are indicated in bold.

τ Method Informative I Informative II Non-informative
β0(τ) β1(τ) β0(τ) β1(τ) β0(τ) β1(τ)

0.10 BQR-AL 1.38887 0.27542 0.00139 0.04787 0.04194 0.11661
(0.11896) (0.24278) (0.15508) (0.24669) (0.21014) (0.26802)

BWQR-AL 0.06030 0.00140 0.03167 0.01080 0.03100 0.00000
(0.27902) (0.61907) (0.18531) (0.36154) (0.22400) (0.35247)

BWQR-PL 0.12632 0.00076 0.08123 0.00818 0.08048 0.00013
(0.26736) (0.59832) (0.17748) (0.34841) (0.21291) (0.34001)

0.25 BQR-AL 0.99223 0.27350 0.00147 0.01456 0.01534 0.12181
(0.06394) (0.15783) (0.10293) (0.15034) (0.12677) (0.18346)

BWQR-AL 0.05348 0.00683 0.00784 0.00622 0.00968 0.00256
(0.10127) (0.31372) (0.11213) (0.18050) (0.13185) (0.21969)

BWQR-PL 0.07824 0.00443 0.01943 0.00357 0.02196 0.00098
(0.09926) (0.30257) (0.10785) (0.17312) (0.12777) (0.21334)

0.50 BQR-AL 0.90993 0.41661 0.00370 0.02620 0.00289 0.06114
(0.08605) (0.17783) (0.11975) (0.15553) (0.11769) (0.19390)

BWQR-AL 0.02430 0.00017 0.00049 0.00096 0.00166 0.00231
(0.09640) (0.21332) (0.12430) (0.16114) (0.12444) (0.23098)

BWQR-PL 0.02781 0.00204 0.00114 0.00398 0.00250 0.00631
(0.09146) (0.20621) (0.11769) (0.15559) (0.11827) (0.22104)

0.75 BQR-AL 0.78852 0.29109 0.00915 0.00406 0.00002 0.08907
(0.12231) (0.18683) (0.13333) (0.16429) (0.12483) (0.19430)

BWQR-AL 0.00158 0.00087 0.00167 0.00034 0.00070 0.00011
(0.11498) (0.17830) (0.13408) (0.16878) (0.13171) (0.23936)

BWQR-PL 0.00001 0.00009 0.00650 0.00000 0.00422 0.00013
(0.10858) (0.17332) (0.12816) (0.16519) (0.12501) (0.23366)

0.90 BQR-AL 0.78845 0.26960 0.03889 0.00841 0.01908 0.10438
(0.20187) (0.34418) (0.24955) (0.32129) (0.25054) (0.37479)

BWQR-AL 0.00479 0.00256 0.02526 0.00087 0.01477 0.00011
(0.18614) (0.30839) (0.25022) (0.32582) (0.26485) (0.42957)

BWQR-PL 0.02496 0.00457 0.06062 0.00209 0.04577 0.00039
(0.17509) (0.29383) (0.23386) (0.31098) (0.24632) (0.40948)

Analyzing the case Informative II, the BWQR-AL performs better in terms of bias when

τ ∈ {0.50, 0.75, 0.90}, except for β1(τ) at τ = 0.75. For τ ∈ {0.10, 0.25}, the benchmark

outperforms the proposed methods regarding the intercept, and the BWQR-PL has the best

performance for β1(τ). For the Non-informative case, we observe that our models are compet-

itive compared to the benchmark. This allows us to say that including sample weights when

not needed does not imply a marked decrease in performance, mainly for the BWQR-AL.

3.4.3 Experiment 3: Analysis under different sample sizes

Our third experiment evaluates the performances under different sample sizes, particularly

n ∈ {250, 500, 1000}. We take Poisson samples with inclusion probabilities πi = nki/
∑N

j=1 kj ,

where ki = {1+ exp(2.5− 0.5zi)}−1 and zi ∼ N(1 + 0.5yi + x1i , 0.25). Note that the case in
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which n = 500 is employed as a reference case is identical to the Poisson scheme in the first

experiment and the Informative I scenario in the second experiment.

Table 3.3 shows the results regarding bias and variance. We first compare the results among

the sample sizes. As expected, the variances of the estimators decrease as the sample size

grows aside from the quantile, the coefficient, or the model under analysis. The same conjoint

movement about bias is not observed, so we interpret the results individually for each model.

Considering the BWQR-AL, we see that the bias of β0(τ) declines as n increases; the only

exception occurs for n = 500 at τ = 0.75. We see a similar tendency for β1(τ), the exceptions

occur for n = 500 at τ = 0.90 and for n = 1, 000 at τ = 0.10 and τ = 0.25. Considering the

BWQR-PL, we also note a general decrease as n increases for the bias of β0(τ); the exceptions

arise for n = 1, 000 at τ = 0.75 and τ = 0.90. For β1(τ), the bias increments are observed

for n = 500 at τ = 0.50 and τ = 0.90, and for n = 1, 000 at τ = 0.10 and τ = 0.25.

These declines as n increases are not observed for the BQR-AL; for example, there are bias

increments in almost all scenarios for the intercept. The same happens for β1(τ) mainly when

n = 500.

Comparing the results from the proposed methods to those from the BQR-AL, we note that

ours performs better regardless of the scenario under analysis. Comparing the BWQR-AL

with the BWQR-PL and considering the quantiles τ ∈ {0.10, 0.25}, the former seems to

perform better for the intercept, while the latter performs better for β1(τ). For the quantiles

τ ∈ {0.50, 0.90}, there is a preference for the BWQR-AL. For τ = 0.75, on the other hand,

there is a preference for the BWQR-PL.

Considering the variance, the BQR-AL has lower variances at τ ∈ {0.10, 0.25, 0.50}, while

the BWQR-AL and the BWQR-PL present a similar or lower variance at τ ∈ {0.75, 0.90}.

Regarding the proposed methods, we observe that the BWQR-PL slightly outperforms the

BWQR-AL in all scenarios under analysis. These findings are similar to those observed in the

first experiment.
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Table 3.3: Bias (×102) and variance (×102) in parenthesis under different sample sizes. The
lowest bias values are indicated in bold.

τ Method n = 250 n = 500 n = 1, 000
β0(τ) β1(τ) β0(τ) β1(τ) β0(τ) β1(τ)

0.10 BQR-AL 0.69275 0.16753 1.38887 0.27542 1.77049 0.28889
(0.22124) (0.49142) (0.11896) (0.24278) (0.06342) (0.14027)

BWQR-AL 0.33717 0.00370 0.06030 0.00140 0.01911 0.00382
(0.46643) (1.09898) (0.27902) (0.61907) (0.13913) (0.35933)

BWQR-PL 0.45884 0.00275 0.12632 0.00076 0.06660 0.00244
(0.45927) (1.07609) (0.26736) (0.59832) (0.13282) (0.34240)

0.25 BQR-AL 0.66673 0.18930 0.99223 0.27350 1.23214 0.26865
(0.12079) (0.35159) (0.06394) (0.15783) (0.03618) (0.08395)

BWQR-AL 0.20340 0.02744 0.05348 0.00683 0.01334 0.00730
(0.20565) (0.58951) (0.10127) (0.31372) (0.06085) (0.15946)

BWQR-PL 0.23953 0.02255 0.07824 0.00443 0.02903 0.00452
(0.20006) (0.57837) (0.09926) (0.30257) (0.05812) (0.15397)

0.50 BQR-AL 0.77323 0.38314 0.90993 0.41661 1.07629 0.40594
(0.14901) (0.37493) (0.08605) (0.17783) (0.04178) (0.08256)

BWQR-AL 0.07424 0.00098 0.02430 0.00017 0.00423 0.00001
(0.16165) (0.44334) (0.09640) (0.21332) (0.05505) (0.10772)

BWQR-PL 0.07838 0.00003 0.02781 0.00204 0.00608 0.00111
(0.15386) (0.43007) (0.09146) (0.20621) (0.04959) (0.10211)

0.75 BQR-AL 0.82102 0.27300 0.78852 0.29109 0.82854 0.30374
(0.21411) (0.42460) (0.12231) (0.18683) (0.04877) (0.08273)

BWQR-AL 0.00149 0.00362 0.00158 0.00087 0.00012 0.00014
(0.20440) (0.43250) (0.11498) (0.17830) (0.04998) (0.08536)

BWQR-PL 0.00011 0.00156 0.00001 0.00009 0.00116 0.00003
(0.19610) (0.42610) (0.10858) (0.17332) (0.04663) (0.08394)

0.90 BQR-AL 1.06773 0.25030 0.78845 0.26960 0.76144 0.20078
(0.46875) (0.64844) (0.20187) (0.34418) (0.11829) (0.19243)

BWQR-AL 0.04284 0.00112 0.00479 0.00256 0.00426 0.00020
(0.39512) (0.59147) (0.18614) (0.30839) (0.10837) (0.17281)

BWQR-PL 0.08034 0.00181 0.02496 0.00457 0.02634 0.00123
(0.38141) (0.57837) (0.17509) (0.29383) (0.09611) (0.15766)

3.4.4 Experiment 4: Prior sensitivity analysis

Once we have validated that the proposed methodologies are comparable to the best-case

scenario and outperform the benchmark, we carry out a prior sensitivity analysis in this section

to assess the effect of specifying different prior distributions in the BWQR-AL. In a similar

context, Zhao et al. (2020) considered n-dependent priors (Narisetty and He 2014; Yang and

He 2012), justifying that these priors naturally stem in practice, for example, when a previous

survey or a pilot survey is available.

In their simulation study, Zhao et al. (2020) centered the prior distributions on the parameter’s

true value; however, as the authors pointed out, it is unfeasible and cannot be implemented

in practical analysis. To overcome this limitation, instead of centering the distributions on the
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true value of the parameter, we draw a pilot survey with expected size equals n0 = 100 for

each of the 500 Monte Carlo samples and center the priors on the point estimates resultant

from fitting the BWQR-AL.

We assume the following prior specifications: a non-informative prior where µ0 = 02 and

Σ0 = 1, 000I2 (Prior I); a n-dependent prior in which µ0 = β̃(τ) and Σ0 = n
−1/2
0 I2 (Prior II);

and a n-dependent prior in which µ0 = β̃(τ) and Σ0 = n
−1/4
0 I2 (Prior III). We denote the

point estimates computed from the pilot surveys by β̃(τ). Note that both Prior II and Prior

III yield valid and strong prior information, but the former is even more informative as the

variance is of order n−1/2
0 .

Ultimately, we generate final samples of expected size equal n = 500 independently of the

pilot samples. For both pilot and final samples, we use a Poisson sampling with inclusion

probabilities πi = n0ki/
∑N

j=1 kj and πi = nki/
∑N

j=1 kj , respectively, where ki = {1+exp(2.5−

0.5zi)}−1 and zi ∼ N(1 + 0.5yi + x1i , 0.25).

Figure 3.2 summarizes the point estimates from all replicas resulting from the BWQR-AL and

the BWQR-PL regarding the different prior specifications (Prior I, Prior II, and Prior III) and

compares them with the point estimate generated from the best-case scenario. We observe no

discrepancy among the results for both proposed models, indicating that the prior specification

is not markedly influential in their ability to produce estimates close to the best-case scenario

estimates.
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Figure 3.2: Comparison among the different prior specifications. The dots represent the

median, and the lines represent ranges from quantile 5% to quantile 95%. The horizontal

solid lines represent the best-case scenario.

3.5 Final remarks

This chapter introduced two different Bayesian quantile regression frameworks that accom-

modate bounded count data under informative sampling. From the side of the bounded count
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data, we took the ideas of Machado and Silva (2005) and Lee and Neocleous (2010) to deal

with quantiles for counts, adapting them by applying the methodology proposed by Bottai,

Cai, and McKeown (2010) to take on values within a known range. From the side of complex

survey data under informative sampling, we extended the approach introduced in Chapter 2

and derived an alternative method finding an equivalence between the survey-weighted esti-

mator Chen and Zhao (2019); Geraci (2016) and the method based on the pseudo posterior

(Savitsky and Toth 2016).

The asymmetric Laplace distribution was employed as a “working likelihood” for Bayesian

quantile inference in both methods. Thus, we did not assume the finite population is generated

from a super-population model with an ALD likelihood function but used the distribution as

an instrument for an efficient regression parameter estimation. As a result, it was possible to

obtain a simple and efficient Gibbs sampling algorithm that is very similar to the one described

by Kozumi and Kobayashi (2011) and a simple Metropolis-Hastings algorithm. By doing this,

we provided valuable tools that are easy to implement and can be applied by practitioners

from different backgrounds.

Although both frameworks presented in this article employed the asymmetric Laplace distribu-

tion, how the function is applied differs. In one method, the sampling weights are incorporated

into the likelihood through the scale of the ALD. In the other, a sampling-weighted pseudo

posterior distribution is constructed by exponentiating each unit likelihood contribution. In

summary, setting off from the survey-weighted estimator, we built two different approaches

based on the ALD.

To evaluate the performance of our methodologies, we conducted a design-based simulation

study using data from Prova Brasil 2011. This simulation study encompassed four different

experiments. The first experiment explored different sampling designs, while the second had

different degrees of informativeness. The third experiment covered different sample sizes. We

observed no clear preference between the proposed models; depending on the scenario, one

can perform better than the other. In all three experiments, we compared the methodologies

we introduced with a naive model fitting that ignores the informative sampling design. Our
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methods outperformed the naive model and, at the same time, produced estimates close to

a best-case scenario that considered the entire finite population in the estimation process.

By doing this, we could verify that our methods can effectively describe the underlying finite

population. Lastly, we developed a prior sensitivity analysis that compared a non-informative

prior with two n-dependent priors. The findings indicated no discrepant results among the

specifications.
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4 Quantiles for multiple-output un-

der informative sampling

4.1 Introduction

Complex surveys are a fundamental tool for data collection in various areas. In education, they

are widely applied for student assessment, enabling government agencies and policymakers to

measure the educational system’s effectiveness. For example, the Organisation for Economic

Co-operation and Development (OECD) promotes and implements the Programme for Inter-

national Student Assessment (PISA) in different countries worldwide. The PISA test evaluates

15-year-olds in applying their reading, mathematics, and science knowledge and skills to solve

real-life challenges. In economics, it is vastly employed by official statistics offices to charac-

terize the labor market. In the United Kingdom, the Labour Force Survey (LFS), for example,

studies the employment circumstances of the population.

In this context, understanding the relation of multiple response variables with potential co-

variates might be not only an interesting research topic but also a matter with practical

implications in society. However, when data is accessed through a complex sampling scheme,

the standard multivariate approaches may lead to biased estimates, and incorporating the

sampling design into the model is required. Veiga, Smith, and Brown (2014) extended the

probability-weighted iterative generalized least squares estimation method (Pfeffermann et al.

1998, PWIGLS) and applied multivariate multilevel models to investigate how income dynam-

ics differ between the formal and informal sectors in Brazil using the Brazilian Labour Force
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Survey.

Motivated by an application in the educational area, Silva and Moura (2022) extended the

models developed by Pfeffermann, Moura, and Silva (2006) and developed a multivariate

“sample model" (Pfeffermann and Sverchkov 2003) that potentially accommodates complex

survey data under an informative design. The authors jointly modeled the proficiency scores

in Portuguese and Mathematics obtained from a large-scale standardized proficiency test

implemented in Brazil. Considering informative sampling designs, Savitsky and Toth (2016)

built a pseudo-posterior distribution utilizing sampling weights and illustrated their method

through an application concerning the Bureau of Labor Statistics Job Openings and Labor

Turnover Survey (JOLTS). The authors defined a multivariate response variable as the number

of job hires and the total separations.

Although computing the relation among multiple responses and explanatory variables in the

mean is valuable, interest in establishing this relation among quantiles has recently increased.

Multiple-output (i.e., multivariate) quantile regression may supply more comprehensive in-

formation on the relationship between response variables and covariates. One can define

multiple-output quantiles in different manners (Carlier, Chernozhukov, and Galichon 2016;

Chaudhuri 1996; Hallin, Paindaveine, and Siman 2010; Kong and Mizera 2012; Serfling 2002;

Small 1990; Wei 2008) with no general agreement about the most appropriate. Developments

for Bayesian multiple-output quantiles are less abundant. Bhattacharya and Ghosal (2021)

used a geometric definition for a multiple-output quantile location, and Guggisberg (2023)

proposed a Bayesian framework for multiple-output quantiles defined parametrically in Hallin,

Paindaveine, and Siman (2010). Santos and Kneib (2020) introduced a method for noncross-

ing quantile contours and structured additive predictors from the methodology of Guggisberg

(2023).

In this chapter, we develop a Bayesian multiple-output quantile regression for complex survey

data under informative sampling. To the best of our knowledge, advancements in accounting

for informative sampling have not yet been proposed in the multiple-output quantile regression

literature. For that purpose, we extend Guggisberg (2023) following the ideas of Chapter 2 to
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propose a method that relies on the asymmetric Laplace distribution. This distribution is vastly

applied for single-output Bayesian quantile regression models (Kozumi and Kobayashi 2011;

Yu and Moyeed 2001). From the location-scale mixture representation of this distribution, we

introduce an efficient Expectation–Maximization algorithm that propitiates substantial com-

putational savings compared to the commonly used Markov Chain Monte Carlo algorithm. By

doing this, our contribution also includes introducing a fast computation method to Bayesian

multiple-output quantile regression models.

We assess our method performance through a model-based simulation study where the finite

populations were drawn following a data-generating process similar to the one applied by

Guggisberg (2023). The study consists of two experiments. First, the samples are generated

under different sampling schemes and informative and non-informative designs. In the second

experiment, we propose a prior sensitivity analysis that compares a non-informative prior with

three n-dependent priors (Narisetty and He 2014; Yang and He 2012). We also propose a

design-based simulation study using data from Prova Brasil 2011, fixing the students from

the municipality of Campinas who took part in the exam as a finite population. Our method

is compared to a naive model that ignores the sampling weights in both simulation studies.

4.2 Multiple-Output Quantile Regression

In this section, we introduce the main ideas for multiple-output quantiles defined parametri-

cally, as in Hallin, Paindaveine, and Siman (2010) and, posteriorly, in Guggisberg (2023). Both

papers followed a notion of directional quantiles that coincide with Tukey depth, also known

as half-space depth, and that can be accessed with standard quantile regression techniques.

For that, we first delineate some concepts and notations. Suppose that Y = (Y1, ... ,Yq)
′ is

a q-dimensional random vector of outputs, and let u = (u1, ... , uq)
′ be a direction such that

u ∈ Sq−1 = {v ∈ Rq : ∥v∥2 = 1}, and τ ∈ (0, 1) be a magnitude. By ∥·∥2, we denote the L2

norm. The directional quantile is given by the vector τ = τu, and its direction and magnitude

are given by τ ∈ Bq = {v ∈ Rq : 0 < ∥v∥2 < 1}, in which Bq is a q-dimensional unit ball

centered at 0 (with center removed). Additionally, let Γu be a q × (q − 1) matrix for which
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(u : Γu) is an orthogonal basis of Rq.

Denoting Yu = u′Y and Y⊥
u = Γ′

uY, Hallin, Paindaveine, and Siman (2010) defined the τ -th

quantile of Y as any element of the set Λτ of hyperplanes λτ = {y ∈ Rq : yu = ατ +β′
τyy

⊥
u }

such that

(ατ ,β
′
τy ) ∈ argmin

(a,b′y )∈Rq

E
[
ρτ
(
Yu − a − b′

yY
⊥
u

)]
, (1)

where ρτ (k) = k(τ − I(k < 0)) is the asymmetric check loss function, and I is the indicator

function. Supposing that X = (X1, ... ,Xp)
′ is a random vector of covariates and taking

λτ = {y ∈ Rq : yu = ατ + β′
τyy

⊥
u + β′

τxx}, one can include predictor variables in expression

(1) by rewriting the minimization problem as

(ατ ,β
′
τy ,β

′
τx) ∈ argmin

(a,b′y ,b
′
x )∈Rq+p

E
[
ρτ
(
Yu − a − b′

yY
⊥
u − b′

xX
)]

. (2)

Hallin et al. (2015) referred to this model as the “unconditional” model and Guggisberg (2023)

as the parametric model.

The notion of directional quantiles comes from a quantile contour obtained from the boundary

of the intersection of the closed upper half-spaces λτ for a fixed τ and all u. Each element

(ατ ,β
′
τy ,β

′
τx) as defined in (2) delineates an upper (closed) quantile half-space

H+
τ = H+

τ (ατ ,β
′
τy ,β

′
τx) := {y ∈ Rq : yu ≥ ατ + β′

τyy
⊥
u + β′

τxx}.

From the upper quantile half-spaces, it is possible to build a quantile region R(τ) for a fixed

τ as

R(τ) =
⋂

u∈Sq−1

H+
τu.

Hallin, Paindaveine, and Siman (2010) proved that these quantile regions are related to the

Tukey depth under certain conditions. As a result of the directional quantile approach, one

can get the Tukey depth region through the analysis of R(τ).

53



Considering a simple random sample (SRS) {(yi , xi)}ni=1 of (Y,X), it is possible to define

an empirical version to the directional multivariate quantile regression as any element of the

collection Λ∗
τ of hyperplanes λ∗τ = {y ∈ Rq : yu = α̂τ + β̂′

τyy
⊥
u + β̂′

τxx} such that

(α̂τ , β̂
′
τy , β̂

′
τx) ∈ argmin

(a,b′y ,b
′
x )∈Rq+p

n∑
i=1

ρτ
(
yui − a − b′

yy
⊥
ui − b′

xxi
)
. (3)

Following the ideas of Yu and Moyeed (2001), instead of defining estimators as solutions for the

minimization problem in (3), Guggisberg (2023) proposed a Bayesian approach that assumes

that Yu follows an asymmetric Laplace distribution (ALD), Yu|Y⊥
u ,X,ατ ,βτy ,βτx ,στ ∼

ALD(ατ + β′
τyy

⊥
u + β′

τxx,στ , τ), which implies that the likelihood is

L(ατ ,β
′
τy ,β

′
τx) =

n∏
i=1

τ(1− τ)
στ

× exp
{
− 1

στ
ρτ
(
yui − ατ − β′

τyy
⊥
ui − β′

τxxi
)}

,

where the location ητ i = ατ+β′
τyy

⊥
ui+β′

τxxi , the scale στ , and the skewness τ are parameters

of the ALD. It is worth mentioning that ALD is being used here as a “working likelihood” for

Bayesian inference, and more often than not, it is a misspecification of the true underlying

likelihood.

4.3 A Bayesian approach for complex survey data un-

der informative sampling

4.3.1 The setup

Let FN = {(yi , xi), i = 1, ... ,N} be a population resultant from a super-population model F

where the underlying distribution function is unknown, and suppose a sample S = {i1, ... , in}

with size |S | = n. The empirical versions of the directional multivariate quantile regression

described in Section 4.2 particularly work for SRS sampling designs. When the sample S is

drawn from a complex survey under an informative design, it is required to incorporate this

design somehow in the estimation process. By an informative sampling design we refer to

cases in which P(Ii = 1|xi , yi) ̸= P(Ii = 1|xi), where Ii ∈ {0, 1} is the sampling indicator
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such that Ii = 1 if unit i is selected and Ii = 0 otherwise, and πi = P(Ii = 1) is the inclusion

probability.

To deal with this issue, we define an empirical survey-weighted version of the directional

multivariate quantile regression as any element of the collection Λ∗
τ of hyperplanes λ∗τ = {y ∈

Rq : yu = α̂τ + β̂′
τyy

⊥
u + β̂′

τxx} such that

(α̂τ , β̂
′
τy , β̂

′
τx) ∈ argmin

(a,b′y ,b
′
x )∈Rq+p

∑
i∈S

wiρτ
(
yui − a − b′

yy
⊥
ui − b′

xxi
)
,

where wi is the normalized sampling weight wi = nπ−1
i /

∑
i∈S π

−1
i (Savitsky and Toth 2016).

From this definition, and following Guggisberg (2023) and Chapter 2, we can assume that Yui

follows an asymmetric Laplace distribution (ALD), but now Yui |Y⊥
ui ,Xi ,wi ,ατ ,βτy ,βτx ,στ ∼

ALD(ητ i , σ̃τ i , τ), where σ̃τ i = στ/wi . By doing this, we have the likelihood function is

L(ατ ,β
′
τy ,β

′
τx) =

n∏
i=1

wi
τ(1− τ)

στ
× exp

{
−wi

στ
ρτ
(
yui − ατ − β′

τyy
⊥
ui − β′

τxxi
)}

.

4.3.2 Mixture representation

Based on data augmentation techniques (Tanner and Wong 1987), the mixture representation

of the asymmetric Laplace distribution (Kotz, Kozubowski, and Podgórski 2001) includes

latent variables ν = {νi : i ∈ S} in the observed data and, potentially, facilitates inference

procedures. For example, Kozumi and Kobayashi (2011) assumed a location-scale mixture

representation for the ALD and introduced a Gibbs sampler to the linear quantile regression

model. As Guggisberg (2023), we exploit the ideas of Kozumi and Kobayashi (2011) and

consider that

yui = ατ + β′
τyy

⊥
ui + β′

τxxi + σ̃τ iθν̃i + σ̃τ iγ
√
ν̃iεi , (4)

where θ = 1−2τ
τ(1−τ)

, γ2 = 2
τ(1−τ)

, and ν̃i ∼ Exp(1) and εi ∼ N(0, 1) are mutually independent.

By Exp(ζ), we denote an exponential distribution with mean ζ. The the expression in (4) can
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be reparameterized as below:

yui = ατ + β′
τyy

⊥
ui + β′

τxxi + θνi + γ
√
σ̃τ iνiεi , (5)

where νi ∼ Exp(σ̃τ i).

From the mixture representation in (5), our model can be represented by the following hier-

archical structure:

Yui |Y⊥
ui ,Xi ,wi , νi ,ατ ,βτy ,βτx ,στ ∼ N

(
ατ + β′

τyy
⊥
ui + β′

τxxi + θνi , γ
2νi σ̃τ i

)
νi |wi ,στ ∼ Exp(σ̃τ i).

(6)

Thus, the joint density function of the observed data and the latent variables ν = (ν1, ... , νn)

is given by

f (yu,ν|z,w,βτ ,στ ) = f (yu|ν, z,w,βτ ,στ )f (ν|w,στ )

=
∏
i∈S

w
1/2
i (2πστνi)

−1/2 exp

{
−wi (yui − z′iβτ − θνi)

2

2γ2στνi

}

× (στ/wi)
−1 exp

{
−wiνi
στ

}
=

(∏
i∈S

w
3/2
i ν

−1/2
i

)
(2π)−n/2 σ−3n/2

τ

× exp

{
−
∑
i∈S

[
wi (yui − z′iβτ − θνi)

2

2γ2στνi
+

wiνi
στ

]}
,

where βτ = (ατ ,β
′
τy ,β

′
τx)

′ and zi = (1, y⊥′
ui , x

′
i)
′.

4.3.3 Gibbs sampler

Our primary interest lies in the posterior inference of (ατ ,β
′
τy ,β

′
τx ,στ ). By exploiting the

hierarchical representation described above, the resultant full conditional densities may have

closed, and a simple Markov chain Monte Carlo (Gamerman and Lopes 2006, MCMC) algo-

rithm with Gibbs steps only can be implemented to simulate observations for the parameter

vector of interest iteratively.
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For that, we first need to specify conjugate priors. We assume prior independence between βτ

and στ , which means that p(βτ ,στ ) = p(βτ )p(στ ), and consider βτ ∼ N(µ0, Σ0) as Gug-

gisberg (2023) and στ ∼ IG (a0, b0). Here, IG (a, b) denotes the Inverse Gamma distribution

with shape parameter a > 0 and scale parameter b > 0. Hence, the posterior density function

of βτ , στ and the latent variables conditional on the observed data is

p(βτ ,στ ,ν|yu, z,w) ∝ f (yu|ν, z,w,βτ ,στ )f (ν|w,στ )p(β(τ))p(στ )

∝ σ−3n/2
τ exp

{
−
∑
i∈S

[
wi (yui − z′iβτ − θνi)

2

2γ2στνi
+

wiνi
στ

]}

×

(∏
i∈S

ν
−1/2
i

)
exp

{
−1

2
(βτ − µ0)

′Σ−1
0 (βτ − µ0)

}
× σ−a0−1

τ exp
{
−b0
στ

}
.

(7)

From (7), we have that the full conditional densities are as follows

• βτ |yu, z,w,στ ,ν ∼ N(µ1, Σ1), where

Σ1 =
[∑

i∈S
wi

γ2στνi
ziz′i + Σ−1

0

]−1

and µ1 = Σ1

[∑
i∈S

wi (yui−θνi )
γ2στνi

zi + Σ−1
0 µ0

]
;

• στ |yu, z,w,βτ ,ν ∼ IG

(
a0 +

3n
2
, b0 +

∑
i∈S

[
wi(yui−z′iβτ−θνi)

2

2γ2νi
+ wiνi

])
;

• νi |yui , zi ,wi ,βτ ,στ ∼ GIG

(
1
2
,
wi(yui−z′iβτ)

2

γ2στ
, wiθ

2

γ2στ
+ 2wi

στ

)
for i ∈ S .

4.4 The Expectation-Maximization algorithm

Gibbs samplers similar to the one presented in Subsection 4.3.3 are widely applied for Bayesian

quantile regression (Guggisberg 2023; Kozumi and Kobayashi 2011) since they are easily

implemented. However, in the context of multiple-output quantile regression, it is required

to repeat the procedure in several directions to construe a quantile region for a fixed quantile

τ . Hammer, Yazidi, and Rue (2022), for example, gave some examples using fifty directions.

Thus, running a Gibbs sampler for different quantiles and directions might be computationally

costly. Bearing this in mind, in this section, we introduce an Expectation-Maximization (EM)

algorithm as an alternative to overcome this issue. To our knowledge, there is no paper
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introducing the EM algorithm for multiple-output quantile regression models.

Unlike the frequently used MCMC algorithms that estimate the entire posterior distribution or

variational Bayes methods (Blei, Kucukelbir, and McAuliffe 2017; Waldmann and Kneib 2015;

Wand et al. 2011), the EM algorithm iteratively calculates posterior modes of parameters

and latent variables, potentially being much less computationally costly. The location-scale

mixture representation of the ALD presented in Subsection 4.3.2 plays an essential role in this

fast implementation for estimating quantiles.

To develop our algorithm, we follow Zhao and Lian (2016). The expectation (E) step consists

of replacing the latent variables ν with their expectations conditional on the observed data

and the parameters, whereas the maximization (M) step consists of maximizing the expected

log-posterior (objective function) resultant from the E step. In the M step, each parameter

maximization occurs conditionally in the other parameters. This approach is known as the

Expectation Conditional Maximization (Meng and Rubin 1993, ECM) algorithm. Iterating

both steps, a sequence of values is generated, and it monotonically converges a local maximum

of the posterior distribution.

In our approach, the objective function is given by

Q(βτ ,στ ) = Eν [log (p(βτ ,στ ,ν|yu, z,w))]

= C + Eν

[
−3n + a0 + 1

2
logστ −

∑
i∈S

wi (yui − z′iβτ − θνi)
2

2γ2στνi
−
∑
i∈S

wiνi
στ

−b0
στ
− 1

2
β′

τΣ
−1
0 βτ − β′

τΣ
−1
0 µ0

]
= C − 3n + a0 + 1

2
log(στ )− Eν

[∑
i∈S

wi (yui − z′iβτ − θνi)
2

2γ2στνi

]
− Eν

[∑
i∈S

wiνi
στ

]

− b0
στ
− 1

2
β′

τΣ
−1
0 βτ − β′

τΣ
−1
0 µ0

= C − 3n + a0 + 1

2
log(στ )−

∑
i∈S

wi

(
yui − z′iβτ − θ/E[ν−1

i ]
)2

2γ2στ/E[ν
−1
i ]

−
∑
i∈S

wiθ
2
(
E[νi ]− E[ν−1

i ]−1
)

2γ2στ
−
∑
i∈S

wiE[νi ]

στ
− b0
στ
− 1

2
β′

τΣ
−1
0 βτ − β′

τΣ
−1
0 µ0,

(8)

where C is a is a constant. Observe that the term Eν
[
−
∑

i∈S log(νi/2)
]

that comes from the
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conditional density f (yu|ν, z,w,βτ ,στ ) was absorbed into the constant C as it only depends

on the current parameter estimates and does not influence the subsequent M step. In the

third equality in (8), we used

Eν

[∑
i∈S

wi (yui − z′iβτ − θνi)
2

2γ2στνi

]
= Eν

[∑
i∈S

wi

(
(yui − z′iβτ )

2

2γ2στνi
− (yui − z′iβτ ) θ

γ2στ
+

θ2νi
2γ2στ

)]

=
∑
i∈S

wi

(
(yui − z′iβτ )

2

2γ2στ/E[ν
−1
i ]
− (yui − z′iβτ ) θ

γ2στ
+
θ2E[νi ]

2γ2στ

)

=
∑
i∈S

wi

(
(yui − z′iβτ )

2 − 2 (yui − z′iβτ ) θ/E[ν
−1
i ] + θ2/E2[ν−1

i ]

2γ2στ/E[ν
−1
i ]

)

+
∑
i∈S

wi

(
θ2E[νi ]

2γ2στ
− θ2/E[ν−1

i ]

2γ2στ

)

=
∑
i∈S

wi

(
yui − z′iβτ − θ/E[ν−1

i ]
)2

2γ2στ/E[ν
−1
i ]

+
∑
i∈S

wiθ
2
(
E[νi ]− E[ν−1

i ]−1
)

2γ2στ
.

Finally, from the objective function in (8), we can write the algorithm as follows:

1. Initialize β̂τ and σ̂τ .

2. E-step:

As can be noted by Q(βτ ,στ ) in (8), we are left to evaluate E[νi ] and E[ν−1
i ]. Given

that we have seen that the full conditional distribution of νi follows generalized inverse

Gaussian (GIG) distribution, for a1 =

√
wi(yui−z′iβτ)

2

γ2στ
and b1 =

√
wiθ2

γ2στ
+ 2wi

στ
, we have

that

E[ν−1
i ] =

a1
b1

and E[νi ] =
b1
a1
×

K3/2(a1b1)

K1/2(a1b1)
,

where Kℓ(·) is the modified Bessel function of third kind. The equalities follow from the

fact that E[νri ] =
(

a1
b1

)r K1/2+r (a1b1)

K1/2(a1b1)
(Karlis 2002) and K1/2(·) = K−1/2(·) (Abramowitz

and Stegun 1968).

3. M-step:
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To maximize the expected log-posterior, we take the first derivatives of Q(βτ ,στ ) with

respect to the parameters βτ and στ , and equal to 0. By doing this, we have that

β̂τ ←
(
z′Σ−1

w z′ + Σ−1
0

)−1 (
z′Σ−1

w y∗ + Σ−1
0 β0

)
,

where z is a n× (q+ p) matrix, Σw = γ2σ̂τdiag((wi1E[ν
−1
i1

])−1, ... , (winE[ν
−1
in

])−1), and

y∗ = yu − θ/E[ν−1]. And

σ̂τ ←

[
2b0 +

∑
i∈S

wiE[ν
−1
i ]
(
yui − z′iβτ − θ/E[ν−1

i ]
)2

+
∑
i∈S

wiθ
2(E[νi ]− E[ν−1

i ]−1)

+ 2γ2
∑
i∈S

wiE[νi ]

]
×
[
(3n + a0 + 1)γ2

]−1
.

4. Repeat steps 2 and 3 until the increment in the objective function is negligible.

4.5 Simulation study

In this section, we propose a model-based simulation study to assess the performance of

our Multiple-output Bayesian quantile regression for complex survey data under informative

sampling (BWQR-MO) using the ECM algorithm introduced in Section 4.4. For that, we

consider experiments like those explored by Nascimento and Gonçalves (to appear).

We follow a data generating process (DGP) similar to Guggisberg (2023) as below:

Y = X̃+

[
0
X

]
, where

[
X

X̃

]
∼ N

([
µX

µX̃

]
,

[
ΣXX Σ′

X X̃
ΣX X̃ ΣX̃X̃

])
,

µX = 0, µX̃ =

[
0
0

]
, ΣXX = 4, Σ′

X X̃
=

[
0
2

]
, and ΣX̃X̃ =

[
1 1.5
1.5 9

]
.

(9)

As Guggisberg (2023), we analyze two directions, u = (1/
√
2, 1/
√
2) and u = (0, 1), the

orthogonal directions Γu = (1/
√
2,−1/

√
2) and Γu = (1, 0), and the depth τ = 0.2. Since

the population parameters are not known for the DGP described in (9), we use the values

found by Guggisberg (2023) through the numerical minimization of the objective function.

The author calculated the expectation of the objective function with a Monte Carlo simulation
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sample of 106. Table 4.1 presents the true underlying values for the parameters.

Table 4.1: Population parameters.

u Parameters
ατ βτy βτx

(0, 1) -2.02 1.50 1.50

(1/
√
2, 1/
√
2) -1.16 -1.17 -0.18

4.5.1 Experiment 1

Our first experiment explores three sampling schemes - Poisson, stratified, systematic - and

informative and non-informative scenarios. We comprise the non-informative scenario to evalu-

ate how including sampling weights unnecessarily impacts models’ performance (Pfeffermann,

Moura, and Silva 2006). As a benchmark, we also fit a naive model ignoring the sampling

weights design (BQR-MO).

For each scenario, we draw 1, 000 finite populations with population size N = 10, 000 from

the DGP in (9). From the generated populations, samples with size equals to n = 500 are

selected with inclusion probabilities πi = nki/
∑N

j=1 kj , where ki = {1 + exp(2.5− 0.5vi)}−1.

For the informative case, vi ∼ N(1+0.25y1i +0.25y2i , 0.25), whereas for the non-informative

case, vi ∼ N(1, 0.25).

For each replica in our simulation, the BWQR-MO and the BQR-MO are fitted using the ECM

algorithm presented in Section 4.4. Regarding the prior specification, we follow Guggisberg

(2023), and specify a non-informative prior for location parameters in which µ0 = 03 and

Σ0 = 1, 000I3, where 03 is a 3-dimensional vector of zeros and I3 is an identity matrix with

dimension 3×3. For the scale parameter, we follow Santos and Kneib (2020), and also specify

non-informative prior in which a0 = b0 = 0.001.

Table 4.2 reports the estimators’ bias and variance. Considering the informative case and

looking at bias first, we observe that for ατ , the proposed method performs considerably

better than the benchmark for the three sampling schemes and both directions u under

analysis. Considering u = (0, 1), although the difference is smaller, the proposed method also

performs better for βτy and βτx . For u = (1/
√
2, 1/
√
2), we see that the proposed method
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performs better for βτy , whereas it is slightly worse for βτx when we look at the Poisson and

the stratified schemes.

Considering the non-informative case, we note no expressive differences regarding bias and

variance between the BWQR-MO and the BQR-MO. From that, we can say that the BWQR-

MO is effective when applied to complex survey data under informative sampling, and it is

not harmful when unnecessarily applied to a non-informative sample.

Focusing on the variance, the BQR-MO has a better general performance, with more apparent

differences in the Informative case. This result probably reflects the increase in variance often

observed from using the weights in a fully parametric context.

Table 4.2: Bias (×102) and variance (×102) in parenthesis under different sampling designs.

Parameter Method Informative Non-informative
Poisson Stratified Systematic Poisson Stratified Systematic

u = (0, 1)
ατ BQR-MO 41.0671 25.3745 41.7847 0.0268 0.0431 0.0186

(2.6223) (2.5231) (2.6809) (2.2757) (2.2398) (2.3231)
BWQR-MO 0.0231 0.0351 0.0428 0.0353 0.0387 0.0190

(4.0991) (3.1080) (3.8844) (2.4615) (2.3586) (2.4829)

βτy BQR-MO 0.0514 0.2347 0.0810 0.0002 0.0001 0.0023
(2.3599) (2.2137) (2.3537) (2.3934) (2.4648) (2.3857)

BWQR-MO 0.0089 0.0007 0.0068 0.0020 0.0013 0.0015
(4.5719) (3.2623) (4.7272) (2.4949) (2.5717) (2.5155)

βτx BQR-MO 0.0332 0.0756 0.0347 0.0002 0.0012 0.0003
(0.5929) (0.5876) (0.6028) (0.5958) (0.5422) (0.5676)

BWQR-MO 0.0075 0.0002 0.0015 0.0000 0.0012 0.0000
(1.1602) (0.8090) (1.1368) (0.6271) (0.5667) (0.5762)

u = (1/
√
2, 1/
√
2)

ατ BQR-MO 9.5091 5.4925 8.9595 0.0039 0.0050 0.0108
(0.9662) (0.9399) (1.0537) (0.8501) (0.8800) (0.8055)

BWQR-MO 0.0141 0.0023 0.0051 0.0027 0.0068 0.0087
(1.3503) (1.2495) (1.3290) (0.8730) (0.9890) (0.8387)

βτy BQR-MO 0.0128 0.0084 0.0072 0.0018 0.0012 0.0015
(0.2567) (0.2479) (0.2690) (0.2685) (0.2501) (0.2592)

BWQR-MO 0.0023 0.0017 0.0018 0.0015 0.0015 0.0017
(0.4788) (0.3409) (0.4722) (0.2816) (0.2601) (0.2702)

βτx BQR-MO 0.0000 0.0000 0.0001 0.0047 0.0017 0.0019
(0.4748) (0.4860) (0.4859) (0.4955) (0.4692) (0.4976)

BWQR-MO 0.0002 0.0016 0.0000 0.0047 0.0024 0.0023
(0.8772) (0.6992) (0.7945) (0.5123) (0.4920) (0.5271)

4.5.2 Experiment 2

The second experiment encompasses a prior sensitivity analysis. We aim to assess how specify-

ing different prior distributions influences the proposed model estimates. For that, we propose
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a similar study to Zhao et al. (2020) and consider n-dependent priors (Narisetty and He 2014;

Yang and He 2012) as they can naturally arise in practice in cases where a previous survey or a

pilot survey is available, for example. However, instead of only centering the prior distributions

on the parameter’s true value like Zhao et al. (2020), we also simulate the scenario in which

a pilot survey is available. It enables a more realistic experiment since centering on the actual

value is not feasible and cannot be implemented in practical analysis, as pointed out by Zhao

et al. (2020).

Therefore, our study consists of drawing 1, 000 finite populations with population size N =

10, 000 from the DGP in (9). For each generated population, we extract a pilot sample with

a size equal to n0 = 150 and a sample with a size equal to n = 500. The samples are selected

according to a Poisson sampling process with inclusion probabilities πi = n0ki/
∑N

j=1 kj and

πi = nki/
∑N

j=1 kj , respectively, where ki = {1+exp(2.5−0.5vi)}−1 and vi ∼ N(1+0.25y1i+

0.25y2i , 0.25).

Since στ is a nuisance scale parameter, we are interested in investigating the prior sensitivity

related to the regression coefficients in this study. Due to it, στ is fixed at 1 (Guggisberg

2023). Regarding the prior specification, we take four examples: a non-informative prior

similar to the one specified in the previous experiment, i. e., µ0 = 03 and Σ0 = 1, 000I3

(Prior I); a n-dependent prior where µ0 = β̃τ and Σ0 = n
−1/2
0 I3 (Prior II); a n-dependent prior

where µ0 = β̃τ and Σ0 = n
−1/4
0 I3 (Prior III); and a n-dependent prior where µ0 is equals to

the actual values and Σ0 = n
−1/2
0 I3 (Prior IV). The point estimates computed from the pilot

surveys are denoted by β̃τ . Prior II, Prior III, and Prior IV yield valid and highly informative

priors, but Prior II and Prior IV are even more informative as they are more concentrated

around the mean.

Table 4.3 reports the estimators’ bias and variance for the prior specifications under analysis.

Prior IV and Prior II present lower variances as their specifications correspond to a more

concentrated distribution around the mean. On the other hand, Prior I corresponds to a

higher variance. However, the differences are not significant.

Except for ατ regarding Prior IV, the bias are not markedly different among the priors under
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analysis. Interestingly, the performances of the more realistic priors (Prior I, Prior II, and

Prior III) are not significantly worse than an ideal case where the mean is centered in the

real value and the distribution is highly concentrated around it. Then, it seems that the prior

specification does not considerably influence estimators’ properties like bias and variance.

Table 4.3: Bias (×102) and variance (×102) in parenthesis for the prior specifications under
analysis.

u Parameter Prior I Prior II Prior III Prior IV

(-1,0) ατ 0.0210 0.0203 0.0205 0.0125
(4.0948) (3.5604) (3.8881) (3.3528)

βτy 0.0054 0.0048 0.0039 0.0030
(4.3788) (3.6965) (4.1727) (3.6449)

βτx 0.0001 0.0005 0.0002 0.0001
(1.1425) (1.1152) (1.1296) (1.0828)(

3√
10
, 1√

10

)
ατ 0.0058 0.0067 0.0051 0.0058

(1.3883) (1.3276) (1.2991) (1.2752)

βτy 0.0063 0.0049 0.0062 0.0057
(0.5107) (0.4738) (0.4967) (0.4680)

βτx 0.0041 0.0030 0.0040 0.0039
(0.8415) (0.7650) (0.8123) (0.7572)

4.6 Real-data-based simulation study

Complex surveys are commonly employed to collect data and information in the educational

area. A good example is the test implemented by the Programme for International Stu-

dent Assessment (PISA) from the Organisation for Economic Co-operation and Development

(OECD). PISA test measures 15-year-olds’ competence in applying their reading, mathemat-

ics, and science knowledge and skills to solve real-life challenges. It is implemented in different

countries worldwide, and its default sampling design is a two-stage stratified sample.

In Brazil, the National Institute of Education Research (INEP) for the Brazilian Ministry of

Education assesses student performance and collects data through large-scale standardized

proficiency tests like Prova Brasil. Prova Brasil is a crucial tool for monitoring the educational

quality of the Brazilian public educational system. The proficiency test encompasses Mathe-

matics and Portuguese exams and is applied to students in the fifth and ninth years of public
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elementary schools.

In this chapter, similarly to Silva and Moura (2022), we analyze Mathematics (Y1) and Por-

tuguese (Y2) proficiency scores, but in our case, we use the edition from 2011 instead of

the edition from 2009. The scores come from applying item response theory (IRT) mod-

els to the test results. Quantile regression models like ours can be particularly appealing in

the educational area as they can characterize differences over the distribution of a data set.

For example, Costanzo and Desimoni (2015) addressed issues of educational inequality, and

Giambona and Porcu (2015) investigated background determinants of reading achievements.

Prova Brasil is subject to non-response provoked by school evasion or non-attendance on the

day of the exam. Evidence from previous editions indicates that students with low achievement

are less likely to take part in the exam, suggesting an informative mechanism in the observed

data. From this consideration, we propose a design-based simulation study where we fix

the N = 11, 004 observations from students in the ninth year from public elementary schools

located in Campinas, a municipality in São Paulo State, as our finite population. As covariates,

We consider an indicator variable for nonwhite students (black, mixed, and indigenous) and an

indicator variable for students lagging behind. The first is taken as a proxy for socioeconomic

inequities (Gradín 2009), and the second denotes students who have fallen behind other

students in their cohorts.

From the fixed finite population, we draw 1, 000 samples with expected size equal n = 500

through a Poisson sampling process, in which the inclusion probabilities are πi = nki/
∑N

j=1 kj ,

where ki = {1+ exp(2.5− 0.5vi)}−1 and vi ∼ N(1+0.25y1i +0.25y2i , 0.25). We then fit the

BQR-MO and the BWQR-MO considering u = (3/
√
10, 1/

√
10), Γu = (1/

√
10,−3/

√
10),

τ ∈ {0.10, 0.25, 0.50, 0.75, 0.90}, and the same non-informative priors from Subsection 4.5.1.

The BQR-MO and the BWQR-MO estimates are compared to a best-case scenario. As a

best-case scenario, we mean the estimates from the BQR-MO considering the fully observed

population. Figure 4.1 summarizes the results. The coefficients β1τx and β2τx refer to the

indicators of nonwhite students and students lagging behind, respectively.

From Figure 4.1, we can observe similar results to those obtained in Subsection 4.5.1 as we see
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that the major differences in terms of bias occur for ατ . Here, we note that it is a more general

result since we analyze a more comprehensive number of quantiles. In Subsection 4.5.1, the

BQR-MO presented lower variances. However, from the range lengths, we notice that it

seems true mainly in the quantiles where the observations have lower inclusion probabilities

(τ ∈ {0.10, 0.25, 0.75}).
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Figure 4.1: Comparison among different quantiles. The ranges summarize the point esti-
mates. The dots represent the median, and the lines represent ranges from quantile 5% to
quantile 95%. The horizontal solid lines represent the best-case scenario.

4.7 Final remarks

In this chapter, we introduced a multiple-output Bayesian quantile regression model that

accommodates complex survey data under informative sampling. For that, we extended the

model proposed by Guggisberg (2023) using the ideas of Chapter 2 to construe a framework

that can characterize population parameters through a set of observed data drawn from an

informative sampling design. Moreover, due to the computational cost that applying the usual

MCMC algorithms in our context may imply, we adapted the EM algorithm described in Zhao
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and Lian (2016) to the developed methodology model. By doing this, we provided a tool that

can be applied by practitioners from different backgrounds with a low computational cost.

To evaluate the performance of our methods, we proposed a model-based simulation study

where the finite populations were drawn following a data-generating process similar to the

one applied by Guggisberg (2023). Our study was divided into two experiments. First, the

samples were generated under different sampling schemes (Poisson, stratified, and systematic)

and informative and non-informative designs. As a result, we observed that the proposed

method is advantageous compared to a benchmark that ignores the sampling weights for the

informative scenario regardless of the sampling scheme. Considering the non-informative case,

we saw that the proposed model performed close to the benchmark. In the second experiment,

we developed a prior sensitivity analysis that compared a non-informative prior with two

n-dependent priors where the distributions were centered on estimates from artificial pilot

samples and a n-dependent prior where the distribution was centered on the true underlying

values. The findings pointed to no discrepant results among the specifications.

In addition, we also proposed a design-based simulation study using data from Prova Brasil

2011, fixing the students from the municipality of Campinas who took part in the exam as

a finite population. This study was focused on analyzing a more comprehensive range of

quantiles. As in the model-based simulation study, we noticed that the main harm in not

including the survey design in the estimation process relies on the intercept.
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5 Conclusion and future works

This dissertation consisted of three main chapters. In the first, Chapter 2, we presented three

alternatives for the Bayesian quantile regression analysis of continuous data under informa-

tive sampling. From the survey-weighted estimator (Chen and Zhao 2019; Geraci 2016), we

extended the well-known quantile regression model based on the asymmetric Laplace distri-

bution to complex survey data under informative sampling following a similar argument of Yu

and Moyeed (2001). In addition, building on the estimating equations (Zhao et al. 2020), we

extended the quantile regression model using a score likelihood (Wu and Narisetty 2021) to

include sampling weights and derive a quantile regression as a particular case of the approx-

imate approach proposed by Wang, Kim, and Yang (2018). For the first, we implemented a

simple Gibbs sampling algorithm following the ideas of Kozumi and Kobayashi (2011). For the

second, we employed an adaptative Metropolis-Hastings algorithm. The chapter consisted of

a preliminary version of the paper Nascimento and Gonçalves (to appear).

In Chapter 3, we proposed two different methods for analyzing bounded count data under

informative sampling. From the side of the bounded count data, we applied the ideas of

Machado and Silva (2005) and Lee and Neocleous (2010) to deal with quantiles for counts,

adapting them by employing the methodology proposed by Bottai, Cai, and McKeown (2010).

From the side of complex survey data under informative sampling, we introduced two different

methods based on the asymmetric Laplace distribution (Yu and Moyeed 2001); one is an

extension of the approach introduced in Chapter 2, and the other is based on the pseudo

posterior distribution (Savitsky and Toth 2016).

Lastly, in Chapter 4, we developed a framework for analyzing multiple-output under informative
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sampling. For that purpose, we extended Guggisberg (2023) following the ideas of Chapter 2 to

propose a method that relies on the asymmetric Laplace distribution. This distribution is vastly

applied for single-output Bayesian quantile regression models Kozumi and Kobayashi (2011);

Yu and Moyeed (2001). From the location-scale mixture representation of this distribution,

we introduced an efficient Expectation–Maximization algorithm that propitiates substantial

computational savings compared to the commonly used Markov Chain Monte Carlo algorithm.

A concern that possibly emerges is the asymptotic validity of the posterior credible intervals.

For example, in the case of the usual Bayesian quantile regression with asymmetric Laplace

likelihood, Sriram (2015) and Yang, Wang, and He (2016) studied the stationary distribution

for the resulting posterior and proposed a simple adjustment to the covariance matrix of the

posterior chain. Wu and Narisetty (2021) also investigated the resulting posterior stationary

distribution for the model based on the score likelihood.

The main challenge is that the standard assumptions in the quantile regression literature (He

and Shao 1996; Koenker 2005) used by Sriram (2015), Yang, Wang, and He (2016) and Wu

and Narisetty (2021) are not straightforwardly applied when the survey weights are included

in the models. The regularity conditions concerning the conditional quantile function linearity

and the conditional distribution and density function continuities could remain the same.

However, the conditions concerning the distribution of the covariates and the existence of

asymptotic limits need to be adapted. We could apply the ideas of Huang, Xu, and Tashnev

(2015), but for that, we would need to consider given survey weights or wi = wi(xi , τ) as the

authors made these assumptions to obtain their theoretical results.

Since quantile regression models and the analysis of complex survey data under informative

sampling are of great interest to practitioners from different areas and different backgrounds,

and one of our primary purposes in this dissertation was to provide effective and easy-to-

implement methodological tools, we intend to develop a package containing our methods as

a future work. Possibly, including new alternatives for analyzing ordinal data by extending the

work of Rahman (2016).

Another idea we intend to pursue is to allow the Expectation-Maximization approach pre-
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sented in Chapter 4 for account to noncrossing quantile. Our objective is to propose a fast

computation alternative to the methodology presented by Santos and Kneib (2020). In sum-

mary, we aim to apply the solution from Bondell, Reich, and Wang (2010) in the maximization

step of the coefficients. Bondell, Reich, and Wang (2010) introduced a simple constrained

version of quantile regression to avoid the crossing problem that can be incorporated into our

algorithm.
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