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Resumo

Estudamos uma extensão do passeios aleatórios excitados generalizados
(GERW, do inglês Generalized Excited Random Walk) em Zd introduzido
em [Ann. Probab. 40 (5), 2012] por Menshikov, Popov, Ramı́rez and
Vachkovskaia. Nossa extensão consiste no estudo de uma versão do GERW
onde a excitação pode ou não acontecer com uma probabilidade que depende
do tempo. Em particular, dada uma sequência de parâmetros {pn}n≥1 tal
que pn ∈ (0, 1] para todo n ≥ 1, sempre que o processo visitar um śıtio no
tempo n pela primeira vez, com probabilidade pn, este ganha um drift em
uma direção dada (podendo ser qualquer uma dentro da esfera unitária).
Caso contrário, com probabilidade 1− pn, comporta-se com um d-martingal
com vetor de média zero. Sempre que o processo visita um sitio já anteri-
ormente visitado, este agirá como um d-martingal com vetor de media zero.
Chamamos este modelo de GERW em um ambiente de Bernoulli, ou de
forma reduzida de pn-GERW.

Sob as mesmas hipóteses de [Ann. Probab. 40 (5), 2012] (saltos limi-
tados, elipsidade uniforme) e com uma sequência {pn}n≥1 que decai poli-
nomialmente, denominamos pn = Cn−β ∧ 1 com β > 0 e C uma constante
positiva, demonstramos uma série de resultados para o pn-GERW, os quais
dependerão da dimensão e do valor de β. Especificamente, para β < 1/6
e d ≥ 2, demonstramos que o pn-GERW possui probabilidade positiva de
nunca retornar a origem na direção do drift, para β > 1/2, d ≥ 2 e β = 1/2,
d = 2, obtemos sob certas condições um Teorema Central do Limite Fun-
cional. Por último, para β = 1/2 e d ≥ 4 obtemos, também sob condições
adequadas, que o pn-GERW é um processo ŕıgido, além disso todo ponto
limite Y satifaz Wt · ℓ + c1

√
t ⪯ Yt · ℓ ⪯ Wt · ℓ + c2

√
t onde c1 e c2 são

constantes positivas, W é um Movimento Browniano e ℓ a direção do drift.
Palavras-chave:Passeios Aleatórios Excitados, Teorema Central do Limite

Funcional, Passeios Aleatórios Não-Markovianos, Balisticidade
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Abstract

We study an extension of the generalized excited random walk (GERW)
on Zd introduced in [Ann. Probab. 40 (5), 2012] by Menshikov, Popov,
Ramı́rez and Vachkovskaia. Our extension consists in studying a version
of the GERW where excitation may/may not occur according to a time-
dependent probability. Specifically, given a sequence of parameters {pn}n≥1,
with pn ∈ (0, 1] for all n ≥ 1, whenever the process visits a site at time n
for the first time, with probability pn it gains a drift in a given direction
(could be any direction of the unit sphere). Otherwise, with probability
1 − pn, it behaves as a d-martingale with zero-mean vector. Whenever the
process visits an already-visited site, the process acts again as a d-martingale
with zero-mean vector. We refer to the model as a GERW in Bernoulli
environment, in short pn-GERW.

Under the same hypothesis of [Ann. Probab. 40 (5), 2012] (bounded
jumps, uniform ellipticity) and with a sequence {pn}n≥1 which decays poly-
nomially, namelly pn = Cn−β ∧ 1 with β > 0 and C is a positive constant,
we show a series of results for the pn-GERW depending on the value of β
and on the dimension. Specifically, for β < 1/6 and d ≥ 2, we show that
the pn-GERW has a positive probability of never returning to the origin
in the drift direction, for β > 1/2, d ≥ 2 and β = 1/2 and d = 2 we
obtain, under certain conditions, a Functional Central Limit Theorem. Fi-
nally, for β = 1/2 and d ≥ 4 we obtain, under suitable conditions, that a
sequence of pn-GERW is a tight process, and every limit point Y satisfies
Wt · ℓ+ c1

√
t ⪯ Yt · ℓ ⪯Wt · ℓ+ c2

√
t where c1 and c2 are positive constants,

W is a Brownian motion and ℓ is the direction of the drift.
Keywords: Excited Random Walk, Functional Central Limit Theorem,

Non-Markovian Random Walks, Ballisticity.
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1. Introduction

The many-dimensional excited random walk (ERW) is a model introduced
in 2003 by Benjamini and Wilson [3]. It is a discrete time non Markovian
random walk in Zd, with d ≥ 2. It jumps as a simple random walk biased in
direction e1 (with bias δ) every time it visits a site for the first time, where
{ei : 1 ≤ i ≤ d} denotes the canonical base of Zd, otherwise it jumps as a
simple symmetric random walk.

In [3], Benjamini and Wilson proved that ERW is transient in direction
e1, i.e., limn→∞Xn · e1 = ∞ almost surely. Furthermore, they also show
that, if d ≥ 4, ERW is ballistic to the right, i.e.,

lim inf
n→∞

Xn · e1
n

> 0 , a.s..

Later on, Kozma extended the proof of ballisticity to d = 3 in [12], and d = 2
in [13]. In 2007, Bernard and Ramirez [4] proved a Law of Large Numbers
(LLN) and a Central Limit Theorem (CLT) for d ≥ 2. Specifically, they
prove that

lim
n→∞

Xn · e1
n

= v , a.s.,

for some v = v(δ, d) ∈ R+, and that{X⌊nt⌋ · e1 − ⌊nt⌋v
√
n

}
t≥0

,

converges in distribution as n → ∞ (with respect to the Skorohod topol-
ogy on the space of càdlàg functions) to a Brownian Motion with a finite
variance depending on δ and d. Their proof relies on the introduction of
an appropriate regeneration structure that was first used in the context of
random walks in random environments, see for instance [19].

The proofs of directional transience in [3], the LLG and the CLT in [4],
rest upon two important ingredients. A coupling between the ERW and
the simple symmetric random walk (SSRW) which implies that the distance
between the ERW and the SSRW at time n, in the direction e1, is non
decreasing in n, while for the others directions it is zero. Using this coupling,
the authors provide a lower bound on the cardinality of the set of visited
sites by the ERW up to time n (the range of ERW) in terms of tan points
for the SSRW, i.e., those sites x ∈ Zd such that x is the first site visited
in the set {x + ke1 : k ≥ 0}. A direct consequence of the coupling is that
when the SSRW reaches a tan point, the ERW visits a new site and thus it
is pushed in direction e1 by a positive drift. Then in [4], using this coupling,
the authors proved that the range of the ERW up to time n in dimension
d ≥ 2 is of order at least n3/4 with large probability. This fact alone is not
enough to provide a direct proof for a linear speed of the process, however
it is instrumental to guarantee the existence of a renewal structure for the
process which leads to the limit theorems.
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A drawback of the technique based on tan points is that it is tailored
to the basic model of ERW and it is not robust, i.e., the coupling with
the SSRW would not work if for example we consider a random walk with
bounded jumps, rather than nearest neighbor jumps, or even if we suppose
a drift not parallel to any canonical direction. A more robust technique was
developed by Menshikov, Popov, Ramirez and Vachkovskaia in [15]. The
model they considered is a generalization of the ERW and is as follows:
on already visited sites the process behaves like a d-dimensional martin-
gale with bounded jumps and zero mean vector (rather than a SSRW) and
whenever the process visits a site for the first time it behaves as follows:
it has bounded jumps, satisfies an uniformly elliptic condition and a drift
condition in an arbitrary direction ℓ of the unit sphere in Rd. They call
this model generalized excited random walk (GERW). They show that the
GERW with a drift condition in direction ℓ is ballistic in that direction.
Besides that, they proved a LLG and a CLT (both for dimensions d ≥ 2)
for a special case of the GERW, which they called excited random walk in
random environment. This special model consists in an excited random walk
in an i.i.d. random environment, which means that the process still has a
mean drift in direction ℓ when it visits a site for the first time and whenever
it hits an already visited site it has a zero mean drift (for more details see
page 2110 in [15]). Along with that, the probability transitions for nearest
neighbors of the process are explicit. Similarly to what was done for ERW,
the first step in their proof consists in controlling the range of the process.
Proposition 4.1 in [15] states that the range of the GERW is smaller than

n1/2+α with probability that decays as a stretched exponential, where α > 0
does not depend on the parameters of the model. A similar result can be
found in [14] (see, Theorem 1.3). However, the range considered therein
is for, what the authors call, a directed submartigale in direction ℓ. The
proof of Proposition 4.1 completely avoids the use of the coupling and the
tan points. Again, this control on the range of the process allows the con-
struction of a regeneration structure for the GERW. If {Xn}n≥0 denotes the
GERW, the regeneration structure consists in a properly defined sequence
of finite regeneration times τk, k ≥ 1, that correspond to those times when
the process {Xn · ℓ}n≥0 reaches for the first time the level Xτk · ℓ and never
comes back below Xτk · ℓ after time τk. The renewal structure considered
in [15] follows the standard approach and notation presented in [4] and [19].

What makes the GERW (and the ERW) an interesting model is the self-
interaction encoded in the different behavior the process has on sites visited
for the first time as compared to sites already visited. Similar works worth
mentioning along these lines are [2], [17], and [1]. It is customary to think
that initially all sites have a cookie. Whenever the process visits a site for
the first time, it eats the cookie and gains a drift in a given direction. On
subsequent visits to a site, since there is no cookie left, the process has no
drift (for this reason ERW are also referred to as cookie random walks). A
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natural question is what happens to GERW when on the first visit to a site
the random walk may or may not find/eat a cookie, with a probability that
may possibly depend on the time of the first visit. Would the process still
be ballistic in the direction of the drift? What about LLN and CLT?

In order to address this question, we introduce and study a model which
is a variation of the GERW. Specifically, given a sequence of parameters
{pn}n≥1 with pn ∈ (0, 1] for all n ≥ 1, if at time n the process visits a
site for the first time, it finds a cookie with probability pn (thus gaining a
drift). Otherwise, with probability 1− pn, it finds no cookie (no drift) and
behaves as a d-martingale with zero-mean vector. If instead the process has
already visited the site, there is no cookie and the process acts again as a
d-martingale with zero-mean vector. We call this model pn-GERW. In this
Thesis, we will focus on two specific cases for the sequence {pn}n≥1:

1) homogeneous: the sequence {pn}n≥1 will be constant, i.e., for a
p ∈ (0, 1] we have pn = p for all n ≥ 1. This case will be called
p-GERW. As it turns out, the homogeneous case bears no novelty
as it can be reduced to the GERW with certain adjustments (see
discussion at the beginning of Section 1.2). However, the analysis of
this simple case, in particular the understanding of how p will affect
the results, turns out to be important for the time dependent case.

2) polynomial decay: pn = Cn−β ∧ 1 with β > 0 and C is a positive
constant.

Our models are well motivated since for the many-dimensional excited
random walk a relevant question is if it is still possible to guarantee proper-
ties such as directional transience and ballisticity by reducing the number of
cookies in the system. This goes in the same direction of well-known results
in dimension one. Specifically, in dimension one for the nearest neighbor
ERW with an independent cookie environment, the mean number of cookies
per site should be greater than one for the system to be ballistic, see [11].

As regards to the p-GERW, under the same hypothesis of [15]1, we show
that the p-GERW is ballistic for all p ∈ (0, 1] (see, Theorem 1.1) and under
the same stronger assumptions, that is, the increments of the regeneration
times be i.i.d., we obtain a Law of Large Numbers and a Central Limit
Theorem (see, Theorem 1.2 and Theorem 1.3, respectively).

As regards to the pn-GERW (with pn = Cn−β ∧ 1), the results we obtain
depend on the value of β and on the dimension d:

• For β < 1/6 and d ≥ 2, we show that the pn-GERW has a positive
probability of never returning to the origin in the direction ℓ (see,
Theorem 1.7).

• For β > 1/2 and d ≥ 2 we obtain that, under certain conditions, the
pn-GERW suitably rescaled converges in distribution to a Gaussian
Process (see, Theorem 1.4). Note that, for β > 1 the pn-GERW only

1Bounded jumps, an uniformly elliptic condition and a drift condition in an arbitrary
direction of the unit sphere.
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eats finitely many cookies almost surely and therefore the process
eventually behaves as a d-dimensional martingale; in this case the
convergence in distribution follows by Theorem 7.1.4 in [7].

• For β = 1/2, the dimension d makes a difference:
– For d = 2 the pn-ERW, which is a specific type of pn-GERW

(see, Section 1.1.2), converges in distribution (under a suitable
rescale) to a Brownian Motion (see, Theorem 1.5).

– For d ≥ 4, we obtain that the pn-ERW suitably rescaled is a
tight process and every limit point is stochastically dominated
from above and below in direction ℓ by a Brownian Motion plus
a continuous function in [0,∞) (see, Theorem 1.6).

Let us stress that there are two cases which are not listed above, (d =
3, β = 1/2) and (d ≥ 2, β ∈ [1/6, 1/2)). For the first case we believe the
behaviour of the pn-ERW would be equivalent to what we have for d ≥ 4
and β = 1/2. However, due to some technical difficulties, we were not able
to prove it (see discussion at the end of Section 3.3). For the case d ≥ 2 and
β ∈ [1/6, 1/2) we believe the same result for the pn-GERW in d ≥ 2 and
β < 1/6 holds, i.e., the pn-GERW has a positive probability to never return
to the origin in the ℓ direction. However we were not able to prove it (see
discussion at the Section 3.5 in Remark 3.3).

1.1. The model. We now formally introduce the pn-GERW. Recall that
d ≥ 2 is the fixed dimension and let {pn}n≥1 be a sequence of parameters
with pn ∈ (0, 1] for all n ≥ 1. In a broader sense our process is a ran-

dom element (X,π) of (Zd)Z+ × [0, 1]Z
d
endowed with the product Borel

σ-algebra. The second coordinate π = {π(x)}x∈Zd ∈ [0, 1]Z
d
is a random

element whose marginals have uniform distribution in [0, 1] and indepen-
dents. We denote by Q the probability law of π. The first coordinate
X = {Xn}n≥0 is a Zd valued process with X0 = 0 which is adapted to a
filtration F = {Fn}n≥0, where Fn = σ(X1, . . . , Xn, π(X1), . . . , π(Xn)) and
σ(Y ) represents the smallest σ-algebra generated by a random vector Y . We
denote the law of (X,π) by P and by E its expectation, we can think of P as
the semi-direct measure Q ⊗ Pπ̂, where Pπ̂ is the quenched measure for X,
i.e., the conditional probability law of X given a realization π̂ of π. Now fix
ℓ ∈ Sd−1, where Sd−1 is the unit sphere of Rd, and let || · || be the euclidean
norm in Rd. The process X is called a pn-GERW in direction ℓ, if it satisfies
the following conditions:

Condition I (Bounded increments). There exists a constant K > 0 such
that supn≥0 ||Xn+1 −Xn|| < K on every realization.

Condition II. There exists λ > 0 such that:

• almost surely on the event {Xk ̸= Xn for all k < n}, either

E[Xn+1 −Xn|Fn] · ℓ ≥ λ , if π(Xn) ≤ pn ,
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or
E[Xn+1 −Xn|Fn] = 0 , if π(Xn) > pn .

• almost surely on the event {∃ k < n such that Xk = Xn},
E[Xn+1 −Xn|Fn] = 0 .

Condition III. There exist h, r > 0 such that

• Uniformly elliptic in direction ℓ: for all n

P [(Xn+1 −Xn) · ℓ > r|Fn] ≥ h , a.s.. (UE1)

• Uniformly elliptic on the event {E[Xn+1−Xn|Fn] = 0}: on the event
{E[Xn+1 −Xn|Fn] = 0}, for all ℓ′ ∈ Sd−1, with ||ℓ′|| = 1

P
[
(Xn+1 −Xn) · ℓ′ > r|Fn

]
≥ h , a.s.. (UE2)

We now present a helpful way to write the pn-GERW, especially in the
proofs. Let {Xn}n≥0 be a pn-GERW in direction ℓ. Increasing the proba-
bility space the following representation for the process holds: Set {Ui}i≥1

as a sequence of i.i.d. random variables with uniform distribution in [0, 1] 2.
For i ≥ 1 we define Ei as the event that the pn-GERW is, at time i, in an
already visited site, i.e., Ei := {∃ k < i such that Xk = Xi} and E0 := ∅.
We can write {Xn}n≥0 as

Xn =

n∑
i=1

(Xi −Xi−1)

=

n∑
i=1

(
1{Ei−1}ξi + 1{Ec

i−1}1{Ui>pi}ξi + 1{Ec
i−1}1{Ui≤pi}γi

)
,

(1)

where {ξi,Fi}i≥1 is an increment of a d-martingale with zero mean and
{γi,Fi}i≥1 is a random vector such that E[γi · ℓ|Fi−1] ≥ λ for all i ≥ 1. Note
that due to Condition I (bounded jumps), we also have that ||ξi|| < K as
well as ||γi|| < K.

1.1.1. A slightly different version of the pn-GERW (pn-GERW*). Benefit-
ing from (1), we now introduce a new condition, which allows us to relax
the bounded jump assumption of Condition I. However, in the proof of
Theorem 1.4 we will also need to assume an asymptotic condition on the
increments {ξi}i≥1 to assure the convergence to a non-degenerate continuous
covariance matrix (see, (2)). For that let us denote C = ((ci,j)) a contin-
uous, d × d matrix-valued function, defined in [0,∞), satisfying C(0) = 0
and

d∑
i,j=1

(ci,j(t)− ci,j(s))αiαj ≥ 0 for any α ∈ Rd, t > s ≥ 0 .

2Note that this sequence is part of the marginals of π. To avoid clutter, we set this
i.i.d. uniform distribution as {Ui}i≥1 from now on.
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The new condition is:

Condition I*.

i) For all k ≥ 1 and θ < β − 1/2, where β > 1/2, we have

sup
k≥1

E[∥γk∥]
kθ

<∞ and sup
k≥1

E[∥ξk∥]
kθ

<∞ .

ii) It holds that

1

n

⌊nt⌋∑
i=1

ξiξ
T
i → C(t) as n→ ∞ , (2)

in probability and

lim
k→∞

k−1/2E
ñ
sup

1≤i≤k
∥ξi∥
ô
= 0 .

If a process X satisfies Condition I*, II and III, and the sequence {Ui}i≥1

(in the corresponding representation as (1)) is uncorrelated with both se-
quences {γi}i≥1 and {ξi}i≥1, we call X as the pn-generalized excited random
walk* (pn-GERW*).

1.1.2. A specific case of pn-GERW (pn-ERW). Considering the representa-
tion in (1) for a pn-GERW, if we further assume that the sequence {ξi}i≥1

is i.i.d. with zero mean vector and finite variance and the sequence {γi}i≥1

is also i.i.d. with finite variance (recall that γi satisfies E[γi · ℓ|Fi−1] ≥ λ),
then we obtain a specific type of the pn-GERW, which we call pn-ERW in
the direction ℓ. In the Example below, we provide a concrete example of a
pn-ERW.

Example: Here we provide a concrete example of a pn-GERW which may
be thought of as a generalization of the classical ERW. Specifically it evolves
as the classical ERW but when a site is visited for the first time, it finds a
cookie (thus gaining a drift) with probability pn. This generalization reduces
to the classical ERW when pn = 1 for all n ≥ 1. Fix δ ∈ (1/2, 1] and let

q(0)(x, ei), x ∈ Zd, i = 1, ..., d, be defined as

q(0)(x, e1) = δ/d, q(0)(x,−e1) = (1− δ)/d ,

q(0)(x,±ei) = 1/2d for all i = 2, . . . , d ,

and q(1)(x, ei), x ∈ Zd, i = 1, ..., d, be the transition probabilities of a SRW
in Zd. Let {Xn}n≥0 be a process in Zd with transition probabilities

P
[
Xn+1 = x+ ei

∣∣∣Xn = x,

n−1∑
j=0

1{Xj=x} = 0
]
=

= 1{π(x)≤pn}q
(0)(x, ei) + 1{π(x)>pn}q

(1)(x, ei) ,
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and for every m ∈ {1, 2, . . . , n− 1} we have

P
[
Xn+1 = x+ ei

∣∣∣Xn = x,

n−1∑
j=0

1{Xj=x} = m
]
= q(1)(x, ei) .

The {Xn}n≥0 is clearly a pn-ERW when pn = p for all n ≥ 1. See Figure
1.1 for a simulation of this p-ERW in Z2. The simulation suggests that the
p-ERW is ballistic in direction e1. Indeed, we will prove that the p-ERW
satisfies a ballistic Law of Large Numbers and a Central Limit Theorem.

Figure 1.1. 20000 steps simulation of p-ERW for d = 2,
p = 0.25, q(0)(x, e1) = 0.375, q(0)(x,−e1) = 0.125 and

q(0)(x,±e2) = 0.25. The initial position of the random walk
is X0 = (0, 0) and the final X20000 = (397,−20).

1.2. Main results for the p-GERW. As mentioned in the Introduction the
homogeneous case can be reduced to the GERW. Specifically, the p-GERW
with a given λ in Condition II reduces to a GERW with pλ in Condition

C+ in [15]. As a matter of fact, if we denote by ‹Fn = σ(X1, . . . , Xn), by
integrating E[Xn+1−Xn|Fn] · ℓ with respect to π(X1), . . . , π(Xn) we obtain

E[Xn+1 − Xn|‹Fn] · ℓ ≥ pλ, which is Condition C+ in [15] with a λ′ = pλ.
Despite the close connection with GERW, some of the techniques developed
to prove results for the p-GERW will be useful for the time dependent case.

Our first result is that for every p ∈ (0, 1], the p-GERW is ballistic in ℓ
direction.

Theorem 1.1 (Ballisticity of p-GERW). Let X be a p-GERW in direction
ℓ ∈ Sd−1. Then

lim inf
n→∞

Xn · ℓ
n

> 0 , a.s..

The next two results are the Law of Large Numbers and the Central Limit
Theorem which hold for a special case of p-GERW. Specifically, we need to
introduce a fourth condition (see, Condition IV in Section 2) which is related
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to the distribution of the increments of the regeneration times associated to
the p-GERW. A p-GERW satisfying this fourth condition will be called p-
Strong General Excited Random Walk (p-SGERW). It can be shown (see,
Corollary 2.3) that the p-ERW introduced in the Example in Section 1.1 is
an example of p-SGERW.

Theorem 1.2 (Law of Large Numbers). Assume the process X is a p-
SGERW in direction ℓ (i.e., satisfies Conditions I,II, III and IV), then there
exists v ∈ Rd such that v · ℓ > 0 and

lim
n→∞

Xn

n
= v , a.s.. (3)

Let X be a p-SGERW in direction ℓ and v ∈ Rd from (3). Let us define
the process

Bn
t =

X⌊nt⌋ − ⌊nt⌋v
n1/2

, t ≥ 0 . (4)

Theorem 1.3 (Central Limit Theorem). The process Bn
· converges in dis-

tribution, as n → ∞, to a d-dimensional Brownian Motion with a non-
degenerate covariance matrix.

1.3. Main results for the pn-GERW. Let us recall that we shall focus on
the case in which the sequence {pn}n≥1 is of the form pn = Cn−β ∧ 1, and C
is a positive constant.

Before we state the main results for the pn-GERW, let us introduce some
notation. We define the following process

B̂n
t =

X⌊nt⌋

n1/2
+ (nt− ⌊nt⌋)

(X⌊nt⌋+1 −X⌊nt⌋)

n1/2
, (5)

where the process X will make reference to a specified process in each The-
orem (e.g., pn-GERW*).

We set CRd [0, T ] as the space of continuous functions f : [0, T ] → Rd,
with d ≥ 1, for all T > 0 and the metric we use is the uniform. The space
of continuous functions on f : [0,∞) → Rd, it will be denoted by CRd [0,∞)
and the metric we use here is

ρ(f, g) :=

∞∑
k=1

1

2k
sup

0≤t≤k
(||f(t)− g(t)|| ∧ 1) ,

where f and g are continuous functions with domain [0,∞) and range Rd.
The first result we obtain is a Central Limit Theorem for the pn-GERW*

(see, Section 1.1.1) when β > 1/2 and d ≥ 2.

Theorem 1.4. Let the process X be a pn-GERW* in direction ℓ, in Zd,
with d ≥ 2, pn = Cn−β∧1, with β > 1/2. Then B̂n

· converges in distribution
to a process with independent Gaussian increments with sample paths in
CRd [0,∞).
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Remark 1.1. Let us point out that the pn-GERW* when β > 1 eventually
behaves as a d-dimensional martingale and in this latter case our theorem
(essentially) reduces to Theorem 7.1.4 in [7].

Remark 1.2. Let us point out that Theorem 1.4 holds true under slightly
weaker conditions. Specifically item i) of Condition I* and the sequence
{pn}n≥1 can be more general. As it emerges from the proof, for the statement

of Theorem 1.4 be true we only need that
∑⌊nt⌋

i=1 piE[||γi||] = o(
√
n) (for more

details, see Remark 3.1 ).

From Theorem 1.4 we obtain the following Corollary holding in the specific
case of pn-ERW.

Corollary 1.1. Let the process X be a pn-ERW in direction ℓ in Zd, with
d ≥ 2, pn = Cn−β ∧ 1, with β > 1/2. Then B̂n

· converges in distribution to
a d-dimensional Brownian Motion in CRd [0,∞).

We set now β = 1/2. Here we will have different results depending on the
dimension of the process. First we will present the Central Limit Theorem
in d = 2 for the pn-ERW.

Theorem 1.5. Let the process X be a pn-ERW in direction ℓ, in Zd with d =
2, pn = Cn−1/2 ∧ 1. Then B̂n

· converges in distribution to a 2-dimensional
Brownian Motion in CR2 [0,∞).

Remark 1.3. Note that in Corollary 1.1 and Theorem 1.5 the pn-ERW
under a suitable rescaling converges in distribution to a Brownian Motion
and has no ballisticity, differently from what happens in the ERW (see [3],
[12] and [13]).

We state now our result for the pn-ERW in higher dimensions. Here we
obtain that the pn-ERW suitably rescaled is a tight process and every limit
point is stochastically dominated (henceforth denoted by ⪯) in the direction
ℓ from above and below by a Brownian Motion plus a continuous function
in [0,∞).

Let us define the set Dk ⊂ {e1, . . . , ed}, where d ≥ 4 and k is the cardi-
nality of Dk with 1 ≤ k ≤ d − 3. Now set ℓDk

as a direction in the unit

sphere in dimension d, that is, ℓDk
∈ Sd−1, such that ℓDk

=
∑k

i=1 αixi,
where αi ∈ [0, 1] and xi ∈ Dk, both for all 1 ≤ i ≤ k. In essence, ℓDk

is a
direction in the unit sphere in dimension d that can be determined by the
canonical directions of the set Dk.

Theorem 1.6. Let the process X be a pn-ERW in direction ℓDk
, in Zd with

d ≥ 4, pn = Cn−1/2 ∧ 1. Then the sequence of processes B̂n
· is tight in

CRd [0,∞) and there exists a Brownian Motion W· such that for every limit

point Y· from the process B̂n
· it holds that

Wt · ℓDk
+ f(t) ⪯ Yt · ℓDk

⪯Wt · ℓDk
+ g(t) ,
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where f and g are continuous function on [0,∞), such that f(t) = c1
√
t and

g(t) = c2
√
t with c2 > c1 > 0.

Remark 1.4. The constants c1 and c2 will be described at the end of the
proof of Theorem 1.6.

Now we propose a conjecture for the pn-ERW in direction ℓ ∈ Sd−1, in
Zd, with d ≥ 3 and pn = Cn−1/2 ∧ 1.

Conjecture 1.1. Let the process X be a pn-ERW in direction ℓ ∈ Sd−1, in
Zd with d ≥ 3, pn = Cn−1/2 ∧ 1. Then B̂n

· converges in distribution as the
following

B̂n
t · ℓ→Wt · ℓ+ c

√
t as n→ ∞ ,

where W· is Brownian Motion and c is a positive constant.

The proof of Theorem 1.5 and Theorem 1.6 rely on a control on the range
of a pn-ERW, which is stated in the following proposition (whose proof is
given in Section 3.4).

Considering the representation in (1) for X a pn-ERW (see, Section 1.1.2),
let us denote by πd the probability of a random walk with i.i.d. increments
(with zero mean and finite variance) given by the corresponding {ξi}i≥0

never returning to the origin.

Proposition 1.1. Let the process X be a pn-ERW in direction ℓ, in Zd
with d ≥ 2, pn = Cn−1/2 ∧ 1. Let RX

n be the range of the process up to
time n (i.e., the number of different sites visited up to time n). Then, for
all sufficiently large n that we have that

P
î
|RX

n | ≤ δn
ó
= 1 ,

for every δ > πd.

Below, we propose a conjecture about the range of the pn-ERW in Zd, in
direction ℓ ∈ Sd−1, with pn = Cn−β ∧ 1, with β ≥ 1/2 and d ≥ 2.

Conjecture 1.2. Let the process X be a pn-ERW in direction ℓ ∈ Sd−1, in
Zd with d ≥ 2, pn = Cn−β ∧ 1, with β ≥ 1/2. Let RX

n be the range of the
process up to time n. Then we have

|RX
n |
n

→ πd as n→ ∞ a.s..

Note that for d = 2, we have that πd = 0, whereas for d ≥ 3, πd ∈ (0, 1].

Remark 1.5. If Conjecture 1.2 holds true, we would be able to extend the
result in Theorem 1.6 to d = 3 and to any direction in the unit sphere (see
discussion in Section 3.3.1).

We now provide our last result, which states that, for β < 1/6 and d ≥
2 the pn-GERW in direction ℓ, in Zd has a positive probability of never
returning to the origin in the ℓ direction.
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Before stating the theorem, we need some notation. For every ℓ ∈ Sd−1,
let Mℓ denote the positive half-space in direction ℓ, that is, Mℓ = {x ∈ Zd :
x · ℓ > 0}. We define A as the excitation-allowing set, which means the set
of sites where there is the possibility of having cookies (see Condition II*).
We set the event {η(X0) = ∞} as the event in which the process X never
returns to the origin in the drift direction.

Theorem 1.7. Let X be a pn-GERW in direction ℓ, in Zd with d ≥ 2, where
pn = (q0 + n)−β, with β < 1/6, q0 is a non negative integer and excitation-
allowing set A ⊂ Zd such that Mℓ ⊂ A. There exists ψ > 0 depending on
the parameters of the model such that

P [η(X0) = ∞] ≥ P [Xn · ℓ > 0 for all n ≥ 1] ≥ ψ .

Figure 1.2 provides a summary of the main results concerning p-GERW
and the pn-GERW, with pn = Cn−β∧1 for different values of β and dimension
d.

p-GERW (d ≥ 2, p ∈ (0, 1]) ballisticity in the drift direction for every
p > 0.

p-SGERW (d ≥ 2, p ∈ (0, 1]) besides ballisticity, LLN and CLT.
pn-GERW (β < 1/6, d ≥ 2) positive probability of never returning to

the origin (in the direction ℓ)
pn-GERW* (β > 1/2, d ≥ 2) convergence in distribution to a Guas-

sian Process
pn-ERW (β = 1/2, d = 2) convergence in distribution to a Brown-

ian Motion
pn-ERW (β = 1/2, d ≥ 4) all sub-sequences converge, in distribu-

tion, to a process which is stochastically
dominated in the drift direction below
and above by a Brownian Motion plus a
continuous function.

Figure 1.2. Summary of the results for GERW.

This text is organized as follows: The renewal structure and the proof
of the main results for the p-GERW are presented in Section 2. Our main
contributions are given in Section 3 where we study the pn-GERW, with
pn = n−β. We prove several asymptotic results depending on the value of
β and on the dimension d (see Section 3.1, 3.2, 3.3 and 3.5). In Section 3.4
we provide the proof of Proposition 1.1, in which we analyze the asymptotic
behavior of the range of the pn-ERW in d ≥ 2 and β = 1/2. Finally,
Appendix A, B contain some proofs which were omitted in the main text
and Appendix C some auxiliary results.
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2. Proofs of the main theorems for the p-GERW

2.1. Regeneration Structure. We start this section defining the regener-
ation structure for the p-GERW which is a key element in the proofs of the
theorems stated in Section 1.2. We will follow closely the regeneration struc-
ture constructed in [15]. We make small adjustments in the definition of the
regeneration times that will not affect the main properties of the structure.
Afterwards we prove the Theorems 1.1, 1.2 and 1.3. Our main contribution
is to establish the necessary properties on the regeneration times which is a
challenging task for the p-GERW.

Consider {Xn}n≥0 a p-GERW in direction ℓ ∈ Sd−1. Fix a > 0 and define

ρ(Xm) := inf{n ≥ m : Xn · ℓ ≥ Xm · ℓ+ a} ,
η(Xm) := inf{n ≥ m : Xn · ℓ < Xm · ℓ} .

(6)

We now define the sequence of regeneration times {τk}k≥0. First, we set
τ0 ≡ 0 and then we define τk+1 from τk recursively for k ≥ 0. If τk = ∞,
then τk+1 = ∞. Assuming τk <∞, we define

ρ
(k)
1 := ρ(Xτk) , η

(k)
1 :=

{
η(X

ρ
(k)
1

) , ρ
(k)
1 <∞ ,

∞ , ρ
(k)
1 = ∞ ,

where ρ and η are given in (6). Moreover, for every i ≥ 2, we recursively
define

ρ
(k)
i :=

inf{n ≥ η
(k)
i−1 : Xn · ℓ ≥ max

k≤η(k)i−1

Xk · ℓ+ a} , η
(k)
i−1 <∞ ,

∞ , η
(k)
i−1 = ∞ ,

η
(k)
i :=

{
η(X

ρ
(k)
i

) , ρ
(k)
i <∞ ,

∞ , ρ
(k)
i = ∞ .

Setting qk := inf{n ≥ 1 : ρ
(k)
n < ∞, η

(k)
n = ∞}, we define τk+1 := ρ

(k)
qk .

The time τk, with k ≥ 1, represents the k-th regeneration time. Clearly
τk is not a Fn-stopping time for every k ≥ 1 and it depends on the whole
future of {(Xn, π(Xn))}n≥1. For a better understanding of the sequence of
the regeneration times see Figure 2.1.

Remark 2.1. The particular choice of a is irrelevant in this manuscript.
Without harm to the proofs presented here we could have chosen a = 1. The
choice of a is only used to show the non-degeneracy of the covariance matrix
in Theorem 1.3, the proof is not presented here since it follows from the
same arguments as in Theorem 4.1 of [18].

To deal with the information produced by {(Xn, π(Xn))}n≥1 until time

ρ
(k)
i for each i ≥ 0 and k ≥ 1, we also define the σ-algebras: G(0)

0 := F0

G(k)
0 = σ

(
τ1, . . . , τk, (Xn∧τk)n≥0, (π(Xn∧τk))n≥0

)
for k ≥ 1 ,
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τk ρk1

ηk1

ρk2

ηk2 ρk3 = τk+1

Figure 2.1. A representation of the regeneration times for
a p-ERW in Z2 with drift direction e1 and a = 1. The dotted
horizontal lines represents that the RW never goes below that
position in direction e1.

and for all k ≥ 1 and i ≥ 1

G(k)
i = σ

(
τ1, . . . , τk, (Xn∧ρki

)n≥0, (π(Xn∧ρki
))n≥0

)
for k ≥ 1, i ≥ 1 .

The next result is an estimation on the tail probabilities for the increments
of the regeneration times which will guarantee existence of moments needed
in the proof of Theorem 1.1.

Proposition 2.1. Consider a p-GERW and {τk}k≥0 its sequence of associ-
ated regeneration times. Then there exist positive constants C ′ and ϕ such
that for every n ≥ 1

sup
k≥0

P
[
τk+1 − τk > n

∣∣G(k)
0

]
≤ C ′e−n

ϕ
, a.s..

Proposition 2.1 will be proved in Section 2.3 (with some details provided
in Appendix A). As a consequence we have the two next results:

Corollary 2.1. For every k ≥ 1 we have that τk <∞ a.s..

Corollary 2.2. For every k ≥ 0 and m ≥ 1, we have that,

E[τmk+1|Gk0 ] <∞ .

Below, we present a helpful result, which is a version of Proposition 2.2
in [15]. It is worth mentioning that we work on larger spaces, since in our
model we have the cookie environment. However the proof follows the same
steps as that in [15] and it is deferred to Appendix A. Recall that (Zd)Z+ is
the space of trajectories for X.

Proposition 2.2. Suppose X = {Xn}n≥0 is a p-GERW in direction ℓ and
{τk}k≥1 its sequence of associated regeneration times. Let A be a Borel
subset of (Zd)Z+, then we have:
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(i) For every k ≥ 1,

P
î
Xτk+· ∈ A|G(k)

0

ó
=

∞∑
n=1

1{τk=n}P [Xn+· ∈ A|η(Xn) = ∞,Fn] , a.s..

(ii) For every k, j ≥ 1,

P
ï
X
ρ
(k)
j +· ∈ A|G(k)

j

ò
=

∞∑
n=1

∞∑
m=1

1{τk=n}1{ρ(k)j =n+m}P [Xn+m+· ∈ A|η(Xn) = ∞,Fn+m] , a.s..

Where Xk+· represents the trajectory of the process from k onwards.

Finally we have all the elements to formally introduce Condition IV and
define the p-SGERW.

Condition IV. Let {τk}k≥0 be the associated sequence of regeneration times
of the p-GERW. If under P we have:

(i) the increments τk+1 − τk, k ≥ 0, are independent, and for k ≥ 1 they
are also identically distributed as τ1|η(X0) = ∞.

(ii) the random variables Xτ1, Xτk+1
− Xτk , k ≥ 1, are independent, and

Xτk+1
−Xτk , k ≥ 1, are identically distributed as Xτ1 |η(X0) = ∞.

As mentioned in the Introduction, a p-GERW is called a p-SGERW if it
also satisfies Condition IV.

In the next corollary we show that the p-ERW, introduced in the Example
in Section 1.1, is an example of p-SGERW, that is, it satisfies Condition IV.

Corollary 2.3. The p-ESRW satisfies Condition IV; hence, it is a p-SGERW.

Proof. Let {Xn}n≥0 be a p-ESRW and {τk}k≥1 be the associated sequence
of regeneration times. Recall that τk < ∞ a.s. and let A be a Borel subset
and θ the canonical shift on (Zd)Z+ , then for all k ≥ 1

P[Xτk+· −Xτk ∈ A|G(k)
0 ] = P[Xτk+· ∈ A ◦ θτk |G

(k)
0 ]

=

∞∑
n=1

1{τk=n}P[Xn+· ∈ A ◦ θn|η(Xn) = ∞,Fn] (7)

= P[X· ∈ A|η(X0) = ∞] ,

where we used Proposition 2.2 part (i) in the second equality. The last equal-
ity instead is due to the fact that the process has a totally new area of sites
with independent cookie configurations to explore, since we have {η(Xn) =
∞}, then the history of it does not matter. Besides that the p-ESRW has
homogeneous transition probabilities that together with independence im-
plies that Xn+·|{τk = n} has the same distribution as X·|{η(X0) = ∞},
since from direction e1 both processes evolve on identically distributed envi-
ronments. From the previous equality (7), we have that the p-ERW satisfies
Condition IV. □
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As a consequence of Proposition 2.1 and Condition IV we have the im-
portant result for the p-SGERW and its associated sequence of regeneration
times.

Corollary 2.4. Let X be a p-SGERW with associated sequence of regener-
ation times {τk}k≥0. Then we have that

(i) E[τmk ] <∞ and E[τmk |η(X0) = ∞] <∞, for all m ≥ 1;
(ii) E[Xm

τk
] <∞ and E[Xm

τk
|η(X0) = ∞] <∞, for all m ≥ 1.

2.2. On the proofs of the main theorems for the p-GERW. Here we
just outline the proofs of our main theorems. As mentioned above, the proofs
are analogous to those presented in [15] and they follow from the results on
the regeneration times presented in Section 2.1. We point out that the main
contribution of this section is the proof of Proposition 2.1, which makes the
regeneration structure work for the p-GERW.

The first step in the proof of Theorem 1.1 is to show the following result.

Lemma 2.1. Consider X a p-GERW in direction ℓ in Zd, where d ≥ 2
and with an associated sequence of regeneration times {τn}n≥1 . Then there
exists a constant C > 0 such that,

lim sup
n→∞

τn
n
< C , a.s..

The proof is the same as that of Lemma 3.1 in [15] and it will be deferred
to the end of this section. All we need is finite fourth moment of τk and
Xτk , for k ≥ 1, which we have by Corollary 2.2. Afterwards the proof of
Theorem 1.1 is also the same as that of Theorem 1.1 in [15].

Concerning the proof of Theorem 1.2 for the p-SGERW, Condition IV
allows us to follow closely the proof of Proposition 2.1 in [19], which is a
Law of Large Numbers for random walks in random environment. There
the proof is for nearest-neighbor jumps, but it is simple to adjust it for the
case of uniformly bounded jumps. From that proof we obtain

lim
n→∞

Xn

n
=

E[Xτ1 |η(X0) = ∞]

E[τ1|η(X0) = ∞]
= v , a.s..

At last, to show Theorem 1.3 we can follow closely the proof of Theorem
4.1 in [18] defining the covariance matrix A as

A =
E[(Xτ1 − τ1v)

t(Xτ1 − τ1v)|η(X0) = ∞]

E[τ1|η(X0) = ∞]
.

Here, as in [18], we have to choose a > 2
√
d to show that the matrix A is

non-degenerate.
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2.2.1. Proof of ballisticity of p-GERW. We start showing Lemma 2.1 which
will be an important tool to prove Theorem 1.1.

Proof of Lemma 2.1. Let Z = supk≥1 E[τk+1 − τk|G
(k)
0 ] and by Proposi-

tion 2.1 we have Z <∞. Consider the process

Mn =

n−1∑
k=0

Ä
τk+1 − τk − E[τk+1 − τk|G

(k)
0 ]
ä
,

for n ≥ 1. Since Mn is integrable and adapted to G(n)
0 , {Mn,G(n)

0 }n≥1 is a
martingale. For a positive constant C such that C > Z, we have that

P[τn > nC] = P

[
τn −

n−1∑
k=0

E[τk+1 − τk|G
(k)
0 ] > nC −

n−1∑
k=0

E[τk+1 − τk|G
(k)
0 ]

]
≤ P[Mn > n(C − Z)]

≤ E[M4
n]

n4(C − Z)4
.

(8)

By Corollary 2.4 we have E[M4
n] < ∞ for all n. Let Yk = τk+1 − τk −

E[τk+1− τk|G
(k)
0 ] then we obtain E[Yk] = 0. Now we will find a upper bound

for E[M4
n].

E[M4
n] = E

(n−1∑
k=0

Yk

)4
 = E

 ∑
0≤i,j,k,l≤n−1

YiYjYkYl


≤ n

Ç
sup

0≤i≤n−1
E[Y 4

i ]

å
+ 3(n2 − n)

Ç
sup

0≤i≤n−1
E[Y 2

i ]× sup
0≤j≤n−1

E[Y 2
j ]

å
≤ C1n

2 .
(9)

The first inequality in (9) holds because the only two terms which do not
vanish are those of the form E[Y 4

i ] and E[Y 2
i Y

2
j ]. The last inequality follows

from Proposition 2.1 together with the fact that C1 is a positive constant.
Thus by (8) and (9) we have

P[τn > nC] ≤ C2

n2
∞∑
n=1

P[τn > nC] ≤
∞∑
n=1

C2

n2
<∞ .

Then by Borell-Cantelli

lim sup
n→∞

τn
n
< C a.s..

Hence we finish the proof.
□
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Now we are ready to prove the ballisticity for the p-GERW.

Proof of Theorem 1.1. By definition of the regeneration times

lim inf
n→∞

Xτn · ℓ
n

≥ 1 a.s.. (10)

Indeed, it is enough to write

Xτk · ℓ =
k−1∑
j=0

(Xτj+1 · ℓ−Xτj · ℓ)

= (Xτ1 · ℓ−Xτ0 · ℓ)︸ ︷︷ ︸
≥1

+ · · ·+ (Xτk · ℓ−Xτk−1
· ℓ)︸ ︷︷ ︸

≥1

.

Then we have for all k ≥ 1
Xτk · ℓ
k

≥ 1 .

Now suppose we have a sequence {kn}n≥0 nondecreasing and tending to
infinity such that τkn ≤ n < τkn+1. By the definition of the regeneration
times we have Xn · ℓ ≥ Xτkn

· ℓ. Therefore,

lim inf
n→∞

Xn · ℓ
n

≥ lim inf
n→∞

Xτkn
· ℓ

n
≥ lim inf

n→∞

kn
n

Xτkn
· ℓ

kn

≥ lim inf
n→∞

kn
τkn+1

Xτkn
· ℓ

kn
≥ 1

C
.

(11)

To obtain the last inequality in (11) we used Lemma 2.1 and (10). Thus we
finish the proof. □

2.2.2. Proof of LLN for the p-SGERW. As a consequence of Condition IV
and the Strong Law of Large Numbers we obtain

lim
k→∞

τk
k

= E[τ1|η(X0) = ∞] a.s. and

lim
k→∞

Xτk

k
= E[Xτ1 |η(X0) = ∞] a.s..

(12)

Now suppose we have a nondecreasing sequence {kn}n≥0 and tending to
infinity such that τkn ≤ n < τkn+1. Thus we can do

τkn
kn

≤ n

kn
<
τkn+1

kn
,

and by (12) we have

lim
n→∞

kn
n

=
1

E[τ1|η(X0) = ∞]
. (13)

One can see that
Xn

n
=
Xτkn

n
+
Xn −Xτkn

n
. (14)
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Thus we will analyze the two sum portions limits in (14) and then we will
have the desired result. Then, first we have by (12) and (13)

Xτkn

n
=
Xτkn

kn

kn
n

→ E[Xτ1 |η(X0) = ∞]

E[τ1|η(X0) = ∞]
as n→ ∞ . (15)

For the second sum portion in (14) by (12) and Condition I we have,

|Xn −Xτkn
|

n
≤ K(τkn+1 − τkn)

n
= K

Å
τkn+1

kn + 1

kn + 1

n
− τkn
kn

kn
n

ã
→ 0 , (16)

as n→ ∞.
Thus we obtain (3) by (15) and (16). By the ballisticity of the p-GERW

(Theorem 1.1) it is clear that E[Xτ1 · ℓ|η(X0) = ∞] > 0 then v · ℓ > 0, hence
we finish the proof.

□

2.2.3. Proof of CLT for the p-SGERW. We first define a nondecreasing se-
quence {kn}n≥0 tending to infinity such that τkn ≤ n < τkn+1 and a random
variable

Zj = Xτj+1 −Xτj − (τj+1 − τj)v , for j ≥ 1 .

The sequence of random variables {Zj}j≥1 by Condition IV and from the
definition of v is i.i.d. and centered under P[·|η(X0) = ∞]. Besides, they
are square integrable by Corollary 2.4.

Next we have for a T > 0

sup
t≤T

∣∣∣∣∣∣Bn
t − 1

n
1
2

k⌊tn⌋∑
j=1

Zj

∣∣∣∣∣∣ ≤ 2(K + |v|) sup
0≤j≤k⌊nT⌋

τj+1 − τj

n
1
2

a.s.. (17)

We obtain (17) by the fact that for all t ≥ 0,∣∣∣∣∣∣Bn
t − 1

n
1
2

k⌊tn⌋∑
j=1

Zj

∣∣∣∣∣∣ =
∣∣∣∣∣∣X⌊nt⌋ − ⌊nt⌋v

n
1
2

− 1

n
1
2

k⌊tn⌋∑
j=1

Zj

∣∣∣∣∣∣
=

∣∣∣∣∣X⌊nt⌋ − ⌊nt⌋v −Xτk⌊nt⌋+1
+Xτ1 + τk⌊nt⌋+1v − τ1v

n
1
2

∣∣∣∣∣
≤
∣∣∣∣∣Xτk⌊nt⌋+1

−X⌊nt⌋

n
1
2

∣∣∣∣∣+
∣∣∣∣∣(τk⌊nt⌋+1 − ⌊nt⌋)v

n
1
2

∣∣∣∣∣+
∣∣∣∣Xτ1 − τ1v

n
1
2

∣∣∣∣
≤ 2(K + |v|) sup

0≤j≤k⌊nt⌋

τj+1 − τj

n
1
2

.
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Now we will show that (17) goes to 0 in P-probability as n → ∞. Then,
for ε > 0, we obtain

P

[
sup

0≤j≤k⌊nT⌋

τj+1 − τj

n
1
2

> ε

]
= P

k⌊nT⌋⋃
j=0

¶
τj+1 − τj > εn

1
2

©
≤ P[τ1 > εn

1
2 ] +

k⌊nT⌋∑
j=1

P[τj+1 − τj > εn
1
2 ]

≤ P[τ1 > εn
1
2 ] + k⌊nT ⌋P[τ1 > εn

1
2 |η(X0) = ∞]

≤ P[τ1 > εn
1
2 ] +

nT + 1

ε2n
E
[
τ21 1{τ1>εn

1
2 }
|η(X0) = ∞

]
.

(18)

In the first inequality in (18) we used union bound, the second we obtain by
Condition IV, the third by Chebyshev’s inequality and the fact that kn ≤ n
for all n.

Now we have

P[τ1 > εn
1
2 ] +

nT + 1

ε2n
E
[
τ21 1{τ1>εn

1
2 }
|η(X0) = ∞

]
→ 0 as n→ ∞ ,

by Proposition 2.1 for the first portion sum and by Corollary 2.4 for the
second one. Thus we conclude that

sup
0≤j≤k⌊nT⌋

τj+1 − τj

n
1
2

→ 0 as n→ ∞ in P− probability .

Thus the Skorohod distance between (see [5], page 124)Bn
· and

∑
j≤k⌊n·⌋

Zj/n
1/2

tends to 0 in P-probability as n goes to infinity. Now, notices that, by the
Donsker’s invariance principle (see for example [5], page 146)

1

n
1
2

⌊·n⌋∑
j=1

Zj
D−→W· , (19)

where
L−→ means, converges in distribution, and W is a Brownian Motion

with covariance matrix E[τ1|η(X0) = ∞]A.
Next, using (13) and Dini’s theorem, we obtain that for all T > 0

sup
0≤t≤T

∣∣∣∣k⌊tn⌋n
− t

E[τ1|η(X0) = ∞]

∣∣∣∣→ 0 as n→ ∞ a.s.. (20)

Now we denote two continuous functions

f(t) =
1

n
1
2

⌊tn⌋∑
j=1

Zj for t ≥ 0 ,

g(t) =
k⌊tn⌋

n
for t ≥ 0 .
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Thus the composition of two continuous function is a continuous function
and we have

(f ◦ g)(t) = 1

n
1
2

k⌊tn⌋∑
j=1

Zj .

Hence by Lemma in page 151 in [5], (19) and (20) we have

1

n
1
2

k⌊·n⌋∑
j=1

Zj
L−→W

(d)
A ,

where W
(d)
A is a d-dimensional Brownian Motion with covariance matrix

A. To obtain tightness of n−1/2
∑

j≤k⌊·n⌋
Zj we use (19), (20) and Theorem

13.2 of [5]. Thus we finish the proof that Bn
· converges in law to a Brownian

Motion with covariance matrix A, since the Skorohod distance between Bn
·

and
∑

j≤k⌊n·⌋
Zj/n

1/2 tends to 0 in P-probability as n goes to infinity (see

for instance [5] page 148).
Remains to us to prove that the covariance matrix A is non-degenerate.

We remember that we have to choose a > 2
√
d.

First we consider w ∈ Rd with wtAw = 0, then we have

P[w · (Xτ1 − τ1v) = 0|η(X0) = ∞] = 1 . (21)

One can see that, the set {x ∈ Zd, 0 ≤ x · ℓ < a} is connected. We denote
∂B as the boundary of B, so ∂B = {x ∈ Zd/B, ∃y ∈ B, |y − x| = 1}.

If P[X
ρ
(0)
1

= x, ρ
(0)
1 < η(X0)] > 0, then the collection of x ∈ Zd from which

we obtain this inequality, it is the same of H = ∂{z ∈ Zd, z · ℓ < a}. We
have that thanks to the connectedness of the set {x ∈ Zd, 0 ≤ x · ℓ < a}.

We will see now that:

w · v = 0 and w · x = 0, for any x ∈ H . (22)

Consider x ∈ H, then P[X
ρ
(0)
1

= x, ρ
(0)
1 < η(X0)] > 0. Now thanks to the

connectedness of the set {x ∈ Zd, 0 ≤ x · ℓ < a}, we have for all n ≥ 0 that

P[X
ρ
(0)
1

= x, n ≤ ρ
(0)
1 < η(X0)] > 0 . (23)

Thus we obtain as a result for n ≥ 0 and x ∈ H

P[Xτ1 = x, n < τ1 = ρ
(0)
1 , η(X0) = ∞] =

= P[X
ρ
(0)
1

= x, n < ρ
(0)
1 , η(X

ρ
(0)
1

) = ∞, η(X0) = ∞]

= P[X
ρ
(0)
1

= x, n < ρ
(0)
1 < η(X0), η(Xρ

(0)
1

) = ∞]

= P[X
ρ
(0)
1

= x, n < ρ
(0)
1 < η(X0)]P[η(Xρ

(0)
1

) = ∞]

= P[X
ρ
(0)
1

= x, n < ρ
(0)
1 < η(X0)]P[η(X0) = ∞] > 0 .

(24)
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In the third equality in (24) we use the Strong Markov Property and Inde-
pendence. The last inequality we obtain by (23) and Proposition 2.5.

Then in view of (21), for an arbitrary n ≥ 0 and x ∈ H, we have,

n|w · v| ≤ |w · x| ,
which implies w · v = 0. Thus coming back to (21), we can deduce (22).

Hence if we take the limits of points in H, we see that, w · y = 0, for any
y ∈ Rd, orthogonal to ℓ. By this reason, since v · ℓ > 0 and (22), we obtain
that w = 0. Then we finish the proof that A is non-degenerate. □

2.3. The behavior of the increments of the regeneration times. To
prove Proposition 2.1 we need to state and prove several auxiliary results.
First we show that the probability that a p-GERW X = {Xn}n≥0 visits

less than n1/2+α distinct sites until time n decays as a stretched exponential
for all α ∈ (0, 1/6) (see, Proposition 2.3). This result can then be used

to show that Xn · ℓ is at least of order n
1
2
+α with high probability (see,

Proposition 2.4). This establish super-diffusive behaviour for X, although
still sub-ballistic, it is all we need to obtain a key result for the regeneration
structure, namely that the probability of {η(X0) = ∞} is bounded from
below by a constant whose behavior according to the choice of p can be
explicitly described (see, Proposition 2.5). Finally, in Proposition 2.6 we
obtain some additional estimates related to the regeneration structure and
we can then prove Proposition 2.1. The above strategy is analogous to that
in [15], but several novel ideas had to be implemented to deal with the
randomness of the cookie environment.

In this section we state the auxiliary results mentioned above and their
proofs are postponed to Section 2.4.

Given a stochastic process {Xn}n≥0 on the lattice Zd, we denote its range
at time n by

RX
n := {x ∈ Zd : Xk = x for some 0 ≤ k ≤ n} ,

i.e., the set of sites visited by the process up to time n. The next result states
that if X is a p-GERW, then the probability that |RX

n | ≤ n1/2+α decays as
a stretched exponential in n for every α ∈ (0, 1/6), where |A| denotes the
number of elements of a set A.

Proposition 2.3. Let X = {Xn}n≥0 be a p-GERW. Then, for all 0 < α <
1/6 there exist positive constants γ1, γ2 , which depend on d, K, h, and r,
such that

P[|RX
n | < n

1
2
+α] < exp{−γ1nγ2} ,

for all n ≥ 1.

Since the proof of Proposition 2.3 is rather lengthy, it will be deferred to
Appendix B.

Remark 2.2. It is important to notice that γ1 and γ2 do not depend on p.
In particular, Proposition 2.3 holds true for p = 0 which is the case where the
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random walk is a d-martingale with zero mean vector satisfying a uniform
elliptic condition. Our result also refines the proof Proposition 4.1 in [15]
stated for p = 1 and some α > 0, in that it quantifies the maximal value of
α for which the statement holds true. For p ∈ (0, 1] the determination of an
upper bound for α might not seem relevant, since the ballisticity will imply
that RX

n is Θ(n), but we do believe that our proof might be useful to discuss
generalizations of the p-GERW, for instance when the probability of having
a cookie on the first visit is time dependent.

Remark 2.3. Note that the event {|RX
n | < n

1
2
+α} for all 0 < α < 1/6 can

be written as {|RX
n | < n

2
3
−ε} for all ε > 0.

To simplify the statement of the next result, we will consider a slight
generalization of the p-GERW. For a fixed set A ⊂ Zd we say that {Xn}n≥1

is a p-GERW with excitation-allowing set A, if it satisfies Condition I, Con-
dition III in Section 1.1 and the following variation of Condition II:

Condition II*. If there exists λ > 0 such that:

• almost surely on the event {Xk ̸= Xn for all k < n}, either
E[Xn+1 −Xn|Fn] · ℓ ≥ λ , if π(Xn) ≤ p and Xn ∈ A ,

or

E[Xn+1 −Xn|Fn] = 0 , if π(Xn) > p or Xn /∈ A .

• almost surely on the event {∃ k < n such that Xk = Xn},
E[Xn+1 −Xn|Fn] = 0 .

We can think of set A as the set of sites where there is the possibility of
having cookies. The definition will be useful to deal with time translations
of the p-GERW, where A will represent the set of sites not yet visited by
the process.

Set H(a, b) ⊂ Zd for a < b as:

H(a, b) := {x ∈ Zd : x · ℓ ∈ [a, b]} ,
which represents the strip in direction ℓ between levels a and b. Roughly
speaking, the next proposition states that if the number of sites outside the

excitation-allowing set in a strip with length of order n
1
2
+α, 0 < α < 1/6,

containing the origin, is also of order n
1
2
+α, then Xn · ℓ is at least of order

n
1
2
+α with high probability.

Proposition 2.4. Fix 0 < α < 1/6 and suppose that {Xn}n≥1 is a p-
GERW with excitation-allowing set A ⊂ Zd. If for some n ≥ 1∣∣∣∣(Zd \A) ∩H Å−n 1

2
+α,

2λ

3
n

1
2
+α

ã∣∣∣∣ ≤ 1

3
n

1
2
+α , (25)

then, for some positive constants γ3, γ4 depending on d, K, r, λ, α and p,
we have

P
[
Xn · ℓ <

p

3
λn

1
2
+α
]
< 6n exp{−γ3nγ4} , (26)
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where

γ3 = min

ß
γ1,

1

2K2
,
λ2

18K2
,
ε2p

3
,
((1/3− 2/3(1− ε))λp)2

2K2

™
,

γ4 = min {γ2, 2α, 1/2 + α} ,
ε ∈ (1/2, 1) and γ1, γ2 are the same as in Proposition 2.3.

For every ℓ ∈ Sd−1, let Mℓ denote the positive half-space in direction
ℓ, that is, Mℓ = {x ∈ Zd : x · ℓ > 0}. The next result provides a lower
bound on the probability of {η(X0) = ∞}, which will allow us to prove that
regeneration times {τk}k≥1 are almost surely finite.

Proposition 2.5. Fix 0 < α < 1/6 and let X be a p-GERW in direction ℓ
with excitation-allowing set A ⊂ Zd such that Mℓ ⊂ A. There exists ψ > 0
depending on d, K, h, r, λ, α and p such that

P [η(X0) = ∞] ≥ P [Xn · ℓ > 0 for all n ≥ 1] ≥ ψ ,

where ψ = h
C
Ä

3
λp

ä 1
δ−1

c, c ∈ (0, 1), δ = (2− α)(1/2 + α),

C > ⌈r−1⌉
Å
K

3

ã 1
δ−1

η ,

η =

Å
2− α

γ3φ1

ã 1
φ1

, φ1 = min {α, (2− α)γ4} ,

and γ3, γ4 are as in Proposition 2.4.

We now state the last auxiliary result which will be used in the proof
of Proposition 2.1. It provides bounds on probabilities associated to the
regeneration times.

Proposition 2.6. Let {τk}k≥0 be the regeneration times for a p-GERW in
direction ℓ. Take γ3 and γ4 as in Proposition 2.4 and ψ as in Proposition 2.5,
then

(i) sup
j,k≥1

P
[
η
(k)
j <∞

∣∣G(k)
j

]
< 1− ψ , a.s.,

(ii) sup
k≥1

P
[
(Xτk+n −Xτk) · ℓ <

p

3
λn

1
2
+α
∣∣G(k)

0

]
<
e−γ3n

γ4

ψ
, a.s.,

(iii) sup
j≥1,k≥0

P
[
n ≤ η

(k)
j − ρ

(k)
j <∞

∣∣G(k)
0

]
< 12e−γ3n

γ4
, a.s..

Remark 2.4. In the proof of (ii) in Proposition 2.6, we will need a small
adaptation of Proposition 2.4. If we want to estimate {(Xτk+n −Xτk) · ℓ <
p
3λn

1
2
+α}, where τk is a regeneration time, we can still apply Proposition 2.4

to bound the probability of this event. Important to notice that conditional
to be in position Xτk at time τk, the process will not go below that position
in direction ℓ and it has a completely unexplored environment forward of it.
Then in condition (25) we only need to consider the intersection of the strip
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with {x ∈ Zd : x · ℓ ≥ Xτk · ℓ}. With this in mind, the reader just have to
follow straightforwardly the proof of Proposition 2.4.

The proof of Proposition 2.6 will follow closely the proof of Proposition 4.4
in [15] (with minor adjustments due to the fact that the renewal structure
is slightly different) and it is deferred to Appendix A.

Using Proposition 2.6, we can now prove Proposition 2.1 basically in the
same way as in [4] and [15]. For the sake of completeness the proof is
provided in Appendix A. Below we give a sketch of this proof.

Proof sketch of Proposition 2.1. The idea is to define the following
events:

Gn := {(Xτk+n −Xτk) · ℓ ≤ un} ,

Bn :=

vn⋂
j=1

{η(k)j <∞} and Fn :=

vn⋃
j=1

{wn ≤ η
(k)
j − ρ

(k)
j <∞} ,

where, for each positive integer n, un = ⌊na1⌋, vn = ⌊na2⌋ and wn = ⌊na3⌋,
with a1, a2 and a3 positive real numbers such that a1 < 1/2+α, and a2+a3 <
a1. We choose n large enough such that (K + 1)vn(wn + 1) + 2 +K ≤ un
and un < (pλ/3)n1/2+α. Then we show that

Gcn ∩Bc
n ∩ F cn ⊂ {τk+1 − τk ≤ n} ,

and now we will be able to control the probability of the event {τk+1− τk ≤
n}. Hence we have

P[τk+1 − τk > n|G(k)
0 ] ≤ P[Gn|G(k)

0 ] + P[Bn|G(k)
0 ] + P[Fn|G(k)

0 ] . (27)

For each sum portion in (27), we can use Proposition 2.6 part ii), i) and
iii), respectively, to control those probabilities. Thus we obtain for each
one:

(i) P[Bn|G(k)
0 ] ≤ (1− ψ)⌊n

a2⌋ ;

(ii) P[Gn|G(k)
0 ] ≤ e−γ3n

γ4

ψ
;

(iii) P[Fn|G(k)
0 ] ≤ 2⌊na2⌋e−γ3⌊na3⌋γ4 .

Finally we finish the proof using the above upper bounds in (27).

2.4. Proof of auxiliary results.

2.4.1. Proof of Proposition 2.4. Let us begin observing that the process
(Xn · ℓ, n ≥ 0) is a F-submartingale and thus (−Xn · ℓ, n ≥ 0) is a F-
supermartingale. Adaptability and integrability follows from the definitions
and Condition I. Moreover we have two possible situations by Condition II,

E[(Xn+1 −Xn) · ℓ|Fn] = 0 or E[(Xn+1 −Xn) · ℓ|Fn] ≥ λ .

Thus, we have E[Xn+1 · ℓ|Fn] ≥ Xn · ℓ.
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As a first step we show that

P
ï
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

p

3
λn

1
2
+α

ò
≤ ne−C1n2α

, (28)

for C1 > 0. Note thatß
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

p

3
λn

1
2
+α

™
⊂

n⋃
k=1

ß
Xn · ℓ−Xk · ℓ <

Å
p

3
− 2

3

ã
λn

1
2
+α

™
,

and by Azuma’s inequality for supermartingales with increments uniformly
bounded by K (see Lemma 1 of [20]), for every k = {1, . . . , n − 1} it holds
that

P
ï
Xn · ℓ−Xk · ℓ <

Å
p

3
− 2

3

ã
λn

1
2
+α

ò
≤ P
ï
Xn · ℓ−Xk · ℓ < −1

3
λn

1
2
+α

ò
≤ exp

(
−
(
1
3

)2
λ2n1+2α

2(n− k)K2

)
≤ exp

Å
−λ

2n2α

18K2

ã
.

Then (28) follows from the usual union bound with C1 =
(
1
3λ
)2
/2K2. More-

over, again using Azuma’s inequality (for supermartingales), we also have
that

P
ï
min
k≤n

Xk · ℓ < −n
1
2
+α

ò
≤ n exp

{
−C2n

2α
}
, (29)

for C2 = 1/2K2.

Now let Dk = E[Xk+1 −Xk|Fk] and Yn = Xn−
∑n−1

k=0 Dk. It follows that
Yn is a martingale with bounded increments. Let G be the following event

G :=
¶
|RX

n | ≥ n
1
2
+α
©
∩
ß
Xk ∈ H

Å
−n

1
2
+α,

2

3
λn

1
2
+α

ã
, for all k ≤ n

™
.

Using the hypotheses (25), on G we have at least |RX
n |− 1

3n
1
2
+α ≥ 2

3n
1
2
+α

sites visited on the excitation-allowing A. Therefore, there exists a Binomial

random variable W with parameters N = 2
3n

1
2
+α and p such that on G(

n−1∑
k=0

Dk

)
· ℓ ≥ λW .

In order to prove (26), we write that probability as

P
[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩G

]
+ P

[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩Gc

]
(30)

and we control both terms separately. We start with the second term. Set

E =
{
Xn · ℓ <

p

3
λn

1
2
+α
}
, M =

¶
|RX

n | < n
1
2
+α
©
,

J =

ß
min
k≤n

Xk · ℓ < −n
1
2
+α

™
and T =

ß
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α

™
.
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It follows that

P [E ∩Gc] = P [(E ∩M) ∪ (E ∩ J) ∪ (E ∩ T )]

≤ P [E ∩M ] + P [E ∩ J ] + P
ï
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

p

3
λn

1
2
+α

ò
,

and from Proposition 2.3 and (29) and (28), we obtain

P [E ∩Gc] ≤ P
î
|RX

n | < n
1
2
+α
ó
+ P
ï
min
k≤n

Xk · ℓ < −n
1
2
+α

ò
+ ne−C1n2α

≤ e−γ1n
γ2

+ ne−C2n2α
+ ne−C1n2α

.

(31)

As regards the first term in (30), let ε ∈ (1/2, 1), B = {W ≤ Np(1− ε)},
and write P[E ∩G] as

P
[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩G ∩B

]
+ P

[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩G ∩Bc

]
≤ P [B] + P

[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩G ∩Bc

]
.

To bound P[B] we use the Chernoff bound (cf., e.g., Theorem 4.5 of [16]) to
obtain

P [B] ≤ exp

ß
−ε

2

2
Np

™
= exp

¶
−C3n

1
2
+αp
©
, (32)

where C3 = ε2/3. To upper bound P
î¶
Xn · ℓ < p

3λn
1
2
+α
©
∩G ∩Bc

ó
, we use

that Yn = Xn−
∑n−1

k=0 Dk is martingale with bounded increments and apply
Azuma’s inequality (see, for example, Theorem 2.19 in [6]). Thus, denoting

F =
¶
Xn · ℓ < p

3λn
1
2
+α
©
∩G ∩Bc we obtain

P [F ] ≤ P
[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < p

3
λn

1
2
+α − λNp(1− ε)

]
≤ P

[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < pλn

1
2
+α
(1
3
− 2

3
(1− ε)

)]
. (33)

Hence, we have that C4 := −(1/3 − 2/3(1 − ε)) > 0, since ε ∈ (1/2, 1).
By (33) and Azuma’s inequality we obtain

P[F ] ≤ P
[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < −C4pλn

1
2
+α
]

≤ 2 exp
(
− C2

4p
2λ2n2α

2K2

)
= 2 exp

(
−C5p

2n2α
)
,

(34)

where C5 = (C2
4λ

2)/2K2.
Inequality (26) then follows from (31), (32) and (34) which imply that

P
[
Xn · ℓ <

p

3
λn

1
2
+α
]
≤

e−γ1n
γ2

+ ne−C2n2α
+ ne−C1n2α

+ e−C3n
1
2+αp + 2e−C5p2n2α ≤ 6ne−γ3n

γ4
,
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where

γ3 = min

ß
γ1,

1

2K2
,
λ2

18K2
,
ε2p

3
,
((1/3− 2/3(1− ε))λp)2

2K2

™
and

γ4 = min {γ2, 2α, 1/2 + α} .

□

2.4.2. Proof of Proposition 2.5. The main idea of this proof is to define an
event to guarantee that the process X will advance in direction ℓ in such
a way that Xn · ℓ > 0, for all n ≥ 1. Then we will obtain a lower bound
for this event using Proposition 2.4 and Azuma’s inequality. As it can be
noticed from the statement, one of our main concerns is to make explicit the
dependency of the bound on the parameter p.

Proof of Proposition 2.5. Since on {Xn · ℓ > 0 for all n ≥ 1} the process
doesn’t visit the sites in Zd/Mℓ, it is sufficient to prove the proposition for
A = Zd.

Without loss of generality we consider r ≤ 1 in Condition III. Define

U0 =
{
(Xk+1 −Xk) · ℓ ≥ r , for all k = 0, 1, ..., ⌈r−1⌉m− 1

}
.

Observe that in U0, X⌈r−1⌉m · ℓ ≥ m and by (UE1) of Condition III we have

P [U0] ≥ h⌈r
−1⌉m . (35)

Consider the following time translation of the process X: Wk = X⌈r−1⌉m+k,
k ≥ 0. Then W is a p-GERW with excitation-allowing set

A′ = Zd/{X0, . . . , X⌈r−1⌉m−1}

starting at W0 = y0 := X⌈r−1⌉m.
Set δ = (2− α)(1/2 + α) and

m =
C

⌈r−1⌉

( 3

λp

) 1
δ−1

,

where C > 0 is a constant depending on α, K, λ and r, such that

C >
(
⌈r−1⌉δλ

) 1
δ−1 ∨

(
⌈r−1⌉

Å
K

3

ã 1
δ−1

η
)

for

η =

Å
2− α

γ3φ1

ã 1
φ1

with φ1 = min {α, (2− α)γ4} ,

and γ3, γ4 as in the statement of Proposition 2.4. Note that for all α used
in Proposition 2.3, i.e., 0 < α < 1/6, we have that δ > 1.

The left-hand side of (25) with the set A′−y0 is bounded above by ⌈r−1⌉m.
Note that, for all n ≥ m2−α,

1

3
n

1
2
+α ≥ 1

3
m(2−α)( 1

2
+α) ≥

( mδ−1

3⌈r−1⌉

)
⌈r−1⌉m ≥ ⌈r−1⌉m ,
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where the last inequality follows from C >
(
⌈r−1⌉δλ

) 1
δ−1 . Thus (25) with

excitation-allowing set A′ − y0 is satisfied for all n ≥ m2−α.
Denote m0 = 0, m1 = m and, for k ≥ 1, mk+1 =

p
3λm

δ
k. The sequence of

(mk, k ≥ 1) is increasing. The latter can be proved by induction since

m2

m1
=
λp

3
mδ−1 =

Å
C

⌈r−1⌉

ãδ−1

>
Kηδ−1

3
>

1

3

Å
2− α

γ3φ1

ã δ−1
φ1

> 1 ,

for all α ∈ (0, 1/6), and assuming mk/mk−1 > 1, we have,

mk+1

mk
=

λp
3 m

δ
k

λp
3 m

δ
k−1

=

Å
mk

mk−1

ãδ
> 1 .

For every k ≥ 1 consider the following events

Gk =

{
min

⌊m2−α
k−1 ⌋<j≤m

2−α
k

(
Wj −W⌊m2−α

k−1 ⌋

)
· ℓ > −mk

}
,

Uk =
¶
W⌊m2−α

k ⌋ · ℓ ≥ mk+1

©
.

Claim: The following set inclusion holds:{
Xn · ℓ > 0, for all n ≥ 1

}
⊃

( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0 . (36)

We will postpone the proof of the Claim to the end of the proof of Propo-
sition 2.5.

As seen in proof of Proposition 2.4, the process (Xn · ℓ, n ≥ 0), is a
F-submartingale, so (W − y0) · ℓ is also F-submartingale. Write

Gck =

m2−α
k⋃

j=⌊m2−α
k−1 ⌋+1

{(
Wj −W⌊m2−α

k−1 ⌋

)
· ℓ ≤ −mk

}
,

and by Azuma’s inequality (for supermartingales)

P
[(
Wj −W⌊m2−α

k−1 ⌋

)
· ℓ ≤ −mk

]
= P

[(
W⌊m2−α

k−1 ⌋
−Wj

)
· ℓ ≥ mk

]
≤ exp

(
−

m2
k

2K2(j − ⌊m2−α
k−1⌋)

)
≤ exp

(
−

m2
k

2K2m2−α
k

)
≤ exp

(
−

mα
k

2K2

)
.

Thus

P[Gk|U0] ≥ 1−
(
m2−α
k − ⌊m2−α

k−1⌋
)
e−

mα
k

2K2 ≥ 1−m2−α
k e−

mα
k

2K2 ,

for every j = {⌊m2−α
k−1⌋ + 1, . . . ,m2−α

k }. Since the process W − y0 satisfies

Conditions I, II, III and the set A′ − y0 fulfills (25) for all n ≥ m2−α, by
Proposition 2.4, it holds that

P[Uk|U0] = P
ï
W⌊m2−α

k ⌋ · ℓ ≥
λp

3
m

(2−α)( 1
2
+α)

k

ò
≥ 1− 6m2−α

k e−γ3m
(2−α)γ4
k .
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Now, write

P

[( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0

]
= P[U0]

(
1−

∞∑
k=1

P[Gck|U0] + P[U ck |U0]
)
,

which is bounded from below by

h⌈r
−1⌉m

(
1−

∞∑
k=1

Å
m2−α
k e−

mα
k

2K2 + 6m2−α
k e−γ3m

(2−α)γ4
k

ã)
≥ h⌈r

−1⌉m

(
1− 7

∞∑
k=1

m2−α
k e−γ3m

φ1
k

)
.

(37)

Now we are going to analyze the series
∑∞

k=1m
2−α
k e−γ3m

φ1
k . Note that m

is large enough so that the sequence (m2−α
k e−γ3m

φ1
k , k ≥ 1) is decreasing.

Indeed, m is bigger than the inflection point
Ä
2−α
γ3φ1

ä 1
φ1 of the function z(x) =

x2−αe−γ3x
φ1 , x > 0:

m =

Å
C

⌈r−1⌉

ãÅ
3

λp

ã 1
δ−1

>

Å
K

3

ã 1
δ−1

η

Å
3

λp

ã 1
δ−1

≥
Å
K

λp

ã 1
δ−1

η ≥
Å
2− α

γ3φ1

ã 1
φ1
.

Thus we have,

∞∑
k=1

m2−α
k e−γ3m

φ1
k ≤

∫ ∞

m1

x2−αe−γ3x
φ1
dx . (38)

By a change of variables, we write,∫ ∞

m1

x2−αe−γ3x
φ1
dx = φ−1

1 γ
α−3
φ1

3 Γ

Å
3− α

φ1
, γ3m

φ1
1

ã
, (39)

where Γ is the incomplete gamma function3. As mentioned above m is large

enough so that the sequence (m2−α
k e−γ3m

φ1
k , k ≥ 1) is decreasing. Thus, in

order to obtain that (39) is smaller than 1/7, we may increasem even further
by choosing a sufficiently bigger C. Thus, with such a suitable chosen C we
obtain

∞∑
k=1

m2−α
k e−γ3m

φ1
k ≤

∫ ∞

m1

x2−αe−γ3x
φ1
dx (40)

= φ−1
1 γ

α−3
φ1

3 Γ

Å
3− α

φ1
, γ3m

φ1
1

ã
<

1

7
.

3Γ(s, x) =
∫∞
x

ts−1e−tdt.
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Using (40) in (37), we obtain that,

P

[( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0

]
≥ h⌈r

−1⌉m

(
1− 7

∞∑
k=1

m2−α
k e−γ3m

φ1
k

)

≥ h
⌈r−1⌉ C

⌈r−1⌉

Ä
3
λp

ä 1
δ−1

c = ψ ,

where c is a positive constant such that c ∈ (0, 1). Proposition 2.5 then
follows from (36) which we are going to prove below.

Proof of the Claim: First observe that( ∞⋂
k=1

(Gk ∩ Uk)
)
∩ U0 =

∞⋂
k=1

(Gk ∩ Uk−1) .

i) In G1 ∩ U0, we have that Xn · ℓ > 0 for all n ∈ (0, ⌈r−1⌉m + m2−α].
Indeed, clearly Xn · ℓ > 0 for all n ∈ (0, ⌈r−1⌉m] by U0 and as already seen
X⌈r−1⌉m ≥ m. Now suppose, towards a contradiction, that in G1 ∩U0 there

exists at least a k ∈ (⌈r−1⌉m, ⌈r−1⌉m +m2−α] such that Xk · ℓ ≤ 0. Thus,
we would have

(
Xk −X⌈r−1⌉m

)
· ℓ ≤ −m, which contradicts G1.

ii) Now in Gk ∩ Uk−1 for k ≥ 2 we have Xn > 0, for all n ∈ (⌈r−1⌉m +
m2−α
k−1 , ⌈r

−1⌉m +m2−α
k ]. Indeed, suppose that in Gk ∩ Uk−1 there exists at

least a k ∈ (⌈r−1⌉m +m2−α
k−1 , ⌈r

−1⌉m +m2−α
k such that Xk · ℓ ≤ 0. So we

would have Xk · ℓ−W⌊m2−α
k−1 ⌋

· ℓ ≤ −mk, which contradicts Gk. □

3. Proof of the main theorems for the pn-GERW

We start this section remembering that if {Xn}n≥0 is a pn-GERW in
direction ℓ we can write it as in (1), hence we have

Xn =
n∑
i=1

(
1{Ei−1}ξi + 1{Ec

i−1}1{Ui>pi}ξi + 1{Ec
i−1}1{Ui≤pi}γi

)
,

where {Ui}i≥1 is a sequence of i.i.d. random variables with uniform distri-
bution in [0, 1], Ei = {∃ k < i such that Xk = Xi} for all i ≥ 1, {ξi,Fi}i≥1

is an increment of a d-martingale with zero mean and {γi,Fi}i≥1 is random
vector such that E[γi · ℓ|Fi−1] ≥ λ .

We can rewrite (1) as

Xn =

n∑
i=1

(
1{Ei−1∪{Ui>i−β}}ξi + 1{Ec

i−1∩{Ui≤i−β}}γi
)

=
n∑
i=1

(
ξi + 1{Ec

i−1∩{Ui≤i−β}}γi − 1{Ec
i−1∩{Ui≤i−β}}ξi) .

(41)
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Before we provide the proofs of the mains results for the pn-GERW, let
us point out that, for simplicity, henceforth we will work with

Bn
· :=

X⌊n·⌋

n1/2
.

The second sum portion in B̂n
t (see (5)) makes this process continuous in

t ∈ [0,∞). By Proposition 10.4 in Chapter 3 in [7] if we have the convergence

in distribution for Bn
· automatically we obtain it for B̂n

· .

3.1. Proof of the convergence in distribution of the pn-GERW* with
β > 1/2. The pn-GERW* can be written as in (1). Remembering, by the
conditions of the model, we have that the sequence {Ui}i≥1 will be uncorre-
lated, rather than independent, with both sequences {γi}i≥1 and {ξi}i≥1.

We rewrite a version of the Theorem 7.1.4 from [7] where the authors
state a convergence in distribution of a d-martingale to a process with inde-

pendents Gaussian increments. We will denote
D−→ as convergence in distri-

bution.

Theorem 3.1 (see [7], Theorem 7.1.4). Let (ϕk, k ≥ 1) be a sequence of Rd-
valued random vectors such that E[ϕk|Fk−1] = 0 where Fk = σ(ϕl, l ≤ k).
Define,

M⌊nt⌋ =

⌊nt⌋∑
i=1

ϕi and A⌊nt⌋ =
1

n

⌊nt⌋∑
i=1

ϕiϕ
T
i .

Assume that the following conditions hold:

i)

lim
n→∞

n−1/2E
ñ

sup
1≤k≤n

|Mk−1 −Mk|
ô
= 0 .

ii) For each t ≥ 0,

A⌊nt⌋ → C(t) as n→ ∞ ,

in probability.

Then M⌊n·⌋/n
1/2 D−→ Z· , where Z is a process with independent Gaussian

increments.

We present below a result that will be important in the proof of Theo-
rem 1.4.

Lemma 3.1. Let the process X be a pn-GERW* in direction ℓ, in Zd, with
d ≥ 2, pn = Cn−β ∧ 1, with β > 1/2. Using the representation (41) for X,
let us consider the corresponding process defined as

D⌊nt⌋ =
1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1∩{Ui≤i−β}}(γi − ξi) .

It holds that D⌊n·⌋ converges in CRd [0,∞) to the identically zero function in
probability.
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The proof of Lemma 3.1 will be postponed to the end of this section.
The main idea behind the proof of Theorem 1.4 is to use the decomposi-

tion (41) and to analyze separately the sum portions suitably rescaled. We
will see that the sum portion corresponding to the part of d-martingale will
converge in distribution and the other will converge to zero in probability.
Thus, using Slutsky’s Theorem we obtain the desired result.

Proof of Theorem 1.4. Without loss of generality, we shall assume C = 1.
By the last equality in (41) we can rewrite the the process Bn

t as

Bn
t =

1

n1/2

⌊nt⌋∑
i=1

ξi +
1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1∩{Ui≤i−β}}(γi − ξi) . (42)

Now we will analyze separately the two portion sums of (42).
The second sum portion in (42) by Lemma 3.1 we have that

1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1}1{Ui≤i−β}γi − 1{Ec

i−1}1{Ui≤i−β}ξi → 0 as n→ ∞ , (43)

in probability in CRd [0,∞).
For the first sum potion in (42) we use Theorem 3.1 (Theorem 7.1.4

from [7]) and we obtain

1

n1/2

⌊n·⌋∑
i=1

ξi
D−→ Z· as n→ ∞ , (44)

where Z is a unique, in distribution, process with independent Guassian
increments by Theorem 7.1.1 from [7].

Then by (43), (44), and Slutsky’s Theorem (see Theorem 11.4 from [8])
we finish the proof. □

Remark 3.1. As we already point out in Remark 1.2 the item i) of Con-
dition I* and the sequence {pn}n≥1 can be more general. Specifically, if we

had
∑⌊nt⌋

i=1 piE[||γi||] = o(
√
n), then it will be possible to prove that the second

sum portion in (42) goes to zero in probability. Hence we finish the proof
with Slutsky’s Theorem (Theorem 11.4 from [8]).

From the Theorem 1.4 it is possible to obtain Corollary 1.1, which states
that the pn-ERW converges in distribution to a standard Brownian Motion.

The proof of Corollary 1.1 follows basically the same techniques used in
the proof of Theorem 1.4. The main difference is in (44) where instead of
using Theorem 3.1 (Theorem 7.1.4 from [7]), we apply Donsker’s Theorem
(see Theorem 8.2 from [5] or Theorem 5.1.2 part (c) from [7]) and we obtain
the desired result.
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3.1.1. Proof of Lemma 3.1. Let us define the following processes in CRd [0, T ]

Dγ
⌊n·⌋ :=

1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1}1{Ui≤i−β}γi and

Dξ
⌊n·⌋ :=

1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1}1{Ui≤i−β}ξi .

First we will prove that the process Dγ
⌊n·⌋ converges in probability to zero

in CRd [0, T ] for all T > 0. One can see that

P
Ç

sup
0≤t≤T

∥∥∥Dγ
⌊nt⌋

∥∥∥ > ε

å
≤ P

Ñ
sup

0≤t≤T

⌊nt⌋∑
i=1

∥∥∥1{Ec
i−1∩{Ui≤i−β}}γi

∥∥∥ > εn
1
2

é
≤ P

Ñ
⌊nT ⌋∑
i=1

∥∥∥1{Ec
i−1∩{Ui≤i−β}}γi

∥∥∥ > εn
1
2

é
≤ P

Ñ
⌊nT ⌋∑
i=1

∥∥∥1{Ui≤i−β}γi

∥∥∥ > εn
1
2

é
≤ 1

n1/2ε

⌊nT ⌋∑
i=1

1

iβ
E [∥γi∥] ≤

1

n1/2ε

⌊nT ⌋∑
i=1

E [∥γi∥]
iθ

× 1

iβ−θ
.

(45)

In the first inequality in (45) we use the triangle inequality and in the forth
Markov’s Inequality. By Condition I*, we know that for all i ≥ 1 and all
θ < β − 1/2 there exists a positive constant L such that

E [∥γi∥]
iθ

≤ L . (46)

Then using (46) on the last inequality in (45), we obtain that

P
Ç

sup
0≤t≤T

∥∥D⌊nt⌋
∥∥ > ε

å
≤ 1

n1/2ε

⌊nT ⌋∑
i=1

E [∥γi∥]
iθ

× 1

iβ−θ

≤ L

n1/2ε

⌊nT ⌋∑
i=1

1

iβ−θ
≤ L

n1/2ε
× c′⌊nT ⌋1−β+θ

≤ Lc′

ε
× ⌊nT ⌋

n
× n1/2

⌊nT ⌋β−θ
,

(47)

where c′ is a positive constant, since
∑⌊nt⌋

i=1
1
iβ

= O(⌊nt⌋1−β).
Since β > 1/2 + θ, by (46) we obtain that∑⌊nt⌋

i=1 1{Ec
i−1}1{Ui≤i−β}γi

n1/2
→ 0 as n→ ∞ ,

in probability in the space CRd [0, T ] for all T > 0.
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All the computation we did above can be similarly done for Dξ
⌊n·⌋, since

we have part i) from Condition I*, and we will reach the same conclusion,
namely that

∑⌊nt⌋
i=1 1{Ec

i−1}1{Ui≤i−β}ξi

n1/2
→ 0 as n→ ∞ ,

in probability in the space CRd [0, T ] for all T > 0.
Finally we have that D⌊n·⌋ converges in probability to zero in CRd [0, T ]

for all T > 0. Since this convergence in CRd [0, T ] for all T > 0 means that
D⌊n·⌋ converges in probability to zero in CRd [0,∞) (see Lemma C.2), we
obtain the desired result.

□

3.2. Proof of the convergence in distribution of the pn-ERW with
β = 1/2 and d = 2. Let us denote Kn the set of times in which the process
visits a site for the first time and it eats a cookie (i.e., it gains a drift)
until time n. Henceforth, without loss of generality, we assume C = 1, i.e.,
pn = n−1/2. We can write Kn as

Kn = {i ∈ {1, 2, . . . , n} : 1{Ec
i−1}1{Ui≤i−1/2} = 1} .

Now we set a sequence of F-stopping times {φi}i≥1, corresponding to the
times the pn-ERW visits a new site. We can write the cardinality of the set
Kn as follows:

|Kn| =
n∑
i=1

1{Ec
i−1}1{Ui≤i−1/2} =

|RX
n |∑

j=1

1{Uφj≤φ
−1/2
j } . (48)

Below we present a important auxiliary result which will be useful in the
proof of Theorem 1.5.

Lemma 3.2. Let |Kn| be defined as in (48). We have that the sequence of

processes |K⌊n·⌋|/n1/2 converges in CR[0,∞) to the identically zero function
in probability.

The proof of Lemma 3.2 will be postponed at the end of this section.

Proof of Theorem 1.5. The idea of the proof of Theorem 1.5 is similar to
the one used in Theorem 1.4, however to extend the result of Lemma 3.1
in the case d = 2 and β = 1/2 we will use Proposition 1.1 (see, proof of
Lemma 3.2).
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By the last equality in (41) and the definition of Kn, we can rewrite the
the process Bn

t as

Bn
t =

1

n1/2

⌊nt⌋∑
i=1

ξi +
1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1∩{Ui≤i−1/2}}(γi − ξi)

=
1

n1/2

⌊nt⌋∑
i=1

ξi +
1

n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

=
1

n1/2

⌊nt⌋∑
i=1

ξi +
|K⌊nt⌋|
n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
.

(49)

Applying Donsker’s Theorem (Theorem 5.1.2 part (c) from [7]) we obtain
that the first sum portion of (49) converges in CR2 [0,∞) to a Brownian
Motion in distribution, i.e.,

1

n1/2

⌊n·⌋∑
i=1

ξi
D−→W· as n→ ∞ , (50)

where W is a Brownian Motion in dimension 2 with zero mean vector and
covariance matrix E[ξ1ξT1 ].

By Lemma 3.2 we have that

|K⌊n·⌋|
n1/2

→ 0 as n→ ∞ , (51)

in the space CR[0,∞) in probability. We shall now consider two cases:
limn→∞ |K⌊nt⌋| <∞ almost surely and limn→∞ |K⌊nt⌋| = +∞ almost surely.

If limn→∞ |K⌊nt⌋| <∞, then there exists a positive constant L such that

lim
n→∞

∑
i∈K⌊nt⌋

∥γi − ξi∥
|K⌊nt⌋|

≤ 2LK , (52)

where K is from Condition I. Hence from (51) and (52) we have

|K⌊nt⌋|
n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
→ 0 as n→ ∞ , (53)

in the space CR2 [0,∞) in probability. Then from (50), (55) and Slutsky’s
Theorem (see Theorem 11.4 from [8]) we have our result.

If |K⌊nt⌋| → ∞, almost surely as n → ∞, since the sequence of random
vectors {γφi − ξφi}i≥1 is i.i.d. having the same distribution as {γi − ξi}i≥1,
which is i.i.d. too (see Lemma C.3), we can use Theorem 8.2 item iii, page
303, in [8] and obtain

∑
i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
=

|K⌊nt⌋|∑
i=1

(γφi − ξφi)

|K⌊nt⌋|
→ E[γ1 − ξ1] as n→ ∞ a.s.. (54)
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Thus from (51) and (54) we have

|K⌊nt⌋|
n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
→ 0 as n→ ∞ , (55)

in the space CR2 [0,∞) in probability. Hence from (50), (55) and Slutsky’s
Theorem (see Theorem 11.4 from [8]) we have our result.

□

3.2.1. Proof of Lemma 3.2. The first step here will be to prove that the
process converges in CR[0, T ] for all T > 0 to the identically zero function
in probability.

For every ε > 0 and δ > 0, by Markov’s inequality we have that

P
ñ

sup
0≤t≤T

|K⌊nt⌋| > ε
√
n

ô
= P

[
|K⌊nT ⌋| > ε

√
n
]

= P[G ∩ {|RX
⌊nT ⌋| > δ⌊nT ⌋}] + P[G ∩ {|RX

⌊nT ⌋| ≤ δ⌊nT ⌋}]

≤ P[|RX
⌊nT ⌋| > δ⌊nT ⌋] + P

⌈δnT ⌉∑
i=1

1{Ui≤i−1/2} > ε
√
n


≤ P[|RX

⌊nT ⌋| > δ⌊nT ⌋] + 1

ε
√
n

⌈δnT ⌉∑
i=1

1

i1/2
.

(56)

We set the event Gn := {sup0≤t≤T |K⌊nt⌋| > ε
√
n} and from (56) we obtain

lim sup
n→∞

P [Gn] ≤ lim sup
n→∞

Ñ
P[|RX

⌊nT ⌋| > δ⌊nT ⌋] + 1

ε
√
n

⌈δnT ⌉∑
i=1

1

i1/2

é
≤ lim sup

n→∞
P[|RX

⌊nT ⌋| > δ⌊nT ⌋] + lim sup
n→∞

Ñ
1

ε
√
n

⌈δnT ⌉∑
i=1

1

i1/2

é
≤ c′(δT )1/2

ε
.

(57)

The last inequality in (57) follows from Proposition 1.1 and the fact that∑⌈δn⌉
i=1

1
i1/2

= Θ(⌈δn⌉1/2). Thus, for every ε fixed, since δ is arbitrary, we

conclude that the process |K⌊n·⌋|/n1/2 converges in CR[0, T ] for all T > 0 to
the identically zero function in probability.

The convergence in CR[0, T ] for all T > 0 means that |K⌊n·⌋|/n1/2 con-
verges in CR[0,∞) to the identically zero function in probability (see, Lemma C.2).

□

3.3. Proof of the convergence in distribution of the pn-ERW with
β = 1/2 and d ≥ 4. We begin this section defining a useful coupling of
the pn-ERW and an aperiodic random walk. Before we start, let us just
remember that he pn-ERW has a bias parameter q ∈ (1/2, 1].
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The pn-ERW which we consider in this section has a restriction on the
drift direction. Specifically, the drift direction could be any direction of
the unitary sphere, as long as, it could be represented by at most d − 3
canonical directions. If we denote the set Dk ⊂ {e1, . . . , ed}, where k = |Dk|
and 1 ≤ k ≤ d− 3, a pn-ERW with a drift direction ℓDk

∈ Sd−1 means that

the direction ℓDk
has to be write as ℓDk

=
∑k

i=1 αixi, where αi ∈ [0, 1] and
xi ∈ Dk for all 1 ≤ i ≤ k.

We set (Ω,G, P ) as the probability space where all the following random
variables are defined. Let {U ′

i}i≥1 be a sequence of i.i.d. random variables
uniformly distributed in [0,1]. We set the sequences {ξi}i≥1 and {γi}i≥1 as
before (see Section 1.1.2) such that the drift direction of {γi}i≥1 is ℓDk

; both
independent of the sequence {U ′

i}i≥1. We also define PDk
and PDc

k
as the

projections respectively on Dk and Dc
k, where D

c
k := {e1, e2, . . . , ed}/Dk.

As one last but important restriction, we suppose that ξi, γi ∈ PDk
(Zd) ∪

PDc
k
(Zd), and moreover PDc

k
(ξi) and PDc

k
(γi) are identically distributed.

We define the sequences {Yi}i≥0 and {Zi}i≥0 of random vectors in Zd
in the following way. First, Y0 = 0 and Z0 = 0. Then for n ≥ 1 we set
recursively, if we have Bn := {Yn /∈ RY

n−1}, then
Yn+1 = Yn + 1Bn1{U ′

n+1≤pn+1}γn+1 + 1Bn1{U ′
n+1>pn+1}ξn+1 + 1Bc

n
ξn+1 .

Now for the process {Zi}i≥0 and n ≥ 1, we have

Zn+1 = Zn + PDc
k
(1Bnξn+1 + 1Bc

n
(1{U ′

n+1>pn+1}ξn+1 + 1{U ′
n+1≤pn+1}γn+1)) .

Then we conclude the following properties:

• {Yi}i≥0 is a pn-ERW in Zd with drift direction ℓDk
.

• {Zi}i≥0 is an aperiodic random walk (lazy random walk) in Zd. Be-
sides that the process Z behaves like a lazy random walk in Zd−k.

• For all ej ∈ Dc
k and i ≥ 0, we have Yi · ej = Zi · ej .

Hence we will show that if the process {Zi}i≥0 visits a new site then the
process {Yi}i≥0 will reach a new site too.

Lemma 3.3. If the process {Zi}i≥0 visits a new site then {Yi}i≥0 visits too.

As a direct consequence of Lemma 3.3 we obtain that |RY
n | ≥ |RZ

n | for all
n ≥ 0. The proof of Lemma 3.3 will be deferred to end of this section.

Henceforth, without loss of generality, we shall assume C = 1, i.e., pn =
n−1/2. Let us recall that Kn is the set of times the process visits a site for
the first time and it eats a cookie and |Kn| is its cardinality. Let X be a
pn-ERW in Zd, where d ≥ 4. Let us define the following random variable

|J ′
n| :=

δn∑
i=1

1{Ui≤i−1/2} , (58)

where δ ∈ (πd, 1) and πd denote the probability of a random walk with i.i.d.
increments (with zero mean and finite variance) given by the corresponding
{ξi}i≥0 never returning to the origin.
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If {φi}i≥1 denotes the sequence of F-stopping times corresponding to the
times the pn-ERW visits a new site, then we have

|Kn| =
|RX

n |∑
j=1

1{Uφj≤φ
−1/2
j } ,

and

|Jn| :=
δn∑
i=1

1{Uφi≤φ
−1/2
i } ⪯ |J ′

n| , (59)

since {φi}i≥1 is a sequence of of F-stopping times and the sequence {Ui}i≥1

is i.i.d..
Now we denote the following random variable

n∑
i=n−δ′n+1

1{Ui≤i−1/2} =
n∑
i=1

1{Ui≤i−1/2} −
n−δ′n∑
i=1

1{Ui≤i−1/2}︸ ︷︷ ︸
:=|F ′

n|

, (60)

where δ′ ∈ (0, πd−k) and πd−k denotes the probability of a random walk with
i.i.d. increments (with zero mean and finite variance) given by the corre-
sponding lazy random walk of the coupling never returning to the origin.

Since {φi}i≥1 is a sequence of F-stopping times and the sequence {Ui}i≥1

is i.i.d., one can note that

n∑
i=1

1{Ui≤i−1/2} − |F ′
n| ⪯

δ′n∑
i=1

1{Uφi≤φ
−1/2
i } := |Vn| . (61)

The random variables |J ′
n| and |F ′

n| will be important to compute the
constants c1 and c2, as we will see in the proof of Theorem 1.6. Informally
speaking, what we obtain in Theorem 1.6 is that every limit point of the
pn-ERW in direction ℓDk

suitably rescaled will be in a kind a “cone” region,
with high probability (see, Figure 3.1).

ℓDk

Wt · ℓDk
+ g(t)

Wt · ℓDk
+ f(t)

Figure 3.1. “Cone” region representation around the di-
rection ℓDk

.
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Now in the next two Lemmas we will see the asymptotic behavior of
|J ′
n| and |F ′

n| respectively. We will conclude that both random variables

converges when divided by n1/2.

Lemma 3.4. Let {|J ′
n|}n≥1 be defined as in (58), {|F ′

n|}n≥1 be defined
as in (60), δ and δ′ are positive constants such that δ ∈ (πd, 1) and δ′ ∈
(0, πd−k). Then we have

i)
E[|J ′

n|]
n1/2

→ 2δ1/2 as n→ ∞ a.s..

ii) For any ε > 0, we obtain

P[||J ′
n| − E[|J ′

n|]| > εn1/2] → 0 as n→ ∞ .

iii)
E[|F ′

n|]
n1/2

→ 2(1− δ′)1/2 as n→ ∞ a.s..

iv) For any ε > 0, we obtain

P[||F ′
n| − E[|F ′

n|]| > εn1/2] → 0 as n→ ∞ .

v)

E[
∑n

i=1 1{Ui≤i−1/2}]

n1/2
→ 2 as n→ ∞ a.s..

vi) For any ε > 0, we obtain

P

[∣∣∣∣∣
n∑
i=1

1{Ui≤i−1/2} − E

[
n∑
i=1

1{Ui≤i−1/2}

]∣∣∣∣∣ > εn1/2

]
→ 0 as n→ ∞ .

The proof of Lemma 3.4 will be postponed at the end of this section.
From Lemma 3.4 we obtain the following Corollary.

Corollary 3.1. Let {|J ′
n|}n≥1 be defined as in (58), {|F ′

n|}n≥1 be defined
as in (60), δ and δ′ are positive constants such that δ ∈ (πd, 1) and δ′ ∈
(0, πd−k). Then we have

i)
|J ′
n|

n1/2
→ 2δ1/2 as n→ ∞ in probability.

ii)
|F ′
n|

n1/2
→ 2(1− δ′)1/2 as n→ ∞ in probability.

iii) ∑n
i=1 1{Ui≤i1/2}

n1/2
→ 2 as n→ ∞ in probability.

Relying on Corollary 3.1, we are able to prove the following result about
the sequence of processes corresponding to the |J ′

n| and |F ′
n|.
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Lemma 3.5. Let |J ′
⌊n·⌋| and |F ′

⌊n·⌋| be a sequence of processes in CR[0,∞).

Then we have the following

i)

|J ′
⌊n·⌋|
n1/2

→ 2(δ·)1/2 as n→ ∞ ,

in distribution in the space CR[0,∞).
ii)

∑⌊n·⌋
i=1 1{Ui≤i−1/2} − |F ′

⌊n·⌋|
n1/2

→ 2(·)1/2(1− (1− δ′)1/2) as n→ ∞ ,

in distribution in the space CR[0,∞).

The proof of Lemma 3.5 will be postponed at the end of this section.
The next result states that the sequence of processes |K⌊n·⌋|/n1/2 is tight

in CR[0,∞).

Lemma 3.6. The sequence |K⌊n·⌋|/n1/2 is tight in the space CR[0,∞).

A direct consequence of Lemma 3.6 is that every sub-sequence of |K⌊n·⌋|/n1/2
will converge in distribution to a limit point. In the next result we will bound
those limits points. The proof of Lemma 3.6 will be postponed at the end
of this section.

Proposition 3.1. If H· is a limit point of |K⌊n·⌋|/n1/2, then

P
î
∀t ∈ [0,∞) : 2t1/2(1− (1− δ′)1/2) ≤ Ht ≤ 2(tδ)1/2

ó
= 1 ,

where δ′ and δ are positive constants such that δ′ ∈ (0, πd−k) and δ ∈ (πd, 1).

The proof of Proposition 3.1 will be postponed at the end of this section.
Now we have all the auxiliaries results to prove Theorem 1.6. For the

proof of Theorem 1.6 the main idea is to use the decomposition (41) and
then analyze separately the sum portions suitably rescaled. We will see
that both processes are tight in CRd [0, T ], consequently we will obtain that
the process Bn

· is tight too. Finally we will describe the processes which
dominate stochastically the limit points of Bn

· . The idea here is similar to
the proof of Theorem 1.5. The main difference is that the sum portion that
represents the drift direction will not go to zero. For this reason the random
variables |J ′

n| and |F ′
n| will be important, to control this sum portion.
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Proof of Theorem 1.6. By the last equality in (41) and the definition of Kn,
we can rewrite the process Bn

t as

Bn
t =

1

n1/2

⌊nt⌋∑
i=1

ξi +
1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1∩{Ui≤i−1/2}}(γi − ξi)

=
1

n1/2

⌊nt⌋∑
i=1

ξi +
1

n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

=
1

n1/2

⌊nt⌋∑
i=1

ξi +
|K⌊nt⌋|
n1/2

∑
i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
.

(62)

By Donsker’s Theorem we obtain that the first sum portion of (62) con-
verges in CRd [0,∞) to a Brownian Motion in distribution

1

n1/2

⌊n·⌋∑
i=1

ξi
D−→W· as n→ ∞ , (63)

where W is a Brownian Motion in dimension d with zero mean vector and
covariance matrix E[ξ1ξT1 ].

Now we will see that the second sum portion in (62) is a sequence of
stochastic processes which is tight. For that we will need two results from [5],
Theorem 7.3 and Corollary on page 83. Let us denote

D⌊nt⌋ :=
1

n1/2

⌊nt⌋∑
i=1

1{Ec
i−1∩{Ui≤i−1/2}}(γi − ξi) .

The first condition on Theorem 7.3 in [5] is satisfied, since the process
D⌊n·⌋ is tight for t = 0 for all n ≥ 1. To prove that the process satisfies the
second condition on Theorem 7.3 in [5] we will use the Corollary on page 83
in [5].

This Corollary states that Condition (ii) of Theorem 7.3 in [5] holds if,
for each positive ε and η, there exists a ϕ ∈ (0, 1), and an integer n0 such
that

1

ϕ
Pn

ñ
f ∈ CRd [0, T ] : sup

t≤s≤t+ϕ
|f(s)− f(t)| ≥ ε

ô
≤ η ∀n ≥ n0 , (64)

where the probability measure Pn on CRd [0, T ] is the distribution of D⌊n·⌋.
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Let us denote the set At(ε, ϕ) := {f ∈ CRd [0, T ] : supt≤s≤t+ϕ |f(s) −
f(t)| ≥ ε}. Hence we obtain the following

Pn[At(ε, ϕ)] = P
[
D⌊n·⌋ ∈ At(ε, ϕ)

]
= P
ñ

sup
t≤s≤t+ϕ

∥∥D⌊ns⌋ −D⌊nt⌋
∥∥ ≥ ε

ô
= P

 sup
t≤s≤t+ϕ

∥∥∥∥∥∥
⌊ns⌋∑

i=⌊nt⌋+1

1{Ec
i−1∩{Ui≤i−1/2}}(γi − ξi)

∥∥∥∥∥∥ ≥ εn
1
2

 .
(65)

Now we only analyze the process inside the probability measure in (65).
We will find an upper bound for this process for all the trajectory. For all
s ∈ [t, t+ ϕ] we obtain

∥∥∥∥∥∥
⌊ns⌋∑

i=⌊nt⌋+1

1{Ec
i−1∩{Ui≤i−1/2}}(γi − ξi)

∥∥∥∥∥∥ ≤
⌊ns⌋∑

i=⌊nt⌋+1

∥∥∥1{Ui≤i−1/2}(γi − ξi)
∥∥∥

≤
⌊ns⌋∑

i=⌊nt⌋+1

∥∥∥1{Ui≤i−1/2}(γi − ξi)
∥∥∥ ≤

⌊ns⌋∑
i=⌊nt⌋+1

1{Ui≤i−1/2}2K .

(66)

In the second inequality in (66) we have by triangle inequality and the last
one by Condition I. Then from (64), (65) and (66) we have

1

ϕ
Pn[At(ε, ϕ)] ≤

1

ϕ
P

 sup
t≤s≤t+ϕ

Ñ
⌊ns⌋∑

i=⌊nt⌋+1

1{Ui≤i−1/2}2K

é
≥ εn

1
2


≤ 1

ϕ
P

⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

1
{Ui≤i−

1
2 }
2K ≥ εn

1
2


≤ 1

ϕ
exp

Ç
−εn

1
2

2K

å
E

exp
Ñ

⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

1
{Ui≤i−

1
2 }

é .
(67)

To obtain the second inequality in (67), we exponentiate both sides of the
inequality inside the probability and then we use Markov’s inequality.
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We set c = ε/2K an we continue the computation in (67)

1

ϕ
Pn[At(ε, ϕ)] ≤

1

ϕ
e−cn

1
2

⌊n(t+ϕ)⌋∏
i=⌊nt⌋+1

E
[
exp

(
1
{Ui≤i−

1
2 }

)]

≤ 1

ϕ
e−cn

1
2

⌊n(t+ϕ)⌋∏
i=⌊nt⌋+1

Å
1 +

e− 1

i
1
2

ã
≤ 1

ϕ
e−cn

1
2

⌊n(t+ϕ)⌋∏
i=⌊nt⌋+1

exp

Å
e− 1

i
1
2

ã
≤ 1

ϕ
e−cn

1
2 exp

Ñ
⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

e− 1

i
1
2

é
≤ 1

ϕ
exp
Ä
−cn

1
2

ä
exp

(
2(e− 1)(

»
n(t+ ϕ)−

√
nt
)
.

(68)

The second inequality in (68) we obtain by the moment generating function
and the third one by the fact that x+ 1 < ex for all x < 1.

At least remains to us explain how we bounded the summation in the last
inequality in (68). For that we did the following

⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

e− 1

i
1
2

≤ (e− 1)

∫ n(t+ϕ)

nt
x−1/2dx ≤ 2(e− 1)

(»
n(t+ ϕ)−

√
nt
)
.

Now if for each positive ε and η, there exists a ϕ ∈ (0, 1), and an integer
n0 such that

1

ϕ
exp
Ä
−cn

1
2

ä
exp
Ä
2(e− 1)

√
n(
√
t+ ϕ−

√
t
ä
≤ η ∀n ≥ n0 , (69)

then we have that (64) is satisfied.
One can see that, since we have ϕ ∈ (0, 1), for all ε̂ > 0, there exists a

ϕ′ > ϕ such that |
√
t+ ϕ′−

√
t| < ε̂. Now we can choose ε̂ = c/4(e−1) and we

obtain, for a large enough n, that (69) is fulfilled for all η. Consequently we
have that (64) is satisfied. Thus we can conclude the sequence of stochastic
process {D⌊n·⌋}n≥1 is tight on CRd [0, T ].

Since the process Bn
· is the sum of two tight processes in CRd [0, T ], we

obtain that Bn
· is a tight process in CRd [0, T ] for all T > 0 as a simple

exercise (see Lemma C.1).
Now by Theorem 4.10 in [10] Chapter 2 one can see that since Bn

· is tight
in CRd [0, T ] for all T > 0 with the topology of uniform convergence in the
compacts then Bn

· is tight in CRd [0,∞).
Now we will analyze other aspect of the second sum portion in (62) and

by Proposition 3.1 we obtain that

P
î
∀t ∈ [0,∞) : 2t1/2(1− (1− δ′)1/2) ≤ Ht ≤ 2(tδ)1/2

ó
= 1 , (70)

where Ht is a limit point of a sub-sequence of |K⌊n·⌋|/n1/2.
From (70) we have that |K⌊nt⌋| → ∞ as n → ∞ almost surely. Then

observe that, the sequence of random vectors {γφi − ξφi}i≥1 is i.i.d. and has
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the same distribution of {γi − ξi}i≥1, which is i.i.d. too (see Lemma C.3).
We can use Theorem 8.2 item iii, page 303, in [8] and obtain∑

i∈K⌊nt⌋

(γi − ξi)

|K⌊nt⌋|
→ E[γ1 − ξ1] = E[γ1] as n→ ∞ a.s.. (71)

From the properties of the sequence {γn}n≥1 we have that λ ≤ E[γi·ℓDk
] ≤ K

for all i ≥ 1. Then we set E[γi · ℓDk
] = µγ for all i ≥ 1, since {γn}n≥1 is an

i.i.d. sequence of random vectors.
Thus from (70) and (71) we obtain that

|K⌊nt⌋|
n1/2

∑
i∈K⌊nt⌋

(γi − ξi) · ℓDk

|K⌊nt⌋|
, t ≥ 0,

is tight in CR[0,∞) and any of its limit points ‹Ht satisfies

P
î
∀t ∈ [0,∞) : 2µγt

1
2 (1− (1− δ′)

1
2 ) ≤ ‹Ht ≤ 2µγ(tδ)

1/2
ó
= 1. (72)

Since Bn
· is tight process in CRd [0,∞) by Prohorov’s Theorem (see Theo-

rem 5.1 in [5]) we have that Bn
· is relatively compact and consequently every

sub-sequence converges to a limit point.
Then for every limit point Y· of a sub-sequence of Bn

· , by (63) and (72)
we obtain

Wt · ℓDk
+ f(t) ⪯ Yt · ℓDk

⪯Wt · ℓDk
+ g(t) ,

where f(t) = 2(1− (1− δ′)1/2)µγ︸ ︷︷ ︸
c1

t1/2 and g(t) = 2µγ(δ)
1/2︸ ︷︷ ︸

c2

t1/2 for all t ∈

[0,∞).
The reader can check that 0 < c1 ≤ c2. Thus we finish the proof.

□

3.3.1. About the restrictions in Theorem 1.6. Let us stress that Theorem 1.6
has some restrictions on the dimension and in the drift direction. Those
restrictions are due to the technique we used to find a lower bound for
range of the pn-ERW, namely the coupling of the pn-ERW and the lazy
random walk. The coupling of the pn-ERW and a lazy random walk had a
fundamental part in the proof of Theorem 1.6. Indeed, with this technique
we could find a lower bound for the range of the pn-ERW and describe
the functions g(t) and f(t). However this method breaks down when, for
example, we have a pn-ERW in direction ℓ ∈ Sd−1 in Zd, and ℓ has to be
writen with more than d − 3 canonical directions of Zd. This is due to the
fact that for the proof of Theorem 1.6 to work, we need that the lazy random
walk, which is used in the coupling, must be at least 3 dimensional.

If Conjecture 1.2 holds true (see, Section 1.3), it would be possible to prove
Theorem 1.6 for a pn-ERW in Zd, with d ≥ 3 and in direction ℓ ∈ Sd−1, that
is, for all directions in the unit sphere, then completely avoiding the use of
the coupling that we described at the beginning of this section. Specifically,
if Conjecture 1.2 holds, it would be possible to compute a lower bound for
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the range of the pn-ERW in direction ℓ, and ℓ can be any in Sd−1, thus
extending Theorem 1.6 to a pn-ERW in dimension 3.

3.3.2. Proof of Lemma 3.3. The idea of the proof is quite simple, we show,
using the coupling, that is impossible the lazy random walk reaches a new
site and the pn-ERW do not.

Proof. Suppose that in time n the process {Zi}i≥0 reaches a new site and
{Yi}i≥0 do not.

Then the direction in which the process {Zi}i≥0 moves it was not e1. By
the definition of the process {Zi}i≥0.

From the hypothesis we have that Zn /∈ RZ
n−1. From the coupling we

have that (Zn · e2, Zn · e3, . . . , Zn · ed) = (Yn · e2, Yn · e3, . . . , Yn · ed). Since
the process {Yi}i≥0 reaches a already visited site then Yn ∈ RY

n−1 and there
exist a 0 ≤ k ≤ n− 1 such that Yk = Yn.

Hence, we have (Zn · e2, Zn · e3, . . . , Zn · ed) = (Yk · e2, Yk · e3, . . . , Yk · ed)
and by the coupling we obtain that (Zk ·e2, Zk ·e3, . . . , Zk ·ed) = (Yk ·e2, Yk ·
e3, . . . , Yk ·ed). Since, by hypothesis Zn ̸= Zk, then in Zn, the process would
have reached a new site moving in direction e1, which is an absurd. □

3.3.3. Proof of Lemma 3.4. We begin with the proof of part i). One can see
that

E[|J ′
n|]

n1/2
=

1

n1/2
E

[
δn∑
i=1

1{Ui≤i−1/2}

]
=

1

n1/2

δn∑
i=1

i−1/2 .

Then we have that

lim
n→∞

(
1

n1/2

δn∑
i=1

i−1/2

)
= 2δ1/2 .

Hence we finish the proof of part i).
For the proof of part ii) we first use Chebyshev’s inequality and obtain

P[||J ′
n| − E[|J ′

n|]| > εn1/2] ≤ 1

ε2n
Var

[
δn∑
i=1

1{Ui≤i−1/2}

]
. (73)

Then we use the fact that the random variables {Ui}i≥1 are independent
and have

1

ε2n
Var

[
δn∑
i=1

1{Ui≤i−1/2}

]
=

1

ε2n

δn∑
i=1

i−1/2(1−i−1/2) → 0 as n→ ∞ . (74)

Thus by (73) and (74) we obtain that

P[||J ′
n| − E[|J ′

n|]| > εn1/2] → 0 as n→ ∞ ,

and finish the proof of part ii).
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Now we prove part iii). One can see that

E[|F ′
n|]

n1/2
=

1

n1/2
E

[
n−δ′n∑
i=1

1{Ui≤i−1/2}

]
=

1

n1/2

n−δ′n∑
i=1

i−1/2 .

Then we have that

lim
n→∞

(
1

n1/2

n−δ′n∑
i=1

i−1/2

)
= 2(1− δ′)1/2 .

Hence we finish the proof of part i).
For the proof of part ii) we first use Chebyshev’s inequality and obtain

P[||F ′
n| − E[|F ′

n|]| > εn1/2] ≤ 1

ε2n
Var

[
n−δ′n∑
i=1

1{Ui≤i−1/2}

]
. (75)

Then we use the fact that the random variables {Ui}i≥1 are independent
and have

1

ε2n
Var

[
n−δ′n∑
i=1

1{Ui≤i−1/2}

]
=

1

ε2n

n−δ′n∑
i=1

i−1/2(1− i−1/2) → 0 as n→ ∞ .

(76)
Thus by (75) and (76) we obtain that

P[||F ′
n| − E[|F ′

n|]| > εn1/2] → 0 as n→ ∞ ,

and finish the proof of part iv).
We begin with the proof of part v). One can see that

E[
∑n

i=1 1{Ui≤i−1/2}]

n1/2
=

1

n1/2

n∑
i=1

i−1/2 .

Then we have that

lim
n→∞

(
1

n1/2

n∑
i=1

i−1/2

)
= 2 .

Hence we finish the proof of part v).
For the proof of part vi) we use Chebyshev’s inequality and the fact that

the random variables {Ui}i≥1 are independent. Then we obtain

P

[∣∣∣∣∣
n∑
i=1

1{Ui≤i−1/2} − E

[
n∑
i=1

1{Ui≤i−1/2}

]∣∣∣∣∣ > εn1/2

]

≤ 1

ε2n
Var

[
n∑
i=1

1{Ui≤i−1/2}

]
=

1

ε2n

n∑
i=1

i−1/2(1− i−1/2) → 0 ,

(77)

as n goes to infinity. Thus we finish the proof of part vi). □
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3.3.4. Proof of Lemma 3.5. Since by Corollary 3.1 we have the convergence
of the finite dimensional distribution, to prove this Lemma, both parts (i)
and ii)), by Theorem 7.1 in [5] only remains to us prove that both sequences
of processes are tight. For that we will proceed in the same way we did in
the proof of Theorem 1.6, when we show the second sum portion in (62) is
tight in CR[0, T ).

We start the proof of this Lemma with part i). One can notice that the

process |J ′
⌊n·⌋|/n

1/2 is tight for t = 0 for all n ≥ 1. Thus first condition on

Theorem 7.3 in [5] is satisfied.
Then let Pn be a probability measure on CR[0, T ) and the distribution of

|J ′
⌊n·⌋|/n

1/2. We denote the set At(ε, ϕ) := {f ∈ CR[0, T ] : supt≤s≤t+ϕ |f(s)−
f(t)| ≥ ε}. Hence we have

1

ϕ
Pn[|J ′

⌊n·⌋|/n
1/2 ∈ At(ε, ϕ)] =

1

ϕ
P
ñ

sup
t≤s≤t+ϕ

||J ′
⌊ns⌋| − |J ′

⌊nt⌋|| ≥ εn
1
2

ô
=

1

ϕ
P

δ⌊n(t+ϕ)⌋∑
i=δ⌊nt⌋+1

1
{Ui≤i−

1
2 }

≥ εn
1
2

 .
From this point the computation is exactly the same we did in the proof

of Theorem 1.6, when we show the second sum portion in (62) fulfills the
second condition of Theorem 7.3 in [5].

Then we have that for each positive ε and η, there exists a ϕ ∈ (0, 1), and
an integer n0 such that

1

ϕ
Pn

ñ
f ∈ CR[0, T ] : sup

t≤s≤t+ϕ
|f(s)− f(t)| ≥ ε

ô
≤ η ∀n ≥ n0 .

Ergo by Theorem 7.3 in [5] we obtain that the sequence |J⌊n·⌋|/n1/2 is
a tight in CR[0, T ] for all T > 0 with the topology of uniform convergence
in compacts and moreover by Theorem 2.4.10 in [10] is tight sequence of
processes in CR[0,∞).

The proof of part ii) is similar with the difference that we analyze sepa-

rately
∑⌊n·⌋

i=1 1
{Ui≤i−

1
2 }
/n1/2 and |F ′

⌊n·⌋|/n
1/2. Using the same computation of

part i), it is possible to conclude that
∑⌊n·⌋

i=1 1
{Ui≤i−

1
2 }
/n1/2 and |F ′

⌊n·⌋|/n
1/2

are tight processes in CR[0, T ] for all T > 0. Thus by Lemma C.1 we obtain
that the all process is tight in CR[0, T ] for all T > 0. Finally by Theorem
2.4.10 in [10], since we have in CR[0, T ] the topology of uniform convergence
in compacts, we obtain the desired result.

□

3.3.5. Proof of Lemma 3.6. For this proof we will see that the sequence of
processes |K⌊n·⌋|/n1/2 will satisfies the two conditions of Theorem 7.3 in [5]
and we will have tightness for the sequence of processes.
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One can notice that the process |K⌊n·⌋|/n1/2 is tight for t = 0 for all n ≥ 1.
Thus first condition on Theorem 7.3 in [5] is satisfied.

Then let Pn be a probability measure on CR[0, T ) and the distribution of

|K⌊n·⌋|/n1/2. We denote the setAt(ε, ϕ) := {f ∈ CR[0, T ] : supt≤s≤t+ϕ |f(s)−
f(t)| ≥ ε}. Hence we have

1

ϕ
Pn[|K⌊n·⌋|/n1/2 ∈ At(ε, ϕ)] =

1

ϕ
P
ñ

sup
t≤s≤t+ϕ

||K⌊ns⌋| − |K⌊nt⌋|| ≥ εn
1
2

ô
=

1

ϕ
P

⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

1
{Ec

i∩{Ui≤i−
1
2 }}

≥ εn
1
2


≤ 1

ϕ
P

⌊n(t+ϕ)⌋∑
i=⌊nt⌋+1

1
{Ui≤i−

1
2 }

≥ εn
1
2


From this point the computation is exactly the same we did in the proof

of Theorem 1.6, when we show the second sum portion in (62) fulfills the
second condition of Theorem 7.3 in [5].

Then we have that for each positive ε and η, there exists a ϕ ∈ (0, 1), and
an integer n0 such that

1

ϕ
Pn

ñ
f ∈ CR[0, T ] : sup

t≤s≤t+ϕ
|f(s)− f(t)| ≥ ε

ô
≤ η ∀n ≥ n0 .

Ergo by Theorem 7.3 in [5] we obtain that the sequence |K⌊n·⌋|/n1/2 is
a tight in CR[0, T ] for all T > 0 with the topology of uniform convergence
in compacts and moreover by Theorem 2.4.10 in [10] is tight sequence of
processes in CR[0,∞).

□

3.3.6. Proof of Proposition 3.1. We will divide this proof in two parts: the
first is concerned with the upper bound while the second with the lower
bound.

Let us denote the following event

Ac,Mn :=

®
∀t ∈ [c,M ] :

|K⌊nt⌋

n1/2
≤ 2(δ̂t)1/2

´
,

where c, M and δ̂ are positive constants such that M > c and δ̂ ∈ (δ, 1].
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Hence we have that

P[Ac,Mn ] ≥ P[Ac,Mn ∩ {∀t ∈ [c,M ] : |RX
⌊nt⌋| ≤ δ⌊nt⌋}]

≥ P
ñ®

∀t ∈ [c,M ] :
|J⌊nt⌋|
n1/2

≤ 2(δ̂t)1/2
´⋂

{∀t ∈ [c,M ] : |RX
⌊nt⌋| ≤ δ⌊nt⌋}

ô
≥ P
ñ®

∀t ∈ [c,M ] :
|J ′

⌊nt⌋|
n1/2

≤ 2(δ̂t)1/2
´⋂

{∀t ∈ [c,M ] : |RX
⌊nt⌋| ≤ δ⌊nt⌋}

ô
.

(78)

The last inequality in (78) follows from (59). Now by Lemma 3.5 part i) we
obtain that

|J ′
⌊n·⌋|
n1/2

→ 2(δ·)1/2 as n→ ∞ , (79)

in probability, since it converges in distribution to a continuous function in
t (see [5] page 27). Thus by Proposition 1.1 and (79) we obtain for every
M > c > 0 the following holds

P
ñ
∀t ∈ [c,M ] :

|K⌊nt⌋

n1/2
≤ 2(δ̂t)1/2

ô
→ 1 as n→ ∞ ,

since in the last inequality in (78) we have an intersection of two events
whose probability converges to 1 as n goes to infinity.

Since we have an arbitrary δ ∈ (πd, 1), we can obtain the desired result

P
ñ
∀t ∈ [c,M ] :

|K⌊nt⌋

n1/2
≤ 2(δt)1/2

ô
→ 1 as n→ ∞ ,

Now suppose that we have monotonic decreasing and increasing sequences
{cj}j≥1 and {Mj}j≥1 respectively, such that cj → 0 and Mj → ∞ as j goes
to infinity. Let {Ht}t≥0 be a limit point in distribution of a sub-sequence of
|K⌊nt⌋
n1/2 , which is a tight process by Lemma 3.6, and define

A :=
¶
∀t ∈ [0,∞) : Ht ≤ 2(δ̂t)1/2

©
,

and

Aci,Mi =
¶
∀t ∈ [ci,Mi] : Ht ≤ 2(δ̂t)1/2

©
and we have that A = ∩∞

i=1A
ci,Mi . Thus by Portmanteu Theorem we have

for every i ∈ Z+

P[Aci,Mi ] ≥ lim sup
n→∞

P[Aci,Mi
n ] = 1 .

Hence, P[Aci,Mi ] = 1 for all i ∈ Z+ and we obtain

P[A] = P

 ∞⋂
j=1

Acj ,Mj

 = 1 . (80)
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Finishing the first part of the proof. Let us define the following events

Bc,M
n :=

®
∀t ∈ [c,M ] : 2t1/2(1− (1− δ′′)1/2) ≤

|K⌊nt⌋

n1/2

´
,

Hc,M
n :=

∀t ∈ [c,M ] : 2t
1
2 (1− (1− δ′′)

1
2 ) ≤

∑⌊nt⌋
j=1 1{Uj≤j−1/2} − |F⌊nt⌋|

n
1
2


R⌊nt⌋ := {∀t ∈ [c,M ] : |RX

⌊nt⌋| ≥ δ′⌊nt⌋} ,

where c, M and δ′′ are positive constants such that M > c and δ′′ ∈ (0, δ′).
Thus we have that

P[Bc,M
n ] ≥ P[Bc,M

n ∩ {∀t ∈ [c,M ] : |RX
⌊nt⌋| ≥ δ′⌊nt⌋}]

≥ P
ñ®

∀t ∈ [c,M ] : 2t1/2(1− (1− δ′′)1/2) ≤
|V⌊nt⌋|
n1/2

´
∩R⌊nt⌋

ô
≥ P
î
Hc,M
n ∩R⌊nt⌋

ó
≥ P[Hc,M

n ∩ {|RZ
⌊nt⌋| ≥ δ′⌊nt⌋}] .

(81)

The third inequality in (81) follows from (61) and the last inequality by the
coupling with the lazy random walk.

Now by Lemma 3.5 part ii) we obtain that∑⌊n·⌋
j=1 1{Uj≤j−1/2} − |F⌊n·⌋|

n
1
2

→ 2(·)1/2(1− (1− δ′)1/2) as n→ ∞ , (82)

in probability, since it converges in distribution to a continuous function
in t (see [5] page 27). Thus by Theorem 3.2 and (82) we obtain for every
M > c > 0 the following holds

P
ñ
∀t ∈ [c,M ] : 2t1/2(1− (1− δ′′)1/2) ≤

|K⌊nt⌋

n1/2

ô
→ 1 as n→ ∞ ,

since in the last inequality in (81) we have an intersection of two events
whose probability converges to 1 as n goes to infinity.

Finally, we can use the same argument used to obtain (80) and we finish
the proof.

□

3.4. On the range of pn-ERW in d ≥ 2 and β = 1/2. In this section we
provide the proof of Proposition 1.1.

Before we start, we introduce some auxiliary results that will be required
to analyze the asymptotic behavior of the pn-ERW in Zd, with d ≥ 2 for
β = 1/2.

Let {ξi}i≥1 be i.i.d. Zd-valued random variables with zero mean vector
and finite variance. We set the process Y = {Yn}n≥0 such that Y0 = 0 and

Yn =

n∑
i=1

ξi .



51

Hence we have that {Yn}n≥0 is a random walk in Zd. For m ≤ n, let us
define

RY
[m,n] := {Ym, Ym+1, . . . , Yn} ,

and simply Rn = R[0,n]. This is the range of the process {Yn}n≥0 or the
range of the random walk.

Our first auxiliary result comes from Theorem 1 in [9], which provides
upper and lower bound to the range of a random walk with i.i.d. increments
in Zd. Henceforth, we denote by πd the probability of the random walk Y
in Zd never returning to the origin.

Theorem 3.2 (see [9], Theorem 1). Let Y = {Yn}n≥0 be an aperiodic ran-
dom walk in Zd, with d ≥ 2, then it holds that

lim
n→∞

P[|RY
n | ≥ θn] = 1 , for every θ < πd , (L)

P[|RY
n | ≥ θ′n] ≤ e−cθ′n , for every θ′ > πd and n sufficiently large , (U)

where cθ′ is a positive constant that depends of θ′ (note that for d = 2, we
have that πd = 0, whereas for d ≥ 3, πd ∈ (0, 1].

Remark 3.2. It is important to notice that Theorem 1 from [9] is for aperi-
odic random walks. However, as the authors of [9] explained at the beginning
of Section 2 in [9] page 188, this condition can be relaxed without loss of gen-
erality.

Suppose that the pn-ERW at time j visits a new site and eats a cookie
and only after k further steps it visits a new site again and eats a new
cookie. Then, by the characteristics of the model, we know that between
time j + 2 and j + k every new site visited by the process it was visited by
a random walk with i.i.d. increments. The main idea behind the proof of
Proposition 1.1 relies on this observation. Specifically, we can think that
in each time window described above our process behaves as independent
random walks with i.i.d. increments. Then we use the ranges of these
processes to upper bound the range of the pn-ERW.

Proof of Proposition 1.1. Let us denote {Ni}i≥0 as the sequence of times
such that N0 ≡ 0 and

Ni = inf{k > Ni−1 : Zk = 1} ,

where Zk = 1{Uk≤k−1/2}, k ≥ 1, is a sequence of independent random vari-

ables with Bernoulli distribution of parameter respectively k−1/2 for each
k.

We denote ∆Ni = Ni −Ni−1 and

Mn = inf

i ≥ 1 :
i∑

j=1

∆Nj ≥ n

 .
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First observe that

|RX
n | =

n∑
t=0

1{Xt ̸=Xl,∀l<t}

≤
N1∑
t=0

1{Xt ̸=Xl,∀l<t} +

N2∑
t=N1+1

1{Xt ̸=Xl,∀l<t} + · · ·+
NMn∑

t=NMn−1+1

1{Xt ̸=Xl,∀l<t}

≤Mn +

Mn∑
j=1

Nj∑
t=Nj−1+2

1{Xt ̸=Xl,∀l<t} ≤Mn +

Mn∑
j=1

Nj∑
t=Nj−1+2

1{Xt ̸=Xl,∀l∈[Nj−1+1,t)} .

One can see that in each time interval [Nj−1+2, Nj ] the process X behaves
like a random walk with i.i.d. increments. In order to have some control on
the length of these intervals, or equivalently on {∆Nj}j≥1, we proceed as
follows: Let ε ∈ (0, 1) and note that

|RX
n | ≤ nε + |RX

[nε,n]| . (83)

Thus we could just redefine N0 ≡ nε and apply the very same decomposition
as before to obtain

|RX
[nε,n]| ≤Mn +

Mn∑
j=1

Nj∑
t=Nj−1+2

1{Xt ̸=Xl,∀l∈[Nj−1,t)}

≤Mn +

Mn∑
j=1

|RY
[Nj−1+2,Nj ]

| . (84)

where {Yn}n≥0 is a random walk with i.i.d. increments in Z2, whose incre-
ments will be defined by the sequence {ξi}i≥1.

Now, for any k ∈ {1, 2, . . . , n} fixed, we define the random set

An,k := {j ∈ {1, 2, . . . ,Mn} : ∆Nj ≤ k} ,

and we can write
Mn∑
j=1

|RY
[Nj−1+2,Nj ]

| =
∑

j∈An,k

|RY
[Nj−1+2,Nj ]

|+
∑

j∈Ac
n,k

|RY
[Nj−1+2,Nj ]

|

≤ (k − 1)|An,k|+
∑

j∈Ac
n,k

|RY
[Nj−1+2,Nj ]

| .

Using the simple inequality

Mn = |An,k|+ |Acn,k| ≤ |An,k|+
Mn

k
≤ |An,k|+

n

k

and (84), we obtain the inequality

|RX
[nε,n]| ≤

n

k
+ k|An,k|+

∑
j∈Ac

n,k

|RY
[Nj−1+2,Nj ]

|. (85)
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To control the right hand side of (85) we start with estimates on |An,k|. By
coupling arguments, one can see that G ⪯ ∆Nj for all j ∈ {1, 2, . . . ,Mn},
where G has a Geometric distribution with parameter n−ε/2 and ⪯ means
stochastic dominance. Thus we have

P[∆Nj ≤ k] ≤ 1−
Å
1− 1

nε/2

ãk
. (86)

Then we can write |An,k| =
∑Mn

j=1 1{∆Nj≤k} and we obtain for a fixed a

P

Mn∑
j=1

1{∆Nj≤k} > a

 ≤ P

 n∑
j=1

1{∆Nj≤k} > a

 ≤
Ç
n

a

å
(P[G ≤ k])a

≤
(ne
a

)aÇ
1−
Å
1− 1

n
ε
2

ãkåa
≤
(ne
a

)a Å
1− exp

ß−k
n

ε
2

™ãa
≤
Å
ne

a
× k

n
ε
2

ãa
.

Now we set a = n1−ε/4 and obtain

P

Mn∑
j=1

1{∆Nj≤k} > n1−ε/4

 ≤
Å
ek

n
ε
4

ãn1− ε
4

. (87)

We choose k = ⌈log2(n)⌉. With this choice, the deterministic first term
in (85) divided by n converges to zero, moreover the sum in n of the proba-

bilities of the events {|An,⌈log2(n)⌉| > n1−ε/4} is finite. By Borel-Cantelli the

second term in (85) divided by n converges to zero almost surely.
Now we will analyze the third term in (85). First we will obtain an

upper bound on the probability of the event that there exist at least one
j ∈ Ac

n,⌈log2(n)⌉, such that |RY
[Nj−1+2,Nj ]

| > γ∆Nj , where γ ∈ (πd, 1].

First we observe that

|Ac
n,⌈log2(n)⌉| ≤

n

⌈log2(n)⌉
, (88)

for all n.
Now for all i > ⌈log2(n)⌉, we obtain by Theorem 3.2 that

P[|RY
i−2| > γi] ≤ P[|RY

i−2| > γ(i− 2)] ≤ exp(−cγ(i− 2))

≤ exp
(
−cγ(⌈log2(n)⌉ − 2)

)
,

(89)

for all γ ∈ (πd, 1].
Remember that, for all j ∈ Ac

n,⌈log2(n)⌉, then we have ∆Nj > ⌈log2(n)⌉.
Hence by (88) and (89) we obtain

P[∃j ∈ Ac
n,⌈log2(n)⌉ : |R

Y
[Nj−1+2,Nj ]

| > γ∆Nj ]

≤ n

⌈log2(n)⌉
exp

(
−cγ⌈log2(n)− 2⌉

)
≤ exp

Å
log

Å
n

⌈log2(n)⌉

ã
− cγ⌈log2(n)− 2⌉

ã
.

(90)
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Now, with the control of the probability of the event {∃j ∈ Ac
n,⌈log2(n)⌉ :

|RY
[Nj−1+2,Nj ]

| > γ∆Nj} in (90), we can conclude that

P

 ∑
j∈Ac

n,k

|RY
[Nj−1+2,Nj ]

| > γn

 ≤ exp

Å
log

Å
n

⌈log2(n)⌉

ã
− cγ⌈log2(n)− 2⌉

ã
.

(91)

Thus we obtain that the sum in n of the probabilities of the events {
∑

j∈Ac
n,k

|RY
[Nj−1+2,Nj ]

| >
γn} is finite. Thus, by Borell-Cantelli the third term in (85) divide by n is
bigger than γ only finitely many times almost surely.

Hence with (87), (91) and (83), we can finish the proof setting δ = γ.
□

3.5. Positive probability of never returning to the origin (along
direction ℓ) for pn-GERW with β < 1/6 and d ≥ 2. For the proof of
Theorem 1.7 we will need the next result which is basically the same of
Proposition 2.4, however now it applies to the pn-GERW, with pn = n−β

and β < 1/6.

Proposition 3.2. Fix β < α < 1/6 and suppose that X is a pn-GERW with
excitation-allowing set A ⊂ Zd and pn = (n0 + n)−β, where n0 is a non
negative integer. If for some n ≥ n0∣∣∣∣(Zd \A) ∩H Å−n 1

2
+α,

2λ

3
n

1
2
+α

ã∣∣∣∣ ≤ 1

3
n

1
2
+α , (92)

then, for some positive constants ϑ1, ϑ2 depending on d, K, r, λ, α and β,
we have

P
ï
Xn · ℓ <

1

3
λn

1
2
+α−β

ò
< 6n exp

¶
−ϑ1nϑ2

©
, (93)

where

ϑ1 = min

®
γ1,

1

2K2
,
λ2

18K2
,

δ20
2β × 3

,
((1/3− 21−β/3(1− δ0))λ)

2

2K2

´
and

ϑ2 = min {γ2, 2(α− β)} ,

δ0 ∈ (0, 0.43) and γ1, γ2 are the same as in Proposition 2.3.

Remark 3.3. Let us point out that in the proof of Proposition 3.2, α − β
plays the same role as α in Proposition 2.4 and therefore α− β ∈ (0, 1/6).

We will postpone the proof of Proposition 3.2 to end of this section.
The proof of Theorem 1.7 is similar to that of Proposition 2.5. How-

ever, to deal with the time dependence of the sequence {pn}n≥1, here we
use Proposition 3.2 (which is a extension of Proposition 2.4 in the time-
dependent case). Our main concern in Theorem 1.7 is to make explicit the
dependence of the bound ψ on the parameters β and q0.
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Before we provide the proof of Theorem 1.7, below we give a more de-
tailed statement (than the one provided in Section 3) making explicit the
dependence of the constant ψ on the various parameters.

Theorem 1.7. Let X be a pn-GERW in direction ℓ, in Zd with d ≥ 2,
where pn = (q0 + n)−β, with β < 1/6, q0 is a non negative integer and
excitation-allowing set A ⊂ Zd such that Mℓ ⊂ A. There exists ψ > 0
depending on d, K, h, r, λ, α and β such that

P [η(X0) = ∞] ≥ P [Xn · ℓ > 0 for all n ≥ 1] ≥ ψ ,

where ψ = h⌈r
−1⌉C( 3

λ)
1

δ−1
c, c ∈ (0, 1), δ = (2− α+ β)(1/2 + α− β),

C = K
1

δ−1

(
η + ⌈r−1⌉

1
δ−1

)
+ q0 ,

η =

Å
2− α+ β

ϑ1φ1

ã 1
φ1

, φ1 = min {α− β, (2− α+ β)ϑ2} ,

and ϑ1, ϑ2 are as in Proposition 3.2.

Proof of Theorem 1.7. Since on {Xn·ℓ > 0 for all n ≥ 1} the process doesn’t
visit the sites in Zd/Mℓ, it is sufficient to prove the proposition for A = Zd.

Without loss of generality we consider r ≤ 1 in Condition III. Define

U0 =
{
(Xk+1 −Xk) · ℓ ≥ r , for all k = 0, 1, ..., ⌈r−1⌉m− 1

}
.

Observe that in U0, X⌈r−1⌉m · ℓ ≥ m and by (UE1) of Condition III we have,

P [U0] ≥ h⌈r
−1⌉m . (94)

Consider the following time translation of the processX: Wk = X⌈r−1⌉m+k,
k ≥ 0. Then W is a pn-GERW with excitation-allowing set

A′ = Zd/{X0, . . . , X⌈r−1⌉m−1}

starting at W0 = y0 := X⌈r−1⌉m and for some time k, we have pk = (q0 +

⌈r−1⌉m+ k)−β.
Set δ = (2− θ)(1/2 + θ), where θ = α− β and

m = C
( 3
λ

) 1
δ−1

,

where C > 0 is a constant depending on α, β, K, λ, q0 and r, such that

C = K
1

δ−1

(
η + ⌈r−1⌉

1
δ−1

)
+ q0 for

η =

Å
2− α+ β

ϑ1φ1

ã 1
φ1

with φ1 = min {α− β, (2− α+ β)ϑ2} ,

and ϑ1, ϑ2 as in the statement of Proposition 3.2. Note that for all α used
in Proposition 2.3 and β i.e., 0 < β < α < 1/6, we have that δ > 1.
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The left-hand side of (92) with the set A′−y0 is bounded above by ⌈r−1⌉m.
Note that, for all n ≥ m2−α−β,

1

3
n

1
2
+α ≥ 1

3
n

1
2
+α−β ≥ 1

3
mδ ≥ ⌈r−1⌉m . (95)

We obtain the last inequality in (95) by the following fact,

mδ−1

3⌈r−1⌉
=

3Cδ−1

3⌈r−1⌉λ
>
K⌈r−1⌉
⌈r−1⌉λ

=
K

λ
> 1 . (96)

The second inequality follows from the definition of C, since C > (K⌈r−1⌉)
1

1−δ .
Thus (92) with excitation-allowing set A′−y0 is satisfied for all n ≥ m2−α+β.

Denote m0 = 0, m1 = m and, for k ≥ 1, mk+1 = 1
3λm

δ
k. The sequence

(mk, k ≥ 1) is increasing. This can be proved by induction since

m2

m1
=
λ

3
mδ−1 = Cδ−1 > 1,

for all θ ∈ (0, 1/6) and assuming mk/mk−1 > 1 we have

mk+1

mk
=

λ
3m

δ
k

λ
3m

δ
k−1

=

Å
mk

mk−1

ãδ
> 1,

For every k ≥ 1 consider the following events

Gk =

{
min

⌊m2−θ
k−1⌋<j≤m

2−θ
k

(
Wj −W⌊m2−θ

k−1⌋

)
· ℓ > −mk

}
,

Uk =
{
W⌊m2−θ

k ⌋ · ℓ ≥ mk+1

}
.

As we saw in the proof of Proposition 2.5 the following holds:{
Xn · ℓ > 0, for all n ≥ 1

}
⊃

( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0 . (97)

As seen in proof of Proposition 2.4, the process {Xn · ℓ}n≥0, is a F-
submartingale, so (W − y0) · ℓ is also F·+⌈r−1⌉m-submartingale. Write

Gck =

m2−θ
k⋃

j=⌊m2−θ
k−1⌋+1

{(
Wj −W⌊m2−θ

k−1⌋

)
· ℓ ≤ −mk

}
.

and by Azuma’s inequality (for supermartingales with bounded increments)

P
[(
Wj −W⌊m2−θ

k−1⌋

)
· ℓ ≤ −mk

]
= P

[(
W⌊m2−θ

k−1⌋
−Wj

)
· ℓ ≥ mk

]
≤ exp

(
−

m2
k

2K2(j − ⌊m2−θ
k−1⌋)

)
≤ exp

(
−

m2
k

2K2m2−θ
k

)
≤ exp

(
−

mθ
k

2K2

)
.

Thus, we have,

P[Gk|U0] ≥ 1−
Ä
m2−θ
k − ⌊m2−θ

k−1⌋
ä
e−

mθ
k

2K2 ≥ 1−m2−θ
k e−

mθ
k

2K2 .
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Suppose that n0 = q0 + ⌈r−1⌉m, where n0 is from Proposition 3.2. The

sequence (mk, k ≥ 1) is increasing, then ifm2−θ ≥ n0 we obtain thatm2−θ
k ≥

n0 for all k ≥ 1. Observe that

m1−θ − ⌈r−1⌉ ≥
Å
3K⌈r−1⌉

λ

ã 1−θ
δ−1

− ⌈r−1⌉ > 1 ,

since for all θ ∈ (0, 1/6) we have (1− θ)/(δ − 1) ≥ 3.75.
Ergo we obtain

m2−θ − ⌈r−1⌉m = m (m1−θ − ⌈r−1⌉)︸ ︷︷ ︸
>1

≥ m ≥ q0 . (98)

Since the process W − y0 satisfies Conditions I, II, III, the set A′ − y0
fulfills (92) for all n ≥ m2−θ and m2−θ

k ≥ q0 + ⌈r−1⌉m for all k ≥ 1 by
Proposition 3.2, it holds that

P[Uk|U0] = P
ï
W⌊m2−θ

k ⌋ · ℓ ≥
λ

3
m

(2−θ)( 1
2
+θ)

k

ò
≥ 1− 6m2−θ

k e−ϑ1m
(2−θ)ϑ2
k .

Now, write

P

[( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0

]
= P[U0]

(
1−

∞∑
k=1

P[Gck|U0] + P[U ck |U0]
)
,

which is bounded from below by

h⌈r
−1⌉m

(
1−

∞∑
k=1

Ç
m2−θ
k e−

mθ
k

2K2 + 6m2−θ
k e−ϑ1m

(2−θ)ϑ2
k

å)
≥ h⌈r

−1⌉m

(
1− 7

∞∑
k=1

m2−θ
k e−ϑ1m

φ1
k

)
.

(99)

Now we are going to analyze the series
∑∞

k=1m
2−θ
k e−ϑ1m

φ1
k . Note that

m is large enough so that the sequence (m2−θ
k e−ϑ1m

φ1
k , k ≥ 1) is decreasing.

Indeed, m is bigger than the inflection point
Ä

2−θ
ϑ1φ1

ä 1
φ1 of the function z(x) =

x2−θe−ϑ1x
φ1 , x > 0:

m = C

Å
3

λp

ã 1
δ−1

> K
1

δ−1 η

Å
3

λ

ã 1
δ−1

= η

Å
3K

λ

ã 1
δ−1

≥
Å
2− θ

ϑ1φ1

ã 1
φ1
.

Thus we have,
∞∑
k=1

m2−θ
k e−ϑ1m

φ1
k ≤

∫ ∞

m1

x2−θe−ϑ1x
φ1
dx . (100)

By a change of variables, we write,∫ ∞

m1

x2−θ1e−ϑ1x
φ1
dx = φ−1

1 ϑ
θ−3
φ1
1 Γ

Å
3− θ

φ1
, ϑ1m

φ1
1

ã
, (101)
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where Γ is the incomplete gamma function4. As mentioned above m is large

enough so that the sequence (m2−θ
k e−ϑ1m

φ1
k , k ≥ 1) is decreasing. Thus,

in order to obtain that (101) is smaller than 1/7, we may increase m even
further by choosing a sufficiently bigger C. Thus, with such a suitable chosen
C we obtain

∞∑
k=1

m2−θ
k e−ϑ1m

φ1
k ≤

∫ ∞

m1

x2−θe−ϑ1x
φ1
dx (102)

= φ−1
1 ϑ

θ−3
φ1
1 Γ

Å
3− θ

φ1
, ϑ1m

φ1
1

ã
<

1

7
.

Using (102) in (99), we obtain that,

P

[( ∞⋂
k=1

(Gk ∩ Uk)

)
∩ U0

]
≥ h⌈r

−1⌉m

(
1− 7

∞∑
k=1

m2−θ
k e−ϑ1m

φ1
k

)

≥ h⌈r
−1⌉C( 3

λ)
1

δ−1
c = ψ ,

where c is a positive constant such that c ∈ (0, 1). Theorem 1.7 then follows
from (97).

□

3.5.1. Proof of Proposition 3.2. The idea of this proof is similar to the
Proposition 2.4.

Proof of Proposition 3.2. Let us begin remembering that the process (Xn ·
ℓ, n ≥ 0) is a F-submartingale and thus (−Xn·ℓ, n ≥ 0) is a F-supermartingale
as we saw in the beginning of the proof of Proposition 2.4.

As a first step we show that

P
ï
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

1

3
λn

1
2
+α−β

ò
≤ ne−C1n2α

, (103)

for C1 > 0. Note thatß
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

1

3
λn

1
2
+α−β

™
⊂

n⋃
k=1

ß
Xn · ℓ−Xk · ℓ <

Å
1

3nβ
− 2

3

ã
λn

1
2
+α

™
,

and by Azuma’s inequality for supermartingales with increments uniformly
bounded by K (see Lemma 1 of [20]), for every k = {1, . . . , n − 1} it holds

4Γ(s, x) =
∫∞
x

ts−1e−tdt.
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that

P
ï
Xn · ℓ−Xk · ℓ <

Å
1

3nβ
− 2

3

ã
λn

1
2
+α

ò
≤ P
ï
Xn · ℓ−Xk · ℓ < −1

3
λn

1
2
+α

ò
≤ exp

(
−
(
1
3

)2
λ2n1+2α

2(n− k)K2

)
≤ exp

Å
−λ

2n2α

18K2

ã
.

Then (103) follows from the usual union bound with C1 =
(
1
3λ
)2
/2K2.

Moreover, again using Azuma’s inequality (for supermartingales), we also
have that

P
ï
min
k≤n

Xk · ℓ < −n
1
2
+α

ò
≤ n exp

{
−C2n

2α
}
, (104)

for C2 = 1/2K2.

Now let Dk = E[Xk+1 −Xk|Fk] and Yn = Xn−
∑n−1

k=0 Dk. It follows that
Yn is a martingale with bounded increments. Let G be the following event

G :=
¶
|RX

n | ≥ n
1
2
+α
©
∩
ß
Xk ∈ H

Å
−n

1
2
+α,

2

3
λn

1
2
+α

ã
, for all k ≤ n

™
.

Using the hypotheses (92), on G we have at least |RX
n |− 1

3n
1
2
+α ≥ 2

3n
1
2
+α

sites visited on the excitation-allowing A. Therefore, there exists a random
variable W such that on G(

n−1∑
k=0

Dk

)
· ℓ ≥ λW ,

and

E[W ] >
2

3
n

1
2
+α × 1

(n0 + n)β
≥ 2

3
n

1
2
+α × 1

(n+ n)β
>

21−β

3
n

1
2
+α−β . (105)

In order to prove (93), we write that probability as

P
[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩G

]
+ P

[{
Xn · ℓ <

p

3
λn

1
2
+α
}
∩Gc

]
(106)

and we control both terms separately. We start with the second term. Set

E =
{
Xn · ℓ <

p

3
λn

1
2
+α
}
, M =

¶
|RX

n | < n
1
2
+α
©
,

J =

ß
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Xk · ℓ < −n
1
2
+α

™
and T =

ß
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k≤n

Xk · ℓ >
2

3
λn

1
2
+α

™
.

It follows that

P [E ∩Gc] = P [(E ∩M) ∪ (E ∩ J) ∪ (E ∩ T )]

≤ P [E ∩M ] + P [E ∩ J ] + P
ï
max
k≤n

Xk · ℓ >
2

3
λn

1
2
+α, Xn · ℓ <

p

3
λn

1
2
+α

ò
,
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and from Proposition 2.3 and (104) and (103), we obtain

P [E ∩Gc] ≤ P
î
|RX

n | < n
1
2
+α
ó
+ P
ï
min
k≤n

Xk · ℓ < −n
1
2
+α

ò
+ ne−C1n2α

≤ e−γ1n
γ2

+ ne−C2n2α
+ ne−C1n2α

.
(107)

As regards the first term in (106), let δ0 ∈ (0, 0.43), µW = E[W ], B =
{W ≤ µW (1− δ0)}, and write P[E ∩G] as

P
ïß
Xn · ℓ <

1

3
λn

1
2
+α−β

™
∩G ∩B

ò
+ P
ïß
Xn · ℓ <

1

3
λn
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2
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™
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ò
≤ P [B] + P

ïß
Xn · ℓ <

1

3
λn

1
2
+α−β

™
∩G ∩Bc

ò
.

To bound P[B] we use the Chernoff bound (cf., e.g., Theorem 4.5 of [16]) to
obtain

P [B] ≤ exp

ß
−δ

2
0

2
µW

™
≤ exp

¶
−C ′

3n
1
2
+α−β

©
, (108)

where C ′
3 = δ20/(3×2β). To upper bound P

î¶
Xn · ℓ < 1

3λn
1
2
+α−β

©
∩G ∩Bc

ó
,

we use that Yn = Xn−
∑n−1

k=0 Dk is martingale with bounded increments and
apply Azuma’s inequality (see, for example, Theorem 2.19 in [6]). Thus, de-

noting F =
¶
Xn · ℓ < 1

3λn
1
2
+α−β

©
∩G ∩Bc we obtain

P [F ] ≤ P
[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < 1

3
λn

1
2
+α−β − λµW (1− δ0)

]
≤ P

[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < λn

1
2
+α−β

(1
3
− 21−β

3
(1− δ0)

)]
.

(109)

The last inequality in (109) we obtain using (105).
Hence, we have that C ′

4 := −(1/3 − 21−β/3(1 − δ0)) > 0, since δ0 ∈
(0, 0.29). By (109) and Azuma’s inequality we obtain

P[F ] ≤ P
[
Xn · ℓ−

( n−1∑
k=1

Dk

)
· ℓ < −C ′

4λn
1
2
+α−β

]
≤ 2 exp

(
− (C ′

4)
2λ2n2α−β

2K2

)
= 2 exp

Ä
−C ′

5n
2α−β

ä
,

(110)

where C ′
5 = (C ′

4λ)
2/2K2.

Inequality (93) then follows from (107), (108) and (110) which imply that

P
ï
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3
λn

1
2
+α−β

ò
≤

e−γ1n
γ2

+ ne−C2n2α
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+ e−C
′
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1
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′
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2α−β ≤ 6ne−ϑ1n
ϑ2
,
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where

ϑ1 = min

®
γ1,

1

2K2
,
λ2

18K2
,

δ20
2β × 3

,
((1/3− 21−β/3(1− δ0))λ)

2

2K2

´
and

ϑ2 = min {γ2, 2(α− β)} .

□
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Appendix A. Proof of Proposition 2.1,2.2 and 2.6

The proof of Proposition 2.1 closely follows Proposition 1 in [4] and Propo-
sition 2.1 in [15].

Proof of Proposition 2.1. First we consider the case k ≥ 1. Fix 0 < α < 1/6
and let a1, a2 and a3 be positive real numbers such that a1 < 1/2 + α,
and a2 + a3 < a1. For each positive integer n, we denote un = ⌊na1⌋,
vn = ⌊na2⌋ and wn = ⌊na3⌋. Now we choose n large enough such that

(K + 1)vn(wn + 1) + 2 +K ≤ un and un < (pλ/3)n1/2+α. Let us define the
following events:

Gn := {(Xτk+n −Xτk) · ℓ ≤ un} ,

Bn :=

vn⋂
j=1

{η(k)j <∞} and Fn :=

vn⋃
j=1

{wn ≤ η
(k)
j − ρ

(k)
j <∞} ,

where, in the definition of Fn, we use the convention that η
(k)
j − ρ

(k)
j = ∞

whenever η(X
ρ
(k)
j

) = ∞.

Our first step will be to show that

Gcn ∩Bc
n ∩ F cn ⊂ {τk+1 − τk ≤ n} , (111)

Afterwards we will estimate separately the probabilities of Gn, Bn and Fn
to finish the proof.

On the event Bc
n, we can define

M = inf{1 ≤ j ≤ vn : η
(k)
j = ∞} ,

and from definition we have τk+1 = ρ
(k)
M . Hence, we shall prove that {ρ(k)M −

τk ≤ n} always happens in Gcn ∩Bc
n ∩ F cn, then we have (111).

For each natural m ≥ τk, define

rn = max{(Xj −Xτk) · ℓ : τk ≤ j ≤ m} . (112)

By the definition of M we have η
(k)
M−1 <∞. Set η

(k)
0 = τk and write

M−1∑
j=1

(
(r
η
(k)
j

− r
ρ
(k)
j

) + (r
ρ
(k)
j

− r
η
(k)
j−1

)
)
= r

η
(k)
M−1

− r
η
(k)
0

= r
η
(k)
M−1

. (113)

We are going to analyze separately each term on the right hand side of the

of (113), that is, (r
η
(k)
j

− r
ρ
(k)
j

) and (r
ρ
(k)
j

− r
η
(k)
j−1

). By the definition of ρ
(k)
j

we get directly
r
ρ
(k)
j

=
(
X
ρ
(k)
j

−Xτk

)
· ℓ . (114)

By Condition I, we have that each jump of the process has a maximum range

K, thus for each 1 ≤ j ≤M−1, we have that (r
η
(k)
j

−r
ρ
(k)
j

) ≤ K(η
(k)
j −ρ(k)j ).

Now in the event F cn we have η
(k)
j − ρ

(k)
j < wn for 1 ≤ j ≤ M − 1, thus

(r
η
(k)
j

− r
ρ
(k)
j

) ≤ Kwn. For (r
ρ
(k)
j

− r
η
(k)
j−1

), from what we saw in (114),
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Condition I and by the definition of ρ
(k)
j , we have (r

ρ
(k)
j

− r
η
(k)
j−1

) ≤ K +1 for

each 1 ≤ j ≤M − 1. From those inequalities and (113) we obtain

r
η
(k)
M−1

≤
M−1∑
j=1

((Kwn) + (K + 1)) ≤ vn(K + 1)(wn + 1) .

Since we are considering n large enough such that vn(K+1)(wn+1)+2+K ≤
un, then rη(k)M−1

+ 2 +K ≤ un on Bc
n ∩ F cn.

Now on the event Gcn∩Bc
n∩F cn, we have (Xτk+n−Xτk) ·ℓ > r

η
(k)
M−1

+2+K.

Set i = min{j ≤ n : (Xτk+j−Xτk)·ℓ > r
η
(k)
M−1

+1}. Since τk+1 = ρ
(k)
M and ρ

(k)
M

is the first time the process move forward at least one position in direction
ℓ from r

η
(k)
M−1

, i.e. the maximum the walk reaches in direction ℓ until time

η
(k)
M−1, we have that ρ

(k)
M − τk = i ≤ n which gives (111).

Using (111), we have that

P[τk+1 − τk > n|G(k)
0 ] ≤ P[Gn|G(k)

0 ] + P[Bn|G(k)
0 ] + P[Fn|G(k)

0 ] . (115)

Now we will bound these three probabilities. By Proposition 2.6 part (ii)

P[Gn|G(k)
0 ] = P[(Xτk+n −Xτk) · ℓ ≤ un|G(k)

0 ]

≤ P[(Xτk+n −Xτk) · ℓ ≤
p

3
λn

1
2
+α|G(k)

0 ] ≤ e−γ3n
γ4

ψ
.

(116)

By Proposition 2.6 part (iii) we have

P[Fn|G(k)
0 ] = P

[ vn⋃
j=1

{wn ≤ η
(k)
j − ρ

(k)
j <∞}

∣∣∣G(k)
0

]
≤

vn∑
j=1

P
î
{wn ≤ η

(k)
j − ρ

(k)
j <∞}|G(k)

0

ó
≤

vn∑
j=1

2e−γ3w
γ4
n = 2⌊na2⌋e−γ3⌊na3⌋γ4 .

(117)

Finally using Proposition 2.6 part (i) we have

P[Bn|G(k)
0 ] = P

[ vn⋂
j=1

{η(k)j <∞}
∣∣∣G(k)

0

]

= P
[
η(k)vn <∞

∣∣∣G(k)
0 ,

vn−1⋂
j=1

{η(k)j <∞}
]
P
[ vn−1⋂
j=1

{η(k)j <∞}
∣∣∣G(k)

0

]
.

(118)

From the definition of the regeneration times

{η(k)vn <∞} = {η(k)vn <∞} ∩ {ρ(k)vn <∞} = ∅ ,
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then we have

P
[
η(k)vn <∞

∣∣∣G(k)
0 ,

vn−1⋂
j=1

{η(k)j <∞}
]
= P

[
{ρ(k)vn <∞}

∣∣∣G(k)
0 ,

vn−1⋂
j=1

{η(k)j <∞}
]

× P
[
{η(k)vn <∞}

∣∣∣G(k)
0 , {ρ(k)vn <∞},

vn−1⋂
j=1

{η(k)j <∞}
]

≤ P
î
{η(k)vn <∞}|G(k)

vn

ó
.

Using the last inequality and Proposition 2.6 part (i) in (118), we obtain

P[Bn|G(k)
0 ] ≤ P

[
{η(k)vn <∞}

∣∣∣G(k)
vn

]
P
[ vn−1⋂
j=1

{η(k)j <∞}
∣∣∣G(k)

0

]
≤

vn∏
j=1

P
[
η
(k)
j <∞

∣∣∣G(k)
j

]
≤

vn∏
j=1

(1− ψ) = (1− ψ)vn = (1− ψ)⌊n
a2⌋ ,

(119)

where we have used induction in second inequality. Next, using (116), (117)
and (119) in (115) we obtain

P[τk+1 − τk > n|G(k)
0 ] ≤ P[Gn|G(k)

0 ] + P[Bn|G(k)
0 ] + P[Fn|G(k)

0 ]

≤ e−γ3n
γ4

ψ
+ 12⌊na2⌋e−γ3⌊na3⌋γ4 + (1− ψ)⌊n

a2⌋

≤ e−γ3n
γ4

ψ
+ 12⌊na2⌋e−γ3⌊na3⌋γ4 + e−ψ⌊n

a2⌋ ,

finishing the proof for k ≥ 1.
It remains to prove the result for k = 0, i.e., there exist positive constants

C̃ and ζ such that for some n ≥ 1

P[τ1 > n] ≤ C̃e−n
ζ
. (120)

The proof of (120) is analogous as that for k ≥ 1, the only difference is in
events. To prove (120) we consider

Gn = {Xn · ℓ ≤ un} ,

Bn =

vn⋂
j=1

{η(0)j <∞} and Fn =

vn⋃
j=1

{wn ≤ η
(0)
j − ρ

(0)
j <∞} .

Then we can conclude the proof. □

The proof of Proposition 2.2 follows closely that of Proposition 2.2 in [15].

Proof of Proposition 2.2. (i): We first prove the case k = 1. For each n ≥ 1,
we construct a set of trajectories Λn of the form {x0, . . . , xn} such that
xn · ℓ > sup0≤i≤n−1 xi · ℓ. For a element γ ∈ (Zd)N, we will denote γn as
a projection to the n first coordinates and π(γn) as the n first Bernoulli’s
trials.
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Let b ∈ Λn, then we have that G(1)
0 is generated by the disjoint collection

of the form {τ1 = n} ∩ {γn = b} ∩ {π(γn) = π(b)}. Thus we obtain,

P
î
Xτ1+· ∈ A|G(1)

0

ó
=

=
∞∑
n=1

1{τ1=n}(ϖ)
∑
γn∈Λn

1{ϖn=γn}P [Xτ1+· ∈ A|τ1 = n,ϖn = γn, π(ϖn) = π(γn)]

=
∞∑
n=1

1{τ1=n}(ϖ)
∑
γn∈Λn

1{ϖn=γn}P [Xτ1+· ∈ A|η(Xn) = ∞, ϖn = γn, π(ϖn) = π(γn)]

=
∞∑
n=1

1{τ1=n}(ϖ)P [Xτ1+· ∈ A|η(Xn) = ∞,Fn] .

(121)

The third equality in (121) follows from observing that in the event {τ1 = n},

{ϖn = γn, π(ϖn) = π(γn)} = {η(Xn) = ∞, ϖn = γn, π(ϖn) = π(γn)} .

The fourth equality in (121) follows from noticing that 1{τ1=n}(ϖ)1{ϖn=γn} =
0, if γn ̸∈ Λn. As a matter of fact, if γn ̸∈ Λn, by the property of the re-
generation times, it is not possible the trajectory γ has τ1 = n, since in the
first n coordinates it must exists a 0 ≤ j ≤ n− 1 such that xj · ℓ > xn · ℓ.

The case k ≥ 2 can be proved in a similar way. Indeed, the sequence of
regeneration time is increasing and in the event {τk = n} we always have
{η(Xn) = ∞}.

(ii): This proof is similar to Proposition 2.2 part (ii) in [15]. For a element
γ ∈ (Zd)N, we will denote γn as a projection to the n first coordinates and
π(γn) as the n first Bernoulli’s trials. First we consider the case k = 1 and
j = 1.

For an u > 0, let us denote by Tu the first time the process reaches or
exceeds this position in direction ℓ, i.e., Tu = inf{k ≥ 1, Xk · ℓ ≥ u}. For
each n ≥ 1 and m ≥ 1, we construct a set of trajectories Λn,m of the form
{x0, x1, . . . , xn, xn+1, . . . , xn+m} satisfying the following properties:

(i) xn · ℓ > sup
0≤i≤n−1

xi · ℓ .

(ii) For each 0 ≤ i ≤ n− 1, we have,

min
Txi·ℓ<t≤n−1

xt · ℓ ≤ xi · ℓ .

(iii) xn+m · ℓ ≥ xn · ℓ+ 1 > sup
0≤i≤n+m−1

xi · ℓ.

One can see that, for this set of trajectories Λn,m, if η(xn) = ∞ then ρ
(1)
1 =

n + m and τ1 = n. Let b ∈ Λn,m, thus G(1)
1 is generated by the disjoint

collection of the form {τ1 = n} ∩ {γn+m = b} ∩ {π(γn+m) = π(b)}.
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Hence we obtain,

P[X
ρ
(1)
1 +· ∈ A|G(1)

1 ] (122)

=

∞∑
n=1

1{τ1=n}(ϖ)

∞∑
m=1

1{ρ(1)1 =n+m}(ϖ)
∑

γn+m∈Λn,m

1{ϖn+m=γn+m}

× P[Xn+m+· ∈ A|τ1 = n,ϖn+m = γn+m, π(ϖn+m) = π(γn+m)] .

Thus, in the event {τ1 = n}, we have {ϖn+m = γn+m, π(ϖn+m) = π(γn+m)} =
{η(Xn) = ∞, ϖn+m = γn+m, π(ϖn+m) = π(γn+m)}. Now observe that,

1{τ1=n}(ϖ)1{ρ(1)1 =n+m}(ϖ)1{ϖn+m=γn+m} = 0 ,

if γn+m ̸∈ Λn,m. One can see that if γn+m ̸∈ Λn,m, by the property of the
regeneration times, it is not possible the trajectory γ has τ1 = n, by the fact
that in the first n coordinates we have a 0 ≤ j ≤ n−1 such that xj ·ℓ > xn ·ℓ.
Besides that, if we have a n+1 ≤ j ≤ n+m−1, such that xj · ℓ ≥ xn · ℓ+1,

then ρ
(1)
1 = j by the definition of ρ

(1)
1 . Going back to (122), we have

P[X
ρ
(1)
1 +· ∈ A|G(1)

1 ]

=
∞∑
n=1

∞∑
m=1

∑
γn+m∈Λn,m

1{τ1=n}(ϖ)1{ρ(1)1 =n+m}(ϖ)1{ϖn+m=γn+m}

× P[Xn+m+· ∈ A|η(Xn) = ∞,Fn+m]

=

∞∑
n=1

∞∑
m=1

1{τ1=n}(ϖ)1{ρ(1)1 =n+m}(ϖ)P[Xn+m+· ∈ A|η(Xn) = ∞,Fn+m] .

The case that k = 1 and j > 1 is similar. We just need to make the proper
adjustments in Λn,m. For k > 1, we also prove in the similar way using the
fact that, for every natural n and k > 1, the event {η(Xn) = ∞}∩{n < τk}
is G(k)

0 measurable. □

The proof of Proposition 2.6 closely follows the proof of Proposition 4.4
in [15].

Proof of Proposition 2.6. Proof of (i): From the definition of η
(k)
j we have

that,

P[η(k)j <∞|G(k)
j ] = P[η(X

ρ
(k)
j

) <∞|G(k)
j ] = 1− P[η(X

ρ
(k)
j

) = ∞|G(k)
j ] .

(123)

The event {η(X
ρ
(k)
j

) = ∞} means that the process does not come back in

direction ℓ to the position X
ρ
(k)
j

, hence X
ρ
(k)
j +i

· ℓ > X
ρ
(k)
j

· ℓ for all i ∈ N.



67

Let B be a Borel set of (Zd)N such that X
ρ
(k)
j +i

· ℓ > X
ρ
(k)
j

· ℓ for all i ∈ N,
then by part (ii) of Proposition 2.2 we have,

P
[
η(X

ρ
(k)
j

) = ∞|G(k)
j

]
= P

[
X
ρ
(k)
j +· ∈ B

∣∣∣G(k)
j

]
=

∞∑
n=1

∞∑
m=1

1{τk=n}(ϖ)1{ρ(k)j =n+m}(ϖ)P[Xn+m+· ∈ B|η(Xn) = ∞,Fn+m]

=

∞∑
n=1

∞∑
m=1

1{τk=n}(ϖ)1{ρ(k)j =n+m}(ϖ)P [η(Xn+m) = ∞|η(Xn) = ∞,Fn+m] .

(124)

Since we have that {η(Xn+m) = ∞} ⊂ {η(Xn) = ∞} then,

P [η(Xn+m) = ∞|η(Xn) = ∞,Fn+m] =
P [{η(Xn+m) = ∞}|Fn+m]
P [{η(Xn) = ∞}|Fn+m]

≥ P [η(Xn+m) = ∞|Fn+m] ≥ ψ .

(125)

The last inequality in (125) follows from Proposition 2.5 and the fact that
m + n is a maximum point in ℓ direction, so like in the origin the process
has a completely new environment to explore forward in ℓ direction. Then
using (125) in (124) we get

P
ï
η(X

ρ
(k)
j

) = ∞|G(k)
j

ò
≥ ψ

∞∑
n=1

∞∑
m=1

1{τk=n}(ϖ)1{ρ(k)j =n+m}(ϖ) ≥ ψ . (126)

Then, by (123) and (126) we conclude that P
î
η
(k)
j <∞|G(k)

j

ó
< (1− ψ).

Proof of (ii): Use Proposition 2.2 part (i) to write

P
[
(Xτk+n −Xτk) · ℓ <

p

3
λn

1
2
+α
∣∣∣G(k)

0

]
=

=

∞∑
m=1

1{τk=m}(ϖ)P
[
(Xm+n −Xm) · ℓ <

p

3
λn

1
2
+α|η(Xm) = ∞,Fm

]

≤
∞∑
m=1

1{τk=m}(ϖ)
P
î
(Xm+n −Xm) · ℓ < p

3λn
1
2
+α|Fm

ó
P [η(Xm) = ∞|Fm]

,

which, by Propositions 2.4, Remark 2.4 and Proposition 2.5, is bounded
from above by

∞∑
m=1

1{τk=m}(ϖ)
e−γ3n

γ4

P [η(Xm) = ∞|Fm]
≤ e−γ3n

γ4

ψ
.
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Proof of (iii): By definition of η
(k)
j , we have that,

P
î
n ≤ η

(k)
j − ρ

(k)
j <∞|G(k)

0

ó
= P
ï
n ≤ η(X

ρ
(k)
j

)− ρ
(k)
j <∞|G(k)

0

ò
(127)

=

∞∑
i=n

P
ï
η(X

ρ
(k)
j

)− ρ
(k)
j = i|G(k)

0

ò
=

∞∑
i=n

P [η(X0) = i] ≤
∞∑
i=n

P [Xi · ℓ < 0] .

The third equality in (127) holds since the system is invariant and by the

definition of ρ
(k)
j we know the process in direction ℓ sees a new environment.

Then to go below that position in direction ℓ, it is the same to go under X0

in direction ℓ. Hence, using Proposition 2.4, we obtain,

P
î
n ≤ η

(k)
j − ρ

(k)
j <∞|G(k)

0

ó
≤

∞∑
i=n

P [Xi · ℓ < 0] ≤
∞∑
i=n

P
ï
Xi · ℓ <

pλ

3
i
1
2
+α

ò
≤ 6

∞∑
i=n

ie−γ3i
γ4 ≤ 6

Ç
ne−γ3n

γ4
+

∫ ∞

γ3nγ4

xe−xdx

å
≤ 12e−γ3n

γ4
.

□

Appendix B. Proof of Proposition 2.3

This section is devoted to prove Proposition 2.3. We will start by stat-
ing some auxiliaries lemmas whose proofs are deferred to the end of this
Appendix.

Let X be a p-GERW. We denote by Ln(m) its local time up to time n on
the m-th strip in direction ℓ which is defined as

Ln(m) :=
n∑
j=0

1{Xj · ℓ ∈ [m,m+1)} , m ∈ Z .

The next result provides a control on the tail of the local times Ln(m).

Lemma B.1. Let X be a p-GERW, for any δ > 0 there exists a constant
γ′1 depending of K, h and r such that for all m we have,

P
î
Ln(m) ≥ n

1
2
+2δ
ó
≤ exp

¶
−γ′1nδ

©
.

B.1. Some auxiliary results for d-dimensional martingales. In this
brief section we lists a few results for d-dimensional martingales which will
be used in the proof of Proposition 2.3.

Lemma B.2. Let Y be a d-dimensional martingale with uniformly K-
bounded increments, i.e., supn≥1 ∥Yn+1 − Yn∥ ≤ K. Then, for all b ≥ 0
and for all n ≥ 1, it holds that

E
(
∥Yn+1∥b

∣∣Fn) ≥ ∥Yn∥b1{∥Yn∥>K/(
√
2−1)} .

The next result is a bound on the number of visits of a d-dimensional
martingale to any site in Zd.
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Lemma B.3. Let Y be a d-dimensional martingale which satisfies Condition
I and (UE2) in Condition III and suppose that Y0 = x0. Then, for any
δ > 0 and ϕ > 0, there exists a constant γ′3 > 0 depending on K, ϕ, r and
h such that for all x0, y0 ∈ Zd and for all n, we have,

P

 n∑
j=1

1{Yj=y0} > nϕ+δ

 ≤ exp
¶
−γ′3nδ

©
.

Let us denote by τXB the hitting time to a set B for a process X, i.e.,

τXB := min{n ≥ 0 : Xn ∈ B} ,

and denote by B(x, q) a discrete ball centered in x ∈ Zd and with radius
q, i.e., B(x, q) := {y ∈ Zd : ∥x − y∥ ≤ q}. The next result implies that
a d-dimensional martingale Y hits with high probability sets that contains
enough points close to the origin of the process.

Lemma B.4. Let Y be a d-dimensional martingale which satisfies Condition
I and (UE2) in Condition III. Assume that Y0 = x. Consider an arbitrary

δ > 0, a set U and suppose that |B(x,m1/2) \ U | ≤ m1−ϕ−2δ for some m
and 0 < ϕ ≤ 1. Then there exists a constant γ′4 > 0 depending on d, K, ϕ,
h and r such that,

P
î
τYU ≥ m1−δ

ó
≤ exp

¶
−γ′4mδ

©
.

B.2. Proof of Proposition 2.3. Using Lemma B.1 and Lemma B.4 we
now prove Proposition 2.35.

Proof of Proposition 2.3. Consider b ∈ (0, 1) and ε > 0. Set ew the strip
width exponent and define

Hn
j := H

(
2(j − 1)new , 2(j + 1)new

)
, n ≥ 1 , j ≥ 1 ,

so that Hn
j is strip of width 4new in direction ℓ. The strip Hn

j will be called a

trap if |RX
n ∩Hn

j | ≥ net , where et = 2ew(1−(b/2))−2ε is the trap exponent.
Set

G = {|RX
n | ≥ n

1
2
+ew(1−b)−4ε} .

We are going to prove that

P[G] ≥ 1−
Å
(2Kn+ 1) e−γ

′
1n

ε
2 +

n1−2ew+ε

2
e−γ

′
4n

ε
ã
, (128)

for every ε > 0 sufficiently small. This establishes Proposition 2.3 since, as
we will see, for every 0 < α < 1/6, we can choose ew, b and ε such that

α < ew(1− b)− 4ε (i.e., {|RX
n | < n

1
2
+α} ⊂ Gc) and (128) holds.

Thus we have to prove (128). Let us first introduce the event

G1 =
{
Ln(k) ≤ n

1
2
+ε for all k ∈ [−Kn,Kn]

}
.

5Let us point out that Lemma B.2 is used to prove Lemma B.3 which, in turn, is used
to prove Lemma B.4.
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By Lemma B.1, it holds that

P[G1] ≥ 1− (2Kn+ 1) exp
¶
−γ′1n

ε
2

©
. (129)

Now, let us define σ0 = 0 and inductively

σk+1 = min{j ≥ σk + ⌊n2ew−ε⌋ : |RX
j ∩B(Xj , n

ew)| ≤ net} , (130)

(formally, if such j does not exist, we put σk+1 = ∞). Consider the event

G2 =
{
at least one new point is hit on each of the time intervals

[σj−1, σj), j = 1, ...,
1

2
n1−2ew+ε

}
,

where hitting a new point means to visit a not-yet-visited site. Note that
on Gc2, the process does not hit a new point in time interval [σj−1, σj) for
some j = 1, ..., 12n

1−2ew+ε. When this happens, the process X evolves as a d-
dimensional martingale during time interval [σj−1, σj) and for Y· = Xσj−1+·

τY(
RX

σj−1

)c ≥ σj − σj−1 ≥ n2ew−ε.

To control the probability of Gc2, we will apply Lemma B.4. For this sake

we point out that 2ew ≥ et and introduce δ̃ in (0, 1) such that

et = 2ew(1− δ̃) .

This allows us to write

δ̃

2
=

1

2
− et

4ew
=

1

2
− 1

2

(
1− b

2

)
− ε

2ew
=
b

4
− ε

2ew
.

Setting δ = ε
2ew

, for every b ∈ (0, 1), we can choose ε sufficiently small such
that

δ̃

2
> δ > 0 .

Then, we are ready to apply Lemma B.4 with the following choice of parame-

ters: δ = ε
2ew

(as above), m = n2ew , ϕ = δ̃−2δ, and choosing U =
Ä
RX
σj−1

äc
.

Note that by the definition of σj−1, we have that |RX
σj−1

∩B(Xσj−1 , n
ew)| ≤

net , which for our choice of parameters implies

|B(Xσj−1 , n
ew) \

Ä
RX
σj−1

äc
| = |B(Xσj−1 , (n

2ew)1/2) \
Ä
RX
σj−1

äc
| ≤ net

=
(
n2ew

) et
2ew =

(
n2ew

)1−δ̃
=
(
n2ew

)1−ϕ−2δ
,

and thus we can use Lemma B.4 to conclude that

P[τY(
RX

σj−1

)c ≥ σj − σj−1 ≥ n2ew−ε] ≤ e−γ
′
4n

ϵ
,

for every j = 1, ..., 12n
1−2ew+ε. Thus

P[G2] ≥ 1− 1

2
n1−2ew+εe−γ

′
4n

ε
. (131)
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Next, assuming that n is large enough so that 8n1−ε < n/2, we will show
that (G1 ∩ G2) ⊂ G. Suppose that both G1 and G2 occur, but |RX

n | <
n

1
2
+ew(1−b)−4ε}. Let us denote by L̂j the total number of visits to Hn

j up to
time n, i.e.,

L̂j =

2(j+1)new−1∑
k=2(j−1)new

Ln(k) ,

On {|RX
n | < n

1
2
+ew(1−b)−4ε} we have

n
1
2
+ew(1−b)−4ε > |RX

n | ≥ net |{j : Hn
j is a trap}| ,

thus the number of traps is at most

2n
1
2
+ew(1−b)−4ε−et = 2n

1
2
−ew−2ε .

On G1, we have,∑
j∈Z

L̂j1{Hn
j is a trap} ≤ 4new × 2n

1
2
−ew−2ε × n

1
2
+ε = 8n1−ε .

Now observe that, since for j ≤ n we have RX
j ⊂ RX

n , if |RX
j ∩B(Xj , n

ew)| >
net then Xj must be in a trap. Since n is such that 8n1−ε < n/2, we obtain
that, on the event {∑

j∈Z
L̂j1{Hj is a trap} ≤ 8n1−ε

}
,

the total time (up to time n) spent in non-traps is at least n − 8n1−ε >
n/2. From the definition (130), the latter implies that σn1−2ew+ε

2

< n.

Indeed, up to time σn1−2ew+ε

2

we can have at most n/2 instances j such

that |RX
j ∩ B(Xj , n

ew)| ≤ net . Therefore, on the event G2 we have that

|RX
n | ≥ 1

2n
1−2ew+ε. Recall that we assumed that G1 and G2 occur, but

|RX
n | < n

1
2
+ew(1−b)−4ε}. Since for ew <

1
6 (and n sufficiently large) it holds

that 1
2n

1−2ew+ε > n
1
2
+ew(1−b)−4ε, for every b ∈ (0, 1) and ε > 0, we obtain a

contradiction. Then, indeed, (G1 ∩ G2) ⊂ G, and (128) follows from (129)
and (131),

P[G] ≥ P[G1 ∩G2] ≥ 1− (P[G1] + P[G2])

≥ 1−
Å
(2Kn+ 1) e−γ

′
1n

ε
2 +

n1−2ew+ε

2
e−γ

′
4n

ε
ã
.

To conclude the proof of Proposition 2.3, just note that for every α < 1/6,
we can find ew < 1/6 and b ∈ (0, 1) and ε (sufficiently small), such that
α < ew(1− b)− 4ε.

□
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B.3. Proof of the Lemmas. In this section we provide the proof of the
Lemmas used to prove Proposition 2.3.

The proof of Lemma B.1 follows closely that of Lemma 5.1 from [15].

Proof of Lemma B.1. Without loss of generality we can consider m = −1.
As we will see in this proof, it will be only require the uniform elliptic condi-
tion, then we can choose any m and the proof will use the same techniques.
We denote t̂0 = 0 and

t̂k+1 = min{j > t̂k : Xj · ℓ ∈ [−1, 0)} .
With this notation we have Ln(−1) = max{k : t̂k ≤ n}.

By Condition III there exist a positive constant C1 and a natural number
i0 ≥ 1 such that for any stopping time T we have

P[(XT+i0 −XT ) · ℓ ≥ 2|FT ] ≥ C1 . (132)

As we saw in the proof of Proposition 2.4 the process {Xn · ℓ}n≥0 is a Fn-
submartingale. By the optional stopping theorem for any positive integer j
and x ∈ Zd such that x · ℓ ≥ 1, we have

E[(XTn∧T0) · ℓ|Ft̂j+i0 , Xt̂j+i0
= x] ≥ x · ℓ ≥ 1 , (133)

where Tn = τX
H(n1/2+δ,+∞)

◦ θt̂j+i0 and T0 = τXH(−∞,0) ◦ θt̂j+i0 and θ is the

canonical time shift on the space of trajectories. Now we obtain,

E[(XTn∧T0) · ℓ|Ft̂j+i0 , Xt̂j+i0
= x] =

= E[(XTn · ℓ)1{Tn<T0} + (XT0 · ℓ)1{T0<Tn}|Ft̂j+i0 , Xt̂j+i0
= x]

≤ (n
1
2
+δ +K)P[Tn < T0|Ft̂j+i0 , Xt̂j+i0

= x] .

(134)

With (133) and (134) we have,

P[Tn < T0|Ft̂j+i0 , Xt̂j+i0
= x] ≥ 1

n
1
2
+δ +K

. (135)

We set the events E = {(Xt̂j+i0
− Xt̂j

) · ℓ ≥ 2} and Fy = {Xt̂j+i0
= y}

where y ∈ Zd. Then we obtain

P[Xt̂j+l
· ℓ > 0 ∀ i0 ≤ l ≤ τX

H(n1/2+δ,+∞)
◦ θt̂j |Ft̂j ]

≥ P[(Xt̂j+i0
−Xt̂j

) · ℓ ≥ 2, Xt̂j+l
· ℓ > 0 ∀ i0 ≤ l ≤ i0 + Tn|Ft̂j ]

≥
∑
y∈Zd

P[E ∩ Fy|Ft̂j ]P[Xt̂j+l
· ℓ > 0 ∀ i0 < l ≤ i0 + Tn|{E ∩ Fy},Ft̂j ] ,

(136)

where the last inequality above holds since P[E∩Fy|Ft̂j ] > 0 only if y ·ℓ ≥ 1.

Thus (133) holds, and using (135) in (136) we obtain

P[Xt̂j+l
· ℓ > 0 ∀ i0 ≤ l ≤ τX

H(n1/2+δ,+∞)
◦ θt̂j |Ft̂j ]

≥ 1

n
1
2
+δ +K

∑
y∈Zd

P[E ∩ Fy|Ft̂j ] ≥
C1

n
1
2
+δ +K

≥ C2n
− 1

2
−δ ,

(137)
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where in the last inequality we use (132).
Set

B = {Xt̂j+l
· ℓ > 0, ∀ i0 ≤ l ≤ τX

H(n1/2+δ,+∞)
◦ θt̂j} .

We will find a lower bound on the probability of the event that the process
spends more than n steps outside the strip [−1, 0) in direction ℓ.

P[t̂j+1 − t̂j > n|Ft̂j ] ≥ P[{t̂j+1 − t̂j > n} ∩B|Ft̂j ]

≥ P[B|Ft̂j ]P[t̂j+1 − t̂j > n|B,Ft̂j ]

≥ P[B|Ft̂j ] (1− P[t̂j+1 − t̂j ≤ n|B,Ft̂j ])

≥ P[B|Ft̂j ] (1− P[(−Xn +Xk) · ℓ ≥ n1/2+δ])

≥ C2n
− 1

2
−δ(1− e−

n2δ

2K2 ) ≥ C3n
− 1

2
−δ .

(138)

In the forth inequality in (138), since we have the event B, we know that the

process at time k < n will be in H(n1/2+δ,+∞). Then in the last inequality
in (138) we use (137) and Azuma’s inequality for super-martingales.

Finally we have,

P[Ln(−1) ≥ n
1
2
+2δ] = P[max{k : t̂k ≤ n} ≥ n

1
2
+2δ]

≤ P[∄ j ≤ n
1
2
+2δ − 1 such that t̂j+1 − t̂j > n]

≤ P
[ n 1

2+2δ−1⋂
j=0

{
t̂j+1 − t̂j ≤ n

} ]
,

which is bounded above by

P
[
t̂1 ≤ n

]n 1
2+2δ−1∏
j=1

P
[
t̂j+1 − t̂j ≤ n

∣∣ {t̂1 − t̂0 ≤ n
}
, . . . ,

{
t̂j − t̂j−1 ≤ n

} ]
≤
(
1− C3

n
1
2
+δ

)n 1
2+2δ

≤
((

1− C3

n
1
2
+δ

)n 1
2+δ)nδ

≤ e−C3nδ
,

finishing the proof. □

Now we prove Lemma B.2. This Lemma is similar to Lemma 5.2 in [15]
but it is more general in that our statement holds true for every b ≥ 0
(rather than claiming the existence of a b ∈ (0, 1) as in [15]) For the proof of
Lemma B.2 we use Taylor expansion of first order, some standards inequal-
ities and the fact that Y is a d-dimensional martingale with K-bounded
increments.

Proof of Lemma B.2. Note that for b ≥ 1 and b = 0 the proof is straight-
forward. For b ∈ (0, 1), let us begin observing that for all y ∈ Rd such that
∥y∥ > K/(

√
2− 1) it holds that∣∣∣∣2y · z + ∥z∥2

∥y∥2

∣∣∣∣ < 1 ,∀z ∈ Rd with ∥z∥ ≤ K .
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Let b ∈ (0, 2). For any real number u ̸= 0 such that |u| < 1, there exists
θ ∈ (0, 1) such that if ξ = (1− θ)u, it holds that

(1 + u)b/2 = 1 +
b

2
(1 + ξ)b/2−1u ≥ 1 +

b

2
e−(1−θ)(1−b/2)uu .

Due to the fact that (1 − b/2) > 0, 1 − θ > 0 and the assumption that
|u| < 1, we obtain that

(1 + u)b/2 ≥ 1 +
b

2
e−(1−θ)(1−b/2)uu ≥ 1 +

b

2
e−(1−θ)(1−b/2)u .

If we denote Py,y+z = P(Yn+1 − Yn = z|Fn, Yn = y), we can write

E
Ä
∥Yn+1∥b − ∥Yn∥b|Fn, Yn = y

ä
=
∑
z

Py,y+z
Ä
∥y + z∥b − ∥y∥b

ä
= ∥y∥b

∑
z

Py,y+z

Ç
∥y + z∥b

∥y∥b
− 1

å
= ∥y∥b

∑
z

Py,y+z

(Å∥y + z∥2

∥y∥2

ãb/2
− 1

)

= ∥y∥b
∑
z

Py,y+z

(Å
1 +

2y · z + ∥z∥2

∥y∥2

ãb/2
− 1

)
.

Note that, since Y has uniformly K-bounded increments, the summation
only runs over z such that ∥z∥ ≤ K. Therefore, for all y such that ∥y∥ >
K/(

√
2− 1), we have that

∣∣∣2y·z+∥z∥2
∥y∥2

∣∣∣ < 1, for all z in the summation. Thus,

we obtain that

E
Ä
∥Yn+1∥b − ∥Yn∥b|Fn, Yn = y

ä
≥ ∥y∥b

∑
z

Py,y+z

Å
1 +

b

2
e−(1−θ)(1−b/2) 2y · z + ∥z∥2

∥y∥2
− 1

ã
= ∥y∥b

∑
z

Py,y+z

Å
b

2
e−(1−θ)(1−b/2) 2y · z + ∥z∥2

∥y∥2

ã
= ∥y∥b

∑
z

Py,y+z

Å
b

2
e−(1−θ)(1−b/2) ∥z∥2

∥y∥2

ã
≥ 0 .

where, in the last equality, we used that
∑

z zPy,y+z = 0, which holds since
Y is a d-dimensional martingale. □

The proof of Lemma B.3 closely follows that of Lemma 5.3 from [15].
Here we will use similar techniques that we apply in the proof of Lemma B.1
and B.2.

Proof of Lemma B.3. Since the process Y is a d-dimensional martingale
without loss of generality we may assume x0 = 0. Moreover, we may also
assume y0 = x0 = 0.

Lemma B.3 is trivial for ϕ ≥ 1. Moreover, we can assume ϕ < 1/2.
Set γ′2 = K/(

√
2 − 1) and define τ̃ := τYZd/B(0,γ′2+1)

the first time the

process Y exits the ball of radius γ′2 + 1 centered in the origin. Define
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Ṽ := {Ym ̸= 0, for all 1 ≤ m ≤ τ̃}. By Condition III, there exists C1 > 0
depending on r and h such that,

P[Ṽ ] > C1 . (139)

Let C2 be a large constant to be chosen later. We have that ∥Yn∥2ϕ is a
supermartingale, so by optional stopping theorem,

E
ñ
∥YτY

Zd/B(0,C2n
1
2 )

◦θτ̃∧τYB(0,γ′2)
◦θτ̃ ∥

2ϕ|Fτ̃ , Ṽ
ô
≤ ∥Yτ̃∥2ϕ

≤ ∥Yτ̃∥2ϕ1{∥Yτ̃∥>γ′2} + ∥Yτ̃∥2ϕ1{∥Yτ̃∥≤γ′2}︸ ︷︷ ︸
=0

.

The above inequality together with Lemma B.2 imply that

E
ñ
∥YτY

Zd/B(0,C2n
1
2 )

◦θτ̃∧τYB(0,γ′2)
◦θτ̃ ∥

2ϕ|Fτ̃ , Ṽ
ô
= ∥Yτ̃∥2ϕ1{∥Yτ̃∥>γ′2} .

Denote T1 = τY
Zd/B(0,C2n

1
2 )

◦ θτ̃ and T2 = τYB(0,γ′2)
◦ θτ̃ , then we obtain

E
î
∥YT1∥2ϕ1{T1<T2}|Fτ̃ , Ṽ

ó
+ E
î
∥YT2∥2ϕ1{T2<T1}|Fτ̃ , Ṽ

ó
︸ ︷︷ ︸

≤(γ′2)
2ϕ

= ∥Yτ̃∥2ϕ1{∥Yτ̃∥>γ′2}

=⇒ E
î
∥YT1∥2ϕ1{T1<T2}|Fτ̃ , Ṽ

ó
+ (γ′2)

2ϕ ≥ (γ′2 + 1)2ϕ .

(140)

Ergo by (140) we haveÄ
C2n

1
2 +K

ä2ϕ
P
ï
τY
Zd/B(0,C2n

1
2 )

◦ θτ̃ < τYB(0,γ′2)
◦ θτ̃ |Fτ̃ , Ṽ

ò
+
(
γ′2
)2ϕ ≥

(
γ′2 + 1

)2ϕ
,

This implies

P
ï
τY
Zd/B(0,C2n

1
2 )

◦ θτ̃ < τYB(0,γ′2)
◦ θτ̃ |Fτ̃ , Ṽ

ò
≥ (γ′2 + 1)2ϕ − (γ′2)

2ϕÄ
C2n

1
2 +K

ä2ϕ . (141)

Now, for any stopping time T and y ∈ Zd/B(0, C2n
1
2 ), we have,

P
î
τY0 ◦ θT > n|FT , YT = y

ó
≥ P
î
|Yn − Y0| · ℓ′ < C2n

1
2

ó
≥ 1− 2 exp

Ñ
−

Ä
C2n

1
2

ä2
2nK

é
≥ 1− 2 exp

Å
−C2

2

2K

ã
≥ 1

2
,

(142)

where ℓ′ ∈ Sd−1 in some fixed direction. The first inequality in (142) follows
from noticing that if the martingale Y is initially in position y and it can
not reach 0 in n steps, then there exists a direction ℓ′ ∈ Sd−1 along which
we must have a distance at most C2n

1/2 units between the initial position
Y0 and Yn. In the second inequality we used Azuma’s inequality (see, for
example, Theorem 2.19 in [6]). Finally, the last inequality in (142) follows
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from choosing C2 ≥ K1/2
√
2 (− ln (1/4))1/2; for example we can choose C2 =

2K.
Setting C2 = 2K, we can rewrite (141) as follows:

P
ï
τY
Zd/B(0,C2n

1
2 )

◦ θτ̃ < τYB(0,γ′2)
◦ θτ̃ |Fτ̃ , Ṽ

ò
≥ (γ′2 + 1)2ϕ − (γ′2)

2ϕÄ
2Kn

1
2 +K

ä2ϕ
≥

Ä
K +

√
2− 1

ä2ϕ
−K2ϕ

K2ϕ
Ä√

2− 1
ä2ϕ 1

(2n
1
2 + 1)2ϕ

≥
CK,b
nϕ

,

(143)

where CK,ϕ = (
Ä
K +

√
2− 1

ä2ϕ
−K2ϕ)/(4K2ϕ

Ä√
2− 1

ä2ϕ
).

Recall that T1 = τY
Zd/B(0,C2n

1
2 )
◦θτ̃ , T2 = τYB(0,γ2)

◦θτ̃ , with τ̃ = τYZd/B(0,γ′2+1)
,

and Ṽ := {Ym ̸= 0, for all 1 ≤ m ≤ τ̃}. By (139), (143) and (142), we have,

P [Ym ̸= 0, for all m = 1, ..., n] ≥ P
î
Ṽ ∩ {T1 < T2} ∩

¶
τY0 ◦ θT1> n

©ó
≥
CK,ϕC1

2nϕ
.

Let Ln(0) =
∑n

j=1 1{Yj=0}, t̂0 = 0 and t̂k+1 = min
{
j > t̂k : Yj = 0

}
, thus

we have Ln(0) = max{k : t̂k ≤ n}. We will apply the same technique used
at the end of the proof of the Lemma B.1.

P
[
t̂k+1 − t̂k > n

∣∣Ft̂k] = P
[
Ym ̸= 0, for all m = 1, ..., n

]
≥
CK,ϕC1

2nϕ
.

Thus,

P
[
there exist a k ≤ nϕ+δ − 1 such that t̂k+1 − t̂k > n

]
=

= 1− P
[ nϕ+δ−1⋂

k=0

{
t̂k+1 − t̂k ≤ n

} ]

= 1−
nϕ+δ−1∏
k=0

P
[
t̂k+1 − t̂k ≤ n

∣∣ {t̂1 − t̂0 ≤ n
}
, . . . ,

{
t̂k − t̂k−1 ≤ n

} ]
≥ 1−

nϕ+δ−1∏
k=0

(
1−

CK,ϕC1

2nϕ

)
≥ 1−

((
1−

CK,ϕC1

2

nϕ

)nϕ)nδ

≥ 1− e−C3nδ
,

(144)

where C3 = CK,ϕC1/2. Finally, we obtain

P
î
Ln(0) > nϕ+δ

ó
= P
î
max

{
k : t̂k ≤ n

}
> nϕ+δ

ó
≤ 1− P

î
there exist a k ≤ nϕ+δ − 1 such that t̂k+1 − t̂k > n

ó
≤ 1−

Ä
1− e−C3nδ

ä
≤ e−C3nδ

.

□
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The proof of Lemma B.4 follows closely that of Lemma 5.4 from [15].

Proof of Lemma B.4. First begin providing a lower bound to the probability
of the following event

F = {Yj ∈ B(x,m
1
2 ) for all j ≤ m1−δ} .

On the event F c, there must exist a direction ℓ′ ∈ Sd−1 and a time j ≤ m1−δ

such that |Yj − Y0| · ℓ′ ≥ m
1
2 . Thus,

P[F c] ≤ P

m1−δ⋃
j=1

{|Yj − Y0| · ℓ′ ≥ m
1
2 }

 ≤
m1−δ∑
j=1

P
î
|Yj − Y0| · ℓ′ ≥ m

1
2

ó
.

Using Azuma’s inequality for martingales with bounded increments (see, for
example, Theorem 2.19 in [6]), we obtain that

P[F ] ≥ 1−
m1−δ∑
j=1

2 exp

Å
− m

2jK2

ã
≥ 1− 2m1−δ exp

(
− m

2m1−δK2

)
≥ 1− 2m1−δ exp

Ç
− mδ

2K2

å
.

(145)

Next, we use Lemma B.3 to estimate a lower bound to the probability of
all y ∈ B(x,m1/2) be visited less than mϕ+δ times up until time m1−δ. Let

us denote the event B = {for all y ∈ B(x,m1/2), we have
∑m1−δ

j=1 1{Yj=y} <

mϕ+δ}. Thus we have,

P[B] = P

 ⋂
y∈B(x,m1/2)


m1−δ∑
j=1

1{Yj=y} < mθ+δ




≥ 1−
∑

y∈B(x,m1/2)

P

m1−δ∑
j=1

1{Yj=y} ≥ mθ+δ

 ≥ 1− C1P

m1−δ∑
j=1

1{Yj=y} ≥ mθ+δ


≥ 1− C1P

 m∑
j=1

1{Yj=y} ≥ mθ+δ

 ≥ 1− C1e
−γ′3mδ

,

(146)

where C1 = |B(x,m1/2)|. In the third inequality above, we used the fact

that
¶∑m1−δ

j=1 1{Yj=y} ≥ mϕ+δ
©

⊂
¶∑m

j=1 1{Yj=y} ≥ mϕ+δ
©
, while the last

inequality follows from Lemma B.3.
Now, on the event F ∩B, we necessarily have that∣∣∣RY

m1−δ

∣∣∣ > m1−δ

mϕ+δ
= m1−ϕ−2δ .
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Therefore, by (145) and (146) we have

P
[∣∣∣RY

m1−δ

∣∣∣ > m1−ϕ−2δ
]
≥ P [F ∩B] ≥ 1− (P [F c] + P [Bc]) (147)

≥ 1−
Ç
2m1−δ exp

Ç
− mδ

2K2

å
+ C1e

−γ′3mδ

å
.

Now, since by hypotheses the set U is such that |B(x,m1/2)/U | ≤ m1−ϕ−2δ,
on the event

G =
{∣∣∣B(x,m

1
2 ) ∩RY

m1−δ

∣∣∣ > m1−ϕ−2δ
}
,

we have {Y1, ..., Ym1−δ}∩U ̸= ∅, that is {τYU ≤ m1−δ}. With this observation
we can finish the proof using (147),

P
î
τYU ≤ m1−δ

ó
≥ P[G] ≥ P [F ∩B]

≥ 1−
Ç
2m1−δ exp

Ç
− mδ

2K2

å
+ C1e

−γ′3mδ

å
.

□

Appendix C. Auxiliary Results

In this section we will present and prove some general results that we
needed in this text.

Lemma C.1. Suppose that the sequences Xn
· and Y n

· are tight processes in
C[0, T ] for a T > 0. Then we have that the sequence (Xn

· + Y n
· ) is a tight

process in C[0, T ].

Proof. Let us denote the probability measure Pn on C[0, T ] as the distribu-
tion of (Xn

· + Y n
· ). First we will prove that for each positive η, there exist

an a and an n0 such that

Pn[f ∈ C[0, T ] : |f(0)| ≥ a] ≤ η for all n ≥ n0 . (148)

We denote the set G0(a) := {f ∈ C[0, T ] : |f(0)| ≥ a}.
Since Xn

· and Y n
· are tight processes in C[0, T ], by Theorem 7.3 in [5]

there exist ax, ay, n
x
0 and ny0 such that

P[|Xn
0 | ≥ ax] ≤

η

2
for all n ≥ nx0 and

P[|Y n
0 | ≥ ay] ≤

η

2
for all n ≥ ny0 .

(149)

Now let us choose a ≥ ax + ay. By triangle inequality and union bound
we have

Pn[G0(a)] = P[|Xn
0 + Y n

0 | ≥ a] ≤ P[|Xn
0 |+ |Y n

0 | ≥ a]

≤ P[{|Xn
0 | ≥ ax} ∪ {|Y n

0 | ≥ ay}] ≤ P[|Xn
0 | ≥ ax] + P[|Y n

0 | ≥ ay] .
(150)

Thus for a n0 = max{nx0 , n
y
0}, by (149), (150), we obtain (148).
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We set ωf (δ) as the modulus of continuity of an arbitrary function f(·)
on [0, T ]. Now we shall prove that for each positive ε and η, there exist a
δ ∈ (0, 1) and an m0 such that

Pn[f ∈ C[0, T ] : ωf (δ) ≥ ε] ≤ η for all n ≥ m0 . (151)

We denote the set Ht(ε, δ) := {f ∈ C[0, T ] : ωf (δ) ≥ ε}.
Since Xn

· and Y n
· are tight processes in C[0, T ], by Theorem 7.3 in [5]

there exist δx ∈ (0, 1), δy ∈ (0, 1), mx
0 and my

0 such that

P
ñ

sup
|s−t|≥δx

|Xn
s −Xn

t | ≥
ε

2

ô
≤ η

2
for all n ≥ mx

0 and

P
ñ

sup
|s−t|≥δy

|Y n
s − Y n

t | ≥
ε

2

ô
≤ η

2
for all n ≥ my

0 .

(152)

Then we obtain by triangle inequality and union bound the following

Pn[Ht(ε, δ)] = P
ñ

sup
|s−t|≥δ

|Xn
s + Y n

s −Xn
t − Y n

t | ≥ ε

ô
≤ P
ñ

sup
|s−t|≤δ

|Xn
s −Xn

t |+ sup
|s−t|≤δ

|Y n
s − Y n

t | ≥ ε

ô
≤ P
ñ®

sup
|s−t|≤δ

|Xn
s −Xn

t | ≤
ε

2

´⋃®
sup

|s−t|≤δ
|Y n
s − Y n

t | ≤
ε

2

´ô
≤ P
ñ

sup
|s−t|≤δ

|Xn
s −Xn

t | ≤
ε

2

ô
+ P
ñ

sup
|s−t|≤δ

|Y n
s − Y n

t | ≤
ε

2

ô
.

(153)

We choose now a δ = min{δx, δy} and m0 = max{mx
0 ,m

y
0}, thus by (152)

and (153) we obtain (151). Hence by Theorem 7.3 in [5] we finish the proof.
□

Lemma C.2. Suppose that we have a process Y⌊n·⌋ that converges in prob-
ability to zero in the space CRd [0, T ] with the uniform metric for all T > 0.
Then Y⌊n·⌋ converges in probability to zero in the space CRd [0,∞) equipped
with the following metric

ρ(f, g) :=

∞∑
k=1

1

2k
sup

0≤t≤k
(||f(t)− g(t)|| ∧ 1) .

Proof. Since Y⌊n·⌋ converges in probability to zero in CRd [0, T ], we have

P
ñ

sup
0≤t≤T

||Y⌊nt⌋|| > δ

ô
→ 0 as n→ ∞ , (154)

for any δ > 0.
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Now let ε > 0 and we choose a positive integer N such that
∑

l≥N 2−l <

ε/2. Thus we have the following

P

[ ∞∑
k=1

2−k sup
0≤t≤k

(||Y⌊nt⌋|| ∧ 1) > ε

]
=

= P

[
N∑
k=1

2−k sup
0≤t≤k

(||Y⌊nt⌋|| ∧ 1) +
∞∑

k=N+1

2−k sup
0≤t≤k

(||Y⌊nt⌋|| ∧ 1) > ε

]

≤ P

[
N∑
k=1

sup
0≤t≤k

||Y⌊nt⌋||+
∞∑

k=N+1

2−k > ε

]
.

(155)

Since we choose N large enough by (155) we obtain that

P

[ ∞∑
k=1

sup
0≤t≤k

(||Y⌊nt⌋|| ∧ 1) > ε

]

≤ P

[{
N∑
k=1

sup
0≤t≤k

||Y⌊nt⌋|| >
ε

2

}⋃{ ∞∑
k=N+1

2−k >
ε

2

}]

≤ P

[
N∑
k=1

sup
0≤t≤k

||Y⌊nt⌋|| >
ε

2

]
+ P

[ ∞∑
k=N+1

2−k >
ε

2

]

≤ P

[
N⋃
k=1

sup
0≤t≤k

||Y⌊nt⌋|| >
ε

2N

]
≤

N∑
k=1

P
ñ
sup

0≤t≤k
||Y⌊nt⌋|| >

ε

2N

ô
.

(156)

We have the third and last inequalities in (156) by union bound.
Now one can see that all sum portions in the last inequality in (156) go

to zero as n tends to infinity by (154), ergo we have

P

[ ∞∑
k=1

2−k sup
0≤t≤k

(||Y⌊nt⌋|| ∧ 1) > ε

]
→ 0 as n→ ∞ ,

for any ε > 0. Hence we obtain the desired result. □

Lemma C.3. Let {ϕn}n≥1 be a sequence of i.i.d. random vectors in Zd, with
d ≥ 2 and {τk}k≥1 a sequence of F-stopping times, where F = {Fn}n≥1 is a
natural filtration, that is Fn = σ(ϕ1, . . . , ϕn). If the sequences {ϕn}n≥1 and
{τk}k≥1 are independents then we have that the sequence {ϕτj}j≥1 is i.i.d.
and moreover ϕτk has the same distribution of ϕ1.

Proof. Our first step here will be to prove that for any k ≥ 1, ϕτk has the
same distribution of ϕ1.
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Let A be a set in Zd and we fix a j ≥ 1. Then we have

P[ϕτj ∈ A|Fτj−1 ] =
∞∑
n=1

P[{ϕτj ∈ A} ∩ {τj = n}|Fτj−1 ]

=

∞∑
n=1

P[ϕτj ∈ A|{τj = n},Fτj−1 ]P[τj = n|Fτj−1 ]

=
∞∑
n=1

P[ϕn ∈ A]P[τj = n|Fτj−1 ] = P[ϕ1 ∈ A]
∞∑
n=1

P[τj = n|Fτj−1 ]︸ ︷︷ ︸
=1

.

(157)

The third inequality in (157) we obtain by the Strong Markov Property and
the fact that ϕj and τi are independent for all i and j.

Thus we obtain that the sequence {ϕτj}j≥1 is identically distributed, so

remains to prove independence. Thereunto, let B and D be sets in Zd, then
we have

P[{ϕτ1 ∈ B} ∩ {ϕτ2 ∈ D}] =

=
∞∑
n=1

∞∑
m=1

P[{{ϕτ1 ∈ B} ∩ {τ1 = n}} ∩ {{ϕτ2 ∈ D} ∩ {τ2 = m}}]

=

∞∑
n=1

∞∑
m=1

P[ϕτ2 ∈ D|τ1 = n, τ2 = m,ϕτ1 ∈ B]P[τ1 = n, τ2 = m,ϕτ1 ∈ B]

=
∞∑
n=1

∞∑
m=1

P[ϕm ∈ D]P[τ1 = n, τ2 = m,ϕτ1 ∈ B] .

(158)

The last inequality in (158) we obtain by the Strong Markov Property and
the fact that ϕj and τi are independent for all i and j.

Since the sequence {ϕn}n≥1 is i.i.d., using the Strong Markov Property
and the fact that ϕj and τi are independent for all i and j, we can continue
the computation in (158) as the following

P[{ϕτ1 ∈ B} ∩ {ϕτ2 ∈ D}] = P[ϕ1 ∈ D]

∞∑
n=1

∞∑
m=1

P[τ2 = m, τ1 = n, ϕτ1 ∈ B]

= P[ϕ1 ∈ D]
∞∑
n=1

P[τ1 = n, ϕτ1 ∈ B]

= P[ϕ1 ∈ D]

∞∑
n=1

P[ϕn ∈ B]P[τ1 = n]

= P[ϕ1 ∈ D]P[ϕ1 ∈ B] = P[ϕτ1 ∈ D]P[ϕτ2 ∈ B] .

Hence we finish the proof. □
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