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Resumo

Marés lunares: generalizando a gravidade classica para
uma esfera oscilante.

Um ponto de vista de decomposicao de Hodge

Victor Pessanha Mendes de Oliveira

Orientadora: Stefanella Boatto

Coorientador: Luca Comisso

Resumo da Dissertacao de Mestrado apresentada ao Programa de Pos-
Graduacao em Matematica do Instituto de Matemaética da Universidade Fed-
eral do Rio de Janeiro - UFRJ, como parte dos requisitos necessarios a obtencao
do titulo de Mestre em Ciéncias (Matemaética).

Na Parte I desta tese, focamos em como generalizar a no¢ao de um campo gravita-
cional nao apenas para uma dada métrica fixa, mas também no caso de uma métrica
oscilante, fazendo uso deste dltimo como um “toy model” para marés lunares. Seguimos
uma generalizacao da decomposi¢ao de Hodge em um contexto relativistico que permite
uma deducao da dindmica de massas pontuais, usando em parte resultados recentemente
derivados para vortices pontuais em superficies diferenciaveis fechadas M dotadas de uma
métrica g.

Na Parte II da tese, a conexao entre trancgas e sistemas hamiltonianos é explorada com
base nos trabalhos de Boyland, Aref e Stremler. Uma conexao entre as trangas formadas
por um sistema de particulas pontuais e sua integrabilidade de Liouville é encontrada
pela construcdo de uma nocao de integrabilidade vinda da Teoria das Trancas. E dado

um primeiro teorema que relaciona esta integrabilidade por trangas com a ja conhecida
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de Liouville.

Palavras-chave: Dinamica Gravitacional, Relatividade Geral, Dinamica de Voértices,

Sistemas Integraveis, Teoria de Trancas, Dindmica de particula teste
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Abstract

Moon tides: generalizing classical gravity to an
oscillating sphere.

A Hodge decomposition point of view

Victor Pessanha Mendes de Oliveira

Orientadora: Stefanella Boatto

Coorientador: Luca Comisso

Abstract da Dissertacao de Mestrado apresentada ao Programa de Pos-
Graduacao em Matematica do Instituto de Matematica da Universidade Fed-
eral do Rio de Janeiro - UFRJ, como parte dos requisitos necessarios a obtencgao
do titulo de Mestre em Ciéncias (Matemaética).

In Part I of this thesis, we focus on how to generalize the notion of a gravitational field
not only for a given fixed metric but also in the case of an oscillating one. The problem was
raised as a toy model for Moon tides. We follow a generalization of Hodge decomposition
in a relativistic background which enables a deduction of the dynamics of point masses,
using in part recently derived results for point vortices on closed differentiable surfaces
M endowed with a metric g.

In Part II of the thesis, the connection between braids and Hamiltonian systems is
explored based on the works of Boyland, Aref and Stremler. A connection between the
braids formed by a point particle system and its Liouville integrability is found by the
construction of an integrability notion coming from Braid Theory. A first theorem relating

this braid integrability to the already know Liouville one is given.
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Keywords: Gravitational Dynamics, General Relativity framework, Test particle

dynamics, Vortex Dynamics, Braid Theory, Integrability
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Introduction

The main problem we will be interested in within Part I of this thesis is that of massive
interacting particle motion within the surface of an ellipsoid of revolution.
The reason behind our interest in pursuing this problem comes from the modelling of

atmospheric dynamics. Indeed, the triggering question was

Question 1: How does a slowly oscillating metric (modelling the Moon’s influence
over the Earth’s atmosphere) affects the dynamics of interacting particles (moving
within Earth’s atmosphere)?

Atmospheric dynamics: tides and gravity

It is known by meteorologists and oceanographers that the Moon has a gravitational
effect not only over Earth’s seas but also over its atmosphere [Gill6]. Such an effect,
coupled to the Moon’s motion around the planet, is what gives rise to the Moon tides we
experience. In particular, the study of atmospheric tides dates back to the end of the 18th
century with Laplace’s tidal equations giving a first rough description of their formation
and dynamics [Ped13] (see Figure 1).

As can be noted on Figure 2, an observer sitting on the planet will see throughout
the day two high tides and two low tides due to the revolution of the Earth around itself.
This picture shown illustrates in a sense the intrinsically felt effect of the tides. That is,
for someone on the planet, such a tidal effect can be modelled by a periodic perturbation
of some agreed upon sea or atmosphere level, with the Earth’s rotation being taken into

account by means of such a height variation.



Figure 1: Picture taken from the NASA website [NAS| explaining the lunar oceanic tides.
The gravitational pull from the Moon produces the above ellipsoidal looking shape of the
ocean [Har21]. When coupled to the relative motion of the bodies (Moon and Earth) high
and low tide effects arise, generating rich atmosphere and ocean dynamics.

Focusing on the atmospheric case, a massive particle sitting inside the atmosphere
should perceive a certain increase and decrease in the density of the atmosphere twice
a day. Although there are various factors and consequences for such an atmospheric
tide [LCGY|, we here decide to focus on the gravitational part of it. Specifically the
gravitational effect of lunar (or Moon) tides on the Earth’s atmosphere motivated by

Question 1 above.

To answer such a question in all generality, even if restricting our attention to the
gravitational case only, would be quite complex. Indeed, an all encompassing model
would for instance have to take into account for the different layers of the atmosphere
and say how their different densities will impact the particle’s motion, hence having to

consider atmospheric dragging effects.

Besides this, lagging effects are also present in the atmosphere’s motion. Indeed,
as the Moon revolves around the planet, since the gravitational interaction propagates

at a finite speed, it will take some time for the atmosphere to “perceive” the position



Figure 2: Picture taken from NASA website [NAS| depicting the high tide - low tide effect
provoked by the relative motion of the Earth and the Moon. If one considers a frame in
which the Moon is fixed, a spinning observer on the Earth experiences in a 24 hour period
two high and two low tides.

displacement the Moon underwent (see Figure 3). In a sense, this effect is similar to
the frame dragging effect in General Relativity felt by inertial observers when close to a

spinning mass distribution.

To consider all these factors is quite the task. However, what we propose in Part I of
this work is a simpler version of this situation. We construct a toy model that takes into

account



Figure 3: Picture taken from NASA website [NAS]| illustrating the tidal lag felt by the
atmosphere. Since the gravitational pull of the Moon takes a certain time to be felt by
the atmosphere, when the former changes its position in the sky the latter takes a while
to adjust to such a displacement.

1. the particle-particle interactions and,
2. the intrinsically felt motion of the atmosphere.

To do so we have to talk about the backbones of our model, which are due to James

Maxwell and William Hodge.

Maxwell & Hodge: A brief historical background for theoretical
modelling and particle dynamics

Throughout history and in a variety of disciplines, great advancements were maid in
the direction of attaining a deeper understanding of the world around us by performing
experiments.

Take James C. Maxwell (1831 - 1879), Scottish physicist responsible for the grand

unification of electricity and magnetism, for instance. The very laws of classical electro-



Figure 4: Picture of James Clark Maxwell, the Scottish physicist responsible for the “first
grand unification”, given by the junction of the electric and magnetic field into a single
mathematical entity.

magnetism, which now bear his name, were only possible to be put together by means of
the experiments performed by other scientists such as Michael Faraday. It would be hard
to conceive of someone who would be able to simply argue by first principles that electric
and magnetic fields (E and B, respectively) are two sides of the same coin which behave

according to

1 0F

V-B=0, VXBZMQJ+—28—
v.E-L vxp-_2B
€0 ot

without ever having seen such a behavior more concretely. In a way, we can think of the
above set of equations (called Maxwell’s Field Equations) as a mathematical formulation
coming from an empirical model which describes the behavior of these fields in a certain
regime!.

To be more precise in our terminology, when we talk about an empirical model we
are referring to a model which steams primarily from the observation of certain physical

phenomena. The collection of various data points of the same system makes its average

Lif for example one deal with these field in some medium or fluid, the equations considered change
[Alf42]
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Figure 5: Diagram illustrating the process behind scientific thinking. Based on a set of
observations we may come up with either an empirical or a theoretical model. These in
turn generate a variety of mathematical models which in turn can be used to make pre-
dictions for the system’s behavior (which are to be later check with further observations),
or culminate in the birth of new mathematics.

behavior more evident, thus enabling us to conclude it’s governing laws and possibly
deduce its equations of motion, culminating in a more complete understanding of what
goes on. When this stage is achieved, we say we have a mathematical model for our

system.

In essence, an empirical model needs no prior assumptions regarding the functioning
of the observed system. All that it’s done are observations and assertions regarding the
results found, based on which more robust (mathematical) models can be built. Such
empirical models occur in a variety of disciplines, from fundamental physics to neuro-
science [HH52].

In addition to this line of reasoning we have the so called theoretical models. Their
key difference when compared to the empirical one is in the presence of the so called axioms
or working hypothesis. These working hypothesis are what make up for the theoretical
part of the model and they are later tested by experiments to determine their validity
range and hence overall accuracy of the theory. A model of a system which possess very
few axioms and predicts a lot of “correct” behaviors for such a system (verified after

experimentation) is considered robust, whereas one with many hypothesis and very few



predictions is quite weak. That doesn’t mean however that it should be entirely discarded
since some further thinking could make it more precise and hence more descriptive of the
reality we are able to access. Figure 5 shows a very rough sketch of how these different

models come about and influence each other in science.

One example of a theoretical model comes from the English physicist Paul Dirac. In
1928, Dirac proposed an equation of motion for subatomic particles which contained a
counter-intuitive solution representing a particle of negative energy [Dir28]. The deduc-
tion of such an equation was done solely on first principles and was based on previously
established mathematical relations (which themselves had already been physically veri-
fied). It turned out that such an equation lead to the prediction of anti-particles whose

experimental confirmation came some years after.

This serves to show that empirical and theoretical models go hand in hand and can
actually influence each other in various ways, also culminating in the creation (or need
for) new mathematics.

Moving on to our next important figure, we have the Scottish mathematician William

Hodge.

Figure 6: Picture of the Scottish mathematician William V. D. Hodge, whose mathemat-
ical discoveries culminated in the field of Hodge Theory.



In the early 1930s British mathematician William Hodge, inspired by the works of
George de Rham and Solomon Lefschetz, was starting to come up with what we now
understand as Hodge Theory. Although his motivations lied more on the algebraic side of
things, an important decomposition theorem relating the cohomology classes of manifolds
and the kernel of the Laplace operator arose (see subsection A.2 for the proper definitions

and examples).

Theorem 0.0.1 (Hodge Decomposition Theorem). Let w € AP(M). Then
Ja € AP"Y (M), B € APTHM) and v € HP(M) such that

w=da+63+7 2)

Where dvy = dv = 0, that is, upon considering the operator A = dé + dd, we have
that
Ay =0 (3)

To state it in words, the theorem says that given a differential k—form w, we can always
decompose it as a sum of three terms. One lying in the image of the exterior derivative
d, one lying in the image of the codifferetial § (see Eq.(A.2.21)) and one in the kernel of
the Hodge-Laplacian A := dd + dd. This decomposition generalizes the famous Helmholtz
decomposition for vector fields on R? to arbitrary differential forms on a Riemannian

manifold (M, g) (Definition A.1.6), the latter being given by

Theorem 0.0.2 (Helmholtz-Hodge Decomposition). Let V € X(R?) be a vec-
tor field over the space manifold R3. Then, there exists ¢ € C®(R?), W, H € X(R?)
such that

V = grad(¢) + curl W) + H, (4)

where the field H satisfies

div(H) = curl(H) =0 (5)

As discussed further in Chapter 1, the above can be used to extend the notion of

gravity (or electromagnetism) as a central force. Indeed, when talking about a central

2The proof of this theorem apparently wasn’t given by Hodge himself. In his original work a mistake
had been found and posteriorly corrected by Hermann Weyl and Kunihiko Kodaira.



force vector field V' on R3, we mean a vector field satisfying

curl(V') =0, 6
div(V) = —p,

for some constant v and a function p : R* — R. Under the assumption that V decays to

zero at infinity, we have that

V = —grad(¢), (7)

for some function ¢ : R* — R. By extending the notion of curl (Subsection A.2) we are
able to think of the above result on a general Riemannian manifold (M, g). As we shall

see on Chapter 2, the general result for k—forms can be written as

w=d¢+, (8)

also using some decaying assumptions on w.
As a last comment, notice that we can rewrite Maxwell’s field equations also in terms

of these differential forms. By introducing the Faraday tensor [CRDB21|

0O E, E, E.

|-E. 0 -B. B,
F=1-g, B. 0o -B.| (9)
~E. =B, B, 0

seen as an element of A?(M), we have that Eq.(1) are written as

dF =0
(10)
OF = poj

where 7 is the one form associated to the current density J.

Outline of Part I of the thesis

The objective of this first part is to construct and analyze a theoretical toy model that
gives a first answer to Question 1. As the name suggests, the model does not encompass

all the intricacies of atmospheric dynamics, and was envisioned with the aim of giving us
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some insight into how these oscillatory effects of the atmosphere can impact the motion
of satellites.

Notice that a distinction is to be made between the objects to be modelled and the
objects considered. The former are the satellite and atmosphere, while the latter are
point particles and an oscillating surface. These simplifications are done with the intent
of making the calculations more amenable and will be further improved in the future with
the aim of making the model more realistic.

In Chapter 1 we lay out the axioms for our theoretical model, explaining more behind
our reasoning and also illustrating the importance of the choice of ones axioms when con-
structing a theoretical model by drawing a parallel with Euclid’s postulates and Newton’s
Laws of Motion for classical mechanics.

In Chapter 2 we lay out one instance in which Hodge Theory can be used to extend
Classical mechanical results from R® to any other Riemannian manifold. We also review
the concept of first integral of motion and how they come about in a Hamiltonian system
by considering certain symmetries of the system (illustrating this fact with two examples).
Finally we defined the concept of a test particle and explain the gravitational regime we
are considering a bit more formally.

In Chapter 3 compute the stress-energy tensor of the manifold considered, giving a
possible physical interpretation of such a result. We also define the geometric means by
which we model the lunar tides. In particular, we consider a perturbative parameter
and a time dependent function a(t;e) that modifies the parametrization of a sphere of
radius R to make it into an oblate ellipsoid, which serves as a first approximation for the
atmosphere’s behavior.

In Chapter 4 we perform the first calculations involving the lunar perturbation on the
dynamics of a single particle living on the Earth’s atmosphere drawing attention to the
fact that two invariant submanifolds Veq and Vi, plus a set of fixed points can be found.

We perform a numerical study of the point-wise stability of such fixed points, restricting
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our analysis to the py subspace and finding numerical evidence indicating that in this
subspace such fixed points are either of saddle or center type. More robust numerical and
analytical calculations are left as part of a future work.

We also briefly analyze the efficacy of our integration method, namely numba’s LSODA,
and see that for large values of € the overall behavior of the solutions presents large errors,
enabling us to find a parameter region in which the method could be more trust worthy.

On Chapter 5, we formulate the dynamical equations for the Kepler problem. We
perform some simulations to see how the trajectory varies according to the parameter
values, showing that we can fine tune the mass values in such a way as to generate a
circular orbit. We also verify that it correctly extends the Riemannian notion we had for
point particle dynamics on closed surfaces [BDS16].

Finally, on Chapter 6, we briefly outline the computational steps needed to numerically
solve the system of equation for the full 2—problem, where both masses are allowed to
move under the gravitational interaction considered. Such a numerical integration is left

for a future work.

Introduction for Part II of the thesis

On part II of this thesis, we will be interested in answering the following

Question 2: Is there a way to think of the integrability of a point vortex/particle
system in terms of braid theory?

In principle an answer to this question could be given in terms of the Yang-Baxter
equation. For a certain class of systems we need the validity of such equations to conclude
the system’s integrability [Lam15]. They can be thought of as a consistency condition
that also appears in Braid Theory [d'A20a].

The approach we want to take here however is a bit more topological, rather than
algebraic/geometric. In [BSA03], the authors made use of the Artin representation of

the braid generated by the dynamics of point vortices on the cylinder to (topologically)
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classify the dynamics of advected particles. The real intent behind Question 2 is thus
to see if we could make use of this classification to say something about the behavior of
the system in regards to its integrability.

Before outlining our end result, we first introduce the reader to a bit of the back
end history concerning integrable systems, following up with that of braid theory and

topological /vortex dynamics.

Solving and calculating: A brief background of Integrable Systems

Perhaps the first scientist to mathematically describe an (at the time unknown to be)
integrable system was Isaac Newton. Thanks to some correspondences exchanged with
his contemporary experimental physicist Robert Hooke, Newton (Figure 7) was motivated
to go after the description of the motion of the objects we see in the sky. In particular,
he wanted to understand what happened to a body that was subject to an inverse square

law [Arn90].

Figure 7: On the left there is the picture of English polymath Isaac Newton. On the right
a picture of his contemporary, the English experimental physicist Robert Hooke. The
pictures gotten from their respective Wikipedia pages.

Independently from Leibniz, Newton created the mathematical tools necessary for such
a description, which culminated in the invention of Calculus and hence of Mathematical

Analysis. In the process, he not only laid out the postulates for classical mechanics
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(Newton’s 3 laws of motion), but also managed to solve the 2—body problem, showing
that the mathematical results of his solutions matched the observations done by Johannes
Kepler decades prior.

To be more precise, the 2—body problem in classical mechanics consists of finding and
solving the equations of motion governing the movement of two massive (point) particles
orbiting around each other subject to the force of gravity. When working over R3, We can
show that such a problem can be reduced to that of single body problem moving under
a suitable potential and from there get to the sought after solution. In doing so, we see
that the allowable motions are conic curves (ellipses, circles, parabolas and hyperbolas),
representing the different regimes of motion these two bodies may find themselves in. In
this way we solve the system by completely integrating its equations of motion.

A natural next step (which indeed was the one taken by Newton himself) is to consider
the 3 body problem under the same potential. As noted by Newton, describing the motion
of this system is much more difficult than expected. One can not reduce the system to
that of a two body system and then try to integrate its resulting equations like in the 2
body case. As it turns out, the 3 body problem happens to be generally non-integrable,
which in practice means that for the majority of the initial configurations of the system,
one can not mathematically predict its long time trajectory and behavior.

One of the first people to dive deeper into this strange behavior present in the 3 body
problem was the French mathematical physicist Jules Henri Poincaré (Figure 8). Among
his many contributions to a variety of fields in mathematics and physics, Poincaré’s studies
of the 3 body problem lead him to the discovery of what we now understand as a chaotic
system. Through his development of qualitative analysis of ordinary differential equations
(ODEs), he was able to better study the behavior of the solutions without ever having to
explicitly find them in the first place.

Also during Poincaré’s time the Irish mathematical physicist William Rowan Hamilton

was developing a new way by which we could see classical mechanics. Hamilton managed



14

Figure 8: Pictures of Poincaré (left), Poisson (center) and Hamilton (right). Three of
the most important mathematicians/physicists of the 19th to 20th century, whose studies
made striking advancements in the fields of dynamical systems and classical mechanics.
Their pictures were gotten from Wikipedia.

to describe a certain class of mechanical system entirely in terms of a function H defined
by the sum of the kinetic terms (/) and interaction potential terms (V') that such a system

had. More explicitly, given a pair of coordinates (g, p), such a function can generically be

written as
H(q,p) = K(¢,p) +V(q,p), (11)

which is now suitably called the Hamiltonian of the system. Under the influence of the
works of Siméon Denis Poisson, by making use of the variational principle, Hamilton got

to the following equations of motion

dg _ 0H
dt  Op’
dp_ oM 1)
dt g

also called Hamilton’s equations of motion, which can also be written in terms of
Poisson brackets |[Eq(2.43)].

Under this framework of Hamiltonian mechanics the French mathematician Joseph
Liouville (Figure 9) was able to define the notion of an integrable system. By making
use of the definition of a first integral (Definition 2.3.1), Liouville concluded that a 2n
degree of freedom Hamiltonian system was integrable by quadratures if n independent

first integrals were found.
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Figure 9: Picture of Joseph Liouville, one of the first mathematician to formally consider
and define the notion of an integrable system. The picture was gotten from Wikipedia.

This notion, which we now refer to as Liouville integrability, is the central point
of integrable systems. Over the centuries other definitions of integrability also appeared
with various results connecting them [AT1J19a].

For instance, the Yang-Baxter equation is a consistency equation that in certain cases
can be used to talk about the presence of such independent integrals of motion [Lam15].
Such an equation also appears in braid theory as part of the relations the braids ought to

satisfy to generate the braid group, which we shall comment a bit about now.

Knots & Strands: A brief background on Braid Theory

The study of modern Braid Theory has its origins some 200 years ago with the Ger-
man mathematician Carl Friedrich Gauss being one of the first people to consider their
importance, as can be seen in some of his notes [Lam09] (Figure 10).

Prior to this, objects called knots were already being studied, with the main contrib-
utors to their understanding being the Scottish mathematical physicist Peter Tair and
the Irish mathematician William Thomson (Lord Kelvin). The motivation for their study

apparently was due to the belief some physicists had at the time that atoms could be
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Figura 2. Page 283 of Gauss's Handbuch 7.

Figure 10: Picture of the German mathematician Carl Friedrich Gauss and his notes
depicting the strands of a braid on the upper left corner. Pictues gotten from Wikipedia
and Lambropoulou’s presentation [Lam09].

modeled as curled up knots in space, and so the understanding of these knots (classified

by their crossings) would yield an understanding of matter [[<S04].

As we now know, this is clearly an oversimplification of what an atom should be
thought of. Nevertheless, still back in those days, the American mathematician James
Waddel Alexander manage to find a connection between knots and braids. In his paper
[Ale23], Alexander gave a first proof of the fact that knots can be built from the closure
of a braid.

The reason this is reasonable becomes clearer if one has in their mind what more
specifically is a knot and a braid. A knot is simply an oriented embedding of a circle into
R3, whereas a braid is a collection of strand that intertwine with each other in a possibly
non trivial way. Each braid in composed of a collection of lines or strands that pass either

in front or behind the other, yielding the tangled pattern illustrated on Figure 11.

By defining the closure of a braid as the junction of its respective initial and final
points, we are able to close the braid in 3 dimensional space and thus obtain a knot as in
Figure 12. Alexander’s Theorem asserts that the converse to this construction also holds,

hence, letting us say that every knot is the closure of a certain braid.
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Figure 11: Example of some braids with 3,4 and 5 strands.

T

it

Figure 12: Figure depicting the closure of the braid (thick red lines). We joint the starting
and final points of the braid as in the above fashion, thus creating a loop in R* which can
be seen as a knot.

The important fact about these braids is that they have a natural group structure to
them. By concatenating the strands on top of each other we are able to generate new
braids. Indeed, if we name the braid group on n strands as B,,, its generators, denoted
o0;, are defined by the over crossing of the ith strand by the (i + 1)st one, as in Figure 13.

We can then say that B, is the finitely generated group given by
Bn = <Uz> ,Wlth 0;+10i0i+1 = 0;0;4+10; and 0,05 = 0,04 if |Z —j| > 2 (13)

where the constraint relations are geometrically given by Figure 14.

Among the many application of Braid Theory and the braid group B,, one is of

k
h

1 1+1

Figure 13: Generator o; of the braid group
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Figure 14: Figure showing the constraint relations that are obeyed by the generators of
the braid group.

interest. As done on [BSA03], we can classify the regimes of motion of a vortex dynamical
system by considering the braids traced out by the vortices. By [BSA00], we can represent
the braid groups is terms of matrices acting on the plane. Hence, under the usage of the
Thurston-Nielsen classification, we can categorize the corresponding matrices generated
by the vortex motions.

In what follow, let us briefly recall the history of vortex and topological dynamics,

following up with an outline for Part II.

Topological dynamics and vortex motions

Topological dynamics is the area of mathematics concerned with various properties of
dynamical systems, viewed from a general topological perspective [Aok89, GWO0G]. Topo-
logical dynamics has many connections with other fields of mathematics including ergodic
theory, differential equations and differential topology [NT194].

Besides the classic works on topology and dynamics written by of Henri Poincaré,
the American mathematician George Birkhoff also had great influence in the field of
Topological Dynamics due to his proof on “Poincaré’s last geometric theorem” and his
works on minimal sets [GIH55, BG22].

One important concept in the theory is that of topological entropy, introduced

by Adler, Konheim and McAndrew in [AKMNG5]. It can be thought of as a measure of
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Figure 15: Picture of the American mathematician George Birkhoff, whose works in part
culminated in the creation of the field of Topological Dynamics.

complexity of the orbits of such a system. Zero topological entropy means that the system
is simple, whereas positive topological entropy relates to the existence of some level of
complexity in it. Some examples for dynamical systems with null and positive topological
entropy can be found in [Moo].

The study of vortex dynamics on the other hand is an older matter. For instance,
French physicist René Descartes considered that a vortex was a an object that induced a
swirling motion of particles around a common center of rotation, the clearest example of

this being cyclones and tornados on the atmosphere (Figure 16).

Figure 16: Satellite view of a cyclone over the Earth’s surface. The middle point of the
cyclone can be though of as the point vortex that generates it. The picture was gotten
from Wikipedia.



20

The first vortex model to be developed was the point vortex one by Helmholtz. Later,
the Hamiltonian formulation for such a vortex system was given by Kirchhoff. Until then,
every calculation was done in the plane. However, as the need for more accurate models

increased, other geometries started to be explored.

For instance, Bogomolov was one of the first to derive the equations of motion for
vortices on the sphere [Bog77|, meanwhile the cylindrical (or strip) case was first con-
sidered by Birkhoff and Fisher some years prior [BF59]. Other geometries such as the
Hyperbolic one were explored, with general properties regarding the stability of certain

vortex configurations being researched widely as well [MT13, Boa08, BS08, Kim99].

The main point that connects vortices with topological dynamics lies precisely in the
equations for a test particle. As pointed out above, a vortex can only exists within a
medium (usually thought of as a fluid) which itself is made of some material. When one
considers an N —vortex system within this medium, its particles will move following the
flow generated by the vortices. Evidently, as a simplifying though reasonable assumption,
we suppose that the particles of this medium do mot have an influence in the vortex
motions. This is commonly referred to as the probe approximation, and in it, the only

thing that affects the particle’s motion is the presence of other vortices.

In this way, by making use of the Hamiltonian formalism this system obeys, assuming
the trajectories of the vortices are already known and are given by z;(t), we may write the
equations of motion for an advected test particle as [BSA03]

dz* 1
= — [G(z, z;(t 14
dt 271'22 J (7]())7 ( )

1<j<n

where z = (z,y) is the position of the particle in complex coordinates, I'; is the circulation
of the j—th vortex and G(z, 2') is the Green function coming from Laplace’s equation.
The equation for the vortices however is found by using the assumption that instan-

taneously, each vortex is a test particle in the field of the other vortices. This reasoning
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then leads us to [BSA03]

dz; 1
- E . . 1
dt 2711 o ]G(le Z]), ( 5)

in which case the positions z; are to be found. By making use of these solutions, we are

able to solve for z(t) above and discover the specific path the advected particle will follow.

A more modern way to connect this behavior to Topological Dynamics, is done through
the use of the Thurston-Nielsen (TN) classification for surface homeomorphisms. This
result aims to classify the homeomorphisms of a compact orientable surface and it has
connections with the mapping class group of surfaces also [MW21]. Given that the braid
group also possesses such connections, we could in principle also give a topologically
dynamic classification for the braids generated by the motion of these vortices (which are
thought to describe the isotopy classes of the surface’s homeomorphisms).

The TN classification result asserts that we can classify the motion of the advected

particle (in terms of the braids formed by the real vortices) in 3 ways
TN 1 Periodic or finite order,
TN 2 Pseudo-Anosov,

TN 3 Reducible.

We will have TIN 1 when the homeomorphism composed with itself some number of times
results in the identity. TN 3 happens when the space possesses invariant curves which
are fixed by the action of the homeomorphism, letting us then cut the space along these
invariant curves and just analyze the behavior of the homeomorphism on their comple-
ment. Finally, TIN 2 happens when the homeomorphism has two transverse invariant
foliations F* and F", whose transverse measures are scaled by a factor of 1/\ and A
respectively [Thu88].

The factor of A is called the expansion factor of the dynamics. Certain curves in the

space are then stretched by this factor and can have an exponential increase in length
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(of order A" for some n). We can then use this construction to say that the topological

entropy of the system is greater than or equal to log(\) [BSA03].

Outline of Part II of the thesis

On Part IT of the thesis we focused primarily on the study of Integrable systems (with an
emphasis on point vortex systems) and braid theory. Our goal was to give a “topologically
interesting” answer to Question 2 and to do so we came up with an integrability notion
on the basis of the braids formed by a system of interacting point particles (vortices or
masses).

To be more precise the second part of the thesis is divided as follows: Chapter 7 is
dedicated to a brief overview on the mathematical aspects of an integrable Hamiltonian
system. We recall the Poisson bracket form of the equations of motion, and define the
notion of a Liouville integrable system, showing that a 1 degree of freedom (d.o.f) Hamil-
tonian system is always integrable. We also outline the steps one has to take in order
to construct the so called Action-Angle variables in an integrable Hamiltonian system,
stating the famous Arnold-Jost Theorem.

On Chapter 8 we explore some basic definitions and results in Braid Theory. In
particular, we mathematically define the notion of a knot and lay out three possible ways
one can think of a braid, defining the Artin braid group B, with its classical presentation
in terms of the generators o;. We mention one important normal subgroup of B,,, namely
the pure braid group P,, illustrating its generators. We also mention Alexander’s and
Markov’s theorems which give a first connection between braids and knots.

We also go over the center of the braid group Z(B,), stating a theorem from Garside
which shows that such a center subgroup is generated by the so called full twist element,
a result which we shall use later on. At the end we talk about braid presentations in
other manifolds M, constructing P,(M) and B, (M) as the fundamental classes of the

collision-less configuration space generated by M (named C,(M)), and the S,-reduced
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collision-less space (named O, (M)), respectively. We define the notion of a topological
strand by making use of an elementary result in Algebraic Topology relating P, (M) to
w1 (M).

Finally, on Chapter 9, we start by focusing on the mathematical formulation be-
hind the dynamics of point vortex systems, bringing to light the important difference
between the advected particle and the real particle dynamics. In this way, by means of
the Thurston-Nielsen classification and based on the vortex system studied by Boyland
et al. [BSA03], we briefly emphasize the fact that integrable Hamiltonian system can also
present a topologically chaotic dynamic when one studies the evolution of advected par-
ticle in the system. Then, by following the calculations done on [BSA03], we show once
again that a system of 3 vortices on the cylinder is integrable, provided the net circulation
is zero everywhere.

We then finish the chapter by giving various braid integrability notions for a system
whose phase space dynamics is bounded. By proving at the end a theorem relating one
of these notions to Liouville integrability, we henceforth guarantee a topological /braid-
inspired obstruction to the former integrability notion of a point particle system, at least

for bounded regimes of motion.
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Chapter 1

Theoretical Modelling

The main goal behind a mathematical model is to capture, even if in a very simple way,
the characteristic behavior of the system we are studying. The prime trait of any such
model is the fact that they are based on a set of axioms or working hypothesis.

Since our early years we are familiarized with the notion of Euclidean Geometry. Its
building block is a set of 5 axioms [[Hea56] with the last one, known as Fuclide’s fifth
postulate, being the most famous. It reads

Postulate 5: Given a straight line and a point outside of it, there is a unique line

passing through such a point that is parallel to the given one that can be drawn.

Observation

-
-
.- \
4

Theoretical Modelling < - - - Empirical Modelling

™~ /

Mathematical models

i ™~

New areas of Mathematics Predictions

Figure 1.1: Diagram illustrating the process behind scientific thinking. Based on a set of
observations we may come up with either an empirical or a theoretical model. These in
turn generate a variety of mathematical models which in turn can be used to make pre-
dictions for the system’s behavior (which are to be later check with further observations),
or culminate in the birth of new mathematics.



26

Figure 1.2: (a) Image of a line [ with a point p ¢ [ by which a line m parallel to [ passes;
(b) image of locally parallel lines that actually meet at some point. Given a line on the
sphere, there is no other line parallel to it; (c) given a point L and a line passing through
it, the are infinitely many parallel lines to the original one. In hyperbolic space, given a
line and a point outside of it we can find infinitely many parallel lines to the given one
which pass through that point.

For some 2000 years or so, such a postulate was subject of great debate amongst
mathematician since, when compared to the other four axioms given by Euclide, his fifth
one was indeed quite complicated, to the point where people would try to prove it by just
using the first four. Evidently, as we know now, all attempts to prove the fifth postulate
failed and around the 17th Century, mathematicians came up to terms with the fact that
the fifth postulate was indeed an axiom, and hence, to prove it was a meaningless (and

impossible) endeavor.

As it happens, in being an axiom one could then ask what type of geometry would
we describe were the fifth postulate not true (Figure 1.2). As we now know, suitable
modifications to the fifth postulate yield other geometry classes referred to as spherical
and hyperbolic geometries, which in and of themselves also have very rich and interesting

properties [Whil9, BP92].

In this same spirit, another example of physical interest are the axioms of mechan-
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ics, commonly referred to as Newton’s laws of motion, (see Section 2.3) given by

1. Law of Inertia
2. F =ma

3. To every action there is an equal and opposite reaction

Focusing more on the first law, such a principle states that a free body (i.e, one which
experiences no net external forces) shall remain moving with constant velocity in a uniform
motion. These Laws of motion however were made to fit in with our daily experience in a
locally R? environment. And so, a natural question to ask is: are these still valid in any
other geometry?

One important study case regarding the generality of these laws is the gravitational
one. When working on a globally R? space we are familiar with Kepler’s Laws of planetary
motion', in particular with his first law asserting that all closed orbits of planets moving
around the sun are elliptical.

Not only this but the following assertions (As.) are all equivalent to each other

As.1 Kepler’s Laws of planetary motion

As.2 One over distance squared law, i.e Egpay o< L
T

As.3 Gravity is a central force, i.e curl(Egay) = 0, div(Egray) = —7p.

This however only holds for the special case of R3. Indeed, by taking the intrinsic
approach (to be further detailed down below) to the definition of the gravitational field,
one sees that on R? these equivalences already fail [Schi4a].

This then presents an issue when one is considering an extension of classical gravity
to a curved space M, namely, which point should we take as being more fundamental?

Kepler’s Laws? The inverse square law?

'KL. 1 All closed orbits are elliptical.
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(b) R?

Veit(r)

Figure 1.3: Figures taken from [Sch14b] in which it is shown that even though the orbits
are all bounded, the only one which happens to be periodic is the circular one. Images
(a) and (b), respectively, are depicting the effective gravitational potential on R? and R
gotten from solving Eq.(1.3).

In our case, the assertion we took to be our working hypothesis was that gravity is a
central force. This means that given a mass distribution p(r) responsible for generating
a gravitational force field* E,,, on a manifold M, the following field equations will be
satisfied

div(Egrav) = —vp(r) (1.1a)
curl(Egpay) =0 (1.1b)
for some suitable constant 7 representing the strength of the interaction. An aspect to
be observed about such type of equation is its “asymmetry” between the left and right
hand sides of Eq.(1.1a). Indeed, the left side has to do with the acceleration field of a test

particle, while the right hand side is the matter distribution of the source which generates

such a field.

Under certain hypothesis on the topology/geometry of M, we may say that the grav-

KL. 2 A line that connects a planet to the Sun sweeps out equal areas in equal time intervals.
KL. 3 The square of a planet’s orbital period is proportional to the cube of the semi-major axis of its
orbit.

2the reason for this notation now will become clearer on Chapter 5
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itational field can be expressed as

Egrav = _VM¢7 (12)

where ¢(r) is called the potential function and V), is the gradient 1—form over M.
Plugging this back in the first equation of Eq.(1.1) we see that the potential ¢(r) satisfies

Poisson’s equation®

where the operator A, is just the Laplace-Beltrami or Laplace-de Rham operator (see
Eq.(A.3.12)) over the manifold M. Naturally the behavior of solution to the above equa-
tion can differ according to the manifold we are working on. For instance, on the plane
R? all orbits will be bounded (Figure 1.3).

With this notion in our hands we see that M = R? is just a particular case in which
we may consider the gravitational interaction of two or more bodies and, as we vary M
we shall also vary the solutions to the above equation. For instance, if we fix p(r) = §(r),
representing the mass distribution of a unit mass at the origin of M, we shall find the

following solutions to Eq.(1.3) (see Table 1.1)

Gravitational Potentials

M R® R? S?
o(r) —% %log(r) % log (tan (g))

Table 1.1: List of gravitational potentials on a given geometry. R* and R? are the 3 and 2
dimensional Euclidean spaces, whereas 8723 is the 2—sphere without a point. In all of the
above r stands for the geodesic distance between each pair of bodies.

In particular, notice here that the restriction of the gravitational potential from R?

to R? will not yield the same dynamics. To be more specific, the acceleration vector a

3in the case of M being compact we need fM p =0, due to Stoke’s theorem.
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produced by a certain particle is found by solving the equations

curlgs(a) = 0, 14a)
divs(a) = —78(r). (1.4b)
Which, based on Eq.(1.3), is found by integrating the following expression
Agsp = vo(r), (1.5)
and then substituting its solution in the equation
_ __Ta
a(r) = —Vgso(r) = —f (1.6)

By now taking the R? divergence and curl of the above equation (using polar coordi-
nates), we find that
curl ,(a,) =0,
div ,(a|,) = 5
Thus, we see that there is indeed a difference between Eq.(1.4) and Eq.(1.7), namely
on the divergence of said vector field. Physically this means that, a mere restriction of a
certain gravitational field to a given subspace of your configuration space will in general
not yield another gravitational field obeying the same set of equations.

Such a difference also becomes evident when one looks at the restricted Laplace’s

equation
1
A[R2¢|[R2 - _ﬁgb?u??’ (18)

which is now a homogeneous non-linear differential equation, contrasting the one with the
Dirac delta source term.

Further notice that a_, differs from the “correct”, as in intrinsically found gravitational
field, by a whole 1/r factor. Such a qualitative difference culminates in a very much
different gravitational behavior, as one might expect. Indeed, as mentioned above, when

M = R2, Kepler’s laws of planetary motion are no longer valid. For a|, however, they
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still hold but gravity ceases to be an intrinsically defined central force, that is, it no longer
comes from some scalar potential defined by Poisson’s equation.

The above serves to show that much like with Euclid’s fifth postulate not all exper-
imentally based assertions can be used as a self-consistent set of working hypothesis to
build a theoretical model aiming to extend the dynamical behavior of a given system. It
most importantly brings light to the power of choosing a set of axioms for a theory, given
that a same problem can be extended in different ways, leading to completely different

predictions and results.

1.1 Introducing our model

In our case, as described on the Introduction, the study we want to perform concerns
the effect of atmospheric lunar tides on the dynamics of massive point particles moving on
Earth’s atmosphere. A part from answering such a question, this work also aims to extend
the findings on [DB15a, BDS16], where the authors were interested in understanding how
the topology and geometry of a given surface could influence the motion of a point particle.

Our working hypothesis (WH) will thus be based on the above papers, and will also

have a novel ingredient to them. More specifically we have the following

WH 1: The atmosphere is a thickless shell on which the particles are going to move and
hence will be modelled as a surface which for simplicity we shall take to be the

2—sphere 52, We'll refer to such a surface as the background or base manifold.

WH 2: The massive point particles will not have an effect on the background manifold.
Such an effect is usually called back reaction and, as commented earlier however, we

will rely on the probe approximation for our particle dynamics.

WH 3: To model the particle-particle gravitational interaction we suppose that gravity is

a central force, and thus the gravitational field will be curl-free and have negative
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divergence proportional to the matter distribution. The field equations will thus be

of the following format

§F = —vj, (1.9b)

for some real constant ~, some alternating 2—form F' and a 1—form j. We’ll call
Eq.(1.9) the Gravitational Mazxwell Equations, since they are inspired on the
field equations for the electromagnetic or Faraday tensor of Maxwell’s theory of

classical electrodynamics.

To further explain the rationale behind the choice of such axioms, we make the fol-

lowing points:

e The model itself, although concerned with the intrinsic interaction between the
particles living on the surface also has a bit of an extrinsic catch to it. Indeed, in
our case, the fact that we are working on an idealized atmosphere, its shape (and
hence, overall curvature) is due to the existence of outer massive bodies (Earth +

Moon) causing such a curvature intrinsically perceived by the particles.

One can deduce the shape of the atmosphere in the relativistic setting by means of
the geodesic deviation equation [Har21]. We thus will get inspiration from such a
formalism and use some of the fundamental concepts of General Relativity to deduce

the particle dynamics on the oscillating, as well as static, atmosphere.

e As discussed above, the influence of the Earth and the Moon on the point mass
dynamics will be entirely captured by the metric tensor and a suitable perturba-
tion thereof, to be discussed later on. The idea behind such a perturbation is the
following: due to the Moon’s rotation around the Earth, we naively expect a “drag-
ging” effect of some sort to happen to the atmosphere. Such a drag should alter the

gravitational potential and force, in a way as to allow for some gravito-magnetic
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like term *. That is, as the surface gets dragged along with the Moon’s motion, a

gravitational curl term should appear, so that the simple
a = —grad(¢), (1.10)

acceleration formula shouldn’t cut it anymore. From Classical Electrodynamics and
its analogy to classical Newtonian gravity, we already have in mind that the electric

field FE serves as an analog for the gravitational field g.

The missing piece in this analogy is then the magnetic field B which comes as the
curl of a suitable vector potential A. As we shall see later on (Section 5.3) such a
vector potential relates, via first order perturbation theory, to the induced spatial

velocity of the particles when we take the Moon’s influence into account.

Such an influence is measured by a perturbative parameter £ which, when set to
zero, gives us the usual particle dynamics on the “unperturbed” base space R x 52

thus guaranteeing the model’s self-consistency.

Observation 1.1 (Fixing the speed of light). As it is usually done in the relativistic
setting, we also intend to make some simplifications regarding the values of ¢, the speed
of light, avoiding the need of dragging them along the equations.

The simplification we make is to work with units in which ¢ equals 1. Its original value

is approximately given by®

c=2.99 x 1082,
S

By setting ¢ = 1 we are able to make the speed of light dimensionless upon considering

1

- v 1.11
2.99 x 108 (1.11)

1m

4for a physicist, the notion of a gravito-magnetic term is a bit different from the one mentioned here.
See Appendix B.1.1
Swe here use the S.I notation of m (meters), kg (kilograms) and s (seconds)
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Such a modification however also has an impact on other constants of nature. For instance,

the Gravitational constant G approximately reads

3
G =6.67x10" 1
% kg s?

However, if we use ¢ = 1 units instead, its value and dimension gets altered to

nom _ GETXA0T 8P g 1073 5

= 0. 10~ =
G =06.67x10 kgs?  (2.99 x 108)3 kg s? kg
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Chapter 2

Classical Hodge Dynamics on
Curved Spaces

We dedicate this chapter to the overview study of certain mathematical properties ap-
pearing in Classical Mechanics problems. Broadly speaking, we can think of Classical
Mechanics as the area of physics concerned with the motion objects get into when acted
upon by certain forces such as gravity, electromagnetic or even fictitious ones (for in-
stance, when at a rotating frame). Some classical problems in the field are the gyroscope

precession, falling cat and the n—body problem [But06, KS69,QDI0].

As expected, the main interest one has when solving such problems is usually to find
the so called equations of motion, a set of differential equations that, as the name suggests,
once completely solved, revel to us how the object of study behaves under the influence of
whatever force(s) we might be considering. A more mathematical approach to the subject

is taken on Arnold’s book [Arng9].

As a warm up for Section 2.2 we briefly overview the concepts of vectors, forms and
their Hodge duals, as well as derivations of forms. A thorougher review of these topics is
given in the first sections of Appendix A, which the reader is invited to check for further

necessary clarifications and references.
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2.1 An overview on the mathematical machinery

Starting with the usual real vector space R™ which we shall refer to as the Fuclidean
space. A vector will be understood as a point v = (v!,...,v") € R". Given a basis {e;}
for such a space, we can equivalently write v = vie;, v* € R. A wector field v over R™ will
be thus nothing but a map v : R* — R", that associates to each point in R”, another
point in this same space. The image point will thus be interpreted as a vector.

More generally though, if we are given an n—dimensional (real) manifold (see Defi-
nition A.1.1), a vector will not simply be a point on M. Instead, we have to consider
the tangent space T, M over M, which itself is a (real) vector space, so that now a point

v, € T,M can be seen a vector over M, by abuse of language /notation.

Figure 2.1: Image gotten from [['PS15] depicting the tangent space to a manifold at a
point p. A tangent vector at p is an arrow connecting p to any other point in the tangent
space.

Moreover, given some coordinates over M say (x!,... 2") we can consider a basis of

o)
Oxt

vectors over 1,M expressed as { p} or {e;(p)}, based on which we say v, = v*(p)e;(p),
as in the Euclidean case. More generally, {e;} will be a basis for TM the tangent bundle
(see Definition A.1.3) over M and so a generic vector over M will be expressed as v = v'e;’

with v* € C*°(M) (the space of infinitely differentiable functions over M).

We can further consider the following objects: take a vector v € T'M and a linear

lthroughout we use the Einstein summation convention for repeated, contracted indices.
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function f : TM — R that takes v to a real number f(v). This function f is what we call
a 1—form. It is uniquely determined by its values on the basis e; since it acts linearly
on T'M, by definition. There is thus a very special set of 1—forms over M that obey the

following condition

filey) = {; o 1)
The set {f;} is a basis for the space of 1—forms over M, denoted as Q*(T'M) (or QL(M)).
The more usual notation for such a basis is {e'} so that we can more compactly write
e'(ej) = 5;'», with 5;'» being the Kronecker delta function, defined as the right-hand side of
Eq.(2.1).

Much like the vectors {e;} generate each fibers of TM, the co-vectors {e'} generate
the fibers of T*M for each p € M. The space T*M is the dual to T'M, and it’s called the

cotangent bundle over M. In this way, given some p € M and an «;, € T M, denoted

by a, = a;(p)e’(p), for any v, € T,M we will have that

ap(vy) = ai(p)e’ (p) (v (p)e; (p) = i (p)v' (p)d; = o (p)v’ (p).

Usually the point p is omitted since it makes the notation quite crowded. Other
operations on forms can also be considered. For instance, we can take their symmetric
or anti-symmetric product and make the resulting object act on multiple vectors. If we
perform such products k times, we shall generate the so called symmetric and alternating
k—forms respectively. The former set is denoted S*(T'M) and the latter is A*(TM).
Their basis are respectively given by {e’* ®--- ® e'*} and {e" A --- A e} for increasing
combinations of i1,...,4, = 1,...,n. For further details check the discussion following

Example A.1.1.
Hodge star operator

Talking about forms and dual spaces, given an n dimensional Riemanian manifold

(M, g) (Definition A.1.6), we can define a map * : A¥(TM) — A"*(TM) called the the
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Hodge star operator. Given a k—form o = %ailmik et A --- Aer, we define its Hodge dual

*a to be the form such that
B Ao = (3, ) dVoly, V3 € AF(T M), (2.2)

where (3, ) is the inner product between k—forms, defined to be

1 o
(B,a) = E%‘l...z‘kﬁll"'zk

As more thoroughly deduced on Section A.2; such a dual form is given by

- \/gailmikgil...ikik+1---in i in
ey R AR (2:3)

As a final recap, we mention the concept of derivation of a form. The main derivation
we shall be interested in is d : A¥(TM) — A*Y(TM), dubbed the exterior derivative
[Eq.(A.2.2)| and defined to be:

1 i i
dO{ = E Z G[ilai%ikme A A e'RtL, (24)
L5
It can be though of as the generalization of the gradient of a function since
df == 8jf€j == gijajfei, (25)

which indeed is our notion of gradient.

Dual to it, we have the codifferential operator, § : A¥(TM) — A*=Y(T'M) defined in a

more intricate way by
ba=(—Dfxtdxa, aocA¥TM). (2.6)

As the reader might guess, x 1% = xx~! = 1 is nothing but the inverse Hodge dual. Below,

we sum up the operations one can generalize by means of the metric, the Hodge star and
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the exterior derivative

Observation 2.1 (Differential operators over M). Given a Riemannian mani-
fold (M, g), a function f € A°(M) and a vector field X € X(M), we can first define
the 1—form field wy € A'(M) by

wx = X" = gy X¢, (2.7)

based on which we have the following operators

grad(f) = df,
curl(X) = (x 'dwy)?, (2.8)
le(X) = _5CL)X,

where the sharp operator is characterized by
af = gijajejv (29)

for any a € A*(M).

For more details on these quantities, check the first sections of Appendix A.

2.2 Hodge’s Theorem and Classical Dynamics: A con-
nection

In this section we briefly explore some of the intricacies one implicitly deals with when
making use of the Hodge Decomposition Theorem (HDT) to define a given quantity or
even solve a given problem. We bring attention to the fact that the HDT generalizes the
Helmholtz decomposition for a bigger range of vector fields too, for instance, by having to
consider the notion of a harmonic vector field to make the decomposition complete in all

kinds of spaces. As mentioned in the Introduction, the Helmholtz decomposition is given
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Theorem 2.2.1 (Helmholtz-Hodge Decomposition). Let V € X(R?) be a vec-
tor field over the space manifold R3. Then, there exists ¢ € C°(R3), W, H € X(R3)
such that

V = grad(¢) + curl W) + H, (2.10)

where the field H satisfies

div(H) = curl(H) =0 (2.11)

The Harmonic component in the Helmholtz decomposition

To start our discussion let’s first consider the reverse problem of vector field decom-
position?, since it serves as a good motivation for the Helmholtz decomposition. Take a
vector field @ on R3, a smooth function p : R® — R and consider the following set of

equations

V.E— . (2.12a)
VxE=Q. (2.12D)

Now, how do we find E? One thing we can do is to make use of an ansatz that will help
uncouple the above equations. Let’s thus suppose that we can write E as the sum of
three vector fields
E=V,+Vy,+V3 such that
V- Vi=—yp, V:-Vy=0, V- -V3=0, (2.13)
VxVi=0, VxVy=0Q, VxV3=0
The last term, although seemingly unnecessary, can actually be non-trivial in a variety of

situations. One such example is the vector field
Vi3 =yZ+ 2y (2.14)

We shall see next that a condition at infinity (or a boundary condition in case we were

dealing with a bounded region of R*) might eliminate such a term.

2that is, we give the divergence and the curl and ask for the vector field that generated it.
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Moving on, by then using Eq.(2.13) we can separate the system of Eqgs.(2.12) in two

sets of equations

VxV,—Q (2.15b)

We can solve Egs.(2.15) by using the fact that the Laplace operator on R* is found by

using the following vector identity
AV =V(V-V) -V x (VxV), (2.16)

where notably we have that

AV =AV*(z,y, 2)& + AVY(z,y, 2)§ + AV*(x,y,2)2, with
LV VoY (2.17)
a2 oy? 0z

AVi(z,y,2)

With the above formulae at hand we can not only rewrite Eq.(2.15) as

Avl(xz> — _va(mi)’ (218&)
AV2($Z> — _V % Q(l’z), (2.18b)

but also use the Green Function
AG(xz,xg) = §(x — x0), (2.19)

to solve for each of the components of Eq.(2.18) at once. In doing so, we are able to write

Vi and V, as

Vi(z)=V (—7 ; G(m,wo)p(wo)dwo)

Viy(x) =V X (—7 /[R3 G(m,wo)Q(mo)dw()) 220

Hence, by renaming the right hand side of the above as

o(x) = — /[R3 G(x, o) p(xo)dxy, W) =—7 /[Rs G(x, 20)Q(xo)dxy, (2.21)

we are able to conclude that

E(x)=Vo(x)+V x W(zx) + Vi(x) (2.22)
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which written in a more general way is precisely the form of Eq.(2.10). Now, in regards
to the last term of the above, by again making use of Eq.(2.16) we can see that V3(x)

satisfies the following partial differential equation
AV =0, (2.23)

which is precisely the one defining a so called Harmonic vector field. As mentioned
above, by requiring that E satisfy some boundary condition (or condition at infinity in
our case) we can pin down the type of function V3 has to be. For instance if we ask that
E(x) 222 0, then the only solution to Eq.(2.23) on R? is the identically null one. If we
let E(x) be unbounded however, we can have vector fields such as those of Eq.(2.14) as
making up for the harmonic components of E.

As a final remark, notice that one ought to take certain consistency conditions into
account when performing the integrals of Eqgs.(2.20). Indeed, notice that for those to be
well defined, not only Vp and V x Q have to be integrable over R?, but so do p and Q.

In more precise terms, what this says is that the coordinate components of the vectors

Vi (x) and V() belong to a function space denoted H'(R?) (or W1?(R3))®. This is the

space of functions f : R® — R that satisfy the following property

2 2 2
I = [ 17 da s [ 1V5Pdo < . (2.21)

Thus, in a sense we can have V() and Vo(x) be not simple vector fields over R* but
vector distributions instead, with the same being valid for @ and p, though with the latter
technically being a function distribution.

A sufficient and necessary condition on p and @ however is that they vanish at infinity
instead (which does not necessarily mean that E does so too). Hence, the utility behind
the harmonic component present in E’s decomposition [Eq.(2.13)] lies in its implicit de-
scription of the behavior such a vector field has at infinity (or, at a boundary). Further

details on the HDT can be found on [BNPB12].

3

see more about it on Section A.5.1
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As mentioned previously, the generalization of this decomposition to forms is what
constitutes the Hodge decomposition theorem. To state in words: given a differential
k—form w, we can always decompose it as a sum of three terms. One lying in the image
of the exterior derivative d, one lying in the image of the co-differential 6 and one in the
kernel of the Hodge-Laplacian A := dd + dd.

We now explore a bit of the connection between such a decomposition and Classical

Mechanics in the context of classic Newtonian gravity.
Gravitational dynamics from the Hodge decomposition

As mentioned above, the HDT lets us write any k—form w as a particular sum of other
forms. When over a (pseudo-)Riemannian manifold (M, g), it relates to the Helmholtz
decomposition via the musical isomorphisms (taking forms to vectors and vice-versa)
which, together with the differential and co-differential operators lets us generalize the

notions of divergence and curl.
X = grad(¢) + curl(W) + H — wy = dwy + 6(+wyy) + wyr
The Hodge decomposition (HD) of some form a € A¥(M) is explicitly given by
a=—do+08+, (2.25)

for ¢ € A¥1(TM), B € A*1(TM) and v € H¥(TM). Notice that the minus sign in the
first gradient like term has, from a mathematical point of view, no effect on the decompo-
sition and is in fact, from a physicists perspective, more desirable. A particular instance
where this decomposition is useful is in the study of classically interacting particles.

As discussed on [BDS16], we can use the decomposition of Eq.(2.25) to talk about
classical gravity on curved spaces, provided we think of it in the general setting as an
attractive radial force. Say we are over a manifold M with metric g and we wish to consider
a gravitational dynamics over it. Since the acceleration vector is essential in describing

the evolution of the system, by taking £ = 1 on Eq.(2.25), we have a decomposition for
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the acceleration 1—form a = a;e®, whose components relate to the acceleration vector by
the equation aj, = gi;a’

The important assumption here is that over any manifold M classical gravity is curl
free, so that (see Section A.3)

*xtda = 0. (2.26)

Given that gravity is attractive, a “test ball” centered around a real mass density p on
the manifold M will shrink by an amount proportional to the divergence of a. This can

be modelled by demanding

_______
Ee S

’ .
4 -- .
. P RN \

’ . ~ \
. 7 M \
I . >

. \
1 ’ Y )
1 ’ 1} 1
! : 1 \
1
1 ) 1 o H (— 1
1 1 m ] !
N [y I !
\ . ’ !
\ A ’ U

\ . ’ ]

~ ’ ’

~ -
_________

Figure 2.2: Figure depicting the divergence of the acceleration field produced by a point
particle m at some point in M. A set of point particles located far from the mass gets
drawn closer to it due to the gravitational pull.

da = —p, (2.27)
for some suitable constant y. On putting these equations together, we readly see that
déps =0, (2.28)

and so 0/ is a closed form, i.e it’s exterior derivative is identically zero. Since nothing
was said about H}n(M) (M’s first de Rham co-homology group) we can not just bluntly

say that 00 is also exact, i.e “08 = da””. What we can say though, is that (see Eq.(A.2.8))
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6B =da+k, Kk € Hip(M), (2.29)

for some closed 1—form . This in turn changes the decomposition of Eq.(2.25) in the

case of our acceleration 1—form « to the following
a=d(—¢+a)+r+7. (2.30)

The overall test particle dynamics though remains the same. This is because from
Eq.(2.29) we've got that

oda + ok =0,
and so, it also immediately follows that
—yp = da = —d0d¢ + dda + ok + oy
= —6d¢p = —(d6 + dd)p = —A¢
= A¢p = vp, (2.31)

which is precisely Poisson’s equation for the gravitational field produced by a mass dis-
tribution p.

For the case of M = R*, Hj,(R*) = 0 and so we do have that 68 = da for some
a € A°(R?). Since d(da) = 6(da) = 0, we conclude that da is harmonic and can be

incorporated into the + term from the decomposition. In doing so we end up with:
a=—dp+7. (2.32)

By Theorem A.2.3, since H}p(R?) trivial, so will be H'(R?), and so ¥ = 0, which yields

us equation
a = —do, (2.33)

as expected. This first computation shows how the HDT can be used to give a natural

extension of the notion of gravitational force within the Newtonian framework. We shall
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see on Chapter 5 how the Faraday tensor incorporating extension also yields a valid
alternative for a classical gravity theory, now, in a metric varying space.
We now move on to discuss a crucial concept in physics, namely, that of integrals of

motion and conserved quantities.

2.3 Symmetries and first integrals in Hamiltonian dy-
namics

First, let’s give some contextualization behind the different formalisms used in classical
mechanics. After that, we define what are first integrals (Definition 2.3.1) and on the
next subsections compute some examples of those.

When dealing with classical mechanics three major formalisms come into play, namely,
Newtonian, Lagrangian and Hamiltonian. Classical Newtonian mechanics, the one we
mostly focused on above, bases itself on three key axioms, commonly referred to as New-

ton’s laws of motion. These are

New.1 If not force is acted upon an object, it shall remain either static, or moving with

uniform velocity (Newton’s Law of inertia).
New.2 When acted upon by a force, an object will undergo a change of its linear momentum.

New.3 To every force that acts upon a body, a counter force of equal magnitude and

opposite direction shall be provoked by the body on the actor of the former force.

Law New.2 yields the famous F' = ma that we all know when the mass doesn’t change.
Law New.3 is just the action-reaction principle and law New.1 gives us the principle of
inertia (which may not be satisfied as stated above if one is on a curved surface such as
the ellipsoid for instance [BDS16]).

When talking about (Classical) Lagrangian Mechanics, a major shift happens in the

description of the movement of bodies. Instead of thinking about forces as the primary
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motors, we change our focus to talk about potentials instead. The main ingredient in
Lagrangian mechanics is something called the Lagrangian of your system. On classical

scenarios, it’s generally given by
‘C(qj7Qj7t) :K(qj7Qj7t)_V(qjvq]'at)7 (234)

with g; and g; (the time derivative of qj) respectively being the generalized position and
momenta of the j—th particle. The function K is the kinetic energy and V' the potential
energy of our system. In order to obtain the equations of motion, one has to use the
principle of least action, which states that over the curve that represents the particle’s

trajectory, the functional

Slg. 4] = /tl Ldt, (2.35)

to

is minimized (check [Arn89] for a derivation of this result). The equations of motion, now

named the Fuler-Lagrange equations, are thus found to be
= ==, (2.36)

Moving on, Hamiltonian dynamics closely relates to the Lagrangian one. As a matter
of fact they’re in a sense “dual” to each other, with this duality relation being given by

the Legendre transform. We can define the Hamiltonian of our system by
oL
H(gq,p,t) = qua_(f - L= Z q;p; — L. (2.37)
j ! j

Upon using Eq.(2.34) to talk about the form of L, we see that H actually is nothing else

but the total energy of the system, i.e
H=K+V. (2.38)

The equations that describe the evolution of the system are now Hamzlton’s equations

of motion, given by
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Here g; are the generalized positions and p; the generalized momenta of our system. To get
to Hamilton’s equations, we use the same reasoning as for the Lagrangian case. Indeed,
the Lagrangian £ can also be seen as the Legendre transform of the Hamiltonian H, so
that after plugging it into Eq.(2.35) and varying with respect to p; and ¢; one gets to
Eq.(2.39).

It can be shown that the phase space of our system, denoted by M, has the structure
of a symplectic manifold (see Definition A.4.1) whose 2—form is given by w = ). dg; Adp;.

As briefly mentioned on Chapter 7, we can rewrite Eq.(2.39) in terms of vector fields.
Indeed, given the above symplectic 2—form w over M, we can think of the vector field

Xg=1(q1,--,qn,p1,---,0Pn) and take notice of the following®

OH OH
LX W E@ q:;ap; — piaq E@ s Di + 94 q
Hence, Hamilton’s equations can also be written as
Lxyw = dH. (2.40)

On the same token, for some function f € C*(M) we define its associate Hamiltonian

vector field Xy to be the one satisfying
Lx,w = df. (2.41)

Using Footnote 4, its not hard to see that

_9f
B Ip;

of

Xy %

0, — =L0,.. (2.42)

Exploring this connection a bit more, we can define for any pair of functions f, g € C>(M)

a bracket structure {-,-} over the phase space given by

4 we define the inner product of a (k+ 1)—form a with a vector (field) V' to be the k—form 1y« given
by
LVOé(Yl, cee Yk) = Oé(‘/, Yla ceey Yk)a

for some set of vector fields Y; with j =1,... k.
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- dg Jdg of ,  90f
{f) g} — w( Xf Z dqZ A dpZ (a 8% aq ap]a (9]? an aqk apk)

—Z dg Of 8fagzzﬁf8g_8gﬁf
p; 0g; 8pi 0q; Op; 0q;  Op; 0q;

1,7,k

(2.43)

%

The bracket resulting from Eq.(2.43) is called a Poisson Bracket (see Definition A.4.2
for more properties). Note in particular that, if we compute the above bracket with a

Hamiltonian H (that naturally satisfies Eq.(2.39)) we shall find that:

B afaH_aHaf 8fdpz dqzaf .

And so, once our phase space M is endowed with a Poisson bracket and a Hamiltonian,
we can use both of them together to talk about the time evolution of a given quantity

defined over M! With this formalism in mind, we can finally consider

Definition 2.3.1 (First Integral). Given a symplectic manifold (M, w) and a Hamilto-
nian H : M — R, we say that a function f € C*(M) is a first integral (with respect to
H) if, and only if

{f,H}=0. (2.45)

In other words, the function f is constant along the integral curves of Xg.

Now for this next part, we shall retain our attention to the Hamiltonian formula-
tion of classical mechanics. One instance of its mathematical formalization comes from
Symplectic Geometry, which we chose to briefly detail on Section A.4.

Our next steps for the subsequent subsections will be to introduce the reader to the
very important concept of reduction (based on which first integrals are found) and we leave
Section 2.3.2 to show how one can compute these first integral from Noether’s Theorem

(Theorem A.4.3).

2.3.1 A look on reduction

As the name suggests, the process of reduction has to do with diminishing the amount

of some type of quantity. It turns out that the quantity to usually get reduced are the
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degrees of freedom a certain physical system has. Usually, reduction happens over the
phase space of such system, as we shall see later on.
More specifically, the process of reduction can be seen as a first step towards integrating

a given system, and the way it operates is given in the following

Theorem 2.3.1 (Reduction Procedure, [ABC"20a]). Consider an autonomous Hamilto-
nian system with 2n degrees of freedom and Hamiltonian H(qy,...,qn,p1,---,Pn). Given

m first integrals in involution {F;};=1_ " we can find a canonical transformation
(g, pi) = (@, D;)
such that the Hamiltonian decomposes itself in the following fashion:

H=HD1,...,Pm) + Ho(@s1s - - Tn; D1 - - - > Pn) (2.46)

When we talk about a canonical transformation in this context we essentially mean a
transformation that doesn’t change the form of the Hamiltonian equations of motion (see

Definition 7.0.3). That is to say that in the new overlined coordinates, we still have that

5 = g_{f (2.47a)
D;
5, = _g_ff (2.47b)
4;

Based on Eq.(2.46) we see that Eq.(2.47b) is zero for the first m values of the index 1.
This in turn tells us that Eq.(2.47a) is constant for such values, so that the dynamics on
(@1, Gm,P1,s---,Pm) is trivial. The other set of equations (those for i = m+1,...,n)
have to be examined separately.

Most commonly, the way one performs the reduction process is by analyzing the sym-
metries of the system. That is, by considering which transformations can be made to it,
so that the equations of motion remain unchanged. This set of symmetry transformations

come up basically in two kinds

Scheck Appendix A.4 for further information on the terminology.
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SYM.1 Symmetries of the Hamiltonian,
SYM.2 Symmetries of the equations of motion.

By SYM.1 we mean phase space transformations that fix the Hamiltonian. So if we
work over a Symplectic manifold (Definition A.4.1) M for instance, we would be interested

in an (or a set of) invertible function(s) f : M — M such that
H(f(z)) = H(z), Vx € M. (2.48)

These would in turn form a group G (see Definition C.1.1) with which we could perform

a natural group action

U GxM— M

(f,z) = f(x).

As further explained on Sections A.4, the momentum map of such an action is an
integral of motion of the system. This means in particular that “spurious” degrees of
freedom exist, and can be dealt with be means of this map. On getting rid of them, we
say we have perform a reduction of our system.

As for SYM.2 on the other hand, imagine you are given a set of equations S that
describe the time evolution of the particle system. It turns out that you might be able
to perform some type of manipulation to your variables in a way that this set & doesn’t
change (whilst the Hamiltonian needn’t stay the same now!).

Such an example would be the Galilean group in Newtonian Mechanics [Arn89]. On

R* this group is given be the set of transformations

(z,t) = (x +tv, 1), (2.49a)
(z,t) = (x +v,t+5), (2.49b)
(z,t) = (Rx,t), (2.49¢)

with v € R?,s € R and R € O(3). Physically, these are the possible transformations one

could do to get from a stationary frame to another. It is possible to find instances where,
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under the Hamiltonian given by Eq.(2.38), a transformation like that of Eq.(2.49a) keeps
the equations of motion unchanged® [BDS16]|, meanwhile the Hamiltonian changes.

It’s not usually possible though to find integrals of motion from such a type of trans-
formations, for they do mnot leave the Hamiltonian of the system unchanged. Hence,
no sensible action and momentum map are to be found. Nonetheless, they do serve to
perform coordinate transformations that may yield a simpler form for the Hamiltonian.

We now move on to some examples where reduction applies, also focusing on the

particular and well studied case of the two body problem on R3.

2.3.2 Applications and Examples

Example 2.3.1 (Masses on the disk). Consider a system point masses m;, ¢ = 1,...,n
sitting on the disk D C R?, satisfying >-m; = 0.

Due to the shape of such a regionj the inner masses will naturally interact with its
boundary. We can use the method of images to take this interaction into account, and con-
sider the interaction potential provided by the Circle Theorem [MT68]. For one particle

of mass m at position 2y, the potential is given by

1
o = %mln(z — 20), (2.50)

where we use complex coordinate z = x + 1y to describe the particle’s position. The
“effective” potential, representing the interaction with the boundary (obtained by the

Circle Theorem) is in turn
02
U =mln(z — 2z) + mln (— - z_o) . (2.51)
z

The above can be rewritten as

6this invariance is more easily seen to manifest if one goes to the second order equations of motion, in

this case, given by

1ov

= m dq;’

upon supposing K = ﬁZp?
J
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2

U =mln(z — 2z) +mln (z — Z:) —mln(z) + mIn(Z), (2.52)

the physical meaning of which is this: the first term represents the potential of a positive
mass m sitting on z5. The second one is also the potential of a mass m but which now sits
outside the bounded region at a?/zy. The Third term is the potential of a negative mass
—m at the origin, while the last one can be seen as a constant given its independence
from the z variable.

Naturally the second mass m sitting outside the region and the negative mass —m on
its center are not “real” in the sense that, they appear as a manifestation of the interaction
of the original mass m with the boundary at r = a.

Despite that, this conclusion is quite physically interesting. Indeed, by the fact that
opposites sign masses repel and same sign ones attract, we tend to see an overall movement
of the interior masses towards the boundary, very similar to the large scale expansion of
the universe [Hub29].

To find the interaction Hamiltonian we use Eq.(2.38) together with the coordinate
transformation x; = v/21I; cos(;), y; = v/21; sin(6;) to obtain

1 1 s
H == —(21.p% + =22
3 2 m ( pf’a+21a)

«

1<a<n
1 n
+§Z Z mamg(In(Ly + Ig — 2v/IoIgcos(0, — 03)) (2.53)
a=1 a<p<n
+ memgIn | 1,15 — 2a*+/I,I5c0s(0, — 0 —|——),
;; 8 ( 8 VAadgcos( 8+

with (z;,y;) referring to the position of the i—th particle

Let’s now find, by means of Noether’s Theorem (see Theorem A.4.3), what the con-
served quantities for this system are. To start, note that our configuration space @ = D
and the phase space T*Q := M = DxR2. The configuration space admits transformations
that leave it invariant, namely, rotations around the origin. The set of such rotations ac-

tually forms a group under matrix multiplication, so that we can perform a group action
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(Section A.4) on the configuration space that trivially extends to the phase space. This
group is none other than the special orthogonal group of 2 x 2 matrices denoted as SO(2)".

We will chose to denote this action by SO(2) @M and it shall be defined in the
following fashion. Let (¢,p) € M and g € SO(2). Given that the action on D is simple
matrix multiplication, by Proposition A.4.1 together with the property ¢g=! = ¢%,Vg €

SO(2), it follows that the above action is given by

(¢:p) = (94, 9p) (2.54)

based on which we can find the infinitesimal generator |[Eq.(A.4.6)] u of this action as

being
u = a(q10q — ©20,,) + a(prdq) — p2dg), (2.55)
for some u € s0(2) = Lie(SO(2)) given by:

u= <2 _Oa> (2.56)

Moreover, by Proposition A.4.2; we have that the action is Hamiltonian and thus admits
a co-momentum map p* = (6, with € being the canonical 1—form over M = T*(). This

leads us to the following

1 (q,p) = 0(4.p) (u)
= <p7 7T*1J.> = <p7a(q18¢I2 - QZalh»
= aqi (p, Og,) — aga (p, Oyy)

= G(Q1p2 - Q2p1)

So that, by your usual vector multiplication on 2 dimensions, it follows that

1(q,p) = ag X p (2.57)

“check Appendix C for more details on this and other matrix groups.
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So that, our momentum map g = ¢ X p, implying that angular momentum is conserved
in the orbits of H. Note also that the Hamiltonian is invariant under SO(2) action. This

is because schematically we can written it as

2

2
H:;“gz—ﬂ;i+zq><zi—zj>+izja(%_z—j), (258)

1<J

meanwhile the SO(2) action in complex coordinates is simply multiplication by a complex
exponential, i.e Z; = z;e'® and p,, = p,,e " for some « € [0, 27)".

The kinetic energy is clearly unaltered since it only deals with the absolute value of the
momenta. For the second term above, we see that it deals with the difference of two z;’s,
so that a common €™ factor can be collected. By a similar reasoning a e~*® term can be
collected from the third sum above. Given that the ®’s are actually complex logarithms,
we see a contribution of i coming from the second, and —ia coming from the third terms
above. These in turn cancel, and thus we have the SO(2)—invariance of the Hamiltonian,
as expected due to the rotational symmetry of our configuration space.

Again by Noether’s theorem, we have that p*, in this case the angular momentum,
is a conserved quantity of motion, and hence it can be used to reduce the degrees of our
system by 1 (for, it only has one component). Moreover, since the Hamiltonian is time
independent, it is itself an integral of motion of our system.

The matter of integrability here is quite intricate however. By the zero net mass
condition we imposed at the start, we cannot consider the motion of a single mass. As a
matter of fact, we’d need to consider a system of at least 4 masses (counting here both
real and imaginary) that interacting with each other.

If we get rid of this restriction, another term involving the total mass of the system
will appear in the Hamiltonian of Eq.(2.53). This extra term will take into account the

interaction of the real masses m; with some negative image masses at the origin.

8This is the same as a canonical U(1) action on a phase space with symplectic form w = %dz Adp, +
15— —
=dz Ndp,!
5 2
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Hence, in this more generic case, even if we were to start with a single mass m at some
point of D\ {(0,0)}, we would already have to solve a sort gravitational 3—body problem
with logarithmic potential, a study that could very well produce an entire thesis on its

Q
own”.

Another very well studied classical dynamical system is the 2—body problem on R3,

which we chose to be our next example.

Example 2.3.2 (3—dimensional 2—body problem). The (gravitational) two body problem
in R? is quite straight forward. You consider two masses m; and my on R3, that interact

with each other under the influence of the following potential

Gm1m2

V(r,re) = (2.59)

I = 7oll

where G is the gravitational constant and r = (r,,r,,r.) € R®, with usual cartesian

coordinates. The Hamiltonian for such an interaction is simply given by:

_ Ip:ll*  Gmamy
H=>" (2.60)

Zmi ||r2—’r1|]'

Let’s now try to reduce the system by finding its integrals of motion. The first thing to

notice is that H exhibits translational invariance. That is, given a p € R?, we see that:

H<r1 + P, T2 + p7p17p2> = H(r17T27P17p2>~

The above can be seen as a group action G OR® x RS with G = R3 being an additive
group (i.e, the group operation is addition). By naming g = Lie(G) (the Lie algebra of
@), it follows that for some u € g ~ R?, we have that

u=— (r1+etuar2+€tuap1>p2) - (U,’LL,0,0).
t=0

A slight abuse of notation lets us schematically write the symplectic form of R® x R® as

9A particular instance of the 3—body problem with logarithmic potential was studied in [MPS24]
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w = dry A dp, + drs A\ dp,, (2.61)

where here we should actually be performing a sum over the components of the r; and

p;. The momentum map is found by the contraction
Ww=u-dp; +u-dp, =u d(p, +p;) =du- Py).

So that the momentum map, here our first integral of motion, is nothing but the total linear
momentum P,,. Given that we are dealing with a mass dynamics problem, physically

we already have a notion for the momenta of our particles, namely

with the over dot representing time derivative. From here we see that the total linear

momentum is given by
Ptot = mlh + m27'°2. (263)

We would thus like to define quantities R and M such that P, = M R. The physically

natural thing to do is thus to consider

B miTry + moTo

R = Wi > M = my + Mmea, (264)

called the center of mass of our system. This starts the reduction process. To keep it
going, note that by the looks of Eq.(2.60), we see that it might be of our interest to work

with the difference vector
r="ry—17Ty, (2.65)

whose norm we simply denote by r, instead of both position vectors for each particle.

Therefore, Eqgs.(2.64) and (2.65) together give us a coordinate transformation

B-G 30
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that can be made canonical by considering the inverse transpose of the above 2 x 2 matrix

(see Proposition A.4.1), leaving us with

()= 1) (&) 267

By inverting the above, we can rewrite the Hamiltonian H to obtain the following

2 2 G
_Pr P T T (2.68)
2M  2p r my + my

where p is called the reduced mass of our system, pr and p, are the norms of their
respective vectors. Here we already see that the Hamiltonian really looks like the one
from Eq.(2.46) with H; being the kinetic term coming from the center of mass and Ho
the Hamiltonian coming from the relative position of the particles.

As we commented after Theorem 2.3.1, the dynamics of the system is now entirely

described by the Hamiltonian Hs, given by

2
p: Gmime
HQ(T’,pT) = ﬂ - T.

(2.69)
Now, take a moment to appreciate the beauty of what just happened here. We started
with a system leaving on 12 dimensional manifold R® x RS, described by the coordinates
(ri e ri e vy s ot pl, pi, ps, phy, p5). Due to the spacial translation invariance of its
Hamiltonian, we managed to pin it down to a system leaving on a 6 dimensional mani-

fold (R* x R®)'° that still describes the evolution of our particles, though now with the

coordinates (r®,r¥, r% p* p¥ p?). As a matter of fact, the equations of motion now read

0H, ) 0H,
_ S 2.70
Opr i’ Prk ory, ( )

Tk

with R(t) = pg ot + Ro, where pg, is a constant vector.
Getting back on track, our second first integral can be found by noticing that Hs is

invariant under SO(3) group action. This means by Néether’s theorem that there exists

0this is because the original Hamiltonian was totally decoupled into two parts. One related to the
conserved quantity, and the other related to the actual dynamics
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a conserved quantity along the solution curves to Hamilton’s equations of motion. The
specific derivation of such a conserved quantity is a bit more intricate when compared to
the SO(2) case. Such computations were done on Example A.4.1 and, their take away is
that the conserved quantity happens to be yet again the angular momentum (taken with

respect to the pair (r,p,)) given by
L=rxp,, (2.71)

where, much like with center of mass case, here we see that p = pr. The third and most
obvious integral of motion is simply Hs itself. Given that it is time independent, and it’s
the Hamiltonian describing the time evolution of our system, its own time evolution with

respect to the canonical form coming from the coordinates (7, p,) is trivial. Indeed

dH, OH,  OH, . O H,
at Ek: ((‘9rk o) T

¥ (am oH,  OH, 8H2> 0
k

ory, apr,k Bl apr,k ory,

Last but not least, there is yet another conserved quantity here called the Laplace-Runge-

Lenz vector (LRL vector), defined to be
/f.
A=p xL—-Gpu—. (2.72)
r

The LRL vector can also be found by considering a clever group action, in this case,
over the phase space R* x R* and then projecting such an action in a certain way. For a

thorough derivation of this result, the reader is invited to check [[KKMS23].

We are now in position to talk more about a very important concept in physics that

we were already implicitly used until now, namely, that of a test particle.
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Chapter 3

Test particle dynamics

The idea of a test particle is very commonly and widely used in the treatment of
physical problems. For instance, when considering passive traces in Fluid mechanics
or idealized masses and charges in gravitational and electrodynamics, respectively. The
actual distinction between test and real particles comes from the notion of a source term,

given by the following

Definition 3.0.1 (Source). Consider a certain physical system S. A source (or source
term) will be a set of physical objects responsible for initiating, and possibly making
persist, the dynamical evolution of the system S. Evolution which is itself described by a

suitable set of differential equations, named the equations of motion of S.

Usually, the sources of a physical system S will be its own components. For instance,
when we consider two masses that gravitationally interact with each other (as in Example
2.3.2), the sources for this dynamics are the masses themselves and the equations of
motion are the ones originated from the Hamiltonian describing the system.

Though it may not seem like it, the concept of a test particle is even more fundamental
then that of a source. That is because when we consider multi-particle interactions, the
way we build this system’s interaction Hamiltonian is by making the assumption that
each particle behaves as a test particle in the field of the other particles. To clarify what

we mean by this statement, let’s go to
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Definition 3.0.2 (Test Particle). Given a physical system S, a test particle p, will be
a particle that moves under the influence of the system S as a source, but which has no

influence in the dynamics of S.

That is to say, a test particle is simply one which moves according to the same govern-
ing equations of § but which does not influence the system § in its motion. In physics,
one usually refers to this as probe approrimation.

As an example, say we have a system S composed of a single mass m living in R3. Its
position, given by 7o(t), is a function of time which, implicitly, is assumed to be known
a priori. The gravitational potential generated by m can be found by solving Poisson’s
equation

Ag(r,r9) = md(r —rg). (3.1)
And here is where the idea of test particle comes in. The potential ¢(r,ry) we find by
solving Eq.(3.1) is the one we’ll put into Newton’s second Law (New.2)

d?xl
dt?

=-Vip, j=1,2,3. (3.2)

The physical meaning of the above being: what will be the motion of a particle subject
to m’s gravitational potential? Since the initial assumption of ry(t) as being given was
made, we are also implicitly assuming here that said particle has no effect on the motion
of the mass m. i.e we are assuming that the particle is affected by m as a source and
has no influence over it, which is precisely what a test particle should be according to the
above definition.

The above example however is quite specific for the case of classical gravitation. Based
on Definition 3.0.2 alone, we could have a variety of other types of test particles, whose
underlying notion will of course be the same, but whose modelling might vary. In partic-
ular, the type of test particles we shall focus on throughout Part I of the thesis will be a

relativistic test particles.
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To properly understand it, we need to have in mind that in the framework of General
Relativity (GR), gravity is to be thought of as the curvature of a space-time manifold (see
Definition B.0.1).

Figure 3.1: Visual representation of a spherically symmetric mass curving the fabric of
space-time. A small enough mass could be seen as a fully relativistic test particle (see text
below for a proper definition), since its effects on the curvature are negligible compared to
those caused by the bigger mass. This in turn means that said particle moves along this
new curved space-time’s geodesics, whose metric is found by solving the vacuum Einstein
field equations.

This in turn means that any “real” massive particles we consider in this gravitation
framework will have an effect on the local (and potentially global) geometry of the space
they sit in.

We see in this context that our physical system S is no longer the particle by itself,
but it is now composed of the pair (particle, space-time) instead. This is because in GR,
space-time is a dynamical quantity that functions as a background over which the matter
fields get to sit on. Indeed, the object that is responsible for describing its evolution is the
metric tensor g,,, which evolves according to the Einstein field equations [Eq.(B.1.1)].

On the same token as before, we may be interested in knowing how a particle will
move under the gravitational potential generated by a relativistic mass m. In this case,
m will curve space-time and produce some non-trivial metric g, .

According to Proposition B.1.1, particles that undergo no other forces besides the
gravitational one will move in geodesics. And here again we are dealing with yet another

kind of test particle! This is because we are once again assuming that such a particle will
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General Relativity

Relativistic CM-CM in-
Mechanics teractions

Newtonian
Mechanics

Figure 3.2: A rough sketch of the different interaction regimes one can consider in
physics. As described in the text below, Classical matter interactions happening over
a pre-established background space(-time) are a special limit of GR. In these cases the
matter does not have an influence over the background’s metric and hence, such a regime
can be though of as a generalization of Classical (Newtonian) Mechanics to curved spaces.
Relativistic regimes are in turn another possible extension of Newtonian mechanics, in
which the laws of special relativity apply (see the end of Appendix B.1).

move in the distorted space-time generated by m, and it will not generate any further

distortions whatsoever.

It is then important to be aware of the subtleties we encounter when working with
gravity in other types of spaces, for different formalisms may apply. On one hand we have
the fully relativistic approach, which incorporates GR as the theory for gravitation

and builds itself from there.

On the other, we have the approach we take in this thesis which we will call the rela-
tivistic approach, where special relativity is used to establish some dynamical properties
of the particles' and also where GR is used not as a theory for gravitation but as a “sub-
framework”, used to define other relativistic quantities such as the energy-density tensor

(Sections 3.2 & 3.3).

This reasoning makes sense because physics happens in “levels” or regimes one might

say, in such a way that we could for instance consider classical matter (CM-CM) interac-

by distinguishing between proper and coordinate times, considering the time-like condition for the
tangent vector to the world line of the particles
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tions happening over a fixed background (Figure 3.2). Under this approach, we are able
to define classical gravity over curved spaces and see how such different geometries will
antagonise our Euclidean intuition.

It thus becomes useful to distinguish between a fully relativistic test particle,
being one that does not affect neither the space-time geometry nor the real particles (for
instance by some other type of physical interaction), and a relativistic test particle,
which is one that does not affect the geometry of the embedding space, but does affect
the movement of the real particles through some type of interaction. It thus becomes
clear that the condition of being a fully relativistic test particle is stronger then that of

being a relativistic test particle?.

3.1 A model for the dynamical equations

Following the above rationale, in an oscillating metric case, the natural framework in
which to work with the equations of motion of our particle system is that of Relativistic
mechanics, considering more specifically CM-CM gravitational interactions.

Our (test) particles will move according to the geodesic equation when subject to no
force. Though, since our treatment of gravity is classical, the gravitational interaction
between two masses will count as a force acting on them. This in turn changes the
equations of motion slightly to what we shall refer to as the sourced geodesic equation,
given by

d?at u dz” dz” B

v ar— e
ds? tlas ds ds g (3:3)

where the 3—vector f# precisely represents the force term acting on the particle. For our

case, this force term will be given by [Van(6]

q daP

w4, el 3.4
f Yo Is (3.4)

2When considering the Kepler problem under our gravitational framework, we shall get back to the
former concept.



65

where ¢ represents the gravitational charge of the particle®.
The above formula comes from the analogous force term a charged test particle would
feel if present in a curved space-time over which an electromagnetic field is present. Such

a term actually comes from the Lagrangian [Van06]

1 e i Av
£ - %guyl"ux + qg,wl'“A (ZL‘) (35)

Upon using the Euler-Lagrange equations on Eq.(3.5), we recover Eq.(3.3) with the

force term of Eq.(3.4) by recalling that [Van06]
F,=V,A, -V,A, (3.6)

and that the indices are raised with the inverse metric g"”.

On Chapter 5, we will get back to the above equations and focus on the study of the
Kepler problem. For now, we compute the energy momentum tensor of the metric with
and without the perturbations, giving along the way some possible physical interpretations

for its components.

3.2 The vacuum manifold Stress-Energy tensor

As mentioned in the Introduction, the motivating problem for our study is one coming
from atmospheric dynamics, in which we want to investigate the effects of high atmosphere
perturbations, induced by Moon/solar tides, on the dynamics of vortex and masses. The
geometry of our atmosphere is assumed to be intrinsically spherical for simplicity, and
the manifold we will work with will be R x S2, in order to self-consistently define the
relativistic quantities associated to the masses. The metric for such a manifold will be

given by
-1 0 0
gw=1_0 R? 0 : (3.7)
0 0 R2%sin®(0)

3the equivalence principle says that the gravitational mass (which can be thought of as a gravitational
charge) of a particle should be equal to its inertial mass. It can be mathematically interesting however
to consider cases in which these differ and, inspired by electromagnetism, are set to have opposite signs
to each other.
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where (0, ¢) € (0,7) x [0,27) are the azimuthal and polar angles respectively. On what
proceeds, we shall compute the quantity related to the matter and energy distributions
given by

within our space, namely the stress-energy or energy-momentum tensor T,

1
THV - EG'LLV (38)

where G, is the Einstein tensor and « is some number related to the Newtonian gravita-
tional constant (G. As can be deduced from Observation 3.1, the geometric interpretation
behind a manifold’s 7},, is that of an average change in area of a geodesic ball centered
at some point.

For simplicity we shall refer to it here as the vacuum stress-energy tensor, since our
base manifold (or now, vacuum manifold, by the same reasoning) is at first free of any
sources and matter®.

Inspired by the interpretation of the additional term appearing in Poisson’s equations
when over a compact manifold [BDS16], we may say that the vacuum manifold’s density
would refer in a way to the distribution of an effective amount of matter required to keep
the manifold’s constant spacial slice’s curvature and form static. As we shall soon see,
for the case of R x S2 this amount is constant, meaning that such an effective matter
distribution is uniformly distributed over the sphere.

Let’s now see how one can compute the stress-energy tensor of a base manifold that
we understand as an unperturbed classical vacuum. We will focus on the case of interest,
namely R x 52, and explore a bit the higher dimensional analogs of such a manifold, having
in mind the physical interpretation given above.

We start by considering our model of the atmosphere without any perturbations. This
means that the intrinsic curvature of the atmosphere (considered as our classical vacuum
manifold) will be due only to the presence of the Earth.

If we are to compute the stress-energy tensor of the this vacuum manifold, we need to

“Notice however that for a physicist, the notion of vacuum in GR refers to an identically null T},
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calculate” the Einstein tensor G, based on the metric of Eq.(3.7). This will yield us the

following object

)

Gw(S* xR) = (3.9)

o O O
o O O

1
R
0
0
By the field equations we have that 7"*(S* x R) is nothing but the above G, (5* X R)

with a 1/k factor on its 00—component.
Constant Ricci scalar

The above calculation can be straightforwardly generalized to higher spatial dimen-
sions, or even space-time manifolds given by the Lorenztian product of R with a constant
constant Ricci scalar manifold .

As further detailed at the end of Section A.1, we can compute a quantity called the
Ricct scalar [Eq.(A.1.26)] by making use of the the Ricci tensor R, and inverse metric
tensor ¢g"”. In the case where R is a constant, one can show that the decomposition
expressed at Eq.(A.1.29) reduces to the following [GHILO4|

R

ayvpB — va)- 310

Rw/aﬁ =

By contracting the appropriate indices we find that

R
R;w = Eg;w; (311)

Suppose we now want to deal with the manifold M = Rx 5", whose metric is schemat-

G = (_01 8) + (8 ggn) . (3.12)

It follows from the dependence of the Ricci scalar with the Christoffel symbols (and

ically given by

from their dependence with the above time-independent metric) that

0 0 0 O
Fo= (0 ne) = (0 5 ) (3.13)

Sthe computations herein where done using the Einsteinpy/GraviPy module of Python
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where we have used Eq.(3.11) (since the sphere has constant Ricci scalar). Now, using

Eq.(B.1.3), we find that

Gow=R ! R = g 0 3.14
uy — MV_§g[LV - 0 22—_nngSnR 3 ( )

which explains why in the case of 5% the Einstein tensor is as in Eq.(3.9).

We thus see that the first non-trivial space terms for the Einstein (and thus energy-
momentum) tensor appear in dimension four, when n = 3. Note that this result followed
from the assumptions that i) R is constant, ii) the metric tensor is time-independent,
and iii) the metric gy, of the manifold M, when considered in terms of infinitesimal line
elements, splits as

dsi, = —dt* + dsz.. (3.15)

Had we not assumed these conditions, the above result would not hold.

The physical meaning behind Eq.(3.14) should be similar to the one described at the
end of the previous subsection. The 00—components can be intrinsically though of as a
induced mass distribution over the space, responsible for causing the perceived curvature
which is usually interpreted by physicists as a cosmological constant.

We end this section with the following

Observation 3.1 (Geometric significance of R). Given a manifold M, take two geodesic
curves 7o(t) and ~;(¢) connected by a family of curves z(s,t) such that x(0,t) = 7o(¢),
z(1,t) = 7 (t) and 40(0) = 41(0). The measure of their separation as time goes on is

given by the quantity

g0 — 0z (s,t)

Me — Ra ced
b cbdf 5 ) Js

. (3.16)

This means for instance that the Riemann tensor can be used to quantify the rate of
separation between two such curves. We can further think that, if we are given a ball
B(e; p) of radius € centered at p, the Riemann tensor gives us a measure of change along

the ¢ direction of this ball, as we move along the geodesics.
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Moreover, upon taking the trace of Eq.(3.16), we see that
M = M", = R.£°¢", (3.17)

so that the Ricci tensor computes the average of such a rate of change, when we consider
all possible pairs of geodesics that come out of p. Finally, the Ricci scalar R (found by
taking the trace of R.4 with respect to the metric tensor) can be thought of as giving us

the average area expansion of such a ball.

3.3 Earth’s atmosphere with the Moon

The Moon’s presence implies in the existence of tides over the Earth’s surface and
atmosphere. This in turn affects the dynamics of vortices and masses over the latter.
What we do here is to model the atmosphere intrinsically, by thinking of it geometrically.
In this framework, the tides would oscillations on this “geometric atmosphere” whose
amplitude varies according to the passage of coordinate time ¢, as the phenomena is
global an at the end of the day, we will have to arrive at a metric tensor that changes
with time.

As in the previous section, we see the atmosphere as a surface of revolution, now of

the form
x = a(t;e)sin(f) cos(p), y = a(t;e)sin(f)sin(p), 2z = cos(h), (3.18)

The fact that both coordinates = and y scale directly with the function a(¢, ) means that
the dynamics of our oscillations are a bit different from that of the actual atmosphere.
In our case, the equator wobbles back and forth isotropically, starting from a minimal
distance of R to the origin and going until the maximum distance defined by a(t¢;¢). We
have chosen to proceed with the study of such a dynamics rather then the atmospheric
one(of a rotating ellipsoid of revolution) because the equations of motion and the metric
tensor for the latter are much more complex to study. Indeed, we will leave the analysis

of such a case for a future work.
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The specific perturbation function we chose to work with is
a(t;e) = R (1 + gsinz(wt)) (3.19)

Recall now from Differential Geometry that given two manifolds M, N and an embedding
t: M — N, if gy is the metric tensor over N then we have gy = (*gn is the (pull-
back) metric over M. In our case M is the oscillating sphere and N = R® (Minkowski
space-time) with metric n = diag(—1,1,1,1). Upon writing it down into infinitesimals we
have
ds = (—dt* + da? + dy? + d2?)
— —dt? + (d(alt; ) sin(0) cos()))? + (d(a(t; £) sin(8) sin()))? + (d(cos(8)))2

By using the chain and product rules we get to the following formula for ds

ds’ = (—1+ (9,a)?sin(0))dt2 + adsa sin(20)dfdt
(3.20)
+ (a* cos®(6)? + R*sin?(0)?)d6* + a* sin®(0)dy®.

Expanding the above with the formula from Eq.(3.19) we get

. RQ 2
ds = — (1 - 46 sin?(2wt) sin2(9)) dt* + R? <1 + %sinQ(wt)) %sin(th) sin(20)dtdo
2 2
+ R? ((1 - %sinQ(wt)) cos? () + Sin2(6)) do* + R® <1 + %sin%wt)) sin?(0)dy?. (3.21)
It is based on the above metric that we perform the one particle simulations present on
Section 4. For the sake of completeness though, as it’s usually done over flat Minkowski
space-time (see Appendix B), we can also express the above perturbation to first order

and consider

G = Gu(R x S%) + ehy (t, @), (3.22)

for some small fixed parameter €.
In matrix form, our perturbation will be written as

-1 0 0 hoo(t,ZE) hm(t,m) hog(t,I)
glw = 0 R2 0 +é hlo(t,.Q?) hll(t7$) hlg(t,.ilﬁ) . (323)
0 0 R2 Sin2((9) hgo(t,m) hgl(t,$) hzg(t,l’)
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The presence of cross terms on the metric is important because they are related to dragging
effects of such a space. These effects are in turn expected to appear due to the motivation
behind our problem for, in our case, the space-time dragging could be due to the Moon’s
motion about the planet, which we can intuitively think as “the atmosphere taking some
time to notice the Moon’s shift”.

From Eq.(3.21), we get our first order perturbation tensor to be

hoi(t, §,0) = hao(t, 6,0) = R{ sin(2wt) sin(26), (3.24a)
hi1(t, ¢, 0) = R?sin®(wt) cos®(h), (3.24b)
haa(t, d,0) = R?sin®(wt) sin(h), (3.24c)

with all other entries equal to zero.

3.3.1 On the matter Stress-Energy tensor

When dealing with relativistic test particles, we have that the Einstein field equations

should assume the following format

Y 1— 5) vac ma vac ma
Ry, — §guuR = R(Tuu + 10 t)v }Tﬂu { > ’T#V i (3.25)

with T representing the effective vacuum stress-energy tensor generated by the
background (Earth plus Moon) and 7™ coming from the matter distribution.

Since we are dealing with relativistic test particles on the CM-CM interaction regime,
by definition, they won’t have any effect on the background metric tensor. Therefore, on
the left-hand-size of Eq.(3.25) the metric is fized, and so the main use of such an equation

is to derive T*. That is to say
vac 1 —
T,uz/ = EG#V[-QL (326)

with g(z,t) coming from Eq.(3.23). The explicit form of such a 7}, can be numerically

computed, being in general very cumbersome. Nonetheless, upon using Eq.(3.24) we can
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express its first order correction to be

vac 1 2e :
Tos< = p + — sin®(t) cos?(6)
T = T = == (cos(2(t — 6)) — cos(2(t +6)))
T = = cos(2t) sin?(6)
K

o5 = £ sin(0) cos(2t)
K

We in particular see a correction term for the “vacuum” energy of the base manifold R x G2,
originally given by Tpy.
In the next chapter we explore the consequences of our model in the single particle

dynamics case, emphasizing the dynamics around two particular invariant submanifolds.
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Chapter 4

Oscillating metric atmosphere:
The test particle dynamics

Before going ahead into our discussion of the single particle dynamics, we more explicitly

lay out the important

Assumption 1 (Small oscillation amplitudes). The amplitude of the metric pertur-

bations, given by the parameter ¢, is small with respect to the radius R of the sphere.

Now, as we saw in the previous chapter, the energy-momentum tensor for the classical
oscillatory vacuum is given by Eq.(3.26). One interpretation we could assign to it is that,
it serves as an effective matter density that acts on the test particles, steaming from
the surface’s intrinsic curvature which is in turn physically caused by the presence of
exterior objects (Earth and Moon).

This can already be seen in the purely classical case too. For instance, in [BDS16]
an extra —1/A term, with A being the area of the closed surface, appears on Poisson’s
equation. It basically comes from a boundary condition that closed surfaces such as the
sphere or the torus ought to satisfy. In our case, as said above, such an effective density
comes from the fact that the atmosphere’s intrinsic curvature and motion are due to
massive bodies (Earth + Moon) sitting outside and pulling on it (Figure 4.1). The action

of the background on the test particle is already taken into account by the equations of



74

Figure 4.1: Exaggerated figure depicting the motion and shape of the atmosphere (light
blue curve) when the Moon (dark gray disk) moves around the Earth (dark blue disk).

motion

VT =, (4.1)

where V"' is the perturbed velocity vector field; the over dot is proper time derivation and
it is assumed that the Christoffel symbols Fgﬁ can be written as a perturbation series in

e (due to its smallness) as

«

The explicit form of Qgﬁ can be checked on Section B.3. On the same token, we can
further assume that the solution to Eq.(4.1) can also be written as a perturbation series
on . By thus letting V"' = V# + eCH + O(g?), where V* is just the vector that satisfies

the unperturbed background geodesic equation, namely
Vi T VeV =0, (4.3)
we can put together Eqgs.(4.1, 4.3), obtaining to first order corrections in € the following
CH+Th,CoCP = Qi VeVP, (4.4)

On Eq.(4.4), we see an explicit appearance of the metric perturbations through its coupling

with the unperturbed solution of Eq.(4.3), acting in turn as a force term for the motion of
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the deviation vector C*. This particular approach is useful because, if we take the curves

z#(s) or T"(s), then

dxF K dzF k K 9
7 Ve, 7 VP 4 eC" + 0O(e7) (4.5)

Then, upon choosing a 7-periodic geodesic' over the base manifold (whose coordinates
are z'), we get the following estimate for the solution of Eq.(4.1):
T+50
T (50 4+ 7) — T(s0) = / CF(s)ds + O(2). (4.6)
S0
So that a deviation of order e from T—periodicity is expected of the solution of Eq.(4.1).
We can further proceed with this reasoning and obtain that
n—1  so4(i+1)T
T (s 4+ n7) — T"(s0) = 52/ | C*(s)ds + O(e?), Vn € N. (4.7)
i—o Y sotit
Hence, for most of the initial conditions we should be able to perceive after some finite
time a noticeable difference between the particle’s trajectory when the metric oscillates,
versus when it doesn’t.
For the present moment though, notice that upon computing the Christoffell symbols

for the oscillating metric [Eq.(3.20)], we find that

0 —0
F02 = F12 =0,
=1 —1
F02 = F12 =0,

The 0—th component refers to the coordinate time ¢ of the particle, the 1st to the 6
coordinates and the 2nd to the ¢ one. To maintain the model’s self-consistency, we ought

to ask for the particle trajectories to be time-like’. This in turn translates into

~1=7, V'V’ forallseR,. (4.9)

Lone that satisfies 2#(sg + 7) = x#(s0),Vsop € R which holds for the spacial slices (given by $?) we
have.

2As discussed on Section B, classical particles are always time-like, since their velocity in time are
never zero and their spacial velocity can never exceed the speed of light.
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In particular, if s = 0 we get that our initial conditions have to obey such a relation too,

so that

(Vo)* = 1+ (Vy)* +sin®(6) (V)" (4.10)

If we write (VO, V1 V?) as (i,é,g’o), the geodesic equations for ¢,6 and ¢ assume the

following form

B Tooi2 + T0,0% + Toyp? + 2T 6 = 0 (4.11a)
b+ Tpot? + T, 6% + Thps® + 2Ty, 0 = 0 (4.11b)
3+ 29 (Tost +Thaf) =0 (4.11c)

From the above we see the existence of an invariant subspace of the dynamics. By

invariant subspace, more formally given by

Definition 4.0.1 (Invariant subspace). Given a space M and a Hamiltonian system S on
M whose Hamiltonian flow is described by the map ¢ : Rx M — M. Then, an invariant

subspace for the dynamics of § is a set A which satisfies
o(t, A) C AVt eR. (4.12)
In our case this corresponds to the set
A={(t,0,0.1,0,9=0)|t eR,(0,¢) € S?}. (4.13)

Upon choosing an initial configuration from A, Eqs.(4.11) can be first written as

i 4+ T2 + T 02 + 270,60 = 0 (4.14a)
i + Togf? + T1,6% + 2T, 0 = 0 (4.14b)

From the last equation we see that ¢(s) is constant in time. Since its starting value was
zero, we shall have that ¢(s) = 0,Vs € R,. This means that once we start over A, we

shall remain on A.
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4.1 A Hamiltonian approach to the equations of motion

To study the relativistic single test particle dynamics, we appeal to the Hamiltonian
formalism (see Section B.1.2). The equations of motion will no longer be second order, but
instead will be a system of coupled first order equations known as Hamilton’s equations

of motion. In our coordinates they can be expressed as

= apt’ bt = 815 9

. OH OH

S O el (4.15b)
apev Do 097

SO - ap(p? p(,D - 890’

with our single particle Hamiltonian being given by

1
H=—¢p.ps. 4.16
59" Paps (4.16)

Note that for solutions of Eq.(4.15) the above Hamiltonian actually has to be constant
precisely because of Eq.(4.9). Indeed, as discussed on Section B.1.2, to find the associated

momenta p,, to the positions z# we simply take
Pp = mGuz”, (4.17)

with () = Cfi—g). This in turn means that the momentum version of Eq.(4.9) is®

—m? = 9" Dupy, (4.18)

thus making Eq.(4.16) constant on the trajectories. More specifically, we have that on

each trajectory the Hamiltonian will be

H=—— 4.1
i3 (419)

3such a relation clearly also holds for the vector case, that is

oV

—m® = gup"p”.
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which should hold independent of whether or not the metric perturbations are on or off.
In what follows, we will divide our study in essentially two cases: i) the static metric
case, for surfaces of revolution, ii) the oscillating metric case, focusing on the metric

oscillations of R x S2.

4.2 Surfaces of Revolution: Static metric case

By the term static metric we mean a metric tensor whose components do not depend
on coordinate time explicitly. Now, when we consider a surface of revolution X2, we deal

with the following set of parametric equations

x = p(0) cos(p), y=p(0)sin(p), z=((0). (4.20)

Since we consider the dynamics to be happening over the 3—dimensional space-time man-
ifold R x 32, to calculate the metric tensor from Eq.(4.20) we have to take pullback of the

Minkowski metric by the inclusion ¢ : R x ¥2 — R'3, leaving us with

-1 0 0
gw=10 (CO)*+(©) 0 |, (4.21)
0 0 (p(6))?

whose inverse can be trivially found just by considering the multiplicative inverse of each

element on the main diagonal. The Hamiltonian for the system is given by

_ L 2 Pg pi
"= ( O rIG) <p<e>>2)' (4.22)

We can thus write the Hamiltonian Eqs.(4.15) in coordinates as

- oOH _ D . _3H B (4.23&)
t_apt_ m’ b= (%_0’

., _OH Po . 0H 1 ( <+ 5/ 2>
6= _ ’ _ 972 + 22 (4.23b)

aps  m((C2+ ()2 T 0 T m \ (02 + ()2l el

. O0H Do . OH

== = = _—— =0, (4.23¢)
T Op,  mlp)? Pe= "2

where prime denotes differentiation with respect to the variable 6. By Eqgs.(4.23a, 4.23¢),
we see that p; € R™(since the coordinate time ¢ must move in the positive direction) and

po =L €ER.
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The time-like momentum condition of Eq.(4.18) with the inverse metric to Eq.(4.21)
1s now written as
Pi L
(€(0))* + (' (0))* ~ (p(0))?

Other calculations and examples are further developed in the preprint by Boatto et

—m? = —p? + (4.24)

al. [SB25], on which the following subsections are based.

4.2.1 An analytic example: The (relativistic) ellipsoid of revolu-
tion

We consider an example for the static surface of revolution case, finding its set of
equilibrium points and its invariant submanifolds (Definition 4.2.2). More specifically, we

focus on the ellipsoid of revolution, whose parametrization according to Eq.(4.20) becomes
r = Rcos(p)sin(f), y = Rsin(p)sin(f), =z = bcos(h) (4.25)

where R, b are positive constants. From there, the metric tensor is found to be

-1 0 0
g=1 0 R2cos?(0) + b*sin*(0) 0 : (4.26)
0 0 R?sin?(0)

Therefore, the Hamiltonian on Eq.(4.22) is given by

1 2

2
H=—(—p? 2 Pe ). 4.7
2m ( Pt R2 cos?(0) + b2 sin®(6) * R2sin?(0) (4.27)

The equations of motion Eqs.(4.23) then become

R B =0 (4.284)
m
J_ Po __ py(b® — R?)sin(20) P cos(f)  (4.28D)
m(R2 cos?(0) + b2 sin?())’ bo 2m(R2 cos?(0) + b%sin*())2  mR2sin®(0)
. Do . (4.28¢)
= — =0
? msin2(0)’ Pe

Equilibrium points for the ellipsoid of revolution

The definition of an equilibrium configuration or an equilibrium point for a Hamiltonian

system goes as follows
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Definition 4.2.1 (Equilibrium configuration - General version). Given a manifold M
and a Hamiltonian system defined on 7*M with Hamiltonian H € C*(T*M), whose

equations of motion read

0OH 0H
P = . pi=——. 4.29
o P T o (4.29)
Then, an equilibrium configuration for the above is a point X* € T*M such that
OH 0H
X)) = X" =0. 4.30
5o (X) = 5o (X) (4.30)

In other words, an equilibrium configuration is one in which the derivative of our
coordinates vanish, meaning that the point we started on is fized under the dynamics.

Due to physical constrains, in our case we are restricted to looking for equilibrium
points within the spacial sub-system of our dynamics, generated by the coordinates
(0, ¢, D0, p,). In this case, the equilibrium points X* = (to, 6o, ¥o, Pr0, Po,0, Pw,0) for Egs.(4.28b,
4.28¢) will satisfy

C9H .. OH

OH vy — Oy _ X =5, =0 (4.31)

ape " Op,
As already studied by Boatto, Dritschel and Schaefer [BDS16] in the non-relativistic case,
the fixed points for this dynamics are the poles and the equator. In our framework
however, it does not matter the initial position on the ellipsoid, as long as we have zero

initial space momentum, the particle will remain at its starting point, as guaranteed by

the following

Proposition 4.2.1. The equilibrium points X* = (t, 0o, Yo, Pt0, Po.0s Ppo) for the dynam-

ics governed by Eqs.(4.28) are of the form

X = {(to, 00, 0, Pro = —m,poo = 0,pp0 = 0), Vto € R, (6o, ¢0) € 5% (4.32)

Proof: The proof follows trivially by inserting pgo = p,o = 0 on Eq.(4.28). In doing
so, we see that Eq.(4.31) is automatically satisfied by every possible value of t5 € R and
(6o, o) € G% The value for p; comes from the relativistic momentum norm condition

expressed by Eq.(4.18). O
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Invariant submanifolds for the ellipsoid of revolution
We start with the following

Definition 4.2.2 (Invariant submanifold). Given a manifold M and a Hamiltonian sys-
tem defined on its cotangent bundle 7% M, an invariant submanifold for the system is
a submanifold N° C T*M which gets mapped to itself under the system’s Hamiltonian

flow.

From a physical point of view, this means that once a particle starts at the submanifold
N, its trajectory will lie entirely within A

Based on the form of the equations of motion, plus Proposition 4.2.1, we may try to
observe what happens to the particle dynamics once one of the space momenta (say py)
is set zero and the other one (p, is this case) is not.

On setting ppo = 0, we observe that if 0y = 5 then pp = 0. This, together with the fact
that our pgo choice makes § = 0 enables us to choose pg(s) = 0 and 6(s) = 7, implying
that the dynamics is solely happening on the (¢, , pt, p,) subspace. A similar reasoning is
true for the case where p, o = 0 and we let py run freely instead. More formally speaking,

we have the following results

Proposition 4.2.2. The manifold

v
Aoy = {(t(S;to),Go =5 ©(83%0), (51 D) Poo = 0,p¢(8;p¢,o)) [to € R, 0 € S}
p2
Do = —{|m? + ——F2 (4.33)

R? SiIl2 (‘90)

is invariant under the Hamiltonian flow generated by Eq.(4.28).

Proposition 4.2.3. The manifold

Amer = {(t(S;to);g(S;Qo)a ©0, Pt (53 P10), Do (55 Do 0), Do = 0) | to € R, (6o, o) € 52} ;

2
Pro=—{|m?+ i (4.34)
’ R2 cos?(6) + b2 sin® () '

is invariant under the Hamiltonian flow generated by Eq.(4.28).
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Their proof is immediate and follow from a direct substitution of the coordinates of
cach points in either Ape or Aeq into Eqs.(4.23).

As a final comment before departing to the oscillating case, notice that if b = R
we are at a sphere and the dynamics of points located in the vicinity of these invariant
submanifolds is quite simple and will actually just yield great circles that either pass or not
through the north and south poles, depending on the value of p, . For the general case of
b # R however, we are at an ellipsoid of revolution whose dynamics around these invariant
submanifolds is much richer. For instance, some of the curves traced by the particle in this
case may be dense on the subset of allowable motions [[K1i95]. The question of stability

of such invariant submanifolds will be further explored on the final version of [SB25].

4.3 Surfaces of Revolution: Oscillatory case

We now investigate the dynamical consequences of the metric oscillations on the move-
ment of a single particle. Recall from Section 3.3 that the parameterization we use for

our oscillating surface of revolution is
x = a(t;e)sin(f) cos(p), y = a(t;e)sin(f)sin(p), =z = Rcos(h), (4.35)

which modeled the more simpler class of isotropic equatorial oscillations for the sphere.

The explicit form taken for the perturbation function was
a(t,e) = R (1 + gsinQ(wt)> , (4.36)

as it never vanishes for all ¢ € R and has R as its minimum value. The parameter w
represents the frequency of oscillation and its value will be showed later on once we get

into the numerical calculations (Section 4.3.3). The time derivative for a(¢;¢) is given by

Y sin(2wt), (4.37)

a =0a=

with R being the radius of the perturbed sphere and w the frequency of the perturbation.
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Notice that, since the associated metric tensor is independent of ¢, we still have p, = 0
and so, following the same notation as in the previous subsection, we put p, = L € R.
Due to such perturbations the metric tensor now changes to that of Eq.(3.21) and its

matrix form is given by

gtt(t7 ‘9’ 5) gte(t> 97 5) 0
G=|Guw(t.0;¢) Goo(t,0;¢) 0 : (4.38)
0 0 Gpp(t,05€)

Based on its inverse, we obtain the following Hamiltonian

1 _ _ _
H = o—(5"p; +3"05 + 37p;) +

—3"pipo- (4.39)
m

Evidently, the equations of motion will be of Hamiltonian form

= %(?ttpt +9"pe), D = —%—? = %(pf&@“ + 309" + p20,g7%) — %ptpeatﬁet (4.40a)
= %(?gtpt +9"pe), po = —88—]; = %(pf@ggtt + pR0sg" + pR0sg) — %peptaaﬁgt, (4.40D)
— %ﬁwp@, Py = —?9_[; —0, (4.40¢)
where we have the following formulae
70 = _(COSZ(Q)G(MI);; Ean®) gt 0) = a2(t)1Sin2 0
7(t,0) — 1-— sinzgaa’(t’ 6)2’ (1.0 = sin(0) cos(i;c;l(t, €)d(t, 6)’ (4.41)

DA(t,0) = cos*(f)a(t,e)* + R*sin*(0) (1 — sin*(0)d'(t, €)?) .
4.3.1 Equilibrium solutions

Much like in the static case, when talking about equilibrium solutions we will be specif-
ically referring to those sets of points which make the spacial derivatives of Eq.(4.40)

vanish. That is, we look for points X = (to, 6o, Yo, Pr0, P6,0, Pp,0) Which satisfy

H H
OH (0 0

_OH . 0H
8])9 apga

(X) = 55 (X) = 5 (X) =0 (4.42)

Our goal is to show the following
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Proposition 4.3.1. The only possible equilibrium points X* = (to, 60, ©o, Dr.0: Po,0s Do)

are of the form

Xt = (to, g 00, —m, 0, 0) , (t0, 0, 00, —m,0,0) , (to, 7, 2o, —m, 0, 0) (4.43)
for any ty € R, pp € S.

Proof: The proof follows from direct calculations. By Eq.(4.41) we readily see that
7(x*) =0, (4.44)

for any of the X* above. We hence conclude that 6 = ¢ = 0 once we have pgy = pyo = 0.

To conclude the same for py, notice that

Dpg"" = —@ (a”R?sin®(6) cos(6)(a®(3 4 cos(26)) + 2R sin*(0))) (4.45)

By thus setting 6y = 0,7/2 or m, we shall find pgo = 0, as we wanted to show. Moreover,

these are the only solutions for the above for all ¢ € R. Indeed, say we had instead
a®(3 + cos(20)) + 2R*sin’*(0)) = 0.

Some simple manipulations using the basic trigonometric identities let us rewrite this
equality as

sin?(0)(a(t;e)? — R?) — 2a(t;e)* = 0. (4.46)

Notably, any pair of points (¢, ) which satisfy Eq.(4.46) will also have so satisfy
(a(t;e)® — R?) — 2a(t;e)* > 0, (4.47)
since 1 > sin?(#). But Eq.(4.47) is equivalent to
—(a®>+ R?*) >0, (4.48)

which is an absurd. This hence shows that the only possible equilibrium points for the

dynamics considered are of the form stated in the proposition. [J
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4.3.2 Invariant submanifolds for the oscillating case

We already know that any point of the form Eq.(4.43) will be stationary. In particular,
we can conclude that any point in the equator will remain at the equator as stated in the

following

Corollary 4.3.2. The manifold

T
Vey = {(t(s;to),ﬁo =5 ©(85900), Pe(S: Do), Poo = 0,pp0 = L) |to,s, L € R, ¢ € S}
—m?2 — g¥?(ty, 0y = w/2)L?
Pro=— 9 (fo — /2) (4.49)
g (to, 90 = 7T/2)

18 invariant under the Hamiltonian flow of the oscillating metric dynamics described by

Eq.(4.40).

Proof: Thanks to Proposition 4.3.1, all we need to show now is that, for any other
Pyo = L value py remains equal to zero in the equator (provided ppo = 0). This has to
still be the case precisely because

8 cot(f)csc?(6)

07 = - ,
’ R? (esin®(tw) + 2)2

(4.50)

so that, at 6y = 7, the above derivative vanishes, rendering Eq.(4.40b) identically zero. [J

The above result than tells us that the system’s dynamics is restricted to the (¢, v, pt, py)
subspace. Now, much like in the static case however, we have yet another invariant sub-

manifold to our dynamics, as guaranteed by the following

Proposition 4.3.3. The manifold

Viner = { (t(s5t0), 0(5:60). 0o, P (8; P0), Pa (5 P0.0)s Do = 0) [t0, 8, Do € R, (6o, o) € S*}
—g"(to, 6o)po.o — \/ (9" (t0,0))*P5 0 — 9" (t0, 00)(9% (to, o) pf + m?)
gtt(t0790)

18 tnvariant under the Hamiltonian flow of the oscillating metric dynamics described by

Pro = (4.51)

Eq.(4.40).



86

Proof: The proof is immediate and follows directly by observing that upon setting
Poo = L = 0 on Eq.(4.40c) we have ¢ = p, = 0, meanwhile 6 and pp do not identically
vanish. This means that the dynamics happens only on the (¢,0,p;, pg) subspace, thus

making V., invariant under the Hamiltonian flow. [J

Naturally, we shall refer to Veq and Vpeq as the equatorial and meridian manifolds, re-
spectively. Notably, they possess a non-trivial intersection, given by the set of equilibrium

points

F = Veq N Vmer = {(t(37t0)7 ga ©o, —m,0,0) ’57t0 € [Ra(PO € S} ’ (452)

discussed on Proposition 4.3.1.

Further notice that the difference between the whole set of equilibrium points and F is
just the north and south poles. This is because if a particle starts at any position (6o, ©o)
with 0y # 5 and ppo = p, = 0, the derivatives of py(s) and 6(s) will not be identically
zero, which in turn means that the particle will be set into motion?, a behavior surely not
present in the static case where no matter the initial position, provided with zero initial
spatial momenta, the particle will remain fixed at that same place. In this regard, ¢ is a
dynamics inducing parameter.

Let’s now analyze what happens to the single particle dynamics in a vicinity of each

of these manifolds.

4.3.3 Numerical stability in the (0, py) plane

In this subsection we will be concerned with the stability properties portrayed by the
points lying on the invariant submanifold V., focusing on the stability in the (6, py)
subspace. We start by analyzing the poles and then pass to the equatorial manifold

Veq- The technique used to perform such a stability study will be to randomly choose

4 Notice that the motion of such a particle will happen within V.., since P = 0 always, so that
D, = 0 due to its initial condition.
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a set of initial conditions around our fixed points and see how they evolve under the
Hamiltonian flow of Eq.(4.40). That being so, we can not analyze the stability of the
meridian submanifold V., as its points will generically not be fixed ones. A thorougher
analysis regarding such a set’s stability properties is hence left for a future work.

Since our model draws inspiration in the lunar tides we will, in the numerical compu-
tations, set
_

w =

= (4.53)

with 7" being the period of each tide (i.e 12 hours).
Dynamics around the poles

We already know that the north and south poles belong to the set of equilibrium points
of the dynamics. That is, if we set them with zero initial space momenta (pgo = p,o = 0),
they will remain fixed. When considering the stability of such a set of points, we are
interested in knowing whether once we start close to them will for instance always remain
close, or will potentially “fly off” to other parts of the sphere (and hence, of phase space).
Notice however that the problem has an intrinsic Z, symmetry. Since, the perturbations
are symmetric with respect to the equator, the upper half dynamics that happens on the
sphere will be the same as the lower half one. Therefore we can restrict our study of the
poles to just one of them. We hence pick the north pole to analyze.

To begin our numerical investigation we randomly choose between 100 to 200 points
in the vicinity of the north pole with zero spacial momenta, i.e pgo = pyo = 0. Due to
the conservation of angular momentum p,, the system is invariant under rotations in the
¢ direction, meaning that if two particle start at the same latitude 6y but with different
longitudes (1 and @9, their dynamics will turn out to be completely equivalent, only being
shifted by a longitudinal angle of |ps — 1| modulo 27, meaning that we can choose all
particles in the same longitude (in this case ¢ = 0).

By examining the trajectories of Figure 4.2 we see the presence of 2 behaviors, namely
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Figure 4.2: (0,pg) planem = 1, R = 1,e = 0.01, ¢o = 0. We integrate the orbits from
Smin = 0 until sy = 5 x 10°. Left #mage: Single particle dynamics with 150 randomly
chosen 6y € [107°,107*] and ppo € [-1073,1073]. Middle image: Single particle dynam-

ics with pg o = p,0 = 0 for 100 particles with randomly chosen 6y € [155, 5]. Right image:

Single particle dynamics with 200 random chosen 6 € [107°, 2] and py € [-1072,1077].

libration and rotation, which are in turn separated by a pair of separatrices, a behavior
analogous to that of the simple pendulum [Gio22].

The libration motion happens in the interior region to the separatrix (middle image
from Figure 4.2) and it represents an oscillation of the angle 6 about the equatorial line
0 = 5. An example of a trajectory in this regime is given on image (c) of Figure 4.3,
where the particle goes from its initial position to its final one and back in a finite amount
of time.

In regards to the rotation motion, by exclusion, it happens in the exterior region to
the separatrix (left image from Figure 4.2) and it represents a continuous motion of the
angle 6 around its [0, 7] range. An example of a trajectory in this regime is given by image
(a) of Figure 4.3, where the particle starts from its initial position and moves without
bound in the # direction of phase space, signifying that it goes around the sphere passing
through the north and south poles in the configuration space.

Now, exactly in the separatrix however, the particle’s motion is quite different. Indeed,

if it starts on any one of its points (except the poles), it will take an infinite amount of
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Figure 4.3: Throughout the plots we fixed m = 1, = 0.01, ¢ = 0,p,0 = 0 (a) Single
particle orbit outside the separatrix region with fy = 7 x 107*,ppo = le — 5 (b) Single
particle orbit close to the separatrix with 6y = 0.001,pgo = 0 (c) Single particle orbit
inside the separatrix region with 6y = 0.001, pgo = 1074,

time to arrive at either the north pole or the south pole, depending on its initial py o value.

Evidently, if the particle starts at the north or south pole with zero space momenta, it

shall remain there forever. An approximate example for such a trajectory is given by
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image (b) of Figure 4.3 in which we tried to find a particle that was located precisely at
the separatrix (in this case very close to the pole). We observe that the § angle remains
essentially fixed for quite a long time until the particle manages actually starts moving in
the libration region, indicating that our approximation was indeed a bit of the separatrix
curve.

By also changing the perturbative parameter ¢ we see how the dynamics around the
pole evolves. As p,o = 0 always, by looking at Figure 4.4 we see that for ¢ values closer
to zero, the curves traced are mostly of rotation types. This is expected as when ¢ — 0
we recover the manifold R x 5%, whose spacial part is simply the (fixed) round sphere.
On the flip side if we make € bigger, more librations seem to appear, that is until the
dynamics becomes apparently chaotic, though as we shall see on subsection 4.3.4, this
also might be due mostly to numerical errors within our code.

To finish this first discussion, notice that the images on Figure 4.3 repeat themselves
infinitely many time, just like in the simple harmonic oscillator case. By thus making
use of the same dynamical classification as in the classical theory, we have obtained some
numerical evidence indicating that the north pole X, = (t(s),6(s) = 0,(s) = 0, pi(s) =

—m, pp(s) = 0,p,(s) = 0) is a saddle fixed point in the dynamics of the subspace defined

by
Sl = {(t79790apt7p9ap<p)|t7p9>pso € [Rv (07 (;0) S SQapQO =P = O}
—2"pg — /(29" pg)? — dgi'm? (4.54)
Pt = 2gt

where the dependence of ¢ on t and 6 was left implicit.
Dynamics around the equatorial manifold Veq

The point-wise stability of the fixed points in the equatorial submanifold is very similar
to that of the poles and, as a matter of fact, is more straight forward.
By looking at Figure 4.5, we notice the exclusive presence of librations around the fixed

point. Indeed, since now we are analyzing the dynamics with respect to Y, = (£(s), , w0 =
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Figure 4.4: Single particle orbits around the north pole with 200 randomly chosen 6, €
[107°, 5] and pgo € [-107%,107%] and fixed m = 1, R = 1, ¢y = 0. For better visualization
the maximum integration time s,y varied between 5 x 10* and 5 x 10°. The python solver
was LSODA.

0,p:(s), po,o = 0,py0 = 0), the important point in such an image is the one on its center,
representing the (0, pp) components of Y. With respect to it, we see that all sufficiently
close initial conditions go around in a periodic fashion (librations), with none of them

going to far off in the rotation region.

This thus serves as a first numerical evidence for the fact that Y, is a center equilibrium

point over the subspace S; defined on Eq.(4.54).
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Figure 4.5: We fixed m = 1,R = 1, = 0.01,¢9 = 0,p,o = 0. Single particle dynamics
for 100 randomly chosen 6y € [F —107%,Z + 10~ and pg € [—1073,107%] with p,o = 0.

4.3.4 Details & results on the numerical integration

Throughout the following calculations for this and the following chapter we focused
on using the following Python packages: numpy & numba for the numerical integration,
focusing for now on the LSODA function of the latter and Scipy package for the symbolic
writing of the metric.

By the above obtained numerical results, we can also give a bound in ¢ for the over-
all accuracy of the chosen integration method by computing the relative error for the
Hamiltonian of a particle.

Indeed, by looking at Figure 4.6, we observe that for € values much smaller than 1 we
can still guarantee some level of regularity in the integration method, meanwhile greater
values imply in higher numerical errors. This result ends up serving a further numerical
evidence for the fact that the results obtained through LSODA integrator are more trust
worthy precisely in the regime proposed by our Assumption 1, in which we stated that e
should be much smaller than R.

As a final remark, Figure 4.7 tells us that the overall error seems to be of smaller

magnitude if the set of initial points is taken closer to the equator which, in a way, is
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expected as its vicinity is much more regular in the analytical sense than that of the poles.
In either case however the overall error quite large for the expected accuracy requested
by the program, which was of order 1071°. A further investigation for a better integration

routine will take place in a future work.
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Chapter 5

Interacting particle dynamics 1:
The Kepler Problem

In the last chapter we saw the motion of a single particle on the perturbed sphere. Now
we want to study the motion of two interacting particles. As already mentioned, they do
not alter the space’s geometry, which is described by an already given metric - reflecting
the Earth and Moon’s influences on the atmosphere. To model the particle gravitational
interaction, upon considering the extension of gravity to our geometry as being that of a
central force field, thus basing ourselves on the Hodge decomposition, we work with the

gravitational Mazwell equations summarized as

5F = —j. (5.1b)
where 7 is the current 1—form possessing the information about the mass distribution and
current density, and the 2—form F' = %F wel A e’ can be written in matrix form as (see

Appendix E)
0o =&, &

grav grav
Fu = | & 0 —H (5.2)
&Y H 0

grav

We left to Appendix E the calculations relating the electric and magnetic parts of Maxwell’s
electromagnetic theory to the gravitational acceleration &g, and our gravito-magnetic

term H, respectively. Moreover, in the case of e—small amplitude oscillations of the met-
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Tidal Bulge
inOcean

Figure 5.1: Figure taken from the website [Bud]| depicting the effect of the Moon on
Earth’s sea. As shown on Figure 2 however this effect also happens for the atmosphere.

ric, such an H term emerges, being directly proportional to the parameter € and vanishing
in the limit of ¢ — 0 (see Section 5.3).

It is important to stress that previous authors like G. Ellis, Roy Maartens and H. van
Elst [EvE99, EMMI12] have already introduced relativistic gravito-magnetic equations in
a different context. In their case, Einstein’s field equations are rewritten in a gravito-
magnetic way through the use of the Weyl tensor, a formalism only possible for space
dimensions n > 3 (see subsection B.1.1).

We start our analysis by considering the Kepler problem on the unperturbed manifold
R x $2, where one interacting particle (view as the source field) is held at the north pole
and the other moves on the sphere under the former’s influence. The equations of motion

in this case are given by the sourced geodesic equations

BPar, dada® g ,dzP
7 Lo = ades
ds ds ds m ds

(5.3)

where F'* is as in Eq.(3.6) and ¢ represents the gravitational charge of the particle. As

in the previous chapter we can also formulate the equations of motion in terms of a
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Hamiltonian (see Appendix D)

Nz
H = g—m(pu —qAu)(py — qAy), (5.4)

Observation 5.1. Notice that the above will imply in a change on the relativistic
momentum norm [Eq.(4.18)] to

_m2 = gMV(pM - qAM)<pV - C]A,,) (55)

A further comment for the case of R x 5% is given bellow on Observation 5.2.

Based Eq.(5.26a), we get the following equations of motion

= — (0"'pa — 9" A) (5.6a)
m

. 1 o q .

Pu = —5-0u9 P (pa — qAa)(ps — qAp) + o P (pa — qA3)0,As (5.6b)

5.1 The general equations
The gravitational field equations will be given by the following

SF = _'Yj, (573)
dF — 0. (5.7b)

which, together with Eq.(5.6) (or Eq.(3.3)), have to be integrated in order for the motion of
the particles to be determined (the case of two moving particles, i.e the 2—body problem,
will be left to the following chapter). Although difficult, we theoretically solve the former.
Seeing F' an element of H*(R x $?), we can say that there is some A € A'(R x 5?) and

v € Ker(d : A> — A®) such that

F=—dA+~. (5.8)

In such a case Eq.(5.7b) is automatically satisfied and Eq.(5.7a) gets to be written as

SdA = AqrA — dSA = 75, (5.9)
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where Aqr denotes the Hodge-de Rham Laplace operator, a generalization of the Laplace
operator for spaces whose metric has arbitrary signature and curvature.

Note that if we could somehow set 0A = 0 in the above, then Eq.(5.9) could be
simplified to a Poisson equation, which we know is solvable by Green’s functions. Indeed,

such a trick is possible once we are provided with the following gauge transformation
A=A+ dy. (5.10)

It is a gauge transformation in the sense that the force field F' is kept unchanged when

we perform it. Indeed
Fl=—dA' +~v=—-dA+d)+y=—-dA+y+ &Y =—-dA+~v+0=F,

so that F” = F and thus, the result we get from solving the field equation for A’ is precisely
the same we would obtain from solving the field equation for A (at least in terms of the
2—tensor F).

With this in mind, we can simplify Eq.(5.9) by imposing the gauge field ¥ to be a

solution for the following gauge condition
0A"' =0 & ddyp = —0A. (5.11)

Since 1 € A°(R x 5%) (and so d1) = 0) the above gauge condition can be expressed in

a potentially more familiar fashion
Agry = —0A. (5.12)

Since a solution to Eq.(5.12) can always be found', the gauge condition for A’ expressed

on Eq.(5.11) simplifies Eq.(5.9) to the form we wanted, i.e

AqrA" = 7], (5.13)

Ithis assertion is due to the fact that for space-time manifolds the Laplace operator becomes of
hyperbolic type. Given then a suitable set of initial conditions, expressed as a Cauchy surface for our
manifold, the problem is well-posed and a solution can be found [CC03, Car]
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the Poisson equation with source j. We can write the above in coordinates as
(AgqrAN =V, VYA + BRI A" = 5+, (5.14)

and find a solution for it in terms of a Green function G(z,2’) € A°(R x S?) for the

Hodge-de Rham Laplacian, satisfying
AgrG(z,2') = 6O (z — o), (5.15)

with 6@ (z — 2') = §(t — t')§(z' — 21)6(2% — 2'?). From here it follows that A’(z) can be

written as [PPV11]

At (x) = 'y/[R . Gz, x")j" (2 d*, (5.16)

where d®z' = /—det(g)(t',0")dt'd0'dy’ is the volume element of R x G2

Given the solution A" of Eq.(5.14) to find the particle’s orbit, it remains to plug it
into the sourced geodesic equation after computing the F*” term, or simply calculate its

derivatives and solve the set of Egs.(5.6).

The case of surfaces of revolution

Previously, on Section 4.2, we briefly considered the metric tensor for a surface of
revolution on Minkowski space-time which had the equator as an invariant submanifold.
For this to be the case we argued that the metric could only have this form

gtt(e) 0 0
g=| 0 ge(0) O . (5.17)
0 0 gpe(0)
By then using the definition of the Ricci tensor, we can compute what Eq.(5.14) becomes

based on the above metric tensor. The only non-zero components will be R%,, R!; and
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R2,, whose expressions are

R, — _d2gtt 1 n (dgtt>2 1
d6* (29e6(0)g::(0)) df ) 4geo(0)ge(6)*
_ dgpyp Agie 1 dgee dgu 1 (5.18a)
df dO 49p9(0)g,0(0)gu(0)  dO  dO 4gee(0)%g1(0)
 dgu 1 N ( dgtt>2 1
d0? (2ges(0)g:(0)) do ) 4ge9(0)gu(0)>
_ A’y 1 i (dgw>2 1
d6? 2ge(0)gpe(0) d9 ) 4ge6(0)gee(0)
dgoe dgtt 1 + dgae dgcpcp 1 (518b)
df db 4gee(0)?gu(0) ded do 4999(9)29<W(9)7
_d2 Gy 1 B dGep Ag 1
do? (2909(0)gp0(0))  dO  dO 4geg(0)gpp(0)gu(0)

2
" (dgw) 1 . n dgos dgapap 12 . (5.180)
d@ 4999(9)_9%0(9) d@ d0 4999(0) gw(ﬁ)

From the above, we see that the field equations can be rewritten, in this specific case,

Rll -

2

as
V, VA 4 RO AY = 0, (5.19a)
VYAl ¢ R A = At (5.19Db)
V, VA2 4 B2, A% = 2. (5.19¢)

Recall however that, since A* is a short hand notation for the vector A = A*¢e,, each
of these covariant derivative are actually dependent on the Christoffel symbols in quite
an intricate way

V, V" A* =0,(0" At g" APTY ) + T8, (0% A*g*7 AT )
(5.20)
T8, (0 A" AP, ),

based on which Eqgs.(5.19) can be computed.

5.2 The Kepler Problem over the 2—sphere

The Kepler Problem is, broadly speaking, the scenario where we deal with a point source

that is fixed at some place on our manifold and consider the movement a test particle

2we drop the prime since the gauge condition lets us interchange between A* and A’ without losing
the physical significance of the model
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would go when under the action of said source. In what follows we will study some of the
dynamical properties of this problem, proving the existence and unicity of an equilibrium
configuration when pyo = 0, numerically analyzing its stability in the ¢ variable and also
studying the solution’s behavior close to such an equilibrium configuration when pg o # 0.

In all cases, the particle is going to be fixed at the north pole and the fact that it
shall remain fixed is attained by setting j* = 0, for k = 1,2 (recall that Roman letters are
designated to space indices, whereas Greek ones are for space-time). For the EM theory,
this fact represents the electrostatic regime of the theory which, in our gravitational case,

implies that no magnetic like terms should appear. Indeed, we have the following

Corollary 5.2.1. The field equations for the unperturbed manifold R x S? can be
written as’®

As2¢ = 7p, (5.21a)
VoVEp =~5% = 0. (5.21b)

Proof: There are two ways to show this statement. The longer one involves directly

computing the Christoffel symbols and the Ricci tensor for the manifold R x S? with

metric
-1 0 0
0 0 sin?()
The only non-zero Christoffel symbols will be
, cos(0)
I3, = —sin(f) cos(d), T, = (@)’ (5.23)
plus the Ricci tensor will be given by
0 00
R,=10 1 0]. (5.24)
001

Plugging all of these back into Eqgs.(5.19) will give us Eqgs.(5.21).
The second way of doing it is by noticing that A* = 0 is a consistent solution to the

field equations [Eq.(5.19)] in the sense that we get to no contradictions if such an equality
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is imposed. Based on it, we can conclude that H = 0 [Eq.(E.0.9)], as expected. By
using the formula for £y, [Eq.(E.0.5)] on Eqgs.(E.0.7, E.0.10), the above result follows

immediately. [

More details for this second proving method will be given in [SB25|. Practically
speaking, the above means that our gravitational field is curl free and time independent.
The equation of interest here is just Eq.(5.21a), which was already studied for the case of
surfaces of revolution in [DB15a].

For a sphere of unit radius, a mass M located at the north pole generates the following
potential [BDS16]

5(6) = o log(1 — cos()) = 5-0(6). (5.25)

based on which Eq.(5.4) can be written as

H=—1 (- +%<5(9) 2+2+—1 2 (5.26a)
- 2m P Tor Po sin2(9)p¢ 7 .
M-\’ 1
—m?2=_ —_ S 5.26b

Observation 5.2. Notice that the relativistic condition (originally given by Eq.(4.18)) in
this case has to be altered accordingly. This is because if we omit the potential term ¢(6)
from the time momentum, the two equalities above shall end up yielding contradictory

results. This becomes more evident once we write out the equations of motion

. 0H -1 M - OH
— - - - S, o— 2T 5.27a
= <pt+q27r¢(9)>, Pt 5 U (5.27a)
. OH  pe . oH 1 M M - ~ cos() 5 97h
0= o T T m <q27r (pt + q%cb(@)) Dp(0) + B (0)" ( )
OH Py 9H _ (5.27¢)

v py " msin?(0)’ Pe =" Dip
Note that once more we have p, = L and p; as our constants of motion. Also note now
that, p, need not be strictly less than zero, but instead the whole expression p; + g¢(6)

does.
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Had we then forgotten the potential term on Eq.(5.26b), one would hence be able to
erroneously conclude (after substituting such an equation on Eq.(5.26a)) that the Hamil-
tonian is not a constant of motion on the orbits generated by itself, because it would be

dependent on ¢(f) which evidently varies as (proper) time passes.

5.2.1 Particle dynamics & periodic motions

We now numerically solve the set of Eqs.(5.27) and plot the dynamics of the moving
particle on the sphere accordingly. We can clearly conclude that the system has to be
integrable since the Hamiltonian H and the momenta p, and p,, are first integrals of motion
in involution, meaning that the system should exhibit some type of regular behavior. As

mentioned previously though, we will divide the analysis for pyo = 0 case.

On the existence of periodic motions

Let’s begin by drawing some attention to the fact that the motion is still bounded by
latitudinal circles like in the oscillating single particle case discussed at the end of the last
chapter.

As expected for this problem, the test particle revolves around the source mass, located
at the north pole, in a bounded region. As we vary the initial latitude value the lower
circle which bounds the dynamics from below also varies accordingly and, although hard
to tell just from Figure 5.2, the upper circle varies too.

Much like before, we ought to make use of Eq.(5.26b). By sticking to the above
notation for p, = L, notice that once the initial positions (¢, 6y, o) and momenta (pg o, L)

are given, we can compute p; to be

L2 M -
_ 2 2 - 4= 2
Dt \/m + Do+ sinZ(0o) q2ﬂ¢(90) (5.28)

Recall that the extreme circles are found when the angle 6(s) achieves its maximum

or minimum values. Being it a differentiable function over R, this is tantamount to
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Figure 5.2: Motion over 5. The parameters were m = 1, M = 100,ppo = 0,9 =
0,p,0 = 10. Figure depicting the particle motion of the moving particle in the Kepler
problem considered. The upper row is a top view (from the north pole) of the solution,
meanwhile the botton is an inclined view of the respective trajectory. The black dot
represents the fixed particle located at the north pole while the blue curve is the solution
to Eqs.(5.27) for the moving particle. The initial latitude values from left to right were

. 7 w™ w™ 37
given by 90—6,5,5,7

demanding 6 = 0, which in turn implies that by setting ps = 0 we can find such circles,

as argued before. After some minor algebraic manipulations we arrive at

sin?(6) ((pt + M In(1 — (:08(0)))2 — m2> —L*=0, (5.29)

27

whose solution, although not that trivial, can nonetheless be numerically approximated,
with each circle being given by the two smallest positive solutions to the above.

We hence see a dependence of these limiting circles with the north pole mass M. In-
deed, an interesting behavior emerges when we change M’s values within a certain range.
What happens is, what once was the upper limit circle, suddenly becomes the lower limit
one, and vice-versa. This process shows that there exists a value for M which yields
a periodic (circular) orbit for the system. This orbit will be given by the latitudinal
circle the particle started on, which we illustrate as a red curve on Figure 5.3. The same

result is to be expect as we vary the moving particle mass m and let M remain fixed.
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For, what matters most in this situation is predominantly their ration, rather then each

of their single values. More formally, we have

Proposition 5.2.2. Given an initial condition (to, 6o, po,pt,po0 = 0,L # 0) for any
to € R, 0y € (0,7) and vy € [0,27), there exists a unique mass value M for which the

orbit is a latitudinal circle with angular velocity w, = IR

Proof of Proposition 5.2.2: We can show unicity and existence directly by a handful
of simple calculations. The only way the orbit can be a latitudinal circle is if 0 = po = 0,
that is, if the initial condition is an equilibrium point in (6, pg) subspace.

Given that pgg = 0 we already have that 6 = 0. Now, we want to argue that we can
find an M value for which py = 0 too. To do so we go back to Eq.(5.27b) and Eq.(5.28).

By setting the former to zero and rewriting the later as

M - / L2
pet a5 _d(f) = —y fm* + TR (5.30)

From the above, we see that py = 0 boils down to

M L? ~  cos(fy)
—q=— 4 [m? 0 L?=0 5.31
T\ * sin?(6p) o9 + sin®(6p) (5:31)
from which we have the single M value
0 2 L?
M = ?OSS( 90) ) : (5.32)
$in”(00) 43y (6o) | /m? + Ea

which shows the first part. The angular velocity’s computation follows immediately from

the fact that (by setting p, = L)

L

= - 5.33
m sin®(6y) e (5.33)

which then functions as the frequency of rotation/angular velocity for the integrable sub-

system (t, ¢, pi, py). O
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Note in particular that if 6y > 5 and ¢ > 0 no M value can be found which will yield
a circular orbit since in this case M < 0. If ¢ < 0 however, clearly the opposite happens.

Going back to Figure 5.3, after plugging 6y = %, L = 10, pg = 0 and setting pgo = 0 on
Eq.(5.32) we get the approximate value of M = 24.0938085184, which seems to fit with
the overall behavior.

A more difficult question to ask now is if such an equilibrium configuration exists for
all values of M € R. That is, given some M € R, can we find a unique 6y for which the
initial condition (to, 6o, o, pr. Peo = 0,L # 0) yields and equilibrium configuration? A

partial affirmative answer to that question is given in the following

Proposition 5.2.3. Given a value for the mass M, we can always find a latitude angle 6,
for which the initial condition (to, 0y, o, pt,0, L), where o € S, L # 0 and ty € R, gives
a periodic circular orbit for the Kepler problem on R x 2. Furthermore

PO.1 if ¢ >0, then 0y € (0,7/2)
PO.2 if ¢ <0, then 6y € (w/2,7)

Proof: We start from Eq.(5.31). It is the equation that actually gives us the condition
necessary for (to, 6y, ©o, ps, 0, L) to yield a circular orbit for the system. We showed that
given 0y, L, ¢ and m we could always find an M that solved it. Now let’s show that given
M, L,q and m, we can always find a 6, that solves it too.

The first thing to do is rewrite such an equation in a way that gets us ride of the poles

at 6 = 0, 7. We can do so by noting that

Opp = 1 ilr;((fs)(@) - s?;r;((eg)) ’ (5:34)

From which Eq.(5.31) can be brought to the form

—q% m? 4 L?  sin(0) cos(6)

2 sin*(0) sin® () - sin®(6)

L* =0. (5.35)

We can multiply both sides by sine cubed and further simplify the term under the square
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root, thus getting to

M sin (z \/L2 + m?2sin®(0) + cos(0)L* = 0. (5.36)
(3)

27T sin?

By using the fact that

sin(9) = sin (2%) — 9¢in (g) cos (g) | (5.37)

we can finally transform Eq.(5.31) into the function

f(6;q) = _2q7TM sin (g) cos® <g) \/L2 + m2sin®(6) + cos(§)L* = 0. (5.38)

The idea now is to use the Intermediate Value Theorems (IVT) on f(6;q). It is evidently

continuous in the closed interval [0, 7] and is such that

f (07(]) — LQ7 (539&)

f(Za) = -y, (5.39)
2 2w

f (W;(]) — _L2‘ (5390)

And so, by the IVT, for ¢ > 0 we can guarantee the existence of at least one root within
(0,7/2), meanwhile for ¢ < 0 we assure so in the interval (7/2, ), thus proving assertions
PO.1 and PO.2. O

As a final remark, notice that we can also ask ourselves what effect will it have on
the orbit if we change q. Its physical significance was that of a gravitational charge which
mathematically speaking is allowed to assume positive or negative values, similar to our
usual concept of electromagnetic charge. It is important to emphasize the mathematical
overtone of this procedure, provided that the equivalence principle implies among other
things in the equality between gravitational and rest charges (or masses here) of a particle.
In going against such a postulate for the present moment we are assuming that gravity can
be repulsive and, by the form of the equations of motion, this would be phenomenologically
equivalent to the presence of negative (rest) masses within our space. In light of this, we

would expect an overall similar though reversed behavior to the solution curves of the
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Figure 5.3: In both cases the red curve is the latitudinal circle on which the particle began
its motion. Picture a) depicts the change in the limiting circles for the Kepler Problem
over R x 8% with m = 1,q = m,0y = ,pso = 0,L = 10,09 = 0 and M value given by
M = 10,15, 20, 24, 26, respectively. Picture b) depicts the change in the limiting circles
for the Kepler Problem over R x §? with m = 1,¢ = —m, 0y = ?jf,pg,o =0,L =10, =0
and M values give by M = 100, 120, 170, 210, 300, respectively.

Figure 5.4: Figure depicting the particle motion of the moving particle in the Kepler

problem on R x S%. The fixed values were M = 100,m = 1,¢ = —m,ppo = 0,09 =

0,pp0 = 10. The initial latitude values from left to right were given by 6y = %, %, 7, ?jf

Kepler problem when ¢ = —m, at least when compared to the results from the previous
figures.

As we can check from Figure 5.4, this does indeed seem to be the case. As we get
closer to the pole mass M, the gravitational repulsion increases, meaning that the moving

particle should go farther away. When the starting position is close to the south pole
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however, repulsion diminishes so that the particle will be bound to move within a smaller
strip then previously. As guaranteed by Proposition 5.2.3, for negative ¢ values the
equilibrium configuration will sit beneath the equator, as can be verified on Figure 5.3 b).
To find the M wvalue which corresponds to this equilibrium configuration we put
g=-m,m = 1,0, = %:L = 10 and set ppp = 0 on Eq.(5.32), thus obtaining M =
213.987064289.
The question of stability of such circular orbits will be further explored in the final

version of the preprint [SB25].
5.3 The magnetic component for the oscillating case

Our goal here will be to show the following

Proposition 5.3.1. The magnetic component of the gravitational field F),, vanishes as
e — 0.

Such a limit is important since it portrays our model’s self-consistency, given that the
magnetic component was meant to only exists when the e—small perturbation was on.

Proof of Proposition 5.5.1: Going back to Egs.(5.21), recall that upon setting j* = 0,
then A* = 0 was a valid solution to the field equations used, which led us to conclude
that the field ¢ was static and curl free.

This last consideration is crucial because, for a point particle with mass m located at

position zy(s) (for some proper time s), its density is given by

p(x;s) = md(x — xo(s)), (5.40)
whose associated current density components are

3" (s 8) = pla; s)VH(x; s) (5.41)

with V# being the particle’s velocity field. We thus see that if we introduce a metric

perturbation h,,(t,6), the first order approximation we made on Section 4 saying that
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V= Uk 4Ok 4 O(g?) will yield us that j* = 0 and A* = 0 is no longer a consistent

solution to the equations of motion. Indeed, the above tell us that
-k . . .
= " +epC* + O(®) = iy + €ifyy + O(e?), (5.42)

and so, pC* shall act as a background induced effective current.
In this way, under the effect of the first order perturbation for the velocity field, upon
setting jé‘“o) = 0, solving the differential equation for C*(x; s) [Eq.(4.4)] and expanding the

Green function G(z,z’) (the solution to Eq.(5.15)) in term of ¢ as
G(z,2') = Gy(z,2") + eGy(z,2") + O(£%), (5.43)
by Eq.(5.16), A™(z) becomes

A*(z) = eym (Goy(z, ') + eGuylx, 2'))jfy () d*z' + O(e?)
RxS?

= ey G, x’)jé“l)(:c’)d?’:z:’ +0(e?) (5.44)

Rx 52

It hence becomes easy to see that as ¢ — 0 we have A* — 0. By Eq.(E.0.9), we know

B o VIA? — V2A! from which it follows that B o ¢, and thus

lim B(e) = 0, (5.45)

e—0

as we wanted to prove. [
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Chapter 6

Interacting particle dynamics 2:
The 2—body problem

6.1 Computational Algorithm

The process of solving the field equations for 2 interacting particles and finding their rel-
ative motion is actually quite intricate. In what follows we give a short sketch illustrating
how one could solve the equations of motion (in geodesic form) computationally.

Recall that for a single particle with mass m located at position 7 with velocity v(g,

.]( ) 7.] 7] ( ) Y (())7 (()) N :

When considering however the 2 body interactions we need to have in mind that
particle 1 is, for a brief instant, a test particle is the field of particle 2, and vice-versa.
This means that the actual set of equations to be considered for a system composed of 2

real, interacting particles is

dFy) =0, 3Fa) = i), <§-§z>
dFio) =0, 0F2) = —7iw)- (6.2b)

where F{;) stands for the gravitational field generated by particle j = 1,2. This in turn
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means that the sourced geodesic equations to be considered are

B

2.1 a dpP

Pty | @& g et (6.30)
ds? B ds ds m”?7 ) s

2.1 a P A

Toly 1w BOT _ 4, e (6.3)
ds? B ds ds m”"T W s

where 5’76‘) is the position of particle 7 = 1,2. From here notice that, once the initial
values of position and momenta of each particle are specified, the first thing we ought
to do numerically is to solve Eqs.(6.2a, 6.2b) in a small proper time interval As. This
gives us the “next time step” (since the system is discretized) F*”. With their values in
hands, we then plug in such results at Eqs.(6.3a, 6.3b) integrating only one time step once
more in order to know the updated positions of the particles, based on which we ought
to recalculate the new F'*” components and from there repeat the process until the final
integration time is hit [Nd22].

A thorougher (numerical) exploration of these sets of equations will be done in future

works.
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Part 11

A study on Braid Theory with
applications to Integrable
systems
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Chapter 7

A brief overview on Integrable
Systems

As outlined in the Introduction, the study o integrable system is an old matter, dating
back to the times of Jacob Hamilton and Joseph Liouville, being them one of the main
figures in the study of such type of systems. Out of all the possible systems one may
be interested in studying, here we will restrict our attention to a particular one, called a
Hamiltonian system. To explain what is a Hamiltonian system, first we begin considering
a system of n particles whose configuration space is the manifold Q. Then, let M =T*Q
be the cotangent bundle' of Q, seen as a symplectic manifold (Definition A.4.1) with
canonical 1—form # and symplectic form w = —d#, be our phase space. If we write the
positions and momenta of each particle as q, and p, respectively, also denoting the local
coordinates of M as the tuple (¢',...,¢", p1,...,pn), we will locally have that

W= quj A dp;. (7.1)
J
It is common in the literature to refer to the local coordinates (g;, p;) as the conjugate
variables of the system, or the conjugate pair of variables, equivalently.
In this fashion, the system will be called Hamiltonian if we can find a function

H € C°°(M), such that the time evolution of the phase space coordinates can be described

lsee Appendix A.1
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by the following differential equation

Lx,w=dH, (7.2)
or equivalently in coordinates
g=2 (7.3a)
) ap’L?
p,= 24 (7.3b)
7 a "
q;

where, notably (q,p) = Xy € I'(T’M). Moreover, as laid out on Appendix A.4 one
can construct on a symplectic manifold an elementary Poisson structure {-,-} (Definition

A.4.3) defined over the set C*°(M) as

{f.9y=>_ (ﬁ@ - ﬁ@) . (7.4)

¢’ Op;  Op; O

From it, once H(g,p) is given, we can reframe Eqs.(7.3) to assume the following form:
q; = {q, H} (7.52)
p; ={p, H} (7.5b)

So that the time evolution of the system can equivalently be described by Eqs.(7.5). Now,

having clarified this matter, we can move on to the key concept of this chapter, namely

Definition 7.0.1 (Liouville Integrability). Let (M, w) be a 2n—dimension symplectic
manifold. A Hamiltonian system over M is called Liouville integrable if one can find

n linearly independent first integrals {®;},—; , that are in involution®.

It is worth mentioning that, there is quite a difference between the notions of integra-
bility and solvability of physical system. The former has to do with internal properties
of the system itself, such as the existence of periodic behaviors and conserved quantities.
Whereas the latter has more to do with one’s computational power and ability. [Tor16]

For example, we can clearly solve the 1—dimensional problem of a falling body subject

to a constant gravitational force and drag proportional to its velocity. This same system

2see Definition A.4.4
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however is not Liouville integrable (since energy, the only possible integral of motion
in this case, is not a conserved quantity anymore). Conversely, the classical two body
problem is famously Liouville integrable as much as hard to solve, due to the appearance
of elliptic integrals.

In a practical sense, a Hamiltonian system being integrable means that the equations
of motion can be (numerically) integrated and the system reduced to the computation of
these various integrals, usually referred to as the quadratures of the system.

Notice further that the above concept of integrability only works for the case of a
Hamiltonian system. The fact that such a symplectic structure exists, and that the
inwvolution requirement is meat greatly simplifies the work needed. For instance, if we are
dealing with a 2n degree of freedom system which is not Hamiltonian, to fully integrate
it we would a priori need precisely 2n — 1 first integrals, instead of just n.

Getting back to our case of interest, a particular set of integrable Hamiltonian systems
are the autonomous® 1 degree of freedom (d.o.f) ones. To give a proof for this fact we

ought to make use of the following

Definition 7.0.2 (y—Regularity). Let f : D; C R" x R — R be an at least C*(R" x R")

function. A point (zg,yo) € Dy will be called y—regular if
0
det [a—‘g(xo,yo)] #0 (7.6)
A similar definition holds for z—regularity at a point.
With the above definition in mind we can show the following

Theorem 7.0.1. Let H be a Hamiltonian for an autonomous 1 d.o.f system whose con-

Jugate pair of variables is given by (x,y), so that the equations of motion read

dz _ OH (7.72)
dt Oy’
dy _ _OH (7.7b)
dt ox

3one in which the Hamiltonian is time independent
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Let (z9,Y0) be a y—regular starting point of the dynamics on the phase space. Then, there

exists a neighbourhood Uy, on the x—space over which the system is Liouville integrable.

Proof: Since the Hamiltonian is time independent, it is a conserved quantity. By
Definition 7.0.1 the system with n = 1 that has 1 integral of motion is Liouville integrable,
which is the case since {H, H} = 0. Now, let H(z(t),y(t)) = E be a level set for H and
take (2(0),y(0)) = (zo,v0). By the Implicit Function Theorem, given the y—regularity of
the point (zg, yy), we can find a neighbourhood U,, C R of 2y and a differentiable function
g such that yo = g(x¢) and H(z,g(z)) = E on U,,. Putting this back at Eq.(7.7a) we

have

dr  O0H 1 dx
g—a—y )—f(x,E)j/zo f(x)E)_tl_tO

(z,9(x)

and so the system is deduced by a quadrature. []
Action-angle Variables

An important characteristic of Liouville integrable systems is that, under certain con-
ditions, they can be described by a special set of conjugate pairs named the action-angle
variables. In order to arrive at such variables however, we ought to perform a series of
steps which we briefly lay out below, though whose thorough derivation can be found in
most Classical/Hamiltonian Mechanics textbooks or notes alike [Arn&9, Gio22]. The first

concept we ought to have in mind is that of a canonical transformation

Definition 7.0.3 (Canonical Transformation). Given a simplectic manifold (M,w) a

canonical transformation is a map f : M — M such that ffw = w.

In mathematical terms, a canonical transformation is a symplectomorphism and thus,
it is, in particular, a transformation which preserves the form of the equations of motion
(given that under f the form of Eq.(7.2) is kept unchanged). Note that the definition of

a canonical transformation is not truly unique. One could also argue for instance that a
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transformation is canonical if, and only if, it preserves the form of Hamilton’s equations
of motion, a condition less restrictive then ours.

Given a system S with Hamiltonian H(q,p), the idea behind the construction of
the action-angle variables is to use the first integrals in involution {®,};-; . to build a
canonical transformations on the phase space M which takes the set of coordinates (¢*, p;)

to a set of conjugate coordinates (6%, I;), with each #° € S! and such that

H=H(,..., I,

OH . (7.8)
J— = . [ J—
or, —wn 1i=0

That is, upon performing such a transformation, we are able to write the Hamiltonian of

éi

the system solely in terms of the action variables I;, and the angular variables are trivially
integrable, for each w; (the frequency of coordinate %) is constant on the curves generated
by the Hamiltonian.

The steps one must follows to construct such a set of variables is the following: consider

a constant entry vector ¢ = (cq,...,¢,) € R" such that

{(¢,p) € M|®1(q,p) = c1,...,Pu(q,p) = cn} € M, (7.9)

contains a compact, connected submanifold M.. Then, one can show that M, is diffeo-

morphic to an n—torus [Gio22]. Moreover, without loss of generality, we can say

o(®,,.... D)
det (m) #0 (7.10)

based on which we conclude that we can locally invert the ®;(¢,p) = ¢; equations to
obtain p; = p;(®, ¢). Then, on each of the n cycles of M., named ~; for j =1,...,n, we

can construct the following

1;(®) = % 7§ > (@, q)da, (7.11)

Based on which, the action functional

S(@) = / S peda (7.12)
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can now be written in terms of the I;, i.e S = S(I;), in such a way as to enable the
following definition for the conjugate pairs to each I;

¢ = %, (7.13)
J

from where Eq.(7.8) follow.

The whole process outlined above is the content of the following

Theorem 7.0.2 (Arnold-Jost Theorem). Let H(q,p) be the Hamiltonian of a system
S whose phase space is given by the symplectic manifold (M,w). Say S possess a set of n

first integrals in involution {®;} and let ¢ = (c1,...,¢,) € R be such that the manifold

{(g.p) € M|®1(q,p) = c1,...,Pu(q,p) = cu} (7.14)

has a compact connected component M.. Then, in a neighborhood of M. we can define a
set of action-angle variables (0°,1;), in such a way as to make H = H(Iy,...,I,), so

that the equations of motion will now be given by
0 =w', I;=0, (7.15)

OH

i
where w* = ol -

Observation 7.1. Notice that the definition of the action-angle variable is always local
and only exists for certain regimes of the system S. On this same token, the periodic
condition present in the #° variables leads one into concluding that not all problems admit
a global canonical transformation which takes us to the action-angle variables (take for
instance the free particle problem on R", which possess no periodic motions). The only

way this could be so, is if for any allowed energy value E the curve

YE ‘= {(va) € M’H(q7p) = E}> (716)

was diffeomorphic to a circle, in which case the dynamics would be globally bounded,

making the above construction also globally definable.
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Chapter 8

A first study on Braid Theory

8.1 Basic definitions and results

The study of these objects called braids dates back to about 200 years ago, with the first
mathematicians to seem to have an interest in it being Friedrich Gauss, as some sketches
can be found on some of his notes [Lam09], and Adolf Hurwitz, on the 19th century. As

we will see next, we can define these braids in three equivalent ways, namely
(1) gemetrically;
(2) physically;
(3) algebraically.

Prior to this objects called knots were already being studied, though it was James W.
Alexander in his 1923 paper [Ale23] who explicitly layed out a connection between these
two by proving that every such knot can be built by the closure of an appropriate braid.

Formally speaking we have the following
Definition 8.1.1. A knot is an embedding of S! into R?

Definition 8.1.2 (Geometric). A geometric braid (or dancing particle braid) is one

composed by the time evolution of a system of non-colliding particles.
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Definition 8.1.3 (Physical). Consider the parallel planes Py and P;. Let {a4,...,a,} €
Py and by, ...,b, € P;, be two sets of points joint by non-intersecting smooth curves. This

set of curves is called a braid on n strings.

To consider the algebraic definition of a braid, we need to bear in mind the notion of
an equivalence between braids. Two physical braids o and 3 will be called equivalent’
(or isotopic) if it is possible to find a continuous deformation of the strings of a to those
of 5. Furthermore, the construction of algebraic braids will be done through projections
on a given plane. Visualizing the physical braid on R?, we can deform it to an isotopic
braid whose crossings occur separately and project it, without loss of generality, on the
xrz—plane.

After having done the projection, while keeping track of which string crosses over
which, to the crossing of the ith string over the (i + 1)st one we assign the symbol o;. If
the opposite happens, we label it o, Uinstead. For a better visualization, see Figure 8.1a.

Not surprisingly, these symbols will denote the generators of the so called Artin Braid
Group, introduced be Emil Artin in his 1926 paper. It was from that point on that the
study of braids became more rigorous, thanks to the tools coming from Algebra. We are

now in position to state

Definition 8.1.4 (Algebraic). An algebraic n-braid is an element of the Artin braid

group on n strands B, thought of as a word on its generators {o;};=1. 1 which them-

.....

selves obey the following relations
BD.1 0,05 = 004, |2 —]| >1
BD.2 0;0;410; = 0410041, 1= 1, e, — 2

Moreover, the way in which these objects form a group is by concatenation. That is, the

end points of one braid will be the starting points of the other. In this fashion we construct

'Represented by oo = B or a ~ f3
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1 2 i-1 i i+1i+2 n-1 n

N

(a) Generator o; and its inverse (b) An element of Bs
Figure 8.1: Algebraic representation of geometric/physical braids

a “tower” of crossings with n—strands and such a resulting object will thus be considered
an element of B,, (see Figure 8.1b, for example). By the above discussion on these braid
elements as projections, it is clear that an o € B, is not just one braid but actually
represents an equivalence class of braids that are isotopic (from a physical /geometrical
perspective) to this particular representative we chose to refer to.

Naturally, we call BD.1 and BD.2 the braid relations. They in turn not only
give necessary, but also sufficient conditions for us to determine the braid group, i.e, any
other possible relation between the generators can be brought down to just these two.
Algebraically speaking, we can say that the above give a valid presentation of the Braid
group [GMI1].

An important normal subgroup of B, is P, the pure braid group whose generators

can be built from the ¢; and are given by
— 2 _—1 -1 _—1
Qi == 04-105-9...0;410; Oi—i—l e O'j_20'j_l. (81)

These a;;, much like the 03, also satisfy a set of relations which themselves characterize
P, [AdRJ21]. Intuitively, while and element of B, permutes the base and final sets of
points, an element of P, does not make any permutations on these. For example o7 € Py
because it doesn’t permute its base and end points, i.e it takes 1 to 1 and 2 to 2.

One can also formulate the above reasoning in a more algebraic term. Given the group
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Figure 8.2: Geometric representation of the braid generator «;; for the pure braid group
P,. The image was taken from page 32 of [AdRJ21].

homomorphism

¢ : B, — 5y, (8.2)

between the braid and permutation groups, which takes a braid generator ¢; and maps it
to ¢(0;) = (ii+ 1), i.e the element in S, which exchanges elements i and i + 1, we can
notice that the kernel of such an operator is precisely the group P, of pure braids. That
is

Ker(y) = P, (8.3)

From there, we can conclude by the Isomorphism Theorem that
B,/P, ~S,, (8.4)

8.1.1 Some fundamental theorems

To be able to refer to the two most classical results on Braid theory, namely Alexander’s

and Markov’s Theorems, we need the following

Definition 8.1.5. The closure of a braid a € B,,, denoted @, is the knot generated by

an ordered matching of a’s starting and ending points.

Appealing back to the Definition 8.1.3 describing what a physical braid is, the way
in which we would define the closure of a € B,, would simply be to connect the point a;
to b; without making any new crossings midway, as depicted on Figure 8.3. With this in

mind we have the following
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[

Figure 8.3: Figure depicting the closure of the braid (thick red lines). We joint the starting
and final points of the braid as in the above fashion, thus creating a loop in R?* which can
be seen as a knot.

Theorem 8.1.1 (Alexander, 1923). Every knot can be represented as a closed braid.

Proof: See [Ale23] and [BZ85].

A possibly intriguing fact about the statement of the above theorem is the lack of the
word “unique”. Indeed it turns out that the braid that closes to a given knot isn’t unique
at all. Though, two braids closing to the same knot can’t be arbitrarily different either.

They have to be related by what we now call Markov Moves, described below.

Definition 8.1.6 (Stabilization). Let o € B,, < By, ;1. A stabilization move on « is

+1

given by the operation o — a0,

Where the inclusion above, namely B, — B,.1, is just given by the addition of
another string to an arbitrary braid of B,. That is, you add an (n + 1)st point to the set
of starting and ending points of said braid, just to then connect those trivially. The next

operation we are interested in is given by

Definition 8.1.7 (Conjugation). Given «,v € B,, a conjugation move on « by 7 is

defined to be the operation a +— yary™!

Definitions 8.1.6 & 8.1.7 form what we called the Markov moves above. With this at

hands we can state
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Theorem 8.1.2 (Markov, 1935). Two braids close to the same knot if, and only if, they
are related by Markov moves.

Proof: The original one can be found here [Mar35|. A more comprehensible one is due

to Birman [Bir74].

8.1.2 The center of B,

Before we move on to discuss how braids can be built in other 2—manifolds other than
the Euclidean plane, let’s talk about yet another important subgroup of B,,, namely, its
center.

On a more general context, given a group G, we define the center of G to be the
subgroup
Z(G) ={x € Glxg = gx,Yg € G} (8.5)
In other words, the center of a group G is the set of all elements that commute with
any other element of GG. For a general group, the center need not be finite (in order), nor
finitely generated (i.e, generated by a finite set of elements).
In our case, where G = B,,, a very nice characterization of the center subgroup hap-

pens. To start, consider the element A € B,,, called half twist, given by
A =b,_1b,_o...byby, where b, = 0105 ...0} (8.6)

As can be seen on Figure 8.4, the element A performs, as the name suggests, a half
twist on the strands of the braid by taking, in By for instance, the starting point 1 and
mapping it to the ending point 4 and, on the same token, starting point 2 goes to 3, 3
goes to 2 and 4 goes to 1. On the general case of B,,, the half twist takes the initial point
¢ and maps it ton + 1 — 4.

Upon composing this element with itself we end up with the full twist A% which

resets the configuration of the initial and final points, though in the process, tangling the
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1 2 3 4

Figure 8.4: Picture depicting the half twist on By. In this case, the element can be written
as A = 01020301092071.

strands even more. With this in mind we have the following

Theorem 8.1.3 (Garside, 1969). Consider the braid group B,, and in it the half twist A. Then,
it follows that

o Z(B;) = (A),
e Z(B,) = (A?), forn>2

That is, A is the generator for the center of Bo, meanwhile A? is the generator for the center
of B, forn > 2.

Proof: See [Gar69]. O

8.2 Braid group representations

We now briefly lay out the construction of the braid groups in other types of 2—manifolds
M other than the plane. Note that we can think of M as the configuration space of n

point masses located over it by defining the set

Co(M)={(21,...,20)| 26 € M} ~ M", (8.7)
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of all possible positions those particles could occupy on M.
Since we're in general interested in the case where no two distinct particles can occupy

the same position simultaneously, we are lead into working with the set

Co(M) ={(21,...,20) € M™| 2 # 2,¥i # j}, (8.8)
thought of as the collision-less version of C,,(M). Upon considering the fundamental group

of such a space we end up with the set of Pure braids over M, that is

P,(M) := m(Co(M)). (8.9)
The geometric reason for this is quite simple: if we take a point z € 5n(M ), then z is
a collection of n point (z1,...,2,), in this particular ordering, over M. An element of
m1(Co(M), 2) is just a loop that starts on z and ends on z. The “intermediate point” of
this loop can be though of as the movement of the initial set of z/s. Since the initial set
of such points is the same as the final set (by definition), and the points revolve around
one another without making any collisions (since they all sit inside 5n(M )), we end up
precisely with a pure braid (if this motion were to be represented by the Artin braid
group).
To get to the intrinsic notion of the full braid group B,,, note that there is a natural

action of S,, (the permutation group) on CNn(M ), by the simple permutation of the elements

of its points. That is, the group action 5, an(M ) is given by
9.2 = (Zg(1)s - - - » Zg(n)), for g € Sy,. (8.10)

The action is clearly free, because if g.z = z then g = Id the identity permutation. This
in turn enables us to consider orbits of each of the elements of @(M ) and, in particular,

also let’s us consider the quotient space

On(M) = C(M)/Sh, (8.11)
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formed by the equivalence classes of each z € 5n(M ) under the above natural S, action.

Based on it, we are able to define the full braid group intrinsically, as

which has a similar geometrical interpretation as P,(M). In this case, instead of just
a point z we have an equivalence class of points, denoted [z] on which our loop starts
and finishes. Since the elements of the class we decide to start our loop on do not have
to exactly agree with the ones we decide to end it on, we have that the initial points we
started with may be permuted once we complete the loop. Hence, the Artin representation
of such a braid coincides with the ones for the full braid group B, we saw in the previous
subsection.

An important fact when dealing with this fundamental group representation of the
braids is that topological braids may appear. Their existence is related to the fact that,
if m (M™) # 0, then there will be extra strands that we’ll need to attach to the Artin
representation of our braid.

For instance, take M to be a closed 2—manifold (i.e compact and without boundary).

We can then make the following argument: consider the trivial inclusion

L Co(M) — M™. (8.13)
By the trivializing theorem [AdRJ21], we have a naturally induced surjective homo-
morphism

Lt Py(M) =1 (Cp(M)) — m (M™). (8.14)
The surjectivity of the above map let’s us deduce the important
Observation 8.1. Loops not homotopic to a point in M" are in direct relation with the

presence of non trivial pure braids in the Artin representation of B, (M ). More specifically,

to each generator, a new strand has to be added in such a representation.
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For example, when n = 1, since C;(M) ~ M, we shall have that P,(M) = m (M) by
definition (and so, this specific case also holds for open manifolds®). The base case of
M = R? will give us no new strand whatsoever, as expected by construction. Indeed, the
Artin representation of P;(R?) is just a line connecting two dots, for P,(R?), with n > 1
we will have the generators o; given by Eq.(8.1).

For the less elementary case of M = S x R however, due to the fact that 7 (SxR) = Z,
we have to add one extra strand to P;(S x R) in the Artin representation, making such
pure braids become 03", n € Z. In this regard we can say that P;(S x R) ~ P,(R?). For

P,(S x R), with n > 1, we ought to use the fact that
m(X xY)=m(X) xm(Y), (8.15)

for any path-connected manifolds X and Y, i.e manifolds which admit a path connecting
any two points. In doing so, we conclude that P,(S x R) can be surjectively mapped
onto m((S x R)") = m(S x R)® ~ 7", meaning that besides the already existing n
strand (associated to each of the n particles), we have to add yet another n more strands
associated to each generator of the fundamental group of (S x R)", meaning that P,(S x

R) ~ P,(R?). Based on this we have the following

Definition 8.2.1 (Topological strand). Given a 2—manifold M and its associated
(pure) braid group (P,(M)) B,(M), a topological strand is a strand we add to the

Artin representation of (P, (M)) B, (M) due the non-trivial elements of m (M™).

As illustrated above, different generators of m(M™) shall correspond to different
strands being added. In this general case, for surfaces of large genus we can form some
very complicated braids by simply going around the surface in a loop. As we said before-
hand, these braids shall be called topological braids, because they arise due to the surface’s

non-trivial topological information captured, to first order, by its fundamental group.

2formally, one takes a compact subset of M in which the braid dynamics happens
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For further details on other braid representations and their correlations with other

areas of algebra and dynamics, see [BCH09, BZ85, AdRJ21,d"A20b].
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Chapter 9

Vortices on the cylinder

In this chapter we focus on the particular case of a system of N point vortices, also
denominated a N —wvortex system (see the Topological dynamics and Vortex motions
subsection of the Introduction).

We will concentrate on the work of Boyland, Stremler and Aref [BSA03], in which
the dynamics of an advected particle in the flow of 3 vortices with zero net circulation is
discussed under the framework of Braid Theory. We shall first briefly introduce the reader
to the Hamiltonian formalism behind vortex dynamics over 2—dimensional configuration
space M, though focusing on the plane and the cylinder only. One important property
of the N—vortex systems is the fact that its configurations space M itself already has a
“weighted” symplectic structure

N N
Q= dg Ndp; = Tidz; Ady, (9.1)
i=1 i=1
with T'; being the vortex strength of each point vortex (see Figure 9.1) and (z;,y;) a
general notation for the position of the i—th vortex over M.

Then, based on the computations of [BSA(03] we will conclude that a 3 vortex system
on the cylinder R x S with vanishing net circulation is integrable but nonetheless is not
entirely free of chaos, as the topological dynamics of its advected particles have a so-called
pseudo-Anosov regime of motion.

Lastly, we give various integrability notion based on the braids formed by a system of
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Figure 9.1: Advected by the velocity field of one point vortex, a test particle follows a
circular orbit, with a speed proportional to the absolute value of the vortex circulation
and inversely proportional to the square of its distance from the vortex. With courtesy of
Stefanella Boatto and Darren Crowdy from their paper - S. Boatto and D. Crowdy, Point
Vortex Dynamics, Enc. of Math. Phys., pag. 66 — 79, Academic Press (2006) [BC06]

point particles. Our definitions are general, however we restrict to formulating those solely
with the Artin braid group B,,, as we can always think of the dynamics in terms of it as
long as topological strands (Definition 8.2.1) are taken into account. We finish by giving
a first prove relating to Liouville integrability (LI) of a bounded system of interacting
particles and one of the braid integrability definition considered, thus presenting a braid

theoretical obstruction to the (LI) of such type of system.

9.1 Interaction Hamiltonian on the plane

Unlike with the massive particles we dealt with throughout Part I of the thesis, when
talking about vortex dynamics we can see their configuration space Q as already being
the symplectic manifold we need to describe their dynamical behaviour. This happens
because when dealing with vortices the notion of “conjugate momentum” vanishes and, all
we need to know to in order to trace out the dynamics is their velocities which, of course,
is nothing more then the time derivative of their positions.

In order for this association to be valid, it is clear that our configuration space over
which the flow happens has to be even dimensional. For this section, we will focus on
M =R

In what follows, talking about real particles we shall be refering to the vortices within

the fluid. Meanwhile by test particles we will mean the fluid particles that get transported
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or advected by the flow generated by the vortices seen as the sources for the advected
dynamics.

Now, given a vorticity field w(r), we can characterize the velocity field generated by
it still in terms of the aforementioned Hodge decomposition (HD). Now however, in the
study of fluids, we are concerned the divergence free part of the decomposition instead of
the curl free one as in the gravitational case. The conditions used to describe the fluid

flow are given by the formulae
curl(u) = w, (9.2a)
div(u) = 0. (9:2b)
Physically, the condition expressed on Eq.(9.2b) asserts that our fluid flow is incom-

pressible and so, any deformation in one direction shall be compensated in another.

Furthermore, Eq.(9.2a) let’s us write the fluid velocity u in terms of an auxiliary

_ (dx dy\ 8_@[)_6_1#
“—&ﬁa)—(@’@ﬂ- (9:3)

The usefulness of the above expression is that is highlights the Hamiltonian character of

potential 1) : R> = R as

the dynamics. We can also rewrite in the following way

w= JV, with J = (_01 é) (9.4)

Now, putting together Eq.(9.3) and Eq.(9.2a) we get that
AY(r,r'(t) = —w(r, r'(t)) (9.5)
Which can be solved by Green functions, i.e functions G(r,r’) that satisfy
AG(r,r")y =6(r —1') (9.6)

with the Laplacian derivation being taken with regards to the r variable. This distinc-
tion is important since, it is namely because of it that we are able to express the solution

Y of Eq.(9.5) as
wlrit) == [ GO @)l ©)dr (©.7)
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Notably, the domain of integration is the same over which Eq.(9.5) is valid.

Observation 9.1 (Emphasizing the test particle perspective). As written above,
the function ¢, known as stream function, is the one that describes the behaviour of the
passive, test particles in the fluid dynamics, not the one from the vortices themselves.
Indeed 7'(t) = (2/(t),4'(t)) is the position of a given vortex that we took as a given.
A natural question to ask then is, how do we find r'(t)? In the case of a point-like vortex

system, described by the following vorticity field

w = Z T;6(r — ri(t)), (9.8)

with r; being the position of vortex i, we shall find by Eq.(9.7) that the stream function
reduces to the sum
Y(rrit) = =Y TiG(r,ri(t)). (9.9)
In order to obtain the vortex interaction Hamiltonian, we can reason that real particles
are test particles in the field of the other real particles. That is to say, each
vortex (real particle) is a test particles (passively advected particle) in the field of the
other vortices. A formal derivation of this procedure can be found in the paper [DB15h].
In the plane, this culminates in the following Hamiltonian
Hyore = — Y TiLG(ri, 7). (9.10)
i#j
Using the symplectic form from Eq.(9.1), we find the following equations of motions

describing each vortex’s position.

dt T, 0y’
G 10H (9.11)

From which we get r(t) and r5(t) to substitute back into the Hamiltonian from
Eq.(9.9) and solve similar equations to the above (just without the I';’s on the denomina-

tor).



136

It becomes clear from Eq.(9.9) that, from a mathematical perspective, the function ¢
represents some sort of “interaction potential” of the fluid. In this regard, what Eq.(9.9)
tells us then would be the “flow strength” felt by a test particle at position r, given a set
of point vortices at positions r;(t).

Following [DB15a], we can equivalently write the vortex interaction Hamiltonian in

the following for

1 n n

i=1 j=1

with the planar Green function being given by
1
G(r,ro) = o log |r — ro] . (9.13)

9.1.1 The Cylinder case

As performed on [ABCT20b, MST03], for the case of the cylinder the Poisson equation
is precisely the same, with the difference being in the expression for the Laplace operator.
To find the green function we have to make use of the covering space of the cylinder,
given by the plane R?. This let’s us make use of the planar Green function [Eq.(9.13)] to
calculate the cylindrical one, however with the catch that an infinite (though regularizable

sum) has to be made as an infinite number of copies for each cylinder will appear (Figure

9.2)

Figure 9.2: Tllustration taken from the paper [ABC"20b| showing the plane as the covering
space for the cylinder R x S. For a radius L cylinder, as it has a 27 L periodic coordinate,
the covering space will contain an infinite number of vortices on each patch that covers
R x S.
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For the case of a cylinder of circumference L the Green function is given by [BSA03]

Gt = e (& (o () - (Z5))). oy

with (z;,y;) being the coordinates of each vortex. We can now move on to the particular

case of interest, namely, when n = 3 and total vorticity is zero.

9.2 On the integrability of the 3 vortex system with
vanishing net vorticity

We now reprove the integrability of 3 vortices on the cylinder with vanishing net circu-
lation (D, I's = 0) by following the computations done in [BSA03].
First of all, let’s start by parameterizing our configuration space. As the reader is
aware, a cylinder is nothing more than the manifold S! x R. As a submanifold of R? we
have that

X =cos(p), Y =sinly), Z=Z7 (9.15)
However, we can consider a pair of intrinsic normalized coordinates to describe the posi-
tions of our vortices. Those are (z;,y;) given by

in order to later on identify the covering space of the cylinder with the xy—plane. Fur-
thermore, to describe the dynamics from a Hamiltonian point of view, we introduce the

pair of conjugate variables (g¢;, p;) where [DB15a, BS19]
¢ =z, pi=TLwy; (9.17)

with I'; being the circulation of each vortex. In these coordinates the symplectic form
will be given by':

Iwe are here assuming that the circulations, once fixed, are not dynamical variable. That is d[; = 0
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The dynamical equations are naturally given by

dg  OH dp,  OH

= =— 9.19
where the interaction Hamiltonian [Eq.(9.12)] assumes the following form
RN Pi _ D
H=—-— I'lG|q¢—q,= — = 9.20

j>i
Based on Eq.(9.20), we can see right away the Hamiltonian’s invariance with respect
to spacial translations. Similar to the gravitational case (Example 2.3.2), this implies

in the conservation of the linear momenta of the particles (see Example A.4.2), whose

expressions (in the (z;,y;) variables) are given by

Q= Zrﬂi, P = Zriyi~ (9.21)

Sticking to the (x;,y;) notation, consider the positions of the vortices on the cylinder as
given by z1, zo and z3 with each z; = x; 4+ iy;. Since the Hamiltonian only depends on the
difference of the positions of the vortices, we can use the quantity J = > I',z, together
with Z := z; — 25 and the fact that I'y + I'y + I's = 0 to express the other differences in

the following manner:

—J =127z —-J+1Z

— = 9.22
Ty y R2 T 23 T, ( )

21 — k3 =

Now, to further reduce the system and prove its integrability, note that for consistency we
got to right the Hamiltonian equations of motion in complex form. This can be done in
the following way: consider the symplectic form w =" I dz, A dy,, and a Hamiltonian

function H(z,,ya) so that

dva _ 1 OH (9.23a)
dt Ly Oy,

dya _ 1 OH (9.23b)
dt ', 0z,

Using the fact that z = x + iy, we can express Eqs.(9.23) using complex coordinates in

the following way
dz, 21
E = F_Q@ZH(Z) (924)
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Setting o = 1,2,3 and taking the appropriate differences we can get the equations of
motion for Z, and thus for z; — z3 and 2o — z3. The Green function of Eq.(9.14), after a

very long string of calculations [Dual6|, can be written as

sin (%z) D : (9.25)

with its real analog just being given by its real part. The equations satisfied by Z is

G(z) = %log (

so that we do have a Hamiltonian for this system, namely

I's Is —-J+1hZ Is J+TZ
KZ)=—|GZ2)+ =G| ———— —G | ——— 9.27
@ =g (6@ o (D) r e (FR)). e
with the canonical symplectic form © = —%dZ AdZ over the reduced space. By Theorem

7.0.1, we conclude that the above 1 d.o.f system is integrable so that Z, and hence the z;,

can be found by quadratures.

9.2.1 Liouville integrability and topological chaos

On Section 4 of [BSA03] Boyland et al. made use of Braid Theory to classify the dy-
namics of advected particles under the flow of 3 vortices moving on the cylinder. The
main tool used was a result from Nielsen and Thurston classifying the homeomorphism
class of a function f : S — S, with S being a compact” oriented surface (TN classifica-

tion) [Nied4, Thu88]. The precise statement of the theorem is the following

Theorem 9.2.1 (Thurston-Nielsen Classification). If f is a homeomorphosm of a compact
surface S, then f is isotopic® to a homeomorphism g, of one of the following types:

TN. 1 Finite order
TN. 2 Pseudo-Anosov
TN. 38 Reducible

2the compactness condition here is meat when one considers bounded motions of the vortices. These
in turn can only happen on a closed and bounded domain of R x R2
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The TIN 1 case means that the map g when composed with itself enough times is the
identity over S. TIN 2 means that we can find a pair of transverse, measured foliations
which are preserved by the action of g. Typically, one such foliation is stretched while
the other is contracted by the map g by a factor of A and 1/, respectively. The complex
dynamics of such a pA map generates in the dynamics what is usually understood as
topological chaos, for such a behavior is preserved by isotopic deformations of g [BSA00].
Finally, by TIN 3 we mean that there is a family of disjoint simple loops which are
permuted by the action of g on .S. On the complement of such loops, the dynamics of ¢
is either reducible or pseudo-Anosov.

An interesting property of such a vortex system is worth mentioning. As already noted
by Aref [AS96], the dynamics for 3 vortices on the cylinder has a wide variety of regimes
of motion and as done on [BSA03], we can map such a system from the cylinder to the

plane by considering the transformation
T(z) = e*™* with z =2 +iy € S xR, (9.28)

and once there, we can analyze the dynamics according to the TN classification of the
braids formed by these vortices. What one then sees is that, for certain vorticity ratios,
pA regimes emerge in the dynamics, even though the system is completly integrable. This
in turn means that Liouville integrability of the vortex system does not usually imply in
the absence of chaos, at least from a topological perspective. This is mostly due to the
fact that topological chaos has to do with the dynamics of the advected particle, which
is differs from that of the sources, as discussed on Observation 9.1.

The way in which this is verified is by considering the Artin representation of the
braids from the cylinder to the plane (via Eq.(9.28)) and computing the TN type of
each generated braid using a computer software [BH95]. As noted on Subsection 8.2,
when considering such a braid representation coming from another manifold, we need to

introduce topological strands to our dynamics. Since m1(R x S) ~ Z only one extra strand
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will be needed and, by Eq.(9.28), it shall remain at the origin of R?. Such a strand has
the dynamical interpretation of a null vorticity vortex so that, together with the previous
ones, we may then say that the 3 vortex problem on the cylinder can me mapped to a 4

vortex problem on the plane, with however only 3 “active” or interacting vortices.

9.3 Integrability notions coming from Braid Theory

A first thing we ought to have in mind is the broad notion of what an integrable system
is. The technical definition (Definition 7.0.1) says that in order to precisely describe
the motion on a Hamiltonian system with 2n degrees of freedom, we need to find n
independent functions that are kept fixed by the dynamical equations responsible for the
evolution of such a system. In doing so, we saw that under certain hypothesis a pair
of action-angle variables (I;,0;) can be found (Theorem 7.0.2), in terms of which the

dynamical equations read

OH
oI,

ji = 0, 01 = Wi, fOl" Ww; =

(9.29)

meaning that the dynamics becomes trivial and is in fact described by a set of straight
horizontal lines in (I, 6) (or action-angle) phase space .

Typically, one can perform the process of reduction to get to Eq.(9.29). In each step,
we compute a first integral and use it to reduce the dimension of the phase space until no
more of such integrals can be found and the dynamics becomes completely predictable.
Meanwhile, focusing on the configuration space now, if we then restrict our attention
to the case of a point particle (or vortex) interaction happening over a 2—manifold M,
we can consider the braids formed by the motion of these objects and ask ourselves the
following: what happens to the braids generated by this particle dynamics as we perform
the reduction of the system?

Naively, one may think that we simply remove all the braid crossings, getting to the

identity braid. This however, is quite far from what goes on. For instance, take a 2
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particle system on R? that we know to be integrable. Then the solutions to Eq.(9.29) will

read

I =5y, 6i(t)=uwiot+bo
(9.30)
Iy =1, 6(t) =waot+bap

By plotting the angular variables together one thus sees that a priori there is no
reason we can’t have ;(t) = 6,(t) for some t value. Furthermore, since these variable
are usually periodic, these braid crossings occur an infinite number of times! And so, it’s
not necessarily true that the resulting braid will have no or even less crossing than the
original one.

The question we are lead into thinking now is: Could we define a sensible notion of
(braid) integrablity which bases itself on the untangling of the braids generated by a given
physical system?

The answer is yes, and below we outline some possible ways in which we could approach
this problem.

The first of them relates to the elements in the center of the braid group. As written
on Theorem 8.1.3, the center of the braid group B, is generated by the full twist for n > 2
and by the half twist for n = 2. As the name suggest, we can think of the formation of
the crossing of these central elements dynamically by imagining that they are created by
the anti-clockwise twisting of the end points of the braid, leaving the starting points fixed
or vice-versa. In a sense, such a movement is trivially reversible, for we could get free of
the crossings by performing this same twist in the clockwise direction and get back to the
identity braid.

From here on, all systems & we shall be referring to are Hamiltonian. With this

reasoning in mind, we state

Definition 9.3.1 (Central Braid Integrability). Given a smooth 2—manifold M, let
B, be the Artin representation of the braid group generated by a point particle/vortex

system S over M. We shall say S is central braid integrable (CBI) if, on the regimes
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associated to bound states of motion, the braids a generated by the system lie in the

center of some braid group B; for some 2 <1i < n, i.e a € Z(B;) for some i =2,...,n.

Observation 9.2 (Integrability and Topological Chaos). Notice that typically CBI
systems still exhibit topological chaos. For instance, if we take the full twist on Bs, given
by A2 = (0,090)?, following the matrix representation of Boyland et al. [BSA00| one can
compute the eigenvalues of A2 to be \; = 7+ 4v/3 and Ay = 1/),, characterizing a pA

regime.

Another notion of braid integrability comes from the dynamics of distinguishable par-
ticles. As portrayed on Figure 9.3, if we act twice with some generator o; on two given
particles in the system, its overall configuration doesn’t change, and so we could consider

a notion of integrability which takes this discrete symmetry into account.

o; ag;
ON Bl NORSSION
Figure 9.3: Take two distinguishable particles. If we act on it with some o;, the organiza-

tion of the system changes, whereas if we apply the same o; once more, the system goes
back to its original configuration.

Definition 9.3.2 (Square Braid Integrability). Given a smooth 2—manifold M, let
B, be the Artin representation of the braid group generated by a point particle/vortex
system S over M. We shall say S is square braid integrable (SBI) if, on the regimes
associated to bound states of motion, the braids a generated by the system are such that

2 2
a € <01,...,0n_1>.

We can suitably define the subgroup
B, = (01,....00_1), (9.31)

so that a € B,, in SBI if, and only if o € B,,.
Despite being similar, the above definition are not equivalent, nor do they imply each

other. Indeed the braid a = o?03 is SBI but not CBI. Analogously the braid 8 = o is
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CBI but not SBI. We shall not discuss however which integrability notion is best suited
for a given problem.

Although good enough these definitions are all indirectly time dependent. This is
because when considering the braid of a physical system, we will in general only take into
account the crossings that happened until some final time ¢;, specially if the system is
known to be aperiodic. This means that for times different from ¢;, we will in general have
different braids being formed by the system which could in turn change its integrability,
possibly even making it become braid non-integrable.

To overcome this issue, first notice that we can always deform the braid crossings in
such a way that the positive integer ¢ is always located between two consecutive crossing
times t.; and t.;4+; for ¢« > 1. This means that until time ¢ = ¢ a total of ¢ braid crossings
occurred. Secondly, let’s use the notation «; to denote the braid « generated until the
time ¢ for a given point particle system S§. With this in mind, consider the sets

A* = {t € N| oy is CBI}, (9.32a)
A={teNwoeB,} (9.32b)

based on which the following long time integrability definitions come

Definition 9.3.3 (Long Time Center Braid Integrable). Given a smooth 2—manifold
M, let B, be the Artin representation of the braid group generated by a point parti-

cle/vortex system S over M. Define the set 215 = A2 N[1,...,m] C N and consider
am = |A%|, (9.33)

representing the cardinality of such a set. By defining the quantity

N
d(2A*) = lim sup —=, (9.34)

m—oo 1M

we shall say that S is long time center braid integrable (LTCBI) if d(A%) > 0.
Otherwise, if d(212) = 0 and A* # (), the system will be called shor time center braid
integrable (STCBI), where as if 21* = () the system is said to be long time center braid
non-integrable (LTCBnl).
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Definition 9.3.4 (Long Time Square Braid Integrable). Given a smooth 2—manifold
M, let B, be the Artin representation of the braid group generated by a point par-
ticle/vortex system S over M and let B, be as in Eq.(9.31). Define the set 2, =
2AN[1,...,m| C N and consider

representing the cardinality of such a set. By defining the quantity

d(2A) = limsup a—m, (9.36)

m—oo 1M

we shall say that S is long time square braid integrable (LTSBI) if d(2() > 0. Other-
wise, if d(2A) = 0 and 2( # (), the system will be called short time square braid integrable

(STSBI), where as if 20 = ) the system is said to be long time square braid non-integrable
(LTSBnl).

The above Eqs.(9.34, 9.36) are commonly known as the natural density of the sets
A2 and A. The fact that such a density is positive can be intuitively thought of as
implying that the amount of times ¢ for which their defining properties hold is relatively
large, as a subset of N at least. For this reason it is appropriate to say that the system is
“long time integrable”, given that no matter how much you advance in time, you’ll always
eventually find some ¢ value for which either property is valid. In doing so, we are hence
able to take out the implicit time dependence of the generated braid, thus making the
above integrability definitions less arbitrary.

As mentioned above, we can always deform the system’s generated braid « in such a
way as to make the time ¢ braid «; possess precisely ¢ crossings (for some ¢t € N). This is

particularly useful when dealing with periodic systems, for we can make the following

Definition 9.3.5 (Natural 7 period). Let S be a 7—periodic system of point particle
over a 2—manifold M. The natural T period of S is the smallest natural number 7’ for

which «, ~ a,/, with ~ representing equality under continuous deformations.
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The above definition simply makes use of the fact that, since the system is periodic,
at time 7 no crossings can be happening, by construction. This means that the braid o
is well defined and can thus be deformed to a braid a, for 7/ € N possessing precisely
7’ crossings and still capturing the system’s periodicity. With this in mind we have the

following

Proposition 9.3.1. Given a 7—periodic system S, let 7' be the natural T period of S. If a
is CBI, then S is LTCBI.

Proof: Notice first that the braid group composition operation let’s us say that for

any pair of times ¢, s € N the following equality holds
Oty s = ata(t+s)—t7 <937)

that is, the braid generated at time ¢ + s is equal to the braid generated at time ¢
concatenated with the braid generated between the times ¢ and ¢ 4 s, which we denote
by a(44s)—¢. Hence, by using the fact that the braid is now 7'—periodic and that B2 is a

group, we can say that
Qor = O Qg = ity = (ar)? is OB, (9.38)
so that, by induction, we are able to conclude that
g = (a)* is CBI, (9.39)
for any & € N. This then means that the set A* can be written as
A* = {kr', for k € N} (9.40)

so that, by definition, we have that d(2%) = £ > 0. O

By the same proof, a similar result for B,, can also be found. It is important to note

that the specific braid a, belongs to B%. If it were instead some other «; € B5 for
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Regime Braid TN-type Expansion constant
1 (6162)%5{(6261)° Reducible, all f.o.

I oo (o o203 )202630|020| (oo203 )202(7[(730'102()'] o3 Reducible, all f.o.

11 ol Reducible, all f.o.

v frf Reducible, all fo.

\Y ol Reducible. all f.o.

A% 3 Reducible, all f.o.

VIl o? Reducible, all [.o.

VIII o3 Reducible, all f.0.

X olal Reducible, all f.o.

X (0302)° Reducible, all f.o.

X1 {030’3']"“630]ﬂgol‘lagdlﬁgojm03{5|63)35| PA 13.93
XII (0302)20301020{ (02030103)%(6162)° 61 Reducible, one pA 13.93
X111 (6162)°63 (6251)° pA 9.90

Figure 9.4: Figure taken from [BSA03] illustrating the Artin representation of the braids
generated by the vortex system considered. The right-hand-side contain the classification
of the braid as a map from R? to R? under the TN classification. The expansion constant
refers to the eigenvalue of the pA map.

j < 7', then the above argument wouldn’t work. In particular all we’d be able to say is

that

Oriyj = OO/ ) —7 = Q1 O

which belongs to some coset of the Z(B;) the braid «; pertains to. Nonetheless, the above
result can also be extended to quasi-periodic systems. By quasi-periodic system here we
mean a system S satisfying the property that each particle p; returns after some period
Tr to a neighborhood of its starting position. Provided such a neighborhood is fixed, we
can consider the system’s overall period 7 = lem{7;}. From there we define the natural
7 period 7’ and if the braid «,, generated by the system is CBI, then the system will also
be LTCBL.

Even though the above concepts are better, they are still quite hard to be applied
to most systems. For instance, the very 3 vortex system which inspired this study of
ours only has Regime V as the one generating a CBI dynamics, with a handful of other

generating SBI ones. We can however further increment our integrability concepts and
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consider the following

Definition 9.3.6 (Braid Integrability). Given a smooth 2—manifold M, let B,, be the
Artin representation of the braid group generated by a point particle/vortex system S

over M. Consider the quotient group
B, =B/ (A}) x -+ x B,/ (AL_}) (9.41)

We will say S is braid integrable (BI) if, on the regimes associated to bound states of

motion, the braids a generated by the system are such that a =1 in B,,.

The above definition is a bit more workable, mainly due to the following

Proposition 9.3.2. Let B,, be the braid group on n strands and B,, the braid quotient group
defined as in Eq.(9.41). Then, 0]2- =1inB, forallj=1,...,n—1.

Proof: The proof follows by induction. The base case of j = 1 is satisfied since
1 = A? =07 in B,. Assume now that the result holds until some o; 1, and let’s show it

is also true for g;. Start by noticing that
AZZ = (bibifl Ce bgbl)(bibi,1 . bgbl) = (0'10'2 N O A 0'10'20'1)(0'10'2 N OF T 0'10'20'1)

Now, a string of cancellations will occur. The first cancellation happens between the
oy coming from b; with the oy coming from b; (since they merge into a 0’%). This in turn
let’s us write

A? = <0'10'2 .05 .0'10'2)(0'2 .05 .. .0'10'20'1),

from which one sees that the o5 coming from by cancels with the o9 still from the b;. To

make it explicit one more, notice now that we shall have
2
Ai = (0'10'2 R O F A 0'10'20'30'1>(0'3 R OF T 0'10'20'1),

from which we see that o3 from bs cancels with the o3 from b;. This process then continues

until we hit the o; from b;, which can be dragged along the string of generators, since the
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0,1 from b;_; no longer appears. We then get to write

A,LQ = (O'l .. .O'i_lO'Z-QUl .09 .. .0'10'20'1)(0'1 .. 0;920;_1... 0'1)

The above cancellation process then repeats itself once more. It stops once we get to
the following braid
A? =010y...010205_1...090, (9.42)
On B, however we now that A? = 1, by definition. From this fact we can conclude that
010y... 051070 1...0001 =1 ;. 0} = (0109...05_1) (0i_1...0001) 7"
= 03 =1
which finishes the proof. [

Much like before, we define the set
A={t e Nla, € B, is equal to 1} (9.43)
based on which the following definition and proposition hold

Definition 9.3.7 (Long Time Braid Integrable). Given a smooth 2—manifold M, let
B, be the Artin representation of the braid group generated by a point particle/vortex
system S over M and let B, be as in Eq.(9.41). Define the set A,, = AN[1,...,m] C N
and consider

O = [Anl, (9.44)

representing the cardinality of such a set. By defining the quantity

d(A) = limsup a—m, (9.45)

m—oo 1M

we shall say that S is long time braid integrable (LTBI) if d(A) > 0. Otherwise, if
d(A) =0 and A # (), the system will be called short time braid integrable (STBI), where

as if A = () the system is said to be long time braid non-integrable (LTBnl).

Proposition 9.3.3. Given a 7—periodic system S, let 7' be the natural T period of S. If
o =1 1in B,, then S is LTBI.
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Proof: The proof is the same as in Proposition 9.3.1. Indeed, if a,» = 1, then ag» =1
for all k € N, so that d(A) =% > 0. O

As shown on Appendix D, with the exception of Regime II on Figure 9.4, all the other
regimes of motion yield BI dynamics. This however just illustrates the fact the notion of
braid integrability per se is time dependent, as argued above, which is the precise moti-
vation behind the definition of its “long time” version. As a matter of fact, the biggest
advantage of the latter integrability definition is that, for bounded states of motion, it

serves as an obstruction to Liouville integrability, as shown in the following

Theorem 9.3.4. Let S be a point particle /vortex system over a 2—manifold M. Every Liouville

integrable bounded regime of S is LTBI

Proof: Say S is composed of n particles/vortices. The boundedness of the motion
asserts to us that the system if found within a potential well, so that the conditions of
the Arnold-Jost theorem are verified and we can find a set of action-angle variables (1;, 6;)

that describe the system (locally). The angle variable are periodic and the equation

H(t) = (Hl(t), Ce ,Hn(t)) = (‘9170 —+ twLo, Ce ,0n70 —+ twmo), (946)

defines a curve on the torus T" which describes the dynamics. Notice moreover that now
the braid group for the integrated system is given by B, .1, since m1(T") is given by the
free abelian product of Z with itself n times (thus generating n topological strands), plus
the strand related to the path traced out by ().

In regards to the frequencies w; o, notice that if all of them were zero the system would
be trivially Bl since in this case we would only have the trivial braid being formed. Indeed,
by Eq.(9.46), the integrated dynamics would be stationary on the reduced phase space

and, on the total space, would possibly correspond to a translation of the whole system.

If however at least one w; o is non-zero, then the path on T" traced out by the system
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will be (almost) periodic. As a matter of fact, each coordinate will have period

27
P = ; 9.47
" o (9.47)
so that the path’s period is given by
7 =lem({r;| 7 < c0}) (9.48)

This in turn means that, if we consider 7" as the system’s natural 7 period, the braid
o, generated by the integrated system will repeat itself infinitely many times. If we then

see o € Byi1, by Lemma D.0.1, we know that
3k € N such that (an)* =1 (9.49)

However, due to the periodicity of the system, we know that ay, = (a,)* = 1, which
implies that
A = {(k7")n, for all n € N} (9.50)

From there we have that d(A) = ;& > 0, as we wished to prove. 0

The above theorem further asserts the fact that we can only properly define a time
independent braid integrability for bounded regimes of motion. In the unbounded case, no
motions will be long time integrable’, and so we are left to consider the time dependent
definitions as our guiding ones.

Furthermore, although the word “period” was excessively used, we know that integrable
hamiltonian system can be quasi-periodic in the sense that they will eventually get back
to a neighborhood of the starting point, and not necessarily the point per se. We can then
use the word period in this context to refer to the (average) time this returning process

takes, so that the above given proof is equally valid.

4this is only true if there is some time tsep at which the particles of the system separate entirely, so
that for later times no new braid crossings are formed. In case only one particle “decouples”, we reduce
in one strand the braid group generated by the system’s motion, and so, its long time behavior is still
meaningful.
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Appendices
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Appendix A

Geometry

A.1 Riemannian Geometry

We begin this appendix by defining the important concepts that shall be used later

on throughout the thesis.

Definition A.1.1 (Differentiable Manifold). A differentiable manifold M of dimension

n, written dim M = n, is a geometric object that fulfills the following conditions:

DM.1 M is Hausdorff
DM.2 M is second-countable

DM.3 For each point € M, there exists a neighbourhood U, and a homeomorphism
wu such that ¢y @ U, — R such that on non-empty intersections U N V' the map

YU © <Pf/1 cov(UNV) = pu(UNV)is a diffeomorphism.

In particular we have that DM.1 asserts that points can be separated over M; DM.2
tells us that over each point we get only a finite collection of neighbourhoods and DIM.3
is what gives meaning to the word “differentiable” in the definition. Note that throughout
the thesis the word differentiable will be used to refer to C'** maps, i.e, those who admit
derivatives of arbitrarily large order.

Formally we can also define the notion of local charts on a manifold, which will be

nothing more than the pair (U, ¢) such that ¢ : U — R (for an n—dimensional manifold),
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based on which we get the notion of an atlas A given by the collection of all the local
charts {(U,¢)}. We can even define a “weaker” version of a differentiable manifold by
asking that the transition maps @y oy, of DM.3 instead be C"(R"), that is, r—times

continuously differentiable. The case r = 0 is that of a topological manifold.

Next, we've got the following important

Definition A.1.2 (Tangent Space). The tangent space to a point p € M, denoted
T,M, is thought of the collection of all the tangent vectors v to curves « : (—¢,e) - M

so that «(0) = p and o/(0) = v.

In general, since we have local description of our manifold as R™ by means of the local

charts, we can take a set of curves «;(t) and do the following operation
(—£,6) U S o(U) e R (A.1.1)

so that the constructed function ¢(o;(t)) = = + te; maps (—¢,¢) to R, and satisfies
dp(al(0)) = e;, with ;(0) = p. Moreover, the collection {a}(0)} of tangent vectors to
each curve these a; generate over M actually forms a basis for the tangent space T, M
(Proposition 3.15 of [L.eel3]). This basis is usually written as {0/0x;} and the reason for
such a notation is quite straight forward.

Suppose you are given a function f € C°(R"), i.e, a function f : R" — R. Now, say
you’d like to take the derivative of such a function in a certain direction. Locally this can

be done in the following manner

L1 Fou(®) = grad(£)(x) - a/(0) = grad(f)(z) - es = 2

t=0 ox;

Analogously, based on Eq.(A.1.1), if we are given an f € C°°(M) we construct its coor-

dinate representation f € C®(V),V = ¢(U) € R" by defining f = fop™!, with (U, ¢)
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being a coordinate chart. In this way the above set of equalities becomes

G rem) = g fete) = grad() () -detei0)
= grad( )= G| Fp= 5| (e
= | FoR 0D = | 1) = i)

so that the vector o(0) = 0/0z; acts as a derivation on C*°(M). For further details on
this, the reader is invited to have a look at Lemma 3.1 and Proposition 3.2 of [Leel3].

Now, with Definition A.1.2 at hands we can move on to

Definition A.1.3 (Tangent Bundle). The tangent bundle T'M over a manifold M is
given by
T™ = | | T,M (A.1.2)

peM
More generically a vector bundle over a manifold is a triple (7, £, M) (usually de-
noted 7 : B — M, or E 5> M) of a projection map, a so called total space and a base
space, respectively. Both the total and base spaces have manifold structures on them but,
there exists a condition the pre-images of 7 satisfy, namely, that of local trivialization,

that is a homeomorphism ¢ satisfying
¢ (U) = U x FF (A.1.3)

for some open set U C M and a field F (see Definition C.1.4). If F = R then (7, E, M) is
a real k—vector bundle over M. If it’s C instead then we call it a complex k—vector

bundle. Moreover, on the case in which & = 1 we call it a (real or complex) line bundle.

Observation A.1l. These line bundles are surprisingly useful. They for instance pop up
on the theory of Geometric Quantization. It is a fascinating topic and, although way
beyond the scope of this thesis, the reader is invited to have a look at [Woo91] for an

introduction, if interested.
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Moreover we also ask that at nonempty intersections U NV the transition map ¢y =

¢y o ¢y, acts on points (z,p) € (UNV) x F* as
ouv(z,p) = (z,9p), g€ GL(F,k) (A.1.4)

with GL(F, k) being the group of k x k matrices with non-vanishing determinant and
whose entries lie in F. Its action over F* is a mere matrix multiplication.

Well, getting back to Definitions A.1.3, and A.1.2 we can also define a dual analog of
these, namely the cotangent space 77 M and cotangent bundle 7™M (whose definition
exactly matches that of Eq.(A.1.2), but with each term now being T>M instead). An
element o € T M is represented as o = a;¢’, with {e'} being the dual bases to {9/0x;},

defined by the relation

ej<,i>:64:: 1, ifi=y
O ! 0, otherwise
Furthermore, the action of the e/ on vectors is linear, so that
el (v) = e (vFey) = Vel (er) = V76, = v
And well, more generically we have that
a(v) = ajel (vFe) = ajvl (A.1.5)

where we’ve been using Einstein summation convention of repeated indices. A common
jargon to refer to the elements of the cotangent bundle is to call them 1—forms. More

precisely we have

Definition A.1.4 (k—form). Given a vector space V over a field F, a k—form S over V

is an element of ®f:1 V*! that is [ linear on each entry.

Example A.1.1. Consider the 2—form e! ® 2. It acts on V x V as

(¢! @ e?)(u,v) = e*(u)e*(v) = e'(uPey)e (vie;) = utv?

ITensor product of V* with itself k times.
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In general, given a basis {e;} for V, the set {e"' ®- - -®¢’ } for all possible combinations
of 11,...,ix = 1,...,k, gives us a basis for the elements of ®f:1 V*. A usual notation for
such a space of k—forms over a space V is Q*(V). Based on this we can further consider
the set A*(V) of alternating k—forms over M. An element o € A*(V) has the following

property when operating on vectors:
a(vr, .., Uy 0, U) = — (U1, Uy, Uy, ) (A.1.6)

which is the reason why we call it alternating in the first place. More generally, given an

a € QF(TM) we define its associated alternating form Alt(a) by:
1
Alt(a)(vr,y ... vp) = — Z sgn(0)a(Vyqy - - - Vo(k)) (A.1.7)

With Sy being the group of permutations of k elements, and sgn(o) the sign of the
permutation o, being +1 in case it’s even and —1 in case it’'s odd. Note in particular
that, from the very definition Alt(«) is alternating. Indeed if we switch the places of
two vectors, what we’ll actually be doing is performing an odd permutation to the list
(v1,...,v;). Since said list “enters” the right hand side of Eq.(A.1.7) as it is, when we
perform yet another permutation to it, the effect compounds. So that, if the permutation
is even, since we already came in with an odd permutation beforehand, the sign will
change to a negative. If it’s odd, then it’ll change to a positive. Either way, no matter
which permutation we perform and evaluate o on the new list, it will come out with the

opposite sign it did prior to change we made. This in turn enables us to say that
Alt(a)(vr, .. 0,05, o) = —Alt(a) (v, .00, ., V4o, V) (A.1.8)

So, the way we can express in coordinates the alternating version of a given k—form is by

means of the wedge product, defined as:

A Ne = Alt(e" @ - ® ') (A.1.9)
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In such a way that an a € A*(V') shall be given by o = L, ;€ A+ Ae’* (where once
again we use Einstein summation convention for repeated indices).
Getting back on track, the particular case of V' = T'M is of utter most importance,

since it is then and there that we are able to define the crucial structure of this appendix.

Definition A.1.5 (Riemmanian Metric). A Riemannian Metric ¢ is an element of

QO?(TM) that is:
RM.1 Everywhere non-vanishing
RM.2 Positive definite
From this, we have the important

Definition A.1.6 (Riemannian Manifold). A Riemannian manifold is a pair (M, g)

where M is a differentiable manifold and ¢ is a Riemannian metric.

Now, getting back to the bundles again, another way to think of these concepts of

vectors and forms is by the lens of sections.

Definition A.1.7 (Section). Given a vector bundle 7 : £ — M a section s is a map

s: M — E such that m o s = Idy,.

Usually the space of sections is denoted I'(F). In particular, a vector field X over M
is a section of the tangent bundle TM, i.e X € ['(T'M), because for every point p € M,
X, € T,M C TM and 7(X,) = p (once we note that X,, = (p,v'(p),...,v"(p)) locally!).
Analogously we can define form fields over M, that is, sections of T*M. In particular a
Riemannian metric g is an element of ['(T*M ® T*M), because for every point p € M,
gp € T*M @ T*M, i.e g, takes two vectors and returns a real number (interpreted as the
inner product of these two vectors), besides also satisfying that 7(g,) = p.

Another highly important concept in Riemannian Geometry is that of a connection,

formally given by
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Definition A.1.8 (Connection). Given a vector bundle F — M, a connection V over
M isamap V:[(TM) x I'(E) — I'(F) that, given f € C*°(M), satisfies the following

conditions:
CO.1 Vsz = fVXS
CO.2 Vx(fs)=(Xf)s+ fVxs

The definition is quite broad and, as a matter of fact, one can usually define various
connections on the same manifold. In any case, if we are given an open neighbourhood
U C M, abasis {s;} for I'(U, E) (the sections of E over U) and a basis {e;} for I'(U, T M),

then we can say that:

Ve,55=Tsk (A.1.10)

Though the term connection coefficients can be given to the Ffj’s, it is also cus-
tomary to call them as the Christoffel symbols of the connection V, after the German
mathematical-physicist Elwin Bruno Christoffel (1829-1900). They will naturally depend
on the chosen coordinate basis and can surprisingly be interpreted as a set of “FE valued
matrix 1—forms”. This is because in the general setting (but still over the neighbourhood
U) one has that a section s is written as s = a’s; (for o/ € C*°(U)), so that by condition

CO.2 we have:

Vs = (0pa? + a'T))s; (A.1.11)

The FE-valuedness part of the above statement is a bit trickier to understand but,
basically it refers to the fact that, if we let Fi = F{kek (with e/ being the dual of e;, like
described above), then we can build the matrix T' = (I',), and define its (linear) action

on I'(U, E) by*:

(ke Y — e — RV kY _ ik
I's=T(a"s;) = a"T'sy =a'Ts; = a"T) e @ s; = a'l}e"” ® s

2the tensor product is just to keep things more formal. As long as you know how to compute the
desired quantity, you can omit it without any issues!
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so that the Christoffel symbols are E-valued 1—forms because they can be seen as
functions that take a vector and return an element of £ (due to the way in which the tensor
product operates)! The space of such functions will be denoted Q(U, E), in accordance
with the above notation for 1—form spaces over M. Moreover, by defining the derivation

d of a section s = a’s; as

dal |
ds = 92i¢ ® S;
we can simply rewrite Eq.(A.1.11) as:
Vs(ex) = (ds +I's)eg (A.1.12)

Which (despite potentially not looking much like it) makes a lot of sense, given that
Vs :T(TM) — I'(E), according to Definition A.1.8. It is thus based on Eq.(A.1.12) that

we usually write

V=d+TI, TeQU,E) (A.1.13)

Another very important concepts in Riemannian geometry are that of metric com-

patibility condition, expressed as:
X9V, 2)=9(VxY,Z)+9(Y,VxZ), X,Y,ZeDl(TM), (A.1.14)
and of torsion-free connection, namely:

k _ 1k
rk =T (A.1.15)

it
By playing around locally with Eq.(A.1.14), one is able to conclude that the Christoffel

symbols assume the following form:

1
Ffj = ngm(@gmj + 0jGmi — Okij), (A.1.16)

and actually satisfy Eq.(A.1.15). We call (A.1.16) the Levi-Civita connection and by
the Fundamental Theorem of Riemannian Geometry (check Theorem 1.5.1 of [Cha06] for
a proof), it is the unique metric compatible, torsion-free connection over our manifold M.

Now, taking a couple of steps back to Definition A.1.8, we define the following
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Definition A.1.9 (Parallel Transport). Given a section s € I'(E) and a vector field

X € X(M), we say that X parallel transports s if
VXs = 0, (All?)

Or equivalently s is parallel transported in the X direction. This is a crucial notion

because it is based on such that we have

Definition A.1.10 (Geodesic). Given a curve 7 : I — M, we say that v is a geodesic
curve over M if

Vi =0, (A.1.18)

As you can tell, Eq.(A.1.18) is just a particular version of Eq.(A.1.17) and, indeed
one could say that a geodesic curve is one whose tangent vector is parallel transported
along itself. In coordinates (z',...,z™) we can say (by slight abuse of notation) that
y(t) = (z*(t),...,2"(t)). So that, if {9;} generate the tangent space at a point, say

~v(0) = p € M, then we can say that
¥ =470,
based on which Eq.(A.1.18) assumes the form®
i+ T ak =0, (A.1.19)

commonly referred to as the (affine) geodesic equation. Physically, this equation represents
the trajectory a test particle of unit mass would follow if to be put within the manifold
M, under the action of no other forces! Indeed, Newton’s famous second law F' = ma is

more generally written as

Viy = f, (A.1.20)
which in coordinates gets to be

i 4Tkt = fo. (A.1.21)

3check [Cha06] for a more in depth derivation.
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Note however that Eq.(A.1.19) tells us that on a curved space, we expect free moving
particles to follow curvy, non-linear trajectories as view from the outside (unlike with
R™). Other objects that enable us to measure curvature are the Riemann and Ricci

tensors. Given X,Y,Z € X(M), the former is define by:
R(X,Y)Z = [Vx.Vy]Z — VixyZ, (A.1.22)

with [-, -] being your usual vector field commutator (i.e, [X,Y] = XY — Y Z). In coordi-

nates we have that the Riemann tensor is

Rlijk = akréj — ajFl'k + F%Fik — F;"kFl

[ R

(A.1.23)

Upon contraction of the first and third indices we find the Ricci tensor mentioned above,
so that:

Ry, = 04Ty — Ty, + Ty, — DL (A.1.24)

rly

By construction it follows that the Ricci tensor is symmetric. For relations on the indices
of the Riemann tensor the reader is invited to have a look at [Cha(O6]. We nonetheless
explicit here one particularly useful formula know as the second (differential) Bianchi

identity , that is satisfied by the Riemann tensor, namely®:
ViuLRagype =0, Vp,0 <n (A.1.25)

Furthermore, note that we can create a particular scalar quantity that encodes the cur-

vature of the manifold known as the Ricci scalar given by:

And, it is with these last two quantities in mind that we are able to construct the Einstein

Tensor, which is yet another measure of curvature and it is given by:

1
G,uzl - Rm, - §gw,R, (A127)

4as usual, the parenthesis on the indices denote a symmetric permutation of them.
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having the property that it’s divergence is zero, that is V,G*” = 0.
To finish this part we invite the reader to have a look at some illuminating applications

to physics of this subject [Poi04, Carld, Mag08, RD22].

A.1.1 A bit more on curvature forms

Above, we defined the Riemann and Ricci tensors in a rush, you could say. We
now explore a bit more of their relationship. First note the following: given any finite

dimensional vector space V with a metric g, we can consider over its dual a set of rank—4

tensors denoted Z(V), being such that V R € Z(V') we have’:

(A.1.28a)
(A.1.28b)

Raped = —Roaca = —Rabde = Redabs

Ragved) = Rabed + Racdv + Ragve = 0,
The set Z (V') is suitably called the space of algebraic curvature tensors on V', be-
cause the set of Eqs.(A.1.28) is composed of the algebraic relations the Riemann curvature
tensor satisfies [Cha06]. Along side it we can also consider the set S*(V) of symmet-
ric 2-tensors on V° and define the trace function that relates the two in the following

manner:

Tr: Z(V) — S*(V)

R+ Tl"(R)aC = gbdRabcd

That is, as we described on the previous section, we perform a contraction of the
second and last (or equivalently, first and third) indices to obtain a “Ricci-like” tensor.
On the basis of this trace map, we can build the so called Weyl space # (V) =

Ker(Tr) N Z(V), and in particular consider it over a manifold M by making V = T'M.

SThere is a purposefully missing factor of 1/3 on the first equality of Eq.(A.1.28b) because it equals
zero so, such a factor wouldn’t contribute to anything.

6defined on a similar way as to A%(V) though this time, instead of the alternating we’ve got the
symmetric product a o 8 for a € Q¥(V) and 8 € QL(V)
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It’s possible to show that, if dim M = n, the following decomposition holds:

(g)\uR,Lm + g)\nR;w - QWRM - g;mR)\z/>

R
BCEDCED) (97 Gun — IanGw) + Crpm, (A.1.29)

R vk — &
Ak n—2

with Cy, € # (V) being the Weyl tensor associated to Ry

There is very interesting argument that asserts the triviality of the Weyl tensor in
dimensions less than or equal to 3. In essence, it follows from the following: take an
operator b defined over the tensor product space @" V' such that Ker(b) := (V). That
is, VR € @'V define

1

b<R) (ea7 €p, €, ed) - 3

Ra(bcd) = Rabcd + Racdb + Radbc)y (Al?)O)

for e; elements of the base of V. By noticing that S?A%V C @4 V7 we can consider b|g221/
(which, by abuse of notation, we just keep referring to as b as well), since b(S2A?V) =
S2A%V, and b* = b (as can be checked manually), b acts as some type of projection over

S2A%V . and so we have the following decomposition
S?A%V = Ker(b) @ Im(b). (A.1.31)

More over, it’s not hard to show that Im(b) = AV Indeed, take z,y, z,t € V arbitrary

vectors and consider the more general version of Eq.(A.1.30)
1
T(t,z,y,z):=b(R)(t,x,y,z) = §(R(t’ zr,y,2) + R(t,y,z,z) + R(t, z,z,y)). (A.1.32)

To show the above assertion is to show that an exchange of any two coordinates of the

above defined T" will be equivalent to a mere sign change on 7T’s value. Indeed, for any

7An element R € S2A2%V is, in coordinates, written as

R= R Nel)o (" Ne)
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R € S?2A%V we have:

1
T(x,t,y,z) = =(R(z,t,y,2) + R(x,y, z,t) + R(z, 2, t,y))

3
1
= 5(-R(t,$, Y, Z) + R(Zata l’,y) + R(ta y,z, 2))
1
= 5(—R<t,$,y,2> - R(ta va7y) - R(tvyu Z,I))
=-—T(t,z,y,2).

A similar argument shows that the other exchanges such as T'(t,y,x,z) and T(t,z, z,y)
yield the same result.

This in particular shows that, for the cases where n = 2, 3, we have that b = 0 (because
dimA*V = (7)) so that Z(E) = S?A?V. Moreover, by counting the dimensions of S?A?V
and comparing it to the dimension of S?V in these cases, we see that the trace map
considered above is injective and so its kernel is trivial, containing only the zero tensor.
By the definition of the Weyl space, we have that no non-trivial Weyl tensor exists for
dimensions 2 and 3.

To conclude this fact for the n = 3 Proposition 7.1 of [Viall] must be used. Overall,

the reader is invited to check [Bes87, Viall] for more on this matter.

A.2 Derivations of forms

One very important derivation one encounters in geometry is the famous exterior
derivative, given by:

d: Q¥ (M) — QFH(M), (A.2.1)
The way it acts on a given k—form a = ail,,,ike“ ® ---® e is simple, for instance:

. 30%...@

do :
“ oxP

et @ ® e, (A.2.2)
And it doesn’t stop there! We can keep going further and define on the same manner the

action of d on higher order forms. Indeed we actually have a chain

QM) S M) S o2(M) S L ar () S o
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with Q°(M) = C>*(M) the space of infinitely differentiable functions over M. Similarly
we can define the action over the space of alternating forms instead so that we also obtain
the chain

AOM) S AM) S A2 S S A S o

Though in this case, the definition is a bit more subtle. For instance, on the previous
section we defined ov € AF(M) to have the form a = oy, ;€™ A--- Ae'*. Though, if we
were to write it down more explicitly, note that we could also have:

1 ,
a= Z iy i€ A A = Z Qiyin € A A

B1 eyl 11 <o <ip

due to the fact that the coefficients are anti-symmetric themselves. Thus, we can define
the differential of « to be:
> 00 i€ NeT A e (A.2.3)
<<y g
If we want to get back to our previous notation though, all we have to do is to consider
the anti-symmetrized version of the former defined expression, namely:

Z 8[i10‘i2...ik+1}6i1 A At (A.2.4)

T iyeika
Example A.2.1. Let A € A'(M), then A = A,e*. To maintain the Einstein summation
convention as described above, we’d need to consider dA = 9, A, e® Aet or more explicitly,
we’d have that

dA = %((%AH — 0,A,)e" Ne

Example A.2.2. Let F' € A’>(M), so that F = % wet A e’ Now, using the fact that

F,, = —F,,, we can write its differential as:

1
dF = a(aaF,w + a,qua + 5,,Fau)€a Ael Ae”

To finish off this part, note that given a metric structure g € I'(T*M @ T* M), we can

define the inner product on the space of forms in the following fashion:
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1 .. .
gm(a7 5) = <a’ ﬁ>m = Hg“ﬂ - 'ng]kail---ik/le---jk (A25)

where z € M and o, 3 € A¥(M). In the case where M is compact we can further

define the quantity
(@8) = [ (a.p)dvoly, (A.2.6)
M

known as the L?—metric over A*(M). Differential forms that have finite L?>-norm are
suitably called L?—integrable forms. For compact manifolds any smooth form is L?-
integrable, whereas for open manifolds such a condition essentially demands that the
functions of each component of your form go “fast enough” to zero at infinity.

To finish this first part, note that based on Eq.(A.2.6) we are able to define the dual

operator to d, namely the codifferential operator ¢§ satisfying
(da, B) = (a,08), o€ N(M),3 e AN*'(M) (A.2.7)

On the end of the next section we shall see how to compute this codifferential. We end
this part by defining the kth de Rham cohomology class (over the real numbers) as:

Ker(d : QF(M) — QFFL(M))

HY(M,R) = Im(d : QF=1(M) — QF(M))

(A.2.8)

The elements of this group are equivalence classes of differential forms. We say that a ~ 3

in H*(M, R) if there exists some ¢ € A¥=1(M) such that
o—f=do, (A.2.9)

that is, a and  belong to the same cohomology class if they differ by an exact form.

More on the properties of this space can be found at Chapters 17 and 18 of [Lecl3].

The Hodge Star

Given the above construction of differential k—forms on a manifold, we can define yet

another very useful operation that takes us from one class of forms to another. As the
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title suggests, this transformation is called the Hodge star operator, and it’s defined
in the following fashion.

Suppose you are given an oriented (pseudo-)Riemannian Manifold (M, g), and over it
you consider the space of alternating k—forms A*(M). Then, the Hodge dual o, of some

a € AF(M), is going to be the (n — k)—form defined by the following:
B Axa = (B,a)dVoly, VB € A*(M) (A.2.10)

where naturally dVol,, is the volume form of M. To explicitly compute the exact form of

the Hodge dual in a given coordinate basis is a tricky task (to say the least!). Nonetheless,

we shall proceed with the calculations since they will come in handy on Appendix A.3.
To begin, lets say we are given the k—form 8 = a = 4 Lelt Ao Ael (summing over 7

through i), and we wish to compute its dual. First, one should note that®:

2= Zghit gk and dVoly = \/|glet A Ae”

Jol* = 27

where we decide to keep the volume form in terms of the ordered summation since it

simplifies the computations a bit. Thus, if we go back to Eq.(A.2.10), we find that:

ETN - NeETAK(ENT A Ne®) = gt g /|glet Ao A e

11 Zk.
Note that it is then reasonable to let (et A .-+ A ei*) = J’“L)]”ej’“+1 A -+ Aeln in such

(n—k)!
a way that:
f’él..‘ik '
gt g glet A et = —(““‘;)"' A NN A A (A2.1)
n — :

Where we have just switched the indices i, for j, on the right hand side above, so that
notation looks less messy and more uniform. Now note the following fact. Defining the

Levi-Civita symbols €, ., as a totally anti-symmetric quantity whose values are defined

8the summations over the i,,’s, j’s and l,,’s are left implicit, just for the sake of having a cleaner
expression!
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1, if (u1,...,ug) is an even permutation of (1,..., k)
—1

0, otherwise

., if (p1, ..., ug) is an odd permutation of (1,...,k)

we can relate the formula of a given alternating k—form et A --- Ae’ to el A--- AeF by:
NN Nek =l A A ehel (A.2.12)

Now, using Eq.(A.2.12) on the above formula, we find that:

i1..0k i1..0k
JkH1-dn_j j j j Jht1dn g1 drfhat g
DIt ldn o1 A Lo A IR A @Ik AL A eIn = SRR igkdetedngl AU A (A.2.13)

(n—k)! (n—k)!
To be able to solve for the f’s above, we shall also need the following relation on the

e’s, namely:

J1-Jelegrdn o0 — L1 Slet1-n
€ €J1-~~Jkpk+1--~pn képk+1 Pn (A214)

with 511,’2111[& being the generalized Kronecker delta, defined as:

k41 k1
Oppis -+ Opy
log1-ln .
5pk+1 Pn : :
In In
5pk+1 e 5pn

and each ¢7/ is such that it values 1 if u = v and zero otherwise. Now, using Eq.(A.2.13)
together with Eq.(A.2.14) we see that Eq.(A.2.11), once multiply by €;,. j, ues 1. 00 both

sides, yields the following:
fZl lk

171 UeJk o _ JIktrdn gy Sirgadin
\/Eg g Eredhbthgt o tin = k! 5,uk+1 Hn

(n—k)!
= fi Lk

— k:'f“ ik

Hk+41---Hn

where on the second line we've used the anti-symmetrization identity of the generalized
Kronecker delta. Given that the f’s are already anti-symmetric, we obtain the above

result. Now, switching the dummy variables p; by ¢; we finally have that:

i . \/_97’1.71 . Zk]k
1.8
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Hence, with Eq.(A.2.15) in hands we conclude that:

11j1 ikJk
_ V99t .g

R i e

L ootk A L. in
EJ1---J1cllc+1---lne A e

and more generically for a k—form a = oy, _;, et A--- A€, after another change of dummy

variables, it follows that:

o — \/§04 ! kgzl---lklk+l---"n eik+1 A A ein <A216)

(n—k)k!

where o/t = ghit  gikirq, . Note also that by considering the Levi-Civita tensor
Ei i, = \/|9|€i,..4,, we can rewrite Eq.(A.2.16) with the « indices lowered and the e

indices raised instead (which follows because, as the name suggests, F; transforms

1.0

like a tensor and hence has its indices lowered/raised by the metric g,, of M).

Now, being clear that « : A¥(M) — A"~*(M), we can notice the following short chain:

*

AF(M) S AVR(M) S AR(M)

and so it becomes natural to ask what happens to a k—form once we apply the Hodge

dual twice to it. Well, we have the following:

Wi
V9%, i€ Tt emin ;
**a:*( ML ol AL A el

(n — kK
= |g| ail~--ikgll.”Zkik+1...inglkJrlmlnjL..ik ejl A A ejk
(0 — k)IkP
= (—1)kn=R) 9 ail"'ik6“(.“%1“1;!‘:1?“1"’i”jl"'i'“ N A e
n — K.

= (_1)’6(”—1@)%#611 A Aelk = (=D)FR) g1 g

Now, connecting the ends we have:

*xa = (=R gl a, Yo € A¥(M) (A.2.17)
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That is, the Hodge dual of the Hodge dual of a k—form is necessarily going to be a
multiple of this k—form. In particular we can deduce a formula for the inverse Hodge in

terms of the Hodge itself, namely:

K= (A.2.18)
9]
Or even more explicitly we have that:
. (—1)k(n=k) o . . L
a= at ey e A AN e Vo e AV (M) (A.2.19)

V0gl(n — k)!E!
To finish off this section we compute d, as mentioned at the end of Section A.1. For this
we suppose M compact (so that is particular OM = )) and note that by the definition of
the Hodge dual [Eq.(A.2.10)] we have that the L?—metric defined on Eq.(A.2.6) can be

rewritten as
(o, ) = / a A *f (A.2.20)
M

from this, assuming o € A*~1(M), 3 € A¥(M) and, by making use of Green’s theorem

for k—forms we have the following equalities:

d = /[ d = [ d — (—=1)F! d
(@0,8) = [ dansp= [ danss) = (0 [ anie

_ _1\k _ (_1\k

—/8Moz/\*6+( 0 /Momd(*ﬁ) —(-1) /Moz/\d(*ﬁ)

:/ aAx00 = (a,dp)

M
since this equality holds for all o € A¥=1(M), it follows that
6= (—1)f*td*p (A.2.21)

So that in general we’d have that 6y = (—1)3°8 x~! dx+, form some form v of degree

deg(7) € Z>o.

Note A.2.1. The computations done above though assume a Riemannian metric over

our manifold and thus, do not directly apply to the physical, relativistic case that interests
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us in this work. The catch here is that we can choose in the pseudo-Riemannian case to
have the following identity

gil‘..in

= E&iq.in (A222)

from which we’d have that the Levi-Civita tensor

By in = V98010 (A.2.23)

would have inverse given by

Fitin _ Sgnl(g|> citin (A.2.24)
Vg

with sgn(g) being the signature of the metric (check Definition A.5.1). This choice enables
us to proceed with the calculations in the same way we did above. So that for instance
the operators defined on Section A.3 make sense for both the Riemannian and pseudo-
Riemannian cases. The other possible choice we could have made would have been to
consider £ := sgn(g)e;,. s, which would in turn drop off the signature term of the
inverse Levi-Civita tensor, but would make some minus signs appear in relations such as

those of Eq.(A.2.14), which is not really that desirable for us.
Hodge’s Theorem and Decomposition

Before moving on to some specify derivations that can be constructed with the exterior
derivative and the Hodge dual, we’d like to explicitly mention the famous Hodge decom-
position Theorem on forms. We first enunciate it in its classical, already know form, and
just give references on which the reader can find the proof. We then state and prove its
pseudo-Riemannian analog for L?—integrable forms.

The classical Hodge Decomposition Theorem comes as a corollary to the following”:

Theorem A.2.1 (Hodge Theorem). Let M be a compact, connected Riemannian man-

ifold. Naming AS(M) as the space of L?—integrable k—forms over M, it follows that

9This result is actually quite more general but, since it goes beyond the scope of the thesis to talk
about it properly, we refer the reader to Theorem 5.1 of [Voi02].
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there is an orthonormal basis of A5(M) consisting of eigenvalues of the Laplace-Beltrami
operator A : A5(M) — AS(M). That in turn means that A is diagonalizable and hence
that:

AS(M) = HM(M) @ Im(A) (A.2.25)

where H*(M) = Ker(A) is the space of harmonic k—forms.
Proof: Check Section 1.3 of [Ros97]. O

Corollary A.2.2 (Hodge Decomposition). Let M be a compact Riemannian manifold,
and consider A5(M) the space of L*—integrable k—forms over M. Then, the following

decomposition holds:

AS(M) = HF (M) @ Im(d) ® Im(6) (A.2.26)
Proof: Let’s start by showing the following
Lemma A.2.1. Given the Hodge Laplacian A = dd + dJ, it follows that
a € Ker(A) & da=0a=0 (A.2.27)

Proof of lemma: (<) Follows trivially from the definition of the Hodge-Laplacian

(=) If o € Ker(A), then we have that
0 = (a, Aa) = (o, 0da) + (a, dda) = ||dol7, + [|dal[7: .

Since both of the above quantities are non-negative, for their sum to be zero each one of
the has to be zero. By the property of norms we have that da = daa =0. m
Getting back to the corollary now, note that all we need to show (by Theorem A.2.1) is
that

Im(A) = Im(d) & Im(9). (A.2.28)

To do so we can simply prove that one set is contained in the other.
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(Q) If B € Im(A), then we have a k—form « such that § = Aa. This hence implies
that

B = dda + doa = Sy + day € Im(d) & Im(6).

(2) Given now 8 € Im(d)®Im(6), if we show that fLKer(A), then by Theorem A.2.1,
we will have shown that 5 € Im(A), as desired. Indeed, take any v € Ker(A). Then, by

Lemma A.2.1, it follows that
(7,8) = (7, 0de) + (v, ddax) = (d, da) + (87, 6a) = 0,

which finishes the proof. [

The above corollary then states that, for any L?—integrable k—form «, we can find

¢ € ASTH (M), B € A5 (M), € H*(M), such that
a=dp+05+7, (A.2.29)

which is formally know as the Hodge decomposition of the k—form a.
Furthermore, with Theorem A.2.1 at our disposal, it is possible to perform the follow-

ing identification:
Theorem A.2.3. The natural map
HE(M) = Hip(M,R)
that takes o and maps it to its de Rham class [] is a vector space isomorphism.

Proof: Check Theorem 5.23 of [Voi02]. O

And so, by having knowledge about the kernel of A (on k—forms), we can also obtain

information about the cohomology groups of our space (and vice-versal).!’

10This not at all a trivial information to have on other types of spaces. For instance, have a look
at [Phioo].
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An analog for Corollary A.2.2 also holds true for the case of pseudo-Riemannian man-

ifolds, more specifically we have'!

Theorem A.2.4 (Relativistic Hodge decomposition). Let (M, g) be an n—dimensional
globally hyperbolic manifold and consider V & A’(“z)(M). Then, there exists unique ¢ €
A](“Q_)I(M) and F' € Al(";gl(M) such that:

V=dp+dF (A.2.30)
Proof: Consider W € A’EQ)(M ) such that
AW =V

by Lemma 1 of [Gem00] we guarantee the uniqueness and existence of W and by the

definition of the Laplacian, let ¢ := dW and F' := dW so that the result follows. [

A good further reading to be done concerning this higher order, metric signature

counting generalization of the Hodge decomposition is [SBE0G].

A.3 Some specific derivations

Inspired on some of Manfredo’s classical Differential Geometry book’s exercises [dC14],
we will derive the general form of the well known operators Curl, Divergence and Lapla-
cian, on general coordinates, over a manifold M™ with (pseudo-)Riemannian metric g;.
Denoting {e;} for the vectors spanning the tangent space to some point on our manifold,

we have that:
1. g(es, ej) = g4
2. el = g'Pe,

3. e'(ej) = g5 =0}

Heheck Section A.5 for more details.
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Where on the second item e’ is the dual vector to e; and it acts on it as shown on the
third item above, being (5}- the Kronecker delta, which evaluates to 1 if ¢ = 5 and to zero

otherwise.
Divergence

Let v € T,M", for some p € M", and define w, as its associated 1—form given by
wy = g(v,-) = gijvie’. We thus define the divergence of v, namely div(v), as the element
of A°(M™) which satisfies:

*xdiv(v) = d * w,
Or equivalently, using the inverse Hodge dual [Eq.(A.2.19)], we can say that:
div(v) = x'd * w, = —dw, (A.3.1)

according to Eq.(A.2.21) and its proceeding observation. To calculate the above expres-

sion, remember that by Eq.(A.2.16) with k£ = 1 it follows that:

V9
(n—1)!

Wy = vl i€ N Ner

And now, from Eq.(A.2.19), Eq.(A.2.14) and the definition of the exterior derivative, it

easily follows that:

—Ow, = * d V9 Vile; e A Aen
(n—1)! e

1 ‘ | |
frd **1 ( — 1)!8[[1(\/5’1}7‘1)81»1“_2-”}6.“ /\ 612 /\ . /\ 67’”>

(n

1 o . . .
o (o OV e A )

n—1)n
1 . gileN.an,ui2...in5jlij2..Z:jn 1 e 2 in
— _a 71 H12...tn — —8 21 1J2---In
Nk S g TP 7 AN ]
1 1

Y VY

Hence, we recover the Voss-Weyl formula for the divergence, which is indeed given by:

_ _ 1 9(/gvt)
div(v) = \/§—8x“

8j1(\/§1]i1)6311 = ajl(\/gvjl)

(A.3.2)
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Moreover, Eq.(A.3.2) can be covariantly written as:
div(v) =V, 0", v =1e, (A.3.3)
with V, being the covariant derivative in the e, direction as defined on Appendix A.1.

Example A.3.1. A trivial but nonetheless instructive example is given by the following.
Let F = F'e; € R3, then wr = §;;F7¢’, but since 6;; = diag(1,1,1), it follows that

F' = F; = w;. In this way we have:
*Wp = Fjl 6j1j2j3€j2 N €j3 = F1€1j2j3€j2 VAN €j3 + F2€2j2j3€j2 AN €j3 + F363j2j3€j2 VAN 6j3
since jo < js our only options for their values are (js, j3) = (2,3), (1,3), (1,2). Hence:

*xwp = Fleggge? Aed 4 F2egzet Ae® + Flegpel Ae? = Fle? Ned — F2et Ae® + F3el A e?

OF! OF! OF!

cdrwp=——c' N2 NS+ —el AN+ —e AP AE?
E gt 0x? ox3

JF?

From where it follows that divF = ot

(with a sum over 7), as expected.

Example A.3.2. Consider now R? expressed in polar coordinates with basis vectors given
by {0,,05}. Let F = F"0, + F’3y. Then wp = F"dr + r?F?df, where the metric is given

by gi; = diag(1,r?). In this way we have that:
*Wp = TFj1€j1j2€j2 = TFlﬁljzejQ + T'F2€2j2€j2

= «wp = rFlene? + rF2epe! = rFTdo — rFodr
From there it follows that:

O(rF") O(rF?)

r 0
dxwop = Sodr A df — S0 A dr = (a(TF ) | o F)

or 00

)dr/\d@

) _18(7’F”) 8(F9)
:>dwF—; o + 50

as it’s known to be the case.
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Before moving to the next operation, note that by Eq.(A.3.1) plus the use of the
musical isomorphism known as sharp operator, we can extend the concept of “divergence”

to any k—form « over M", be defining
div(of) = (—=1)*6a, (A.3.4)

with o € T(A*(TM™)) being given by of = gt ... gieay, ;e A+ Aej,.
Curl

On the same note as in the previous subsection, let v € I'(T'M™), so that we can define

a particular (n — 2)-form by the following procedure
U Wy > dwy — * tdw, (A.3.5)
Again make use of the the musical isomorphism, we define
curl(v) = (x dw,)* (A.3.6)

Thus observe that'? (curl(v))’ = x'dw,. Well, in coordinates Eq.(A.3.6) looks like this:

b
(n—2)/3

-1
* dw, = Oy (U JEMHH2 e N Nt

B3

If we consider the multivector version of the above, we arrive at:

1
curl(v) = Z 73#1 (v, )eltHzhztne A Ney,, (A.3.7)
p3<--<pin g

Example A.3.3. Applying formula from Eq.(A.3.7) to the particular case of a vector

field v = v'e;,i = 1,2 in R? with metric g;; = d;; we have that:
curl(v) = 0, (8,50") = 01v* — Ogv’

as expected.

12above the curl is what we call the flat operator. Contrary to the sharp operator, it take vector and
map them to forms. As the reader might have noted (X*)f = X and (af)’ = a
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Example A.3.4. Let’s verify the well know relation asserting that div(curl(v)) = 0 or,

more specifically, that div((curl(v))’) = 0,Vv € I'(TM™) smooth. Indeed we have that:
div((curl(v))’) = x Ld * (x tdw,) = *td x ! xdw, =« *dPw, = 0

Where the last equality holds from the fact that d> = 0, as observed on Appendix A.2.
Laplacian

To be able to define the Laplace operator, we need first to introduce the gradient of
a function f : M™ — R. Indeed, the way in ehich one does it is by first considering the

vector u € T, M™ and defining the directional derivative of f in the u direction by
Dyf=Vf-u (A.3.8)

What we do here is to then generalize this notions of directional derivation to manifolds

admitting a metric. Now, once we note that:
f:M"—=R

(2, ... 2") = f(xt,. . ")

We naturally have, by Appendix A.1, that df : TM™ — R is given by:

df—%e ++%6
so that df (u) with u = u’e; is equal to:
= O ey = yicicey = i = O i
df (u) = 8xie(u ej) = 5V e'(ej) = 5t 90 = Pt =uf

In this way, we again conclude that vector field over TM™ can be seen as derivation of
C>®(M™). Now, based on Eq.(A.3.8), we define the gradient of f as the 1—form V f that

satisfies:

df (u) = g(Vf,u) (A.3.9)
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In local coordinates, if u = e;, we have that:

. 0 . .0
9(Vf.ej) =g;(Vf) = a—; (V) = 9k]a_§j
That is to say:
(VI)F=g" 0

dai
And thus Vf = gkj%ek which in turn can be thought of as a 1—form by the musical
isomorphism given by the metric, as discussed on Appendix A.1, Vf = ¢/9;f. This in

turn lets us express the gradient of a function in terms of its exterior derivative, that it
Vf=df
as a 1—form. From this one defines:
Af =div(Vf) = ddf (A.3.10)

By the computation of Appendix A.3, we get to the following expression for the Laplacian
of a function:

1
V9

For a general k—form though, the definition is altered a bit, leading us to the Laplace -

Af=—0;(v/99"0:f) (A.3.11)

de Rham operator A : A*(M") — A¥(M™), given by:
Ao = dda + ddo (A.3.12)

One can show that in coordinates Eq.(A.3.12) assumes the following form

1 T
Aa=| —0 Eao Li1a1 o ikakaa . 11...0g o
=% 5(vV99°"9 9" Day .. ’“)—(kJr e Gt

Y1k

Op, (ﬁa%(\/ga“---%)) Tkgmpz . .g%_lpk) e A Neft (A3.13)

which can in turn be covariantly written in the following form:

Aa = (VaVPia, 0+ (=1)FV, Viag, ,) e A Ae (A.3.14)
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Example A.3.5. Now, for the sake of consistency, we end up this section with a trivial
example. Indeed, let g;; = d;; be the R" metric, so that /g = 1 and such that its entries
are non-vanishing if, and only if, i = j. Plugging this right back at Eq.(A.3.11), we have

that:

Agn f = 0, (6™0;f) = O} f

as expected.

A.4 Symplectic Geometry

In this appendix we are going to define some objects needed to mathematically formal-
ize (and even extend) Classical Mechanics, if you will. Assuming that the reader already
had a look at Appendix A.1 and thus knows what manifolds and forms are, we can jump

right into the following

Definition A.4.1 (Symplectic Manifold). A symplectic manifold is a pair (M, w),
such that dim(M) = 2n, for some n € N and w is a non-degenerate 2—form defined over

M.

We can consider yet another very interesting and rich structure over any symplectic

manifold, namely a Poisson Structure. Formally we have

Definition A.4.2 (Poisson Structure). A map {-,-} : C°(M) x C°(M) — C*°(M) is

called a Poisson Structure if it satisfies the following
PS.1 {f, g} =—{9,f} (Anti-commutative)

PS.2 {f+ag,h} ={f,h} +a{g,h},Va € R (R—linear)
PS.3 {fg,h} = f{g,h} +{f,h}g (Leibniz’s Rule)

PS.4 {{f,g},h} +{{g.h}, f} +{{h, f},9} =0 (Jacobi identity)
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The way you build this object on the symplectic case is very simple. Consider f,g €

C>(M). Find their Hamiltonian vector fields X; and X, by solving
Lx,w=df, ix,w=dg. (A.4.1)
From there follows

Definition A.4.3 (Poisson Bracket). Based on the vector fields coming from Eq.(A.4.1),

we define the Poisson bracket of two function f and g in C*°(M) by
{f,9} = Lx,(9) = w(Xy, Xy) (A4.2)
with Lx, being the Lie derivative in the X direction.

Hence, if we are given a system of local coordinates (g, p) such that w =", dg; A dp;,

Eq.(A.4.2) is actually written as:

df dg  Of Og
= E — A 4.
{f’ g} p 0q; Op; Op; Og; ( 3)

A very important property that follows from Definition A.4.3 is

Definition A.4.4 (Involution). Based on the above structure, we say two functions f

and ¢ are in involution when {f, g} = 0.

Note in particular that, by PS.3, we can get a vector field out of a Poisson structure
by fixing its first argument. That is, given a function f € C°°(M), consider the derivation
Xe={f,-}: C®°(M) = C®(M). As mentioned on Appendix A.1, such derivations can
be understood as elements of X'(M) = I'(T'M), hence turning X into a vector field over
M.

The condition expressed on Definition A.4.4 says that the quantity g is constant along
the flow of f and vice-versa due to PS.1 and Eq.(A.4.2).

One important geometric quantity we deal with in mechanics and symplectic geometry

is the tautological 1—form. Given some smooth manifold M, its cotangent bundle T* M
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with local coordinates (z,¢) and canonical projection @ : T*M — M is a symplectic

manifold. Over A'(T*M), we can consider a form 6 being given by

Oiwe)(v) = (€ dm(v)) (A.4.4)
with (z,&) € T*M and v € T(, ¢T*M. With this in mind we state the very important

Proposition A.4.1 (Canonical Symplectomorphism). Given two manifolds My and Mo
whose cotangent bundles (71, T* My, My), (ma, T* My, My) have tautological 1—forms 61 and
0 respectively, for every ¢ € Diff(My, My), we can construct a bundle map (;3 T*M, —
T* My defined by

o(x,p) = (¢(x), (D] )" p) (A.4.5)

that satisfies %0y = 6.

Proof: We prove this by performing direct computation. Take (x, &) € T*M; and some
v € T(geyT* M. Using Eq.(A.4.4), it follows that

~

(6°02) (1) = 03 0. (DO(V)) = (93, €), (D3 0 DY)(v))
= ((ID¢])(€), D(m2 0 B)(v) ) = ((IDG] ) (), D(6 0 m1)(v))
= (&, 1D6] ™" 0 Do 0 D) (1)) = (&, Dma(0)) = 01,0 (),

as we wished to prove. [J

The map ¢3 is called the cotangent lift of the map ¢. The naming becomes clearer

once we look at the following diagram

~

T M, ¢ T M,

™ 2

M1 M2
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where 7; are the projections of the bundles down to their respective base spaces. Such
type of map is particularly important when one considers the case M; = My := M. In it,
certain maps ¢ can be used in the process of reduction (see subsection 2.3.1), thus making

it easier to solve the equations of motion governing the dynamical evolution of our system

over T*M.

Group Actions

Say we have a Lie group G (a group with a manifold structure) with Lie Algebra (the
tangent space to the identity) Lie(G) := g. Given an element u € g, the infinitesimal
generator of the action ¢ : G x M — M is given by

u= —| Ylexp(tu),x). (A.4.6)
t=0

Much like with the Hamiltonian vector field we mentioned above, we can consider

Definition A.4.5 (Hamiltonian action). Given a group G, with Lie algebra g, acting
on a symplectic manifold (M, w) by ¢ : Gx M — M, we call the group action Hamiltonian,
if

HGA.1 There exists a map p: M — g* called the momentum map.
HGA.2 The infinitesimal generator is Hamiltonian, with
tw =d(u,u), (A.4.7)

where (u, u) () = (u(z),u) and (-,-) : g* x g — R is the canonical evaluation pairing

between forms and vectors.
HGA.3 The function p is G—equivariant, that is

oty =Adlop (A.4.8)
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Moreover, it is usual to denote " = (u, u), so that Eq.(A.4.7) can be written as
Lyw = dp". (A.4.9)

The function p* is called the co-momentum map, and its clear from its definition,
together with HGA..2, that " € C*°(M)

Based on the cotangent bundle case we can define an exact manifold to be a pair
(M,w) such that there is a 1—form 6 € Q' (M) satisfying w = —df. We shall be calling 0

the symplectic potential. With this in mind we have the following

Proposition A.4.2. Given an exact manifold (M,w) with symplectic potential 6 and a
group action G &M such that ;0 = 0, then the action is Hamiltonian. Moreover, it

follows that the moment map p* = 1,0.

Proof: We can show the result in two straightforward steps. First we prove that the
moment map u is of the above mentioned form. Then we show that it’s G—equivariant.

For the first part let’s consider Cartan’s magic formula
L0 = di,0 + 1,db = di 0 — 1w (A.4.10)

By the definition of Lie derivative, since 970 = 6, it follows that £,0 = 0 so that
Eq.(A.4.10) yields

0=dub — ww = dib =1w=du"

as we said above. Now we check the G—equivariancy.

(o thg, u) = thgp =P b = vy, 1)yl = taq w0

= {n, Ady-1 (u)) = (Adgr 0 pu),

which finishes the proof. [J

We finish off this part with some examples that will be useful throughout the main

text
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Example A.4.1 (SO(3) action). Consider the group action SO(3) GR*, which is just
matrix multiplication, and its natural symplectic extension to the manifold R* x R3. In
this example, our aim is to show that the momentum map of such a group action is
precisely the angular momentum

L =x X p, (A.4.11)

for (x,p) € R x R®. To prove this, first notice that, much like with the group SO(3)
acting on R* by matrix multiplication, we can also consider the Lie algebra so0(3) acting
like-wise on the same space. There is however another thing that happens with the Lie

algebra action that we can use to our advantage. Formally we have that
50(3) = {A € gl(3,R)| A+ AT =0}, (A.4.12)

so that a generic matrix A € s0(3) can actually be written as

0 —c b
A=\ ¢ 0 —al, fora,b,ceR. (A.4.13)
—b a 0

If we thus take some = (11,72, 23) € R? and consider the new vector Az, we notice that

r3b — x9c
Ax = | zic—z3a | =& X x, with 4 = (a,b,¢), (A.4.14)
Toa — T1b

And so, we can bring back an element of s0(3) that acts on a vector on R* to a cross
product of two R? vectors in a consistent manner.
Now, getting back to our goal and following the prior notation, take an element u €

50(3) and consider its infinitesimal generator

d d
U= — P(e™, (z,p)) = pr (e"z, e"p) = (uz,up). (A.4.15)
t=0 t=0

Now, using a slight abuse of notation to denote the simplectic form of R? x R? as

w = dx A dp, (A.4.16)
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to compute the momentum map we proceed as laid out above, that is

tw = (ux) - dp — (up) - de = (§, x ) -dp — (§, X p) - dz (by Eq.(A.4.14))

= (x xdp) - &+ (de x p) - & = d(&y - (x X ).

Since &, can be thought of as an element of the Lie algebra so(3), the result follows from

identifying u = « x p at Eq.(A.4.7), as we wished to prove.

Example A.4.2 (Momentum conservation - Vortex case). Close to the end of Section
9.2 we mentioned that the Hamiltonian for the interaction of 3 vortices will, in (g;, p;)
coordinates, be given by

H= —% ; TG (qi - qj,% - %) . (A4.17)
The translation invariance it possess can be expressed in the form of a group action, with
the acting group being our manifold itself. That is, we can define the action Sx RG S xR
by setting

(90, p0) - (¢;p) = (g0 + ¢, po + P). (A.4.18)

Note however that the coordinates which the Hamiltonian is dependent are not the same as
the ones in which our symplectic form is written. Indeed, meanwhile the form is written
with respect to (q,p), the Hamiltonian depends on (q,p/T"). This difference, although
simple, is actually quite significant in the process of finding the integrals of motion, for it
was only defined when both the Hamiltonian and the symplectic form depended on the

same variables. We can easily fix this by defining the scaled momentum
g =L (A.4.19)
With respect to it, our symplectic form gets to be written as
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and the Hamiltonian is rewritten to be

Zr T,G(qi — qj, P — Pj)- (A.4.21)

z<]

The infinitesimal generator for the action of Eq.(A.4.18) (now in the (g;, p;) coordinates)

is easily found to be

u = (o, fo)- (A.4.22)

To find its associated momentum map, we repeat the usual procedure
LW = Z Lidqi((qo, Po))dps — Z Lsdpi((qo, Do) )dg;

_ (Z Fidﬁi> & — (Z ridqi) o

g} o)

from which it follows that our momentum map is given by

p= (Z Lipi, — Z FiQi) : (A.4.23)
We if furthermore make use of the fact that
¢ =Ty, Di= —Z = f(riyi) = Yi, (A.4.24)
we recover the quantities of Eq.(9.21).

Symplectic Reduction

Theorem A.4.3 (Noether’s Theorem). Let M be a symplectic manifold, G a connected
group whose action over M is Hamiltonian with moment map p, and H € C*(M) . It

then follows that

u

‘ u" is preserved by
His <= | the flow generated b
G—invariant g i y
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Proof: (=) What we need to show here is that given u € g = Lie(G) its associated
moment map u* is preserved by the symplectic vector field Xy generated by the Hamil-
tonian H. In order to do so we once again make use of the Lie derivative in the following

fashion

EXH,u“ = dﬂu(XH) = Luw(XH) = w(u, XH) = —w(XH,u) = —dH(u)

=—L,H=0

thanks to the G—invariance of H, i.e, Y;H = H.

(<) To prove this other direction we use the following nice Lie group results:
Lemma A.4.1. Let G be a connected Lie Group and U a neighbourhood of e. Then
G = G u" (A.4.25)
n=1
where U™ are all the n—fold products of elements of U.

Lemma A.4.2. The map exp : g — G is C* and dexp : g, — G, is the identity. That

is, exp gives a diffeomorphism of a neighbourhood of 0 € g to one of ¢ € G.

Proof: Check |War83| Proposition 3.18 and Theorem 3.21 (d). m

Now, to prove the theorem note that since p is preserved by the flow of H, by definition

it follows that
0= ﬁXH,U,u = ﬁuH

as can be checked on the above computations in the other direction of the proof. Now

notice that V¢ € R we have:

% H(eap(tu)z) = (LoH)(eap(tu)z) = 0

= H(exp(tu)zr) = H(x) (A.4.26)
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Now, to prove this for any g € G we use Lemmas A.4.1 and A.4.2 to express g =
hy...h, with each h; = exp(u;),u; € g. By iterating the result of Eq.(A.4.26) we find

that
H(gx)=H(z), Vg € G (A.4.27)

which let’s us conclude that ¢;H = H, i.e H is G—invariant. []

What Noether’s theorem tells us is that given a continuous symmetry of the system,
that leaves the Hamiltonian invariant, we can find a quantity that remains unchanged
throughout the orbit of the system. In physics jargon we call such a conserved charge
and for higher tier physical theories the presence of these charges is of uttermost im-
portance. So much so that one can even build a theory'® based purely on symmetry
arguments, as well as by thinking about which quantities are physically reasonable to be

conserved charges.

A.5 Pseudo-Riemannian Geometry

In this section of the appendix we define the mathematical objects we shall explicitly
make use throughout the thesis. The main goal is to define Lorentzian and globally
hyperbolic manifolds, the former being the definition of a space-time manifold. In order
to do so, we will need the concept of causality and that of a pseudo-Riemannian metric.

To talk about the latter we first introduce the following concept

Definition A.5.1 (Signature). Given a metric g on a manifold M, we will denote the
signature of g as a pair of numbers (p,q) where p (resp. ¢) stands for the number of

positive (resp. negative) signs of the metric.

Notably, we determine p and ¢ by looking at an orthogonal basis for the tangent space

of our manifold (which can always be found at least in a vicinity of a point by the famous

Bactually its Lagrangian!
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Gram-Schmidt process). In the Riemannian case for instance, positive definiteness means
that the signature of the metric is (n,0) with n being the dimension of the manifold at
play. More generally, a pseudo-Riemannian manifold is a differentiable manifold with
a non-positive definite metric, i.e, one whose negative part of the signature is non-null.

One very important example of such a manifold is the following

Definition A.5.2 (Lorentzian Manifold). A differentiable manifold M of dimension n is

called Lorentzian when over it we have a metric tensor g whose signature is (n — 1,1).

Example A.5.1. In the case (M, g) is Lorentzian and g = diag(—1,1,...,1) we call M
a Minkowskian manifold. Note in particular that a Lorentzian manifold is locally always

Minkowskian.

On a pseudo-Riemannian manifold, we can classify vectors v at each tangent space in

three different ways'*:

1. Time-like

2. Lught-like

3. Space-like

From this we say that a curve v € M is time-like when ~/(t) is time-like for all ¢ over
which 7 is defined. Similar definitions hold for null and space-like curves. Note though
that what might differ between authors is the characterization of time and space like
vector/curves since it depends on whether p > ¢ or not (For instance, check the caption
of the above figure). Anyhow, the geometrical scenarios are clear, if the vector sits inside
the light-cone we call it time-like. If it belongs to the the cone itself, we say it’s null, and

if its on the outer part, space-like.

Hthe terminology null instead of light-like is more usual in the literature so, we shall use both inter-
changeably throughout the text.
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Figure A.1: Example of the tangent space of a Lorentzian manifold, as given on Definition
A.5.2. Here vy is time-like, vy space-like and v3 null. This is because for a signature
(n —1,1) metric, we have that g(v,v) < 0 implies that the vector v sits inside the light-
cone, in turn defined by the set of vectors such that g(v,v) = 0. Lastly, g(v,v) > 0 in
this case represents space-like vectors, since those sit outside the region enclosured by the
light-cone.

Notice that on Fig.A.1, it’s clear that we have two possible directions on our tangent
space, provided by the presence of the light-cone itself. Indeed, when a vector v sits inside
the “upper sheaf” (resp. “lower sheaf”) we call it future directed (resp. past directed),
though the notion of upper and lower is determined by the presence of a unit time-like
vector eg. In the Lorentzian scenario for instance, we've got future directed vectors v
being represented by g(eg,v) < 0, while past directed ones by g(eg,v) > 0. We this in

mind, we have

Definition A.5.3 (Time Orientability). A pseudo-Riemannian Manifold will be time

orientable if 3X € I'(T'M) that is everywhere time-like. Moreover we have that
TO.1 The choice of such a vector field is called a time orientation.

TO.2 With respect to a time-orientation, a time-like vector v, € T,M is called future
directed if v, is in the same connected component as X(p). It is called past

directed if —v, is future directed.

Definition A.5.4 (Causal curve). A curve v € M is causal if it’s either null or time-like.
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That is to say, causal curves physically speaking are the ones that connect points that
can have some type of influence over one another. Indeed, we shall refer to points in
our pseudo-Riemannian manifolds as events since, at least on the Lorentzian case, that’s
what they physically represent. Hence causally connected points are to be understood as
events that influence one another, depending on which one is sitting where in the inner

light-cone that contains the two. More explicitly, we have

Definition A.5.5 (Causality). We say =,y € M are causally connected if there is a

causal curve that connects the two.

By putting together Definition A.5.3 and Definition A.5.4, we are able to think of
future directed (or future oriented) curves on M. Naturally, we define those as the
curves whose tangent vectors are always future directed. A similar definition holds for
past oriented curves and, we see in particular that causal time-like curves can be either
future or past directed, depending on parameteization. With this concept in mind we

have

Definition A.5.6. Let (M, g) be a time-oriented pseudo-Riemannian manifold. Then we

say
1. z < y if there is a future oriented, time-like curve connecting x to y.
2. x <y if x =y or, there is a causal smooth curve connecting the two.
3. r<yife <yandx #y.
Based on this we can define two important sets, namely

Ti@) = {yl @ <) (A5.12)
Jiile) = {yl y < «} (A.5.1b)
Eq.(A.5.1a) is called the causal future of z, while Eq.(A.5.1b) the causal past of

such point. We can moreover define a diamond as the set Jy(z,y) = J;;(z) N Jy;(y).

With this in mind we move to the following
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Figure A.2: 2—dimensional Minkowski space-time (Example A.5.1). We see that the
curves connecting p’ to O and O to p are time-like causal and future oriented. The one
joining O to p” is space-like instead.

Definition A.5.7 (Future and Past Compactness). Let (M, g) be a time-oriented pseudo-
Riemannian manifold. Then a subset A C M is called future compact (resp. past

compact) if Ji;(p) N A (resp. Jy;(p) N A) is compact for all p € M.

Finally, note that a time oriented, pseudo-Riemannian manifold is causal, if there are
no closed causal curves on M. In particular that is to say that one can not get to its past

by just traveling to the future! With this in mind we have

Definition A.5.8 (Global Hyperbolicity). Given a time oriented, pseudo-Riemannian

manifold (M, g) we say that M is globally hyperbolic if
GH.1 (M, g) is causal
GH.2 Vx,y € M, the diamonds Jy(z,y) are compact.

Based on this definition, we call globally hyperbolic spaces space-time manifolds,
since we have a direction of time and a notion of causality, being globally well defined
by GH.1. Condition GH.2 though, has more to do with the geometry/topology of the

manifold, prohibiting for instance certain types of holes to exist.
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Example A.5.2 (Non-globally hyperbolic plane). Take M = R?\ E, with the set E being
given by

E= {(l‘l,xQ) € R x IR‘ 1 < To, T < —.1’2}, (A52)

and with the Lorentizian metric

n= (_01 (1]) : (A.5.3)

The null curves of the metric through a point € M are just 45° angle straight lines
centered at such a point, and so, time-like curves are straight lines that sit inside such a
light cone.

The openness of M, in this case, guarantees us its causality so that GH.1 is satisfied.
For GH.2 however, note that given a point xqg € M located on the third quadrant and
Yo € M on the second one, the diamond Jy; (g, yo), although non-empty, is not compact
since there are causal curves emanating from xy and others incoming into y, that hit the
boundary of E. Such a diamond is thus neither closed nor open and since M is finite

dimensional the diamond can’t be compact, so that M is not globally hyperbolic.

A.5.1 Distributions

Intuitively speaking, a distribution over some space is a function on its dual. Indeed,

based on [Wall2| and [Gem00] we shall work with the following notion

Definition A.5.9 (Distribution on a Manifold). On defining T*M := TM x ---x TM, k

D

times, we have that a tensor distribution u~ over M is a continuous linear functional

uP : T(A"T*M @ TFM) — C
explicitly given by the formula

uP (T, (Uy,...,Uy)) = /M (T, (Uy,...,U))dVoly, (A.5.4)

5we may think of E as the causal wedge of (—oo, 0] [HE23].
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With (T, (Uy,...,U)) = T(Uy,...,Ux). The number k will be the order of the tensor
distribution u and, the space of such distributions will be called A% ().

We are going to make a slight abuse of notation and instead of referring to the tensor
distribution uP taking an element of T'(A*T*M @ T*M) and giving back a number, let
TP be the distribution that takes k vectors, pairs them with the tensor 7', and then
integrates this pairing over M. With this notation, we can make use of Definition A.5.9
to talk about the uniqueness property of Lemma 1 of [Gem00] for vector/tensor fields
instead of distributions too. Indeed, note that by definition we have that for a tensor
T € AF(M)

(ATP(UY, ..., U;) = /M (AT, (Uy,...,U)) dVoly,

so that if we have the distributional equality (AT)? = VP then we must have AT =V a.e
(almost everywhere, with respect to the volume measure dVoly,) since the former would

imply that
/ (AT =V, (U, ..., Us)) dVoly = 0, VU, ..., Uy € X(M).
M

from which AT =V holds a.e. Notice however that, when we are performing the above
integrals we are bluntly assuming the integrability of our k—forms over M. This is a bit
“slackish” and so, to properly consider distributions in this regard we ought to take certain
spaces into account. First, let’s take a step back and work over a Riemannian manifold

M for now. We can then define the space LP(M) as

LP(M) = {f e Cx(M I = /M [f ()" dVoly (z) < 00} : (A.5.5)

For values of p > 1, the norm ||-||, makes the pair (LP(M), ||-||,) a Banach space (by the
Fischer-Riesz Theorem). This isn’t enough though. To talk about integrability of forms we
need to consider another norm. To define it, we can rely on the above L? norm and consider
the following: when given a Riemannian m—manifold M, we can have associated to it a

Riemannian metric ¢ and a metric compatible connection V. If we take a k—form T &€



197

A*TM and consider the multi index covariant derivative DT, . iy = VL VT

for some real entry multi index o = (g, ..., ) we can make the following

Definition A.5.10 (Weak derivative). Given a k—form T we say v is its weak deriva-
tive of order « if, for every test function with compact support ¢ € C>°(M) we have

that

> / b D2 gdVoly = (—1)l Y / Ui gdVolyy, (A.5.6)
ik T1yeeeylk M
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where |a| =3, a; is the norm of a.

From this we see that on this general setting, the weak derivative of a k—form is an
(1, k)—tensor distribution, with [ being the length of the multi index «, that is integrable
(at least) on every compact set of M. Thanks to this notion of weak derivation we are

able to construct the following
1T yinarran = D D 1D Ty (@), (A5.7)

1,50k | <j

where in the above, since M is Riemannian m—dimensional, we choose its coordinates to
be enumerated from 1 to m, and so DT}, ; () = T}, ,;, (z). With this in mind, we can
call H-HWJ-’p(AkTM) a norm. For, if HTHWj’p(AkTM) = 0, since we are summing over positive
terms only, each one of them has to be zero. By our above comment we then have that

T:

010k

=0 for all 41,...,7, = 1,...k, hence T'= 0. The R—linearity follows trivially and
by using the linearity of the derivatives V' together with Minkowski’s inequality on each
summand, we conclude the triangle inequality. It’s thus based on Eq.(A.5.7) (and hence

Definition A.5.10) that we make

Definition A.5.11 (Sobolev Space). The Sobolev space W/P(A*T'M) over a Rieman-
nian manifold M is the space of differential k—forms whose weak derivatives of order «

and norm less than or equal to j exist and lie in L¥(M). More explicitly, we have

WIP(ART M) := {T € A*(TM)| 1T Ml yaor (arrary < 003 (A.5.8)
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As shown in Section 2.2 these Sobolev spaces play a big role in mathematics and
physics. For, they end up being the spaces over which one should solve partial differential
equations. As mentioned in the body of text, in this same cited section, we can in certain
situations be more interested in working with the p = 2 case of Sobolev spaces instead.

These will in turn get a name of their own, and shall be referred to as
HI(APT M) = WH(AFT M), (A.5.9)

For each j > 0 the spaces H’ (for short) are Hilbert spaces, i.e, complete spaces (in the
sense of Cauchy sequences) endowed with an inner product and a norm, naturally induced
by the latter. It’s over these spaces that we are able to properly define inner products
of functions and k—forms now too. They’re specially important in classical Quantum
Mechanics (cQM) and are a key component of Spectral Theory which can be very broadly
thought of as the mathematical theory which formalizes the calculations done in cQM.

For the pseudo-Riemannian case, the above constructions can be carried out presum-
ably on the same fashion since, no particular mention to the signature of the metric was
made.

For further reading, have a look at [Gem00, Wal12 KM 19]. A good introductory book
on the matter of Banach and Hilbert spaces, along with the fundamentals of Spectral

Theory is due to John Conway [Conl9].

A.5.2 Some topological considerations for L),

Throughout the thesis we mostly dealt with a collection of pseudo-Riemannian metrics
defined over the sphere (or more specifically the 3—cylinder R x $?) which were param-
eterized by some time ¢t and induced by a certain perturbative parameter ¢ in order to
account for the interpretation of our model, as explained on Chapter 1.

Here we wish to formalize a bit this notion of “perturbation” that we used so much

throughout the work. To do so, given a Riemannain Manifold M, we consider the space
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Ly of Lorentzian structures over M. The general existence of a Lorentzian metric
over a generic manifold M can not be usually guaranteed, but some interesting results
can be found either way. Indeed, any non-compact, connected smooth manifold admits a
Lorentz metric [O'n83] and, as studied on [Ler73], when provided with a suitable topology
we can have some very nice regularity and stability results regarding the metrics of £j;.

On the matter of topology, in this thesis we shall be dealing with the C*°—topology
over L), since its the one that better suits our perturbations. To define it, we first need

the following

Definition A.5.12 (C*°—norm). Let ¢’ € Riem(M) be a Riemmanian metric over M.

Consider the norm |[|-[| , induced by ¢’ on the space of k—forms QF(M) given by
HT(x)Hz/ = (¢ .. (g (2)iy. 0, T ()4, 4., for some z € M, (A.5.10)

where, T'(z) and g% represent the form T and inverse metric (¢')¥ evaluated at x € M,

respectively. The C*°—norm over L,; will be given by
[T = sup [ T(z)]], - (A.5.11)
zeM
With Eq.(A.5.11) at our disposal, it’s natural to consider

Definition A.5.13 (C*°—topology). The C*°—topology over L), is simply the topology

induced by the C"°°—norm.

The open balls of radius R, centered at some metric g, in this topology will be given

by the sets

Br(g) = {h € Lul Ih =gl < R}, (A.5.12)

with the difference h — g being point-wise well defined and indeed being given by the

component-wise difference of each quantity (evaluated at the specific point).
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Definition A.5.14 (¢—proximity). Given two pseudo-Riemannian forms g1, g2 € (L, ||-]|.)

and an ¢ € R, we shall say that g; is € close to gs if
191 — gall o <&, (A.5.13)
that is, if g1 € B.(g2).

It is through Definition A.5.14 that we are able to give some formalization to the
approach we took in the body of the thesis, namely, of considering a “small” metric

perturbation g with respect to some base metric g € £);. Indeed we see that
19 = 9lloe = sup [lg +ch — g||,, = e sup [|A], (A.5.14)
xeM zeM

Upon taking M = R x §2 with ¢’ = diag(1, 1,sin*()) and g = diag(—1,1,sin*(#)), the

metric perturbation h we choose at Eq.(3.24) is such that
sup b, = VI+R* <1+R, (A.5.15)
for R > 0. Putting the above equations together, we conclude that
19— 9l <e(1+R), (A.5.16)

so that § € B.a+r)(9)-

We can further use the C*°—norm as a guarantee for how good the approximation

-1

we are doing really is. For instance, by demanding ¢ < ||g|| . |12,

our approximation
should be good provided that, in a sense, it naturally extends the Minkowskian metric
perturbation g = 1+ ¢h, where one could demand ||eh||, < |||, so that ¢ < |||}, and

hence first order perturbation theory, at least from the ||| perspective, makes sense.
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Appendix B

Basics of General Relativity

In this section our aim is to introduce the reader to the computations that are usu-
ally done in General Relativity when one is interested in finding so called “perturbative
solutions”, i.e solutions to the field equations that arise from a perturbation of an already
know “base solution”. Since to specify a metric is to specify a geometry, the base solutions
will here be referred to as base manifolds.

The object we shall be primarily interested in here are pseudo-Riemannian metrics

(see Section A.5) since our manifolds of interest will be space-time like.

Definition B.0.1 (Space-Time Manifold). A space-time manifold is a pair (M, g) in

which M is a differentiable, globally hyperbolic manifold and ¢ is a Lorentzian metric.

In physics language, it is customary to say that M is a (n + 1)—dimensional manifold,
where n refers to its spacial dimensions and 1 for its time dimension. In principle you
could consider more time dimensions on your manifold, though the utility of such an

approach is not quite clear as of now.

B.1 Setting the grounds of GR

The now almost 110 year old theory of General Relativity (GR) was formally developed

by the German theoretical physicist Albert Einstein (1875-1955) in the beginning of the
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20th century. Although now quite well understood by physicists and already experimen-
tally verified, back then the theory revolutionized how we should see and think about
gravity. The reason being that from that point on, one could picture the action of gravity
by means of geometry and, more specifically pseudo-Riemannian geometry'.

What the theory tells us is that we have an equivalence between gravity and curvature

expressed in the following set of field equations?

G = KT (B.1.1)

where T}, is the so called Energy-Momentum tensor, G, is the Einstein tensor
and k is a constant that depends on the dimension of our space-time manifold.

The components of the energy-momentum tensor are such that 7% represents the
relativistic energy density of the particle i.e energy/ (volumexc?), with ¢ being the speed of
light. 7% has to do with the particle’s relativistic momentum density (p = mu, m = mqgy)
where my is the inertial mass of the particle, that is, the mass measured by an observer

that is co-moving with the particle itself, and v is called the Lorentz factor given by:

V= — (B.1.2)

with v being the particle’s spacial velocity®. Finally, the components T represent the
stress tensor over the particle. The diagonal terms are related to pressures suffered by
the particle along the directions of the chosen basis, whereas the off diagonal terms have
to do with sheer stress® felt by the particle. Meanwhile, the Einstein tensor is given by

the following:

1
Guu = Ruy - §guuR (Bl?))

!Now a days though this picture is a bit “worn off”. We tend to think of the field equations as more of
a set of partial differential equations and forget a bit about the geometry behind it. Apparently it seems
to be a good view point to have when tackling more modern mathematical problems that emerge in the
theory [RD22]

2we shall adhere to the physics notation here since it is quite illustrative, more often than not!

3Note that for small velocities, i.e when v < ¢, the Lorentz factor approximates to 1. This in turn
explains why no relativistic effects happen at the classical level.

4on rubbing two surfaces together for instance, sheer stress is created between them.
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with R, being the Ricci tensor [Eq.(A.1.24)] and R the Ricci scalar [Eq.(A.1.26)]. The
inspiration behind this definitions comes from the following functional known as the

Einstein-Hilbert action, given by:

Slg] = 5- / Ry=gd"z (B.1.4)

with /—gd"x being the volume element of our n—dimensional pseudo-Riemannian man-

ifold.

Note B.1.1. The motivation for one to consider the Einstein-Hilbert action is simple: it is
the simplest action one can think of building when considering “gravitationally interesting”
objects. You see, given p € M we can always find a coordinate system over p such that the
metric is, to first order, the Euclidian (or the Minkowski) one and thus whose Christoffel
symbols [Eq.(A.1.16)| vanish. Though the same can not be said about the derivatives of
the latter! Hence, locally, the simplest non-trivial object that gives us sight of curvature
(and hence, of gravitational phenomena) are the Riemann/Ricci tensors at p. Since the
action functional gets a scalar function over M as an argument, the Ricci scalar is a good
guess to be made indeed. Nevertheless, more intricate actions for gravity, involving other
possible combination of Ricci, Riemann and metric tensors can be constructed. Indeed

f(R)—gravity theories are those whose underlying action functionals are of the form:

f.g zﬁ/f =g (B.1.5)

with f(R) representing here an arbitrary function of the aforementioned quantities. Such
class of theories have been widely studied and are still part of the body of research done

in gravity [SF'10,JPS12].

Now, getting back on track, by the well known extreme action principle, our equations

of motion for the metric will be given by the set of metrics such that:

05
5g;w

[9] =0 (B.1.6)
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Upon doing such a variation on Eq.(B.1.4) we end up with:

1
26y

55 (6(R)vV/—=g+ RS(v/=g))d"z (B.1.7)

which can in turn be written as [Carl4, Ton]:

1 1
0S = —/ G —gog9"" d" x + —/ V, X'/ —gd"x
25 Jur 25 Jur

X# = g, — g*'T)

(B.1.8)

The second integral appearing on Eq.(B.1.8) is zero by Stokes theorem on manifolds. Since
we ask Eq.(B.1.6) to hold for every possible variation, we thus end up with Einstein’s

vacuum field equations:

G =0 (B.1.9)

Which notably correspond to the field equations [Eq.(B.1.1)], with T, = 0. As a matter

of fact, to obtain Eq.(B.1.1) on its full form our action of interest actually needs to be:
Stot = SEH + Smatter (B110>

where Sgy is as in Eq.(B.1.4) and Sy is the action associated to the matter content

present on space-time. Said action is usually written as

Smatter = /'Cmatter V |g|dnl‘ (Blll)

where L,,q1ter is the Lagrangian for the matter distribution considered. From Eq.(B.1.11)

we define

T 2 5(£matter V |g’) (B112)

uy — \/m 5g““

So that we recover Eq.(B.1.1) as desired.

Until now all we’ve talked about was the metric tensor and all we have done was
to try and show how its dynamical equations look like. If however we are interested in
the dynamical equations of the sources of said gravitational fields we ought to solve the

following

v, " = 0. (B.1.13)
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By the physical interpretation the components of our stress-energy tensor have it
follows that Eq.(B.1.13) functions as some type of F' = ma for a real, field generating

particle. Indeed, by taking v =1 = 1,2, 3 we have that
0=VT%+V,T" = Vo' + V, T
= Vopi = —Vkai,

with the last equality representing a generalized version of

d
d_]t? = —gra (U)v
if we were to consider some conservative force F' = —grad(U).

Regarding however the equations of motion for test particles the situation changes a

bit. Indeed what we have is

Proposition B.1.1 (Geodesic motion). A test particle moves according to the geodesic

equation.

Proof: This comes from a generalized version of Newton’s laws of motion. In partic-

ular, a relativistic version of New.2 would read
Vu(mou) = F (B.1.14)

for a particle with mass mg, velocity u and upon which a force F' is acting. In coordinates

we have that

«
o dx

= B.1.15
w=" (B.1.15)

with ds being the infinitesimal distance element of the world-line® of the particle.
From there it follows that, since gravity is to be thought of as the curvature of the

space-time the particle sits in, there actually are no other external forces present in our

5this is just the path the particle traces out on space-time
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system (provided we are considering a single test particle, of course). This tantamounts

to saying that F' = 0 and hence, the coordinate version of Eq.(B.1.14) becomes
UV (mou’es) = 0, (B.1.16)

for a basis eg of the tangent space. By the chain rule and the definition of covariant

derivative of a vector, we fist find that
(u*u’ oo + moudau” + mel' u7u®)es = 0. (B.1.17)

We can further expand on the above equation by using the chain rule on Eq.(B.1.15)

as

U0y = u® = = —, (B.1.18)

thus yielding us the following

dxz? dmy N %P N 5 da” dx®
ds ds 0" ds? 0% oa"gs ds

=0. (B.1.19)

Since we usually deal with test particles with constant mass, the first term vanishes

and so we get the usual geodesic equation. []

To end this part we briefly mention some of the key points, from a physical perspective,
that at the end lead Einstein to formulate the General Theory of Relativity.

Much like mathematics depends on a set of axioms for us to work with, physical
theories also have their axioms commonly referred to as postulates or work hypothesis.

For special relativity we turn out to have the following

Postulate B.1.1 (Principle of Relativity). The laws of physics are the same for every

inertial observer.

In the above, inertial refers to the fact that the observer moves with constant velocity

(relative to something else). Any two observers that move with constant velocity with
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respect to each other for instance will get to the same laws of physics, provided they are
able to make identical experiments to test whatever theories they might be after.

Moving further we also have
Postulate B.1.2 (Constancy of ¢). The speed of light ¢ is constant.

In particular, the need to deal with pseudo-Riemannian spaces comes from the jointing
both of these postulates together. Indeed if ¢ is a universal speed limit, we need somehow
to be able to change between two coordinate systems (referring to inertial observers) in a
way such that its value remains unchanged. The geometry provided by Minkowski space
for example precisely enables us to make sense of that. Thus, the need to deal with these
types of manifolds.

Theories which assume Postulates B.1.2 & B.1.1 are thus called relativistic. In particu-
lar, General Relativity, as the name suggests, is a relativistic theory of gravity. Newtonian
gravity on the other hand is not relativistic because no assumption about any maximal
speed limit is made. That’s why we consider it to be a classical theory of gravity, in this
regard.

For the construction of GR however, the reasoning becomes more intricate. To start

we have

Postulate B.1.3 (Mach’s Principle). The matter distribution determines the geometry

of the universe.

Although this is not the first formulation of the “original” Mach’s principle, with some
work one can get to this form of it (see [RD22] and references therein). Based on Postulate
B.1.3 we can better appreciate the physical meaning of Eq.(B.1.1), by seeing where it was

deduced from.

Postulate B.1.4 (Relativistic equivalence principle). An observer that linearly acceler-
ates with respect to an inertial observer is locally identical to an observer at rest in a

gravitational field.
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In other words a local, isolated observer sitting inside a space-ship can not perform
any experiments that will enable him/her to distinguish between being in free fall at
acceleration g near a massive body versus moving, in the opposite direction to its free-
falling one, at a constant acceleration g.

The last two other principals Einstein used to go from special to general relativity
were the principal of general covariance and of general relativity. The former says that
physical equations should be able to be expressed in tensor form, meanwhile the latter
asserts that all observers are equivalent and thus no preferred coordinate choice exists,
aside from the one that might make certain computations easier.

More aspect of the above can be checked at the amazing book by D’Inverno and
Vickers [RD22]. We now move on to talk a bit about another interesting aspect of GR

that actually culminates in an analogy with electromagnetism.

B.1.1 Aspects of (3 + 1)—dimensional gravity

Here we elucidate some properties of four dimensional Einstein gravity, in particular, a
very useful decomposition that happens in this case which itself yields a beautiful parallel
between gravity and electromagnetism. We start with a pseudo-Riemannian manifold
(M, g) of dimension four with Minkowski signature (—, 4+, +, +).

Given a particle of mass m, we define its four velocity as in Eq.(B.1.15) and normalize

it in such a way that

uut = —1. (B.1.20)

This means in particular that even if the particle doesn’t move in space, it still does so
in time.
Associated to said velocity field we can come up with projection operators that we

define as follows
Uﬂﬁ = —ufug (B.1.21a)

h,uu = 9w + Uy Uy (B121b)
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Evidently, U" 5 brojects onto the direction of motion, whereas less so clearly one can
conclude that h,, is a metric over the instantaneous rest-space of observers moving with
four velocity u®. This is because, at each point p € M, normal to our 4—vector is a
constant time slice hypersurface (which in this case shall be a 3—manifold M?3). We can
then choose our local coordinates at p in such a way that u* = (1,0,0,0), is the time-like

unit vector normal to M3. In these coordinates Eq.(B.1.21b) reduces to
hij = gij,
which is indeed a metric tensor, by the definition of g and its constant time slice restriction.

From there, along with the metric compatible [Eq.(A.1.14)] covariant derivative V,,

we also have its totally orthogonal projection V, particularly given by:

Vaug = hhhEV u, (B.1.22)
which can in turn be further generalized to higher order tensors as

@UT,Bl /Bq

ai...op

_ B B
= B RO RN, T

(B.1.23)

The expression on Eq.(B.1.22) though can be rewritten in terms of the full connection V
by defining the time covariant derivate along the world lines of the mass m. Indeed

we have that such a formula is given by

1o =uV T (B.1.24)
And so, by using Eq.(B.1.24) we have that
@auﬂ = Vaug + uatp (B.1.25)
or, equivalently
Vallg = —tgtis + Vatg (B.1.26)

Now, since we can regard @auﬁ as a rank—2 tensor, then we have the following decom-

position holding

1
Vaug = §@ha/5 + 00 + Wap (B.1.27)
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where 0,4 is a trace-less symmetric tensor, waps in an anti-symmetric tensor, © = V, u®

(a.k.a the trace of Vaug) and heg is as in Eq.(B.1.21b). More explicitly we have that®

1
Oaf = un,,) = (h((l“hg) — ghwjh@ﬁ) Vuuu (B.l.ZSa)
Wap = hIRYV u, (B.1.28b)
Based on Eq.(B.1.28b) we define yet another kinematical quantity

1
Wo = éewglﬂﬂwﬁp, (B.1.29)

which can be interpreted as a sort of “3—vorticity”, if you will. Advancing a bit further
now, thanks to the Weyl tensor Cypu (check Eq.(A.1.29)), we can define the following

quantities:

Eaﬁ — Cauﬁyuuuu (B130a)

s = Vi

pH v
Tg'yapuc U

which are the electric and magnetic parts of the Weyl tensor, respectively. Physically

(B.1.30D)

they represent the ’free gravitational field’, i.e the one outside matter sources and thus,
its expected that their equations of motion reflect how said matter affects the fabric of
space-time” .

To get to said set of equations we need to make use of the differential Bianchi identity
(see Eq.(A.1.25)) together with the formula for the Weyl tensor in terms of E,p and H,g,

given by [MBIS]*:

«

vo_ [ V] b v

+ 257aﬂpu7u[“HV]p + 257MVpU7U[OCHIB]p (B131)

SRemember that 7 = (T 4 Tt@) and Tletl = (T2 — Tta)

“which by the way is just an effective way of visualizing what goes on. Truly, space-time is not ‘'made’ of
anything. There is no 'space-time particle’ for instance and, gravitons (the particle mediators of gravity),
much like any other fundamental particles are nothing but energetic excitations of the gravitational field,
when seen as a quantum field that permeates all of space.

8where we have ~

curl Aag = 7€,V Ag)"

and E,py as on Eq.(B.1.28a).
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From here we use the trace-less part of the contracted Bianchi identities and get to

the following set of vacuum Mazwell-like equations for E,g and H,ga:

VO Eag = 3w Hog + £ papti’ o H' (B.1.32a)
VP Hag = 80P Hog — e papti’o” BV (B.1.32b)
Elag) — curl Hog = — ©Fop + 30,0 E,)" (B.13%)

— w“u”swp(aEﬁ)p + 2u7u“ewp(aHﬁ)p

Hag) — curl Eqp = = ©Hog + 30,0 Hy)" (B.1.32d)

— wWruley " = 200 e 0 )"
B.1.2 Hamiltonian formulation

Much like Classical Mechanics, General Relativity also admits a Hamiltonian formal-
ism. In order for it to work though, an important assumption has to be made: that
4 dimensional space-time is decomposable in a 3 + 1 dimensional fashion. That is, our
space-time admits for each time component a connected, manifold-like spacial slice that
in turn is endowed with some Riemannian metric. This formalism is useful for a variety
of reasons, such as computational methods to find Einstein’s field equation’s solution and
to perform canonical quantization of such field equations [Ber|.

Our focus here will however be much more modest. We just want to assure to the
reader that even in GR we can make use of the free particle Hamiltonian to talk about
particle motion, and furthermore use such a formalism to our advantage in the qualitative
description of the particle’s behavior (at least in some specific case).

To do so, recall that, formally, to built a Hamiltonian for a particle we ought to
consider first the Lagrangian (density) describing its motion. For a free particle of mass
m on a pR-manifold (M, ¢g) that would be

L= %gaﬁi‘o‘iﬁ , (B.1.33)

where () = Cé—s) Its corresponding action is then given by

S = % / Jagi®iPds, (B.1.34)
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and its minimization yields the geodesic equation [RD22]. From Eq.(B.1.33), we con-

struct the free particle Hamiltonian via the Legendre transform

oL .
H = %x“ - L. (B.1.35)
As usual we define the quantity
oL
Pu= 520 (B.1.36)

to be the conjugate momentum to the variable z*. In the free particle case, such a
variable equals

Py = mg,si’. (B.1.37)
And so, we can invert the formula for & obtaining

1
P = gom B.1.38
&= g™ Py ( )

from which we see that Eq.(B.1.35) assumes the form

1
— _— g9 . B.1.39
H ng Pals ( )

From here we have our usual equations of motion

O 7 (B.1.40a)
Oopy,

. OH B.1.40b

Pu = —@- ( )

Clearly, Eq.(B.1.40a) and Eq.(B.1.38) are the same. For Eq.(B.1.40b) though, it can

be written as

1

Py = _% Ngaﬁpapg. (B.1.41)

We can deduce its connection with the geodesic equation in two ways: first, from
Eq.(B.1.37) we have that

P = mat, (B.1.42)
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and so, when we take its derivative we have that

1
P =mit = —mIl* i = —Ergﬁp“pﬂ
o 1 oo, B

The second way to do it is directly from Eq.(B.1.41). More specifically, the metric

compatibility condition gives us that
3Mga5pap5 = —QQQVFEMpapB. (B.1.44)
More over, since our particle is time-like, we have
P, = —m?, (B.1.45)
being satisfied. From there it follows that

pup" = —p"Dy- (B.1.46)

Plugging back Eqgs.(B.1.41, B.1.44) on Eq.(B.1.46) and perfoming some index manip-

ulation we end up with
) 1
so that it is sufficient for the geodesic equation in momentum form [Eq.(B.1.43)| to hold

for the above equality to be true.

B.2 Perturbations around Minkowski metric

To fully solve the field equations [Eq.(B.1.1)| is a tremendously difficult task in general.
Particular solutions assuming certain symmetries of space can be found (Schwarzschild,
Kerr, ...) though, we won’t be focusing on those here. Instead we take the perturbative
approach. Which itself lead Einstein to conclude the existence of so called gravitational
waves some hundred years ago (and which were only experimentally verified on 2015).

For that we start with the following assumption on the metric
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Juv = N + huy(t) xz) (B21)

That is, we will assume a prescribed distribution of matter and energy given in the
energy-momentum tensor 7,,. By using the definition of the Christoffel symbols

associated to g,, we find that
6} 1 [0 (64 (64
re, = 5(8Mhy + Ohy; — 0%hy) (B.2.2)
Where n*#95 = 0* and n°hg, = h2. From here we have that
1
R, = 5(8a8“hff + 0a0,h}, — 0,0%hy, — 0,0,,h) (B.2.3)
Renaming h¢ = h and O = 0,0, to first order in h,, the Ricci scalar will be of the form:
R = 0,0,h" —Uh (B.2.4)
We thus have that the Einstein tensor will be of the form
1
Guu = 5(8aauh3 + aaauhz - a,ual/h - Dhuu + nuvmh - nMVaaaﬁha5> (B'2'5)
To further simplify the equation we define the tranverse-traceless tensor given by

1
hw/ = hm/ - 577#1/}1/, (B26)

and consider a gauge in which it is a conserved quantity, i.e, @Jz’; = 0 which in terms of
h,. can be written as

1
Ouht; = S0,h (B.2.7)

After plugging (B.2.7) back into (B.2.5) and using (B.2.6) we are left with

1 -
Guu = _§|:|huy (B28)
The field equations then take the form
- , 167G .
Oy (8, 27) = ——=2T,,, (¢, 7). (B.2.9)
c

Hence, if hy,, is given, we can use the above to define a first order accurate energy-
momentum tensor. Conversely, if T}, is given, we can solve the above by means of

retarded Green’s functions.
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B.3 Perturbations around a general metric
Like above, we now consider a metric perturbation of the form
Gy = G + €Ly (B.3.1)

where now g, is a generic (base) space-time tensor and L, is a matter induced perturba-
tion over such base space-time. As mentioned previously, the path followed by a particle
subject to just the effect that the geometry of its embbeding space has over it”, is given

by a geodesic curve, that is, a solution to:

Pz®  —o da*dz?

_d52 'wjgg - 0 (B32)

Where the Christoffel symbols will be given by:
—af3 = = = 1 af
g (augﬂy + al/gﬁu - aﬁg,ul/) = 5(9

(9°7 = eL)(0,(9p0 + €Lsw) + 0u(9pu + L) — p(gur + L))

r, =

iz - ELaﬁ)(augﬁv + 0v 95 — OpGuw)

N~ DN~

Which to first order in € becomes:

¢ «a € a 1 a
F/w = FW + 59 ﬁ@uLBV + 0y Lgy — L) — 55[’ 5(53#951/ + 0u9pu — OpGyuw)

(67 € (87 « g
=Ty + 59" OuLow + 0L, — OLyw) — €L gopTT,

Now, using the fact that the Christoffel symbol of the base manifold is Torsion free, we

arrive at:

R a € «
Fuu = FW + 59 ﬁ(vu[’ﬁv + ViLg, — VL) (B.3.3)

Moreover, the term containing the €L,,’s shall be renamed by now just for the sake of
practicality since, later on when doing the actual computation we will naturally have to
explicitly calculate every part of the above expression. Hence, by doing this we end up

with:

9and thus, subject just to the force of gravity
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T, =TI%, +:00, (B.3.4)

Note that since we are only interested in the first order correction of e, every term involving
2 will be considered higher order and thus neglected. With this in hand we are now able

to compute the Riemann curvature Tensor. That is:

= = =0 =a =0 =
— aﬁruy - 8VFMB + FH‘VF(SB - F 5F5V

m

R upv
= 03(T%, + Q%) — 0,(Ly +eQ05) + (9, + e, (g5 + €955)

- (rjﬁ + eajﬁ)(rg; +eQ%)

Which then becomes:

-

R 5, = R%,.5, + 050, — 0,eQ05 + nggfzgéﬁ + FngQZV — rjﬁsggy — rg;efsz (B.3.5)

Which in terms of the covariant derivatives of the base manifold coordinates can be

rewritten as:

(6%
upv

R 5, = R 5, +e(VsQ5, — V,Q05) (B.3.6)

Which, upon contraction of the indexes o and [ yields the modified Ricci tensor, namely:

R, =R, +eV.0,, -V, Q) (B.3.7)

Once again, after some convenient renaming of the terms involving L,, (which appear

as factors of Q%)) we are left with:
Ry = R +eR),, (B.3.8)
Now with the effective manifold metric g,, we are able to find the Ricci scalar
R=7"Ru = (9" — el")(Ru +cR) = R+ (¢ Ry, — L' Ry)

R=R+eR? (B.3.9)
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Finally we are able to see how does the Einstein tensor change when L, is taken into

account. We are thus left with

— — 1_ 1
Gu = Ry — §guuR = Ry — §(guv +eLw)(R+ eR%)

g £
= R, + 8R2,, — — gl — §9uuRQ _ §LWR
1 1 1
— <RW — 5gWR) +¢ (R{},, — §gw,RQ — §LWR>

N | —

= 1 1
= G =G +e¢ (Rf}u — §gWRQ — 5LWR) (B.3.10)
Which, when written a bit more explicitly, assumes the following form:
@W =G te (VQQZIV =V~

1 1
§g,uu (VanLaﬁ - §VaVaL — LaﬁRalg) —+ RL/LI/) (B311)
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Appendix C

Algebraic Structures

C.1 Fundamental concepts and definitions

The idea of this appendix is mostly to state the definitions needed for the thesis, as

well as give some examples of those. We begin with the most basic one, namely

Definition C.1.1 (Group). A group (G,-) is a double composed of a set G and an

operation - that satisfies the following conditions:
GP.1 g-he G,Vg,h € G (Closedness Condition)
GP.2 There is an element e € G such that Vg € G,e-g=g-e=g¢g (Neutral Element)
GP.3 Vg € G thereisag ! € Gsuchthat g-g' =g 1 -g=e¢ (Inverse element)

More specifically, when the operation under which the set GG is a group is addition,

we call G an additive group. If its multiplication instead, we call it a multiplicative

group.

Example C.1.1. The set of real numbers is a additive group. Indeed GP.1 is satisfied
because the addition of two real numbers is again a real number, by construction. The
element 0 € R is the neutral element since a + 0 = 0+ a = a,Va € R. Moreover Va € R
there is an element (—a) € R such that a4 (—a) = (—a) +a = 0, so that conditions GP.2

and GP.3 are also satisfied. Hence (R, +) is and additive group.
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Another much smaller example of an additive group is the set of integers Z, or the set
of rationals Q. The set of natural numbers N however does not form an additive group
due to failing conditions GP.3. Though, it comes close enough! Given that it satisfies

the other two. Based on this, we have the following

Definition C.1.2 (Monoid). A monoid is a double (G, ®) that satisfies conditions GP.1
and GP.2.

That is, it is a set that is almost a group, except for the non-existence of inverse
elements. For instance (Z,-) is a multiplicative monoid (what’s the inverse of 2 here?)
and, as discussed above (N, +) is an additive one.

We can combine Definitions C.1.1 and C.1.2 into the following concept.

Definition C.1.3 (Ring). A ring (R, +,-) is a triple such that R is a set, (R,+) is a

group and (R, -) is a monoid.

Definition C.1.4 (Field). A field (K, +,-) is a set such that both (K, +) and (K, -) are

groups.

Moreover, the above operations are related by the following expression:

a-(b+c)=a-b+a-c

For instance, by the above discussion we see that (Z,+,-) is the ring of integers and
(Q,+, ) is the field of rational numbers (given that (Q,-) is also a group, as the reader
might check!).

Now, for many purposes in Algebra we need the notion of a closed field to be able to

fully access a certain result we are interested in proving. For this we have the following:

Definition C.1.5 (Algebraic Closedness). A field K is algebraically closed if every

polynomial over K has a root in K.
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Although quite simple, for the sake of completeness we call a polynomial in one variable
a function p : K — K that is well defined, i.e if a = b in K then p(a) = p(b) in K too.
We usually denote it as p € K|[x] with K|z] being the ring of functions in one variable

over K formally given by:
Klz] = {ap + a1z + - + apa™|a; € K,n >0}

That is, it’s the set of all polynomials in one variable with coefficients in K. To
generalize this is quite simple. Just take the ring Kfzi,...,x,] of polynomials in n
variables over K defined on a similar fashion, in which case p € K[xy,...,x,] is now a

function p : K™ — K that is well defined.

C.2 Groups and matrices

Another very important type of groups that appear, be it in physics or math, are the
so called matriz groups. As the name suggests, those are nothing more than groups whose
elements are matrices and, in this short subsection we shall define some of them.

The first and perhaps most important such group for us is the set GL(n, F'), namely
the group of invertible n by n matrices with entries in F' (where F' is any field we like).
We call GL(n, F') the general linear group and, indeed it is to be though of the set of
linear transformations from F™ to itself.

Take now F' = R and consider the vector space R™ with usual inner product (-, -) given
by:

(v, w) = Zviwi (C.2.1)
i=1

Consider now a matrix A € GL(n, R) satisfying the following property
(Av, Aw) = (v,w), Yv,weR" (C.2.2)

from which we have that (v, ATAw) = (v,w) (by the definition of transpose). Since this

is meant to be valid for all vectors in R™ we have that
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ATA=1T (C.2.3)

Matrices that obey Eq.(C.2.3) (or Eq.(C.2.2) for that matter) are called orthogonal and,

the set of orthogonal matrices, denoted as O(n), is thus defined in the following manner:
O(n) := {A € GL(n,R)| ATA = I} (C.2.4)

We can see that this set is indeed a group because, I € O(n) is the neutral element;
given A,B € O(n) then (AB)YAB = BTATAB = BTB = I, so that AB € O(n);
VA € O(n) it follows that (A™1)TA™ = (AT)" 1A = (AAT) L =Tt =T

The group O(n) has two connected components, namely that formed by the matrices
A such that det(A) = —1 which we shall refer to as reflection matrices, and that formed
by the matrices A such that det(A) = 1 which we will call rotation matrices. The set
of rotation matrices is more special in a sense because it contains the identity element
in it. Not only this but, it is itself a subgroup of O(n) (as the reader may check)! To
this group we give the name SO(n), i.e, the group of special orthogonal matrices, which
can equivalently be defined as the connected component of the identity within the group
O(n).

We can make this same construction taking as base field F' the set of complex number

C with inner product given by

n

(v, wy = Zviwi (C.2.5)

=1

where the over-line represents complex conjugation. The complexified version of O(n)

is now denoted U(n) and we call the the group of unitary matrices being defined as
U(n) :={A € GL(n,C)| ATA = I}, where AT = AT (C.2.6)

inside which sits SU(n), the special unitary group of matrices, defined in an analogous

way to SO(n) above.

lremember that the inverse of an invertible matrix is unique! So, if ATA = I, then AAT =T as well.
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C.3 Galois and Morales-Ramis Theories

C.3.1 Classical Galois Theory

Before jumping ahead to its differential counterpart, let’s talk a bit about algebraic,
or classical Galois Theory first. Its name comes from the French mathematician Evariste
Galois (1811-1832) who famously ended up dying at young age in a dual, due to political
reasons. Nonetheless, despite his short life, Galois managed to make an interesting con-
nection between polynomial roots and groups (which weren’t even strictly well defined in
his time). In modern terms, the idea is that given a polynomial p(z) of degree n over a
field K (Definition C.1.4), we can associate to p(z) something called the Galois group
of p over K.

This group can usually be denoted as Galk (p(z)) or Gal(p(x)), when the field is clear.

To be able to construct this group we need to define a few concepts first.

Definition C.3.1 (Field Extension). Given two fields L and K, we say that L is a field
Extension of K, expressed as K C L, when L = K(a,)?, for A € A, with A a (possibly

infinite) set.

Some elementary examples are R C C with C = R(7) or even R = Q(A) with A in this
case being the set of irrational numbers. Based on these two examples, we call a field
extension K C L finite when L = K(ay,...,q,), and infinite otherwise. We can further

taper the type of extensions we are dealing with in the following two ways:

Definition C.3.2 (Normal Extension). We say that K C L is a normal extension

when L is the splitting field of some polynomial p € K{z].

To illustrate the above definition, consider the following

2see Appendix C for more details on this field
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Example C.3.1. Let K = Q and p(x) = z* — 2. The set of number that satisfy p(z) = 0
is {1/2, —v/2}. Calling a = v/2, we have that the field extension L = Q(a) D Q is normal

because over L[z] it follows that p(z) = (z — a)(x + «), i.e, the polynomial splits.

Though, not only does the polynomial 22 — 2 split over Q(v/2). For instance, (x> —2)"
also does so for every n € N. To avoid this type of “polynomial misbehaviour” we have

the following:

Definition C.3.3 (Separable Extension). Consider the field extension L = K (ay, ..., o),
with «; the common roots of a polynomial p € K[z]. We call K C L a separable ex-

tension if ged(p(x),p'(z)) = 1, where p/(z) is the derivative of p.

In particular, Example C.3.1 also illustrates a separable extension of the rationals
given that p/(r) = 2z in that case, whose greatest common divisor with z? — 2 clearly
equals one.

More generally, a field extension K C L that obeys Definitions C.3.2 and C.3.3 is

called a Galois extension. We are now in position to state

Definition C.3.4 (Galois Group). Consider the field extension K C L. The Galois
group of K C L, written Gal(L/K) is the group of automorphisms of L that fix K, i.e
Gal(L/K) = Autk(L).

By construction, we have that an element ¢ of the Galois group of a field extension,
generated by the addition of a set of roots of a polynomial p € K[x] to K, has to send
a root of p to a root of p because, if p(x) = Y. a;a’, for a; € K and «; is a root of p(z)

then:

0= (0) = p(p(ey)) = Y _ axp(a)’

i

so that ¢(a;) is a root of p too. Because of this fact, if X' C L is finite then so will
it be Gal(L/K). Hence, in the algebraic setting, the Galois group of a finite field field

extension will necessarily be a subgroup of .S,,, for some n € N.
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To make things more concrete, let’s look at Example C.3.1 with more attention now.

Example C.3.2. Consider again K = Q C Q(v/2) = L. We saw that this extension is
Galois since L is obtained by the adjunction of the roots of p(x) = 2% — 2 to Q. Now, to
compute its Galois group note that if ¢ € Gal(L/K), then either p(v/2) = v/2, in which
case ¢ = Id, or ¢(v/2) = —/2, so that ¢? = Id, i.e ¢ is an element of order two.

By abuse of notation we can write Gal(L/K) = {Id,¢} ~ Z,, where the group
homomorphism is ¢ : Gal(L/K) — Z5 given by ¢(Id) = 0,9 () = 1 and ¢(p1 0 ¢2) =
(1) + 1 (p2). On the same token, one shows that Z, ~ Sy so that, as mentioned above
Gal(L/K) ~ S,.

Another highly important concept to the theory is that of solvability. In the algebraic
case, we are interested in being able to solve polynomial equations by radicals. This
simply means that we want to solve equations by taking n—th roots, adding/subtracting,
multiplying /dividing numbers.

More specifically, we have the following definitions.

Definition C.3.5 (Radical Extension). A field extension K C L is radical if L =
K(aq,...,a,) and, defining Ly = K(aq, ..., ax), for each oy there is an ny € Z such that

ng
Q" € L.

Definition C.3.6 (Solvability by Radicals). A polynomial p(z) € K[z] will be solvable

by radicals if there exists a radical extension K C L such that p splits over L.

Definition C.3.7 (Group Solvability). Given a group G with identity e, we say that G

is solvable if, there exists a normal chain of subgroups

such that each quotient G;/G;_; is abelian.
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It’s not hard to convince oneself that every abelian group is solvable. Indeed just take
G1 = G so that G1 /Gy = G/e = G satisfies the above criterion.

As the name suggests, it turns out that for p € K{z|, p(z) is solvable by radicals if, and
only if, its Galois group Gal(L/K) is solvable’. It also happens that the Galois group of
a general quintic or higher order polynomial is non-solvable and thus, no general formula
for a root of such polynomial (depending on its coefficients) can be found [Mor96]. To
finish this section we invite the interested reader to have a look at other books on the

subject such as the already mentioned [Mor96], but also [DF03, MTG68, Ste04].

C.3.2 Differential Galois Theory

With the definitions of the previous section at hand, we can now jump into Differential
Galois Theory. Our object of study will now be systems of linear differential equations
that will be defined over a differential field (K, d) (which we’ll simply denote by K), i.e,
a field with a map d : K — K that is linear of satisfies Leibniz’s rule.

Much like when studying calculus, we also encounter here numbers whose differential

is zero. Based on this we construct
CK:{(IGK|dCL:0}

the field of constants of K.

The motivation behind the development of the theory also has to do with the quest
of determining the integrability of a given system. Indeed, the common usage of Galois
Theory is to prove the non-integrability of a certain dynamical system [ABC™20a].

To get to know this is done, let’s start with the following: given a differential field
K, we call a an ezponential element over K if da/a € K. 1t is integral if daw € K and
algebraic if there is a polynomial f(z) € K[z] such that f(a) = 0. With this in mind we

have

3This can be proven by the Fundamental Theorem of Galois Theory, also dubbed Galois Correspon-
dence. For further details check [Mor96]
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Definition C.3.8 (Generalized Liouville Extension). Consider the differential field ex-
tension K C L. It will be called a generalized Liouville extension if we can find a
field chain

K=KyCcK,C---CK,.1CK,=1L

such that K; = K;_1(«;) with «; being either exponential, integral or algebraic over

the differential field K;_;.

Definition C.3.9 (Differential Galois Group). Given a differential field extension K C L,
its differential Galois group Gal(L/K) := Autk(L), i.e, it’s the group of automor-
phisms of L that fix K.

Now, much like with its algebraic counterpart, our differential Galois group can be
put into another very famous group, though this time of matricial character. To see why,

note that if we are given a linear differential equation

_ Ty dy _
L(y) = o + et s + agy =0, (C.3.1)

and a set of n independent solutions {y;}, the whole idea is that through the Galois group
should send (in a short had notation) solutions of £ to solutions of £. With this in mind,

since the operator is linear we will have
o(y:) = Zaijyj: (C.3.2)
J

and so if we act on the “solution vector” y with o, we will see something like

Y1 U(y1) ayl ... Qip Y1
o(y)=o : = + |=|": : L = Ay

Yn o (Yn) Ap1 «++ Gppn Yn
Now, given that by Definition C.3.9, ¢ is an automorphism, i.e a homomorphic bijection,
its representing matrix A, shall also be a bijection from the extended field L to itself.
Hence, A, is invertible and so, by definition A, € GL(n, K). This computation let’s us

conclude that Gal(L/K) < GL(n, K) if we are considering a degree n extension.
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Since this inclusion is general we may end up with disconnected Galois groups (like
O(n, K), for instance). Because of this we usually restrict ourselves to work with the
part of the Galois group that contains the identity element. We thus call it the tdentity
component of the Galois group and usually denote it by (Gal(L/K))°.

The next important concept we’d like to introduce is that of a Picard-Vessiot ex-
tension. The way it works is the following: much like in the algebraic case we wish to
find an extension field L that contains all the solutions of Eq.(C.3.1) but, in this case,
that also satisfies C;, = Cg, since we want our derivation to be proper, uniquely defined.
We see that this field mimics the splitting field of the polynomial case. With this in mind

we have

Definition C.3.10. Given a homogeneous ODE of degree n, L(y) = 0 defined over a
differential field K, a Picard-Vessiot extension K C L is a differential field extension

such that
PV.1 L =K(y,...,yn), with {y;} being a fundamental set of solutions Eq.(C.3.1).
PV.2 C, =Ck

Have in mind that, in the notation of PV.1, we are leaving implicit the higher order
derivatives of each solution. A proper, though more cumbersome notation for it would be

(n—1) £n71)>

KWty oo Uns Ul ooy Yy oo s Up ey Y . Thus making this addition more explicit.

Notably, it is crucial to know whether the objects we are defining and working with

actually make sense and/or even exist. To guarantee this we have following nice

Theorem C.3.1. Consider a differential field K with algebraically close® field of constants
Cx and a homogeneous ODE of order n, namely L(y) = 0. Then, there exists a Picard-

Vessiot extension K C L.

4see Definition C.1.5
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Proof: Check Theorem 5.6.5 of [CHI11].

In essence, the reader should have in mind that Picard-Vessiot theory is the differential
analog of classical Galois Theory for linear differential equations [AHJ19b].

Now, based on the generalized Liouville extension (Definition C.3.8), we have that a
linear ordinary differential equations is Picard- Vessiot integrable (or, PV integrable)
if we can find a PV extension of the base field whose solutions to the linear differential
equation are of generalized Liouvillian type (i.e, exponential, integral or algebraic). With

that in mind we can state the following important

Theorem C.3.2 (Galois integrability - Linear case). Given a linear ordinary dif-
ferential equation L(y), it follows that L(y) is PV integrable if, and only if, the identity

component of its Galois group is solvable.

Proof: Check Chapter 6 of [BM96].

As a final comment, take note of the fact that the distinctions coming from Definition
(C.3.8 are extremely important, and depending on which one of these our element « ends
up being, the differential Galois group of our extension will assume a different form (at
least for second order linear ODEs). This fact is an important result due to Kovacic, on
the computation of differential Galois groups of second order differential equations. So
much so that we name such computational method Kovacic’s algorithm. For more details,

check Section 2 of [RR99).

C.3.3 Tastings of Morales-Ramis Theory

We now introduce a bit of the theory connecting Differential Galois to integrability.
This connection is made manifest by considering the Galois group of a linear differential
equation, coming from a first order approximation of a Hamiltonian dynamics over one

of its solution curves.
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Indeed, given a Hamiltonian H and its associate vector field X5, whose solution curve
we denote I' and is parameteized by v(t) = (q1(t),...,qu(t),p1(t), ..., pu(t)), the linear
system we are interested in, named the first variational equation (VE) over T, is defined
by

£=A((1)E (C.3.3)

The way to arrive at Eq.(C.3.3) is quite simple: note first that the set of Hamilton’s

equations over the solution curve I' assume the form

O ILTLXTL
ca= (L (C3.4)

Considering now the variational curve v/(t) = v(t) + £(t), so that

V0 =30 +é0 =0 5| =

0 [(0H
5 oy
2(t) TN e

+ JHess(H )|, &(t),

v(t)

oH
_Ja_’y

OH
_Ja_7

from which, by Eq.(C.3.4), we recover Eq.(C.3.3) upon the identification
A3(t)) = THess(H) . (C35)

To announce the theorem by Morales-Ramis-Simé and others that characterizes dif-

ferential Galois theory, we need the following definitions.

Definition C.3.11 (Holomorphic function). A function f : U C C — C is called holo-
morphic over U when it’s complex differentiable at every point of /. Equivalently,

writing f = u + iv, we may say that f is holomorphic if, and only if

ou Ov ou ov
oo 5= (C.3.6)

hold for every point zy = (o, yo) € U.
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Definition C.3.12. A function f : U C C — C is meromorphic if f is holomorphic at

almost every point of U.

By “almost every point” we mean that, except by a set of points with measure zero,
f is holomorphic over Y. For more details on complex analysis, the reader is invited to
check [BG12].

We will refer to a meromorphically integrable Hamiltonian system as one that is Liou-
ville integrable and whose first integrals are meromorphic functions over the phase space

(seen as a complex manifold). With this, we are able to announce

Theorem C.3.3 (Moralis-Ramis). Assume that a Hamiltonian system is meromorphi-
cally integrable in a connected neighbourhood of a phase curve I'. Then the identity com-

ponent of the differential Galois group of the VEs along ' is Abelian.

Proof: See Theorem 3.1 of [Aud02] with [MP09, AHJ19b] as guiding references.

With the above theorem in mind, we could say that the essence behind differential
Galois theory when applied to systems of linear differential equations is to be able to give
a group theoretic relation between the analytical and algebraic simplicities of our system.

We end this chapter by saying that for further reference on Morales-Ramis and Galois
Theories the reader is invited to check the already mentioned [BM96G, RR99| as well as

[MR,MRRO1,BMRZMR16,DW21].
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Appendix D

Other computations and results

Hamiltonian formulation for the equations of motion - Kepler Problem

Our goal here is to show that the Hamiltonian for the 3—vector potential A* is precisely
the one given in Eq.(5.4). To show this, recall that the Lagrangian for a charged particle

with mass m and charge ¢ in an electromagnetic field is given by

m

L=3

Y@ + qgu A" (D.0.1)

From which the conjugate momentum to x* is found to be

oL

Pp = oir Mg’ + qguA”. (D.0.2)

We can then write £ in terms of the p, by inverting the above relation, obtaining
nz
=T L gv (D.0.3)
m m

based on which, upon minor algebraic manipulations with the indices, the following equa-

tions are found
Mmoo 97 (D.0.4a)

2
A = Loy, A, — Lo A, A (D.0.4b)
m m
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Using the definition for the Hamiltonian together with Eqs.(D.0.4) we find that

H=i"p, — L
9" 4 9" q ¢
= v — v Ay__ v —g" AV__MVAAV
q 7
_ Eg“”puAl, + EgHVAMAV
2 = LA+ g A = (5~ Ao — gA)) D
om MY m TR om e om S ’

Classifying the braid integrability of the 3 vortex system on the cylinder with
r=0

With Definition 9.3.6 and Proposition 9.3.2 in our hands, we can much more easily
inspect whether the braids from Figure 9.4 are BI or not. Regimes III through IX are

trivially BI and so we won’t write them down explicitly. In what follows, we show that

all the other regimes, except for Regime II, are so too. Notice that 7; = o; .

e Regime I

From now on, all the calculations will be done over B,,.

(G152)%52 (5951 ) = (610201620102)(025,62015201) = 1

e Regime II

First notice that we can write
2 __
(010203) = 010201030203

So that, by making use of the fact that o053 = o301 and 090309 = 030903, the

following equalities hold

2
0302(010203) 0203010201(010201030203)02010301020103
— 2 _ 2
= 0'30'2(0'10'20'3) 03090309030903020103 — 0'30'2(0'10'20'3) 03090103

= 0302(010201030203)03020301 = 03020102

which is not equal to 1 on B,
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e Regime X

(0'30'2)3 = (O’30’20’3)<0’20'30’2) = (0'20'30'2)<0'20'30'2> = ].

By the same reasoning, we have
(Uiai+1>3 = (Eﬁiﬂ)?’ =1 (D05)
foralli=1,...,n—2

e Regime XI

(0'30'2)20'30'10'20'%0'20'10'20'30'10'3(5162)351 = (0'30'2)20'30'20'30'10'30'1

= (0'30'2)3 = ]_

e Regime XII

(030'2)20'3010'20'%(02030’10’3)2(5152)351 = (0’30’2)2030'10'2(020'1)251

= (0’302)2030102(0’20’1020’1)51 = (0'30'2)3 =1

o Regime XIII

(7102)°03(7201)° = (3102)*(7201)° (7201)* = (7172)*(7201)*

Some algebraic results for B,

Our goal here is to show prove the following
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Lemma D.0.1. Let B,, be the Artin braid group and consider A? the full twists of order
1 each given by

A2 = (bi...bl)Q, where bj =01...0j (D06)

Then, the following group isomorphism holds
B, =B/ (A]) x -+ x B,/ (A2_|) ~8, (D.0.7)
Proof: By Proposition 9.3.2, we know that we can write B,, in the following way
B, = <01, . ,an_1|az-2 =1, 0,0i410; = 0,410,011, 0;0; = 0j0; if |i — j| > 2> (D.0.8)
The above is actually a Cozeter group, since we can also say that
B, ={01,...,00-1|07 =1,(040111)° =1, (0y0;)* = L if |i — j| > 2) (D.0.9)

Such a Coxeter group is isomorphic to the Coxeter representation of the symmetric group

Sn [RTV05], given by
Sp 2 (51, snm|s; =1, (sisipn)® = 1, (s38;)* = 1if |i — j| > 2) (D.0.10)

where one suitably has s; — (ii+1). By taking the group isomorphism that maps o; — s;

we have the desired isomorphism between B,, and S,,. [J
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Appendix E

Computations over R x ¥

We dedicate this section for the coordinate calculation of the field equations we used
to construct the extended gravitational interaction and show that they produce in a
(241)—dimension manifold, denoted here by Rx ¥, equations similar to the 3—dimensional
electromagnetic ones.

Recall that our gravitational field equations, named gravitational Maxwell equations
(GMEs), were given in Eq.(1.9). From them, we concluded that F' = —dA + « for some
harmonic 2—form o € H?*(RxX) and A € A'(RxX), and hence that ddA = ;. Expanding

this last equation in coordinates will yield us:
V,VYA# =V VHAY = y3#, (E.0.1)

where A* = (¢, A', A%) and j* = (p,j!,7?). Here ¢ is the gravitational potential and p
the matter distribution. The quantities A relate to the curl part of the gravitational field

and j° to the matter current. By putting u = 0 we get
V.,V -V, VA" = qp, (E.0.2)
whereas if we set © = k, we find that:
V, VAP -V, VFAY = 4k, (E.0.3)
We can further rewrite Eq.(E.0.2) as

V., (V¢ — VY AY) = ~p. (E.0.4)
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Following what is done for test particles in electromagnetism [CA, RD22|, we introduce

the gravitational field as

& =—V"0+ VA" (E.0.5)
Observe also that &,,, is a purely spacial vector, i.e ngv = 0, by its very definition. This
in turn leaves with the terms 5§mv only which can be expressed as
Epaw = —97V 0+ VOA" (E.0.6)
From Eq.(E.0.2) we see that
Vo = =P, (E.0.7)
which is itself the coordinate version of the equation div(Eyrq,) = —7p.

Observation E.1. Upon comparing with electromagnetism, we see that the only (and
most important) difference between Eq.(E.0.7) and the first of Maxwell’s equations,
namely

p

V-E=—,
€0

is the sign difference on the right hand side. This illustrates the attractive character
of gravity and further reassures us that the classical extension we proposed [Eq.(5.1)] is

indeed reasonable.

Regarding Eq.(F.0.3), a similar reasoning can be applied to it. Indeed, by separately

summing over the time and spacial components we see that
vi* = Vo(VF¢ — VOAF) — v (VIAF — VFAT), (E.0.8)

where the first term is already known from above. To better grasp the second one though,
notice the following: if we define a 2—tensor H/* = ViA*¥ — V¥AJ then we see that
dsH = V;H" is precisely the second term of Eq.(E.0.8). Though, since the divergence of

a tensor is the curl of its dual', for 6x,H = x5,'ds s, H = 5,'ds(xs H), by thus setting

B =% H = \/gs(V'A? — V2 A" (E.0.9)

'times +1, depending on the degree of the tensor!
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it follows that

Curlg(B) = *glng = *gldg [@ (VzAJ — VJAZ) Eij:|

= *gl |:ng (VZA] — VJAZ) €ij€k:|
5klg~» . .

= IV(VIAT — VI A

= (Vi VA — Vv VFAe,,

and hence, Eq.(E.0.8) can be rewritten as

—Vo&F

grav

+ curlg (B)F = —yj*. (E.0.10)

Observation E.2. Once again, a quick comparison with the second of Maxwell’s field

equations

1
_EatE + V x B = ,UOja

revels to us that the major difference here lies in a sign change on the right hand side of

the above equation, as expected.

Notice that the other Maxwell field equations also have a place in this framework.

Indeed, if we consider the ¥ —Hodge dual of the scalar B
B = —VzgzsijBei e, (E.0.11)

since it now is a 2—form on the 2 dimensional manifold ¥, its spacial exterior derivative

should vanish identically, that is
ds, xx B = @sijv,ﬁek ANetNel =0, (E.0.12)
Hence, by the definition of the co-differential we get that
62 B = 45 ds x5 B =0, (E.0.13)

which in turn resembles the divergence free condition of the magnetic tensor in 3 dimen-

sions

V-B=0. (E.0.14)
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The last of Maxwell’s equations we need to get is
V xE=-0,B (E.0.15)

By using the above formulae for *51, dy, and Egay, together with the definition for the

curl, we have that

62']'
2\/9s

where we recall that A% = ¢, is the scalar potential of the interaction. We can moreover

oy A5 Eray = ([VFVI — VIVHAY + vIVOAr — viV0 A7), (E.0.16)

use the properties and definition of the Riemann tensor to rewrite the above equation in

terms of it (see subsection A.1.1). In doing so we get that

Eij (R“Ojk; _l_R'ukOj +R#jk0)AM . €ij VOHk]

2,/9% 2\/9s

From here, using the definition of B we finally attain the following

-1
*5 dzggrav =

—1 B
*ildEggrav - \/ﬁvo (\/g_z) 5 (EO].?)

which will be equivalent to Eq.(E.0.15), provided that the determinant of the spacial part

of the metric equals one.
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