
EVALUATION OF A LINEAR EXPRESSION FOR RETRIEVAL OF
DIRECTIONAL WAVE SPECTRA FROM COMPLEX SAR LOOK CROSS

SPECTRA

Yuri de Oliveira Brasil Corrêa

Dissertação de Mestrado apresentada ao
Programa de Pós-graduação em Engenharia
Oceânica, COPPE, da Universidade Federal
do Rio de Janeiro, como parte dos requisitos
necessários à obtenção do título de Mestre em
Engenharia Oceânica.

Orientadores: Nelson Violante Carvalho
Luiz Mariano Paes de Carvalho
Filho

Rio de Janeiro
Fevereiro de 2022



EVALUATION OF A LINEAR EXPRESSION FOR RETRIEVAL OF
DIRECTIONAL WAVE SPECTRA FROM COMPLEX SAR LOOK CROSS

SPECTRA

Yuri de Oliveira Brasil Corrêa

DISSERTAÇÃO SUBMETIDA AO CORPO DOCENTE DO INSTITUTO
ALBERTO LUIZ COIMBRA DE PÓS-GRADUAÇÃO E PESQUISA DE
ENGENHARIA DA UNIVERSIDADE FEDERAL DO RIO DE JANEIRO COMO
PARTE DOS REQUISITOS NECESSÁRIOS PARA A OBTENÇÃO DO GRAU
DE MESTRE EM CIÊNCIAS EM ENGENHARIA OCEÂNICA.

Orientadores: Nelson Violante Carvalho
Luiz Mariano Paes de Carvalho Filho

Aprovada por: Prof. Nelson Violante Carvalho
Prof. Jesus Portilla Yandun
Prof. Rodrigo Alonso Hauser
Prof. Leandro Farina
Prof. Pedro Veras Guimarães
Prof. José Antonio Moreira Lima

RIO DE JANEIRO, RJ – BRASIL
FEVEREIRO DE 2022



Corrêa, Yuri de Oliveira Brasil
Evaluation of a Linear Expression for Retrieval of

Directional Wave Spectra from Complex SAR Look Cross
Spectra/Yuri de Oliveira Brasil Corrêa. – Rio de Janeiro:
UFRJ/COPPE, 2022.

XIII, 36 p.: il.; 29, 7cm.
Orientadores: Nelson Violante Carvalho

Luiz Mariano Paes de Carvalho Filho
Dissertação (mestrado) – UFRJ/COPPE/Programa de

Engenharia Oceânica, 2022.
Referências Bibliográficas: p. 32 – 36.
1. SAR Synthetic Aperture Radar. 2. wave spectra.

3. Linear Inversion. I. Carvalho, Nelson Violante
et al. II. Universidade Federal do Rio de Janeiro, COPPE,
Programa de Engenharia Oceânica. III. Título.

iii



Dedico este trabalho ao meu pai,
que apesar de não estar mais

presente entre nós, esteve
presente em espírito, em todos os
momentos desafiadores de minha

trajetória acadêmica. Sem sua
dedicação como pai, eu não teria
acesso à educação de qualidade e

gratuita que tive a honra de
usufruir.

iv



Agradecimentos

Em primeiro lugar gostaria de me desculpar previamente, caso esqueça de alguém
que não consegui nomear neste momento. Esta dissertação foi construída ao longo de
muito tempo, com muito esforço, com muita dedicação e com contribuições diversas,
cada uma à sua maneira.

Agradeço ao professor Nelson Violante, meu orientador no mestrado e na gradu-
ação. Aquele que despertou em mim o gosto pela mecânica das ondas e me trouxe
para a oceanografia física de vez. Sua exigência me fez dar passos cada vez maiores
e com um senso de responsabilidade cada vez maior com a ciência e com a academia.

Ao professor Alexandre Fernandes, meu coorientador de graduação que me deu
a incrível oportunidade de ser monitor de oceanografia dinâmica por muito tempo.
Com ele aprendi muito sobre a prática docente, o que inclui a preparação de listas,
provas e aulas. Aprendi como um professor pode ser exigente e cuidadoso ao mesmo
tempo, humano e respeitoso com seus alunos.

Ao professor Luiz Mariano, meu coorientador neste trabalho, Professor entusias-
mado, perspicaz e extremanente competente. Seu modo de discutir ciência, direto,
exigente e profissional foi imprescindível para que eu pudesse dar o melhor de mim
para este trabalho.

À toda equipe do Laboratório de Instrumentação Oceanográfica (LIOc), em es-
pecial à Júlia, Pedro, Guilherme, Izabel, Ítalo, Lilian, Jorge, Fábio, Henrique e é
claro, ao Professor Carlos Parente, exemplo de ser humano e docente.

À equipe do Laboratório de Métodos Computacionaias em Engenharia
(LAMCE), que esteve convivendo comigo durante boa parte dessa camihada e sem-
pre me apoiou, além de trazer alegria em momentos de muito trabalho e estresse.

Ao restante da equipe envolvida com o SARmulator. Ao Felipe que trabalhou
muito próximo a mim e me ajudou inúmeras vezes com a humildade e a calma de
sempre, e que tem uma parcela enorme na confeção deste trabalho. Ao André, que
por inúmeras vezes discutiu equações comigo por telefone e clareou minha mente
quando tudo parecia muito confuso e difícil. Ao Carlos com quem tenho trabalhado
na confecção de um SARmulator escrito em python. Ao Leonardo que entrou há
pouco tempo no grupo mas que já nos traz a certeza de que trabalhos de alta
qualidade irão surgir.

v



À Faculdade de Oceaongrafia (FAOC) e seu corpo docente, que moldou o profis-
sional que sou hoje. Em especial à professora Gleicy e ao professor Alessando. Estes
sempre amigos e solicitos para quaisquer assuntos e necessitades.

À minha mãe e irmã que sempre acreditaram em mim e no meu sonho de traba-
lhar para a academia e fazer ciência de qualidade internacional. Apoios imprescin-
díveis para essa jornada.

Aos meus amigos, que sempre torceram por mim e acreditaram em cada passo
que dei desde a graduação até o mestrado. Aqueles que são minha segunda família,
que eu faria qualquer coisa por eles. E àqueles que já se foram, mas que carrego
comigo para onde quer que eu vá.

Agradeço principalmente, à Paola Groberio, uma pessoa especial que esteve ao
meu lado me dando um apoio inacreditável por boa parte do mestrado. Agradeço
a todas as palavras de força e motivação que ouvi em meio ao estresse, ansiedade e
dúvidas sobre a minha capacidade. Obrigado por tudo.

vi



Resumo da Dissertação apresentada à COPPE/UFRJ como parte dos requisitos
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AVALIAÇÃO DE UMA EXPRESSÃO LINEAR PARA RECUPERAÇÃO DE
ESPECTROS DIRECIONAIS DE ONDA A PARTIR DE ESPECTROS

CRUZADOS DE IMAGENS COMPLEXAS
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A viabilidade de um método de inversão linear, aplicado a espectros cruzados
complexos de imagens SAR para recuperar espectros direcionais de ondas, é inves-
tigada. O método proposto é computacionalmente eficiente e não requer nenhuma
informação a priori de modelos de ondas ou atmosféricos. Vários casos teste de
espectros de imagens SAR complexos foram simulados considerando uma ampla
gama de valores de esbeltez de onda para diferentes configurações de satélites. Os
resultados dos casos simulados foram empregados para corrigir viés, ao passo que
espectros direcionais obtidos de espectros cruzados de Nível 1 são recuperados. As
não linearidades, não contabilizadas na aplicação da inversão linear, são quantificá-
veis, pois dependem da configuração do satélite e da posição relativa do espectro
de onda de pico em relação ao cut-off azimutal. Os espectros de onda recuperados
com o Método de Inversão Linear de um ground track do Envisat foram avaliados
contra a reanálise ECMWF, ERA5, e comparados com os resultados dos espectros
do modo onda ESA Nível 2 WVW. Ambos métodos apresentaram resultados seme-
lhantes em termos de RMSE e SI para altura significativa, comprimento de onda de
pico e direção de propagação de pico. A forma dos espectros directionais de onda
recuperados com o Método de Inversão Linear apresentou melhor similaridade com
os espectros ERA5, em comparação com os espectros WVW. Além disso, em cerca
de um terço dos casos, o método ESA não resolveu a ambiguidade direcional. Os
resultados preliminares empregando o Método de Inversão Linear são promissores,
especialmente considerando sua simplicidade e desempenho contra os espectros de
ondas obtidos pela ESA.
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The feasibility of a Linear Inversion Method applied to SAR cross spectra to
retrieve wave directional spectra is investigated. The proposed method is compu-
tationally efficient and does not require any a priori information from wave or at-
mospheric models. Several test cases of complex SAR image spectra were simulated
considering a broad range of values of steepness for different satellite configurations.
The results of the simulated cases were employed to correct biases while retrieving di-
rectional wave spectra from Level 1 cross spectra. The nonlinearities, not accounted
for when applying a linear inversion, are quantifiable as they depend on the satellite
configuration and the relative position of the peak wave spectrum in relation to the
azimuth cut-off. The wave spectra retrieved with the Linear Inversion Method from
an Envisat ground track were evaluated against the ECMWF reanalysis ERA5 and
compared to the results of ESA Level 2 WVW wave mode spectra. Both meth-
ods presented similar results in terms of RMSE and SI for significant wave height,
peak wavelength and peak propagation direction. The shape of the directional wave
spectra retrieved with the Linear Inversion Method presented better similarity with
the ERA5 spectra, in comparison with the WVW spectra. Moreover, in around one
third of the cases, the ESA method did not resolve the directional ambiguity. The
preliminary results employing the Linear Inversion Method are encouraging, spe-
cially considering its simplicity and performance against the ESA distributed wave
spectra.
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Capítulo 1

Introduction

The Synthetic Aperture Radar (SAR) can yield the directional wave spectrum,
with the known limitations in the azimuthal high frequency band defined by a wave-
length threshold — the so called azimuth cut-off [16]. A myriad of satellites — such
as ERS-1&2, RADARSAT, Envisat and the currently operational Sentinel1-A&B
twins — encompass nearly 30 years of continuous data with tens of millions of
observations globally distributed. In their seminal paper, HASSELMANN e HAS-
SELMANN [7] proposed an analytic relationship for the mapping of a wave spectrum
into a SAR image spectrum, the forward mapping relation, employing Modulation
Transfer Functions — MTF’s, the more relevants are named Hydrodynamic, Tilt and
Velocity Bunching [6]. The nonlinear forward mapping relation for the SAR image
variance spectrum was a major achievement, with their expression later extended
to include the SAR look cross spectrum [5].

The satellite operation modes are programmed to yield either a single intensity
image or a sequence of images [21]. Some of the schemes to retrieve wave directional
spectra from SAR are based on single images, therefore additional information,
in general from wave models, are employed to solve the inherent 180◦ directional
ambiguity — and in some instances to fill in as well the lack of spectral information
in the high wavenumber band [8, 24]. In coastal waters, the satellites are in most
occasions switched to a single intensity image mode and the use of an input first
guess is desirable [32]. Using complex images, two overlapping looks separated by
a fraction of a second are employed, computing their cross spectra to use phase
differences to determine the wave propagation direction [5]. Hence, there is no need
for a priori information to solve the directional ambiguity, but the lack of high
wavenumber information remains.
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The mapping of the sea surface by a SAR instrument is a nonlinear and com-
plex process, prone to inaccuracies [19]. The nonlinear distortion induced by motion
effects implies that the shorter waves are misplaced on the SAR image plane, im-
posing a high wavenumber azimuth cut-off beyond which the signal is corrupted
and hence not directly mapped [6]. Moreover, the nonlinearities are also associated
with shifts of the spectral peak and hence bias in the spectral parameter estimates.
These inaccuracies are mainly due to the Velocity Bunching mechanism associated
with a moving sea surface caused by the orbital motions of the waves, see discussion
for example in ROBINSON [21], VIOLANTE-CARVALHO et al. [30], VIOLANTE-
CARVALHO e ROBINSON [31]. Therefore the high azimuthal wavenumber region
beyond the cut-off, mostly related to the windsea, is associated with the corrup-
ted, nonlinear contribution in the SAR image variance spectrum or the SAR look
cross spectrum. However, the lower wavenumber spectral band is a quasi-linear
contribution from the longer, swell waves, containing retrievable information. The
exact, nonlinear, forward relation is computationally demanding and its linear or
quasi-linear forms are — in many instances — an acceptable approximation for the
mapping of the SAR cross spectrum [3, 18]. LEHNER et al. [12] employed a quasi-
linear forward mapping relation to compare around one thousand of ERS-2 SAR
Wave Mode spectra against collocated deep water spectra estimated with the Euro-
pean Centre for Medium-Range Weather Forecasts (ECMWF). Their analysis was
mainly restricted to wave propagation directions derived from the imagettes, with a
good agreement reported. No qualitative analysis was presented, in particular about
the azimuth cut-off wavelength, in respect to the peak wavelength and direction of
the imaged waves.

More importantly in terms of retrieval applications, HASSELMANN e HASSEL-
MANN [7] also proposed a solution to extract the wave spectrum from a SAR cross
spectrum. Because of the directional ambiguity and loss of information beyond the
azimuth cut-off, a rigorous inverse mapping solution does not exist. The retrieval
algorithms apply methods to minimise the differences between the measured SAR
spectrum and its counterpart computed using the forward mapping, in general em-
ploying a first guess wave spectrum or wind information to estimate the windsea
spectrum. Several schemes have been proposed for retrieving wave spectra from
SAR data, with distinct approaches [cf., among others, 1, 3–5, 7, 8, 11, 18, 24].

In HASSELMANN e HASSELMANN [7], KROGSTAD et al. [11] and HASSEL-
MANN et al. [8], based on a first-guess wave spectrum to solve the ambiguity and
to fill in the high wavenumber band, an iterative scheme was used for inverting the
integral nonlinear forward mapping relation. A similar approach was employed in
SCHULZ-STELLENFLETH e LEHNER [24], but using the cross spectrum to re-
move the directional ambiguity. In these approaches, the high wavenumber part of
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the retrieved spectrum was retained from the first-guess wave spectrum.
MASTENBROEK e DE VALK [18], on the other hand, employed a simplified

retrieval method, without the use of any a priori wave information. Using Hassel-
mann’s nonlinear forward mapping and wind measurements from a scatterometer
operating simultaneously with the SAR, the windsea spectrum was computed. This
nonlinear contribution in the high wavenumber band was subsequently subtracted
from the measured SAR cross spectrum and the resulting spectrum was inverted,
retrieving the swell spectrum. Their retrieval scheme was validated against several
directional buoys with no evident bias reported for components longer than 225 m.
The propagation direction was quite accurate, with errors of the same order of the
directional resolution of the ERS-1&2 SAR Wave Mode data.

In a similar approach, CHAPRON et al. [3] used the residual SAR cross spec-
trum after subtraction from the windsea to compute the swell spectrum. However,
the nonlinear contribution beyond the azimuth cut-off was not retained, with the
retrieved wave spectrum hence restricted to the low wavenumber part directly mea-
sured with the SAR. The retrieved wave spectrum being, therefore, a representation
of the longer waves only. This is the retrieval method currently employed by the
European Space Agency (ESA) to generate the Level 2 WVW product — the SAR
wave mode spectra. It does not require any a priori wave information, but the wind
speed and direction — in general from numerical models — are necessary as input
to iteratively estimate the windsea component.

The Advanced SAR (ASAR) Wave Mode distributed by ESA consists of three
products. The WVI product comprises the single-look complex (SLC) imagettes,
generated from Level 0. The SAR cross-spectra — the Level 1B WVS product —
are extracted from the SLC imagettes and are used as input for the SAR inversion
schemes. And the Level 2 WVW product, the inverted wave spectra, are provided
on a log-polar grid. Validations of the WVW spectra, in particular significant wave
height, have been performed against in situ, altimeter and model data [see, for ins-
tance, 9, 14, 34]. Systematic evaluations of the WVW spectral shape have not been
presented so far, although discrepancies with model estimates have been reported
[13, 19].

Distortions in the azimuth high frequency band impose limitations in the retri-
eval of significant wave height, the most commonly used wave parameter, requiring
external information to fill in the spectral gap — a challenging problem and prone
to model inaccuracies [8, 18]. Additionally, to avoid the complex task to retrieve
the wave spectrum using inversion schemes, [26] proposed a technique to empirically
estimate parameters directly from the ERS SAR images — which hence does not
require the use of a priori information. Their approach was adapted to other sa-
tellite missions such as RADARSAT [22], Envisat [15] and Sentinel-1 [20, 28], using
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roughly the same procedure to estimate wave parameters from SAR image parame-
ters. With a different approach, [33] proposed a semiempirical expression relating
significant wave height to peak wavelength, peak propagation direction and cut-off
wavelength. Differently from the empirical relations for significant wave height that
rely on large data sets to fit the SAR image parameters and have to be tuned ac-
cordingly, the expression in [33] can be applied to any SAR mission and also does
not require any external information.

Simulators are important tools for analysing and evaluating different wave spec-
tra retrieval methods, among other applications. SANTOS et al. [23] presented an
algorithm to simulate SAR image spectra of ocean swell waves. The simulator is
based on Hasselmann’s forward mapping relation with sound MTF’s that account
for the main physical processes involved in the imaging of ocean waves. Simulators
can also be employed to evaluate the impact of a priori information on the retrieval
process, pinpointing possible shortcomings.

Our objective is to investigate the effectiveness of a Linear Inversion Method (re-
ferred to in the following as LIM) as a tool to retrieve wave spectra. Using the SAR
cross spectra as only input — no wave or wind a priori information is required —
the retrieved wave spectrum is therefore restricted to the low wavenumber band.
The analytically simple and computationally low cost method is evaluated and its
accuracy to retrieve the directional wave spectrum is assessed. For this purpose, the
single intensity image spectrum simulator described in [23] is employed, here exten-
ded to compute the complex SAR image cross spectrum. With prescribed, known
input wave spectra, the nonlinear forward mapping relation is adapted to generate
the simulated SAR cross spectra. Parameters of the input wave spectra — such
as significant wave height, peak wavelength and peak propagation direction — are
perturbed and the retrieved wave spectra using the LIM are evaluated against the
input, ground truth, simulated wave spectra. Additionally, WVS Cross Spectra from
an Envisat ground track over the swell infested Pacific Ocean are also used as input
to the LIM and the retrieved wave spectra are evaluated against collocated deep
water ECMWF reanalysis ERA5 spectra and against WVW spectra.

The remaining is structured as follows: in chapter 2, a description of the the-
oretical approach and terminology is presented, whereas nonlinearities of the SAR
imaging mechanisms are illustrated with simulations in chapter 3. In chapter 4,
the results using the cross spectra image simulator are discussed. The retrieved
wave spectra with the LIM using Envisat WVS cross spectra as input are evaluated
against ERA5 and WVW spectra in chapter 5. Finally, chapter 6 summarises our
main conclusions.
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Capítulo 2

Mathematical Model

The simulations are based on the implementation of two essential computational
processes. The first is to simulate parametric forms of an SAR cross spectrum as
function of the quantities that describe the oceanic condition and the parameters
that define the configuration of the satellite used in the observation. Secondly,
the ocean wave spectrum retrieved from the inversion of the simulated SAR cross
spectrum is evaluated.

Let o = (Hs, ϕp, Lp, σ) be the sea state vector and sτ = (h,Φ, p, U, α, ν, τ) the
remote sensing vector; its components are listed in Table 2.1. Hence, the simulations
can be briefly described by

Ψret = Isτ ◦ Csτ
o , (2.1)

namely, the retrieved wave spectrum Ψret is the composition between the inversion
mechanism Isτ and the complex SAR image spectrum Csτ

o — with ◦ as the function
composition symbol.

Tabela 2.1: Wave and satellite parameters employed as input for the SAR complex
image simulations.

symbol parameter symbol parameter

Sea State Sensor
Hs significant wave height h satellite altitude
ϕp peak wave direction (w.r.t. satellite flight) Φ orbit inclination
Lp peak wavelength p radar polarisation
σ directional spreading U satellite velocity

Geophysical α radar incidence angle
v wind speed ν radar look direction

τ time lag

5



2.1 Simulated Complex SAR Image Cross Spectra

The time evolution of the ocean wave field within the span of two images is
employed to compute the complex SAR image cross spectrum. The disambiguation
of the wave propagation direction is achievable, contained in its phase [1, 5, 35] —
with its magnitude related to the wave energy. In the following, the adaptations to
the method developed by [23] to simulate parametric forms of SAR cross spectra
are presented.

Wave and satellite parameters are employed as input for the SAR image simulati-
ons, comprising respectively the o-stage (ocean) and sτ -stage (satellite), as depicted
in Figure 2.1. In the o-stage, sea state parameters yield a simulated directional spec-
trum employing a JONSWAP frequency spectrum model and a power-cosine (cos2s)
directional spreading model [17]. During the sτ -stage, the mapping ocean - image
cross spectrum is adjusted to the remote sensing paramaters.

(o, sτ ) ◦

o

sτ

Ψo

◦

Jsτ
J

Csτ
o

sp
lit

-s
ta

ge

sτ -stage

co
m
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e
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Figura 2.1: Schematic description of the simulator of complex SAR look cross spectra —
adapted from [23].

However, for SAR cross spectra, there is a time lag between images, a fraction
of a second apart represented by τ and described in the sτ -stage. When τ equals
zero, the procedure is reduced to the single intensity image approach. Otherwise, as
is the case here implemented, the SAR cross spectrum is computed. The sτ -stage
is defined by the mapping sτ 7→ Jsτ between the satellite configuration and the
complex forward mapping [5]. The forward mapping Jsτ relates the wave spectrum
Ψo — for a sea state vector o — to the respective complex SAR image spectrum
Csτ

o , in the form
Jsτ ◦Ψo = Csτ

o (2.2)

where
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Csτ
o = Qsτ

o + higher-order nonlinearities. (2.3)

Qsτ
o is the quasi-linear approximation of the cross spectrum Csτ

o , given — when
evaluated at the wave component k — by

Qsτ
o (k) = 0.5 e−k2xβ

2ρu(0)
[
eιωτ

∣∣T s
(sar)(k)

∣∣2Ψo(k) + e−ιωτ
∣∣T s

(sar)(−k)
∣∣2Ψo(−k)

]
.

(2.4)
Here, kx and ky denote azimuth and range components of k respectively. Also,
β = d/U is the ratio between the slant range d and the SAR platform velocity
U . The orbital velocity variance is the term ρu(0) and ω is the radian frequency.
The exponential term (exp [−k2

x(β)
2ρu(0)]) is a cut-off factor, which is a — sea

state dependent — azimuthal low pass filter in the spectral domain. Moreover, the
theoretical value of the azimuth cut-off wavelength is given by [10, 16]

Lcut = π
√
β2ρu(0). (2.5)

The main modulation effects — namely, Tilt, Hydrodynamic, Range Bunching
and Velocity Bunching — are present in the image cross spectrum through the SAR
transfer function, expressed by

T sτ
(sar)(k) = T sτ

(rar)(k) + T sτ
(vb)(k), (2.6)

where

T sτ
(rar)(k) =

−4ιky cotα

1 + sin2 α
+ 4.5ω

k2
yω − ιϑ

|k|ω2 + ϑ2
− ιky cotα (2.7)

is the RAR (Real Aperture Radar) MTF with vertical polarisation in transmit and
receive (VV) and right looking radar, α is the radar incidence angle and ϑ is the
hydrodynamic relaxation rate equal to 0.5 s−1 [see details in 7]. In Equation (2.7),
the Tilt MTF is the first term on the right-hand side, the Hydrodynamic MTF is
the second term and the Range Bunching MTF is the last term. Additionally, the
Velocity Bunching MTF is

T sτ
(vb)(k) = −ιβkxω

(
ky
k

sinα + ι cosα

)
. (2.8)

The truncated version of Equation (2.3) can be used to compute the nonlinear
forward mapping numerically [7] as

Csτ
o (k) = e−k2xβ

2 ρu(0)

6∑
n=1

2n∑
m=2n−2

(kxβ)
m Rn,m[o, sτ ](k). (2.9)
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The sixth order truncation of the infinite series is a good approximation of the
complex SAR image spectrum, retaining most of its features [7, 8]. Moreover, the
term Rn,m[o, sτ ] represents the spectral factor related to Ψo, which regulates the
effects of modulations caused by the ocean waves and transferred to the image.
Index n is the nonlinearity order with respect to the input wave spectrum whilst
m is the order with respect to the velocity bunching parameter. Denoting s =

(h,Φ, p, U, α, ν), when τ = 0

Cs0
o (k) = Ps

o(k), (2.10)

where Ps
o(k) is the auto-spectrum of the SAR image, which demonstrates that the

presented method is an extension of [23]. Thus, the complex simulator is designed
to receive as input the wave and satellite parameters and generate as output the
corresponding directional wave spectrum and the linear and nonlinear forms of the
SAR image cross spectrum.

2.2 The Linear Inversion Method (LIM)

Equation (2.2) is the forward mapping relation of a directional wave spectrum
onto its SAR cross spectrum. However, the ocean wave spectrum is not known a
priori, therefore characterising an inverse problem. The technique here employed
consists of finding the optimal ocean wave spectrum Ψret whose corresponding li-
near approximation of the image cross spectrum has the minimum distance to the
simulated cross spectrum Csτ

o . In other words,

Ψret(k) = argmin
ζ(k)≥0

∫
|(Lsτ

ζ (k)−Csτ
o (k)|2 dk, (2.11)

where

Lsτ
ζ (k) = 0.5

[
eιωτ

∣∣∣T sτ
(sar)(k)

∣∣∣2 ζ(k) + e−ιωτ
∣∣∣T sτ

(sar)(−k)
∣∣∣2 ζ(−k)

]
(2.12)

is the linear approximation of the SAR cross spectrum related to the ocean wave
spectrum ζ(k). Equation (2.12) allows to obtain analytically the function that
performs the minimum value of the nonlinear functional (2.11). According to [27],
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ψret(k) =



φ(k), if φ(k) ≥ 0 ∧ φ(−k) ≥ 0

2
∣∣∣T sτ

(sar)(k)
∣∣∣−2

Re {exp (−ιωt)Csτ
o (k)} , if Re

{
Csτ

o (k) T sτ

(sar)(k)
}
≥ 0 ∧ φ(−k) < 0

0, if Re
{
Csτ

o (k) T sτ

(sar)(k)
}
< 0 ∧Re {Csτ

o (k) (T s(−k))} < 0

(2.13)

where
φ(k) =

sin(ωτ)Re {Csτ
o (k)}+ cos(ωτ) Im {Csτ

o (k)}
|T sτ

(sar)(k)|2 sin(ωτ) cos(ωτ)
(2.14)

and the overbar means average value. In this way, the linear inversion mechanism
Isτ is finally defined by

Isτ ◦ Csτ
o = Ψret. (2.15)

Clearly, the function Isτ is not linear but is referred as such with a slight abuse of
terminology because of Equation (2.12).

This inversion mechanism has a clear advantage over single look methods, since
the 180◦ directional ambiguity is corrected without the need of additional informa-
tion. The experiments discussed in the following consist of simulations of image
cross spectra and their subsequent linear inversion with comparative analysis of the
wave parameters used as input to the system. In this sense, the parameters com-
puted from the retrieved directional wave spectra will define the retrieved vector
ô = (Ĥs, ϕ̂p, L̂p, σ̂) — Ĥs is therefore the retrieved significant wave height and so
on.

2.3 Simulations and Inverted SAR Wave Spectra

Figure 2.2 shows an example of the forward mapping relations. The simulations
are performed using Sentinel-1 parameters [of altitude, orbit inclination and look
direction, to name a few, listed, for example, in 23, and in http://www.esa.int].
The upper left panel is the simulated directional wave spectrum with Lp=585 m,
Hs=2.5 m and propagating in the positive azimuth direction (ϕp = 0◦). The compu-
ted azimuth cut-off wavelength Lcut is equal to 88 m, hence way below Lp. The upper
right panel shows the SAR image spectrum (real part) using the linear forward map-
ping (Equation 2.12), whereas the lower panels are the real part (c) and imaginary
part (d) computed with the full, nonlinear forward mapping relation (Equation 2.9).
The positive peak in the imaginary part of the image spectrum indicates the correct
propagation direction [1, 5], therefore enabling the determination of the unambi-

9



 -0.06  -0.02  0.02  0.06  
 

-0.06

 

-0.02

 

0.02

 

0.06

 

100m

150m

200m

300m

600m

1000m

88m

88m

a)

200
400
600
800
1000
1200
1400
1600
1800
2000
2200

m4

 -0.06  -0.02  0.02  0.06  

100m

150m

200m

300m

600m

1000m

88m

88m

b)

30

60

90

120

150

180

210
m2

 -0.06  -0.02  0.02  0.06  
 

-0.06

 

-0.02

 

0.02

 

0.06

 

100m

150m

200m

300m

600m

1000m

88m

88m

c)

30

60

90

120

150

180

210
m2

 -0.06  -0.02  0.02  0.06  

100m

150m

200m

300m

600m

1000m

88m

88m

d)

25
20
15
10
5

0
5
10
15
20
25

m2

0.0 0.2 0.4 0.6 0.8 1.0

ky - Range - Wavenumber (rad/m)

0.0

0.2

0.4

0.6

0.8

1.0

k x
 - 

Az
im

ut
h 

- W
av

en
um

be
r 

(r
ad

/m
)

Figura 2.2: Ocean wave imaging mechanism using the simulator of SAR cross spectra. The
simulated wave spectrum (a), a swell with Hs=2.5 m, Lp=585 m, σ = 20◦ and azimuthal
peak propagation direction (ϕp = 0◦). The nonlinear forward mapping (Equation 2.9) is
applied to (a) to obtain the real part (c) and imaginary part (d) of the SAR cross spectrum,
whilst (b) is the real part computed with the linear forward mapping (Equation 2.12).
Azimuth cut-off Lcut=88 m.

guous direction. The effect of the azimuth cut-off becomes discernible comparing
the real parts of the SAR image spectrum (b and c) — since the linear forward
mapping does not retain the nonlinear cut-off term which reduces drastically the
energy in the high wavenumber band. Nonetheless, both depict clearly the swell
peak position, for a linear case where most of the wave energy is above the azimuth
cut-off wavelength.

The orbital velocity distribution of the scatterers introduce Doppler shifts during
the SAR imaging process, causing azimuthal displacements [6]. When the displa-
cement is small compared to the wavelength of the imaged waves, as is the case
in general for swell dominated events, the sea state dependent Velocity Bunching
effect (Equation 2.8) is linear, as shown in Figure 2.2 with Lcut much smaller than
Lp. The nonlinear (2.2c) and linear (2.2b) image spectra are very similar. In such
situations, the LIM is a very effective tool imposing minor deformations in the re-
trieved wave spectrum. However, in windsea dominated events, when the orbital
velocities are more randomly distributed, the displacements increase, causing dis-
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Figura 2.3: Similar to Figure 2.2 for a simulated bimodal wave spectrum, with a swell
propagating in the positive azimuth direction (Hs=2.5 m, Lp=585 m, σ = 20◦ and ϕp = 0◦)
and a windsea component propagating in the range direction (Hs=3.0 m, Lp=205 m,
σ = 33◦ and ϕp = 90◦). Azimuth cut-off Lcut=219 m.

tortions of the wave patterns in the image. The nonlinearity grows, smearing out
the SAR information of the shorter azimuthal waves. This is illustrated in Fi-
gure 2.3. The bimodal simulated wave spectrum (a) consists of a swell component
with Hs=2.5 m, Lp=585 m propagating in the azimuth direction (identical as the
one shown in Figure 2.2), with a windsea component propagating in the range di-
rection (ϕp = 90◦) with Hs=3.0 m and Lp=205 m. In this case Lcut=219 m, closer
to the swell peak wavelength. Compared to Figure 2.2, the azimuth cut-off effect
becomes more significant, caused by the steep windsea — naturally, not observed
in Figures 2.2(b) and 2.3(b) computed with the linear forward mapping. The dif-
ferences are more marked between the linear and nonlinear image spectra and the
linear inverted wave spectrum is expected to be, comparatively, more discrepant.
However, the azimuth travelling swell peak is visible in both real parts of the SAR
image spectra — Figure 2.3(b) and 2.3(c) — with the correct propagation direction
indicated in 2.3(d). The range travelling windsea peak is not severely affected by
the azimuth cut-off, and is also discernible in the image spectra. Its single peak is
split in two — as commonly observed in SAR image spectra [2, 7] — because the
Velocity Bunching MTF vanishes in the range direction.
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Figura 2.4: Retrieved wave spectra employing the LIM; (a) corresponding to the si-
mulation depicted in Figure 2.2(a) and (b) corresponding to the simulation depicted in
Figure 2.3(a). The peak wavelengths and directions are fairly well represented, apart from
a reduction in Ĥs.

The retrieved wave spectra employing the LIM to the complex SAR image cross
spectra depicted in Figures 2.2 and Figure 2.3 are shown in Figure 2.4. In Fi-
gure 2.4(a) the unimodal, azimuth travelling swell component is well reproduced,
retaining most of the simulated features of the input wave spectrum. A small re-
duction in the value of the retrieved significant wave height is also noticeable, from
Hs=2.50 m to Ĥs=2.20 m. The wave spectrum from the more challenging case
presented in Figure 2.3 is also fairly well retrieved. The subestimation of the swell
component propagating in the azimuthal direction is comparatively more pronoun-
ced, from Hs=2.50 m to Ĥs=1.61 m. The windsea component is also attenuated,
from the simulated 3.0 m to Ĥs=1.71 m. The attenuation in Ĥs employing the LIM
depends on the propagation direction and on the relative position of the peak wa-
velength in respect to the azimuth cut-off, as will be discussed in the next chapters.
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Capítulo 3

Nonlinearities in the Mapping
Mechanism

The imaging mechanisms described by the RAR MTF’s (Equation 2.7) can detect
only waves propagating with a component in the range direction. The nonlinearities
of the Hydrodynamic and Tilt modulations are small for the typical incidence angles
of SAR satellites. Whereas the Velocity Bunching mechanism (Equation 2.8) is
able to image waves traveling in the azimuthal direction and is also, generally, the
dominant among all MTF’s — with the exception of waves propagating purely in
the range direction.

The nonlinear Velocity Bunching mechanism, caused by orbital motion Dop-
pler shifts, produces displacements of the scattering elements. This results in the
redistribution of the apparent backscattering density in the positive or negative azi-
muth direction, depending on the surface motion with respect to the satellite flight
direction. These azimuthal displacements are sea state dependent and are also par-
ticularly relevant for high range to platform velocity ratios β, typical in spaceborne
SAR systems. For small wave steepnesses the modulation can be assumed as linear.
However, when the steepness increases, the Velocity Bunching mechanism becomes
nonlinear and the azimuthal displacements increase correspondingly. When they be-
come comparable with the wavelength, the components beyond a certain azimuthal
wavenumber are not completely mapped.

The effects of strong nonlinearities in the SAR mapping are illustrated in Fi-
gure 3.1. The upper left panel shows a simulated bimodal wave spectrum with a
range traveling swell with Hs=2 m and Lp=455 m and a steep windsea component
propagating in azimuth direction with Hs=3 m and Lp=205 m. Also shown the real
part of the cross spectrum obtained with the forward linear and nonlinear mappings
(respectively b and c panels). The azimuth cut-off effect is evident in the nonlinear
SAR image spectrum, with Lcut=211 m. The azimuthal windsea peak is located
beyond the cut-off and therefore not visible in the nonlinear image spectrum. In the
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linear image spectrum shown in Figure 3.1(b), on the other hand, the swell peak is
dwarfed by the more energetic windsea peak.
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Figura 3.1: Ocean wave imaging mechanism using the simulator of complex image cross
spectra. A simulated bimodal wave spectrum (a), with a swell propagating in the positive
range direction (Hs=2.0 m, Lp=455 m and σ = 20◦) and a windsea component propagating
in the azimuthal direction (Hs=3.0 m, Lp=205 m and σ = 24◦). The real part of its linear
SAR cross spectrum is shown in (b), whilst (c) is the real part of the nonlinear image
spectrum. In (d), the retrieved wave spectrum using the LIM. Azimuth cut-off Lcut=211 m.

Another distinction between the image spectra in Figures 3.1(b) and (c) is the
two symmetrical ridges parallel to the range axis in low azimuthal wavenumbers,
only present in the nonlinear spectrum. The azimuth cut-off generally lies within
the windsea part of the spectrum. The energy contained in this region is transferred
to low azimuthal wavenumbers because of the nonlinearities in the imaging process
[6, 18] — observed as the two ridges parallel to the range axis in the nonlinear SAR
image spectrum. The level of these symmetrical ridges is related to the windsea
spectrum and can be employed to extract useful information about the high azi-
muthal wavenumber band [18, 29], even though the windsea peak itself is not visible
in the image spectrum. In the linear forward mapping, the Fourier series expansion
shown in Equation (2.9) is truncated and the first linear term is retained without the
cut-off factor. Therefore, the linear approximation is, naturally, unable to account
for the nonlinear effects in the mapping mechanism.

Figure 3.1(d) is the retrieved wave spectrum applying the LIM to the nonlinear
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image spectrum shown in Figure 3.1(c). The range travelling swell is fairly repre-
sented, with good match with the simulated spectrum in terms of peak wavelength
and direction. The already discussed reduction in Ĥs is also observed, from 2.0 m to
1.82 m in the swell component. The windsea spectrum, located beyond the azimuth
cut-off, is therefore not recovered.
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Capítulo 4

Simulated Test Cases

Several cases were simulated to evaluate the wave spectrum retrieved from the
LIM against the prescribed wave spectrum used as input to the simulator. As only
the simulated SAR cross spectrum is used as input with no additional a priori infor-
mation, the retrieved wave spectrum is restricted to the low wavenumber band. The
full nonlinear forward relation is applied to a parametric JONSWAP wave spectrum
mapping it onto a SAR cross spectrum, for a time lag τ of 0.33 second and 0.39

second — for both Sentinel-1 and Envisat configurations, respectively. Controlled
experiments were designed to evaluate how changes in specific wave input parameters
impact the simulated SAR cross spectrum — and subsequently its inversion — which
allows, for instance, to investigate theoretical sea states conditions.

Nonlinear distortions degrade the spectral band beyond the azimuth cut-off,
which has to be taken into account for the assessment of the LIM. Therefore a
consistency test was performed on the retrieved spectra consisting of two conditions.
Firstly, L̂p has to lie within ±200 m of the value of Lp. And, additionally, Ĥs has
to be at least 20% of Hs — no restrictions were imposed on the retrieved peak
direction. These threshold values were optimized against a subset of retrieved wave
spectra after several iterations inspecting visually their shapes and main parameters.
If both two conditions are not satisfied, the retrieved wave spectrum is considered
unrelated to the input wave spectrum because of severe nonlinear distortions and is
not considered as an acceptable retrieval.

The simulated unimodal spectra comprised combinations of Hs and Lp for th-
ree distinct propagation directions, for both Envisat and Sentinel-1, for a constant
σ = 20◦. Figure 4.1 depicts those that passed the consistency test for azimuth,
range and intermediate (between both directions) traveling waves, for Envisat. The
azimuth cut-off, also shown, depends on propagation direction, satellite configura-
tion, Hs and Lp — Equation 2.5. Similar plots, not shown, describe the relationship
between Lp and Lcut for Sentinel-1 as well. The dashed line depicts when Lcut equals
Lp, with values above it representing wave configurations whose azimuth cut-off is
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higher than the peak wavelength. Nonlinear effects therefore are more significant the
further away above the line, for waves with an azimuthal component. On the other
hand, below the dashed line, an approximately linear mapping process is expected.
Therefore the simulations encompass a broad range of steepnesses, for two different
satellite configurations, and for three distinct propagation directions — azimuthal
(0°), intermediate (45°) and range (90°).
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Figura 4.1: From left to right: relationship between Lp and Lcut for azimuth, intermediate
and range travelling waves, assuming the Envisat configuration. The dashed line shows
when Lp equals Lcut and can be think of a delimiter between nonlinear (above the line) and
linear (below the line) SAR mapping of the wave component. The colors represent distinct
values of Hs. For each combination of Hs and Lp a SAR cross spectrum was simulated
employing the integral forward mapping relation. The three panels show the combinations
in which the retrieved spectra passed the consistency test.

Figure 4.2 shows the relative error of Ĥs, represented as

εHs =
Ĥs −Hs

Hs

.

Moreover, Pcut is the relative difference between L̂p and Lcut, in the form

Pcut =
L̂p − Lcut

L̂p

.

Envisat and Sentinel-1 were orbiting at different altitudes, therefore their parameter
β differ and, consequently, Lcut and Pcut are also distinct in both satellites. The
LIM underestimates the value of Ĥs, whose magnitude depends on the propagation
direction and on the relative position of the retrieved peak wavelength with respect
to the azimuth cut-off. Naturally, waves propagating in the azimuthal direction or
having a component in this direction are more severely attenuated the closer L̂p
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approaches — and eventually overtakes — Lcut.
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Figura 4.2: Relative error of Ĥs for azimuthal (0◦ – blue square), intermediate (45◦ – green
triangle) and range (90◦ – orange circle) directions — for Envisat (a) and for Sentinel-1
(b) configurations. The vertical axis is εHs , the relative error between simulated and
retrieved significant wave height. The negative sign in εHs indicates underestimation.
The horizontal axis is Pcut, the relative distance between L̂p and Lcut. The vertical dashed
line shows when L̂p = Lcut. Negative values of Pcut indicate that L̂p is smaller than Lcut

and nonlinear effects become relevant. Also shown the number of entries N and the best
fit of the data.

Beyond the azimuth cut-off (hence for Pcut < 0), the spectrum is severely blurred
and becomes rapidly unrecoverable the closer the waves are propagating to the
azimuthal direction. Therefore, the number of Ĥs (shown in the plots) is different
for each direction and for each satellite. Range traveling waves, less affected by
the azimuth cut-off, are only limited in high wavenumber by the range resolution
which depends on the bandwidth of the radar [21]. However, the underestimation
also increases as function of Pcut, reaching a limit of around 70% of Hs for Envisat.
Waves propagating in the intermediate direction are reduced around 80% of Hs in
the limit when L̂p is half the value of Lcut — for Pcut ≈ −1. Similar behaviour is
observed for Sentinel-1.

For positives values of Pcut, hence within a — roughly — linear part of the
spectrum, Ĥs is also mostly underestimated (Figure 4.2). When L̂p is four to five
times larger than Lcut and hence Pcut → 1, Ĥs is close to Hs (εHs → 0) for the three
considered directions and for both satellites. At this spectral region, quite away
from the azimuth cut-off, the nonlinear effects are negligible and the LIM yields a
nearly perfect retrieval — as illustrated in Figure 2.2. The underestimation becomes
more significant the closer L̂p approaches Lcut, as exemplified in Figures 2.3 and 3.1.
For range travelling waves, the underestimation when Pcut = 0 is around 30% of Hs

for Envisat and Sentinel-1 configurations. For waves with an azimuthal component,
even for positive values of Pcut, the underestimation can be as large as 80% of Hs.
When L̂p is twice the value of Lcut (Pcut = 0.5), the underestimation can be as large
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as 40% for azimuth and intermediate waves.
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(b) Sentinel-1 before corrections
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(c) Envisat after corrections
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(d) Sentinel-1 after corrections

Figura 4.3: Scatter plots of retrieved versus simulated significant wave height, for Envisat
(left column) and Sentinel-1 (right column) before (first row) and after (second row) the
empirical corrections shown in Figure 4.2. For the three reference directions. Also shown
the statistical parameters for each direction (on the left) and the whole data set (on the
right).

Four strategies were evaluated to attempt to correct the underestimation of Ĥs.
The real part of the cross spectra computed with the nonlinear forward mapping
relation have smaller magnitudes in relation to the yielded by the linear forward
mapping, as shown for instance in panels b and c in Figures 2.3 and 3.1. Consi-
dering that, in theory, the linear inversion of a linear image spectrum yields the
exact simulated wave spectrum, the ratio between the linear image spectrum and
the nonlinear image spectrum can be used as a scale factor for the correction of
Ĥs. Therefore, the ratio between the maximum values of the real parts of both
spectra were computed and applied to the simulated nonlinear image spectrum. Its
linear inversion was subsequently computed, reducing significantly the underesti-
mation of Ĥs. In a similar fashion, but with poorer results, the second procedure
employed the ratio between the mean values of the real parts of both spectra and
was also implemented to correct the reduction in Ĥs. The third approach was based
on the semiempirical expression proposed by [33] relating significant wave height
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to peak wavelength, cut-off and peak propagation direction. In this case, the un-
derestimation was properly corrected for smaller values of significant wave height
but, as described by the authors, their expression is not as effective for values gre-
ater than 3 m. More robust results, however, were obtained by the fourth strategy
which employed the empirical regressions depicted in Figure 4.2 to correct the bi-
ases. The energy of the retrieved wave spectra was simply rescaled to compensate
the underestimation of Ĥs.

Scatter plots of retrieved and simulated significant wave height are shown in
Figure 4.3, for both Envisat and Sentinel-1, before and after the corrections using
the proposed empirical regressions shown in Figure 4.2. The underestimation of
Ĥs is evident in the first row, more accentuated for waves propagating in the pure
azimuthal direction. Some statistical parameters are also shown in the plots, for
each of the discussed reference directions and for the whole data set. Prior to the
corrections, as a whole, Ĥs for Envisat presented a Root Mean Square Error (RMSE)
of 1.78 m, Scatter Index (SI) of 0.59, Pearson Correlation (r) of 0.75 and Bias of
-1.33 m. The spread of the fitted values shown in Figure 4.2 is small, therefore as
expected, the corrections are effective in improving Ĥs — second row in Figure 4.3.
The errors are drastically reduced, for both satellite configurations. The corrections
are slightly less effective for larger values of Hs and also for the purely azimuthal
waves, but overall the (after correction) Ĥs have small values of Bias, RMSE and
SI. This approach will be applied to Envisat data, as will be shown in the following
chapter.

Likewise, εLp is the relative error of L̂p:

εLp =
L̂p − Lp

Lp

.

Top line in Figure 4.4 shows Pcut versus εLp for the three reference directions and
for Envisat (a) and Sentinel-1 (b). For range traveling waves, L̂p is identical to the
simulated, for the whole range of Pcut considered and for both satellites. The LIM
does not take into account, evidently, the nonlinearities of the Velocity Bunching me-
chanism, which are more pronounced in the azimuth direction. Waves propagating
in — or with a component in — the azimuthal direction, are shifted into low azi-
muthal wavenumbers. The shift is more accentuated as Pcut decreases and for pure
azimuthal waves, with the spectral peak moving towards longer wavelengths — the
superestimation of L̂p can be of up to 60% (Sentinel-1) and 40% (Envisat) of Lp for
azimuthal waves. As expected, the spectrum becomes gradually irretrievable when
Pcut becomes negative. The regressions shown in Figure 4.4 (top line) were applied
to the retrieved wave spectra, with the corrected L̂p depicted in the bottom line.
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Figura 4.4: Top line: relative error of L̂p for azimuthal (0◦ – blue square), intermediate
(45◦ – green triangle) and range (90◦ – orange circle) directions — for Envisat (a) and for
Sentinel-1 (b) configurations. The horizontal axis is Pcut, the relative distance between L̂p

and Lcut. The vertical dashed line shows when L̂p = Lcut. The vertical axis is εLp and
the positive sign indicates superestimation. Bottom line: values of L̂p after the empirical
corrections depicted in the top line. Also shown the number of entries N and the best fit
of the data.

The bias is nearly zero, with small values of SI and RMSE for both satellites.
The spectra were simulated in three distinct peak wave directions — azimuthal,

range an intermediate. The absolute error of ϕ̂p is expressed as

εϕp = min{γ, 2− γ} × 180,

where γ = |ϕ̂p−ϕp|
180

. The retrieved and the simulated peak wave directions are shown
in the top line in Figure 4.5, for Envisat (a) and Sentinel-1 (b). The nonlinearities
cause a rotation of ϕ̂p into the range direction with respect to the simulated peak
direction. Only waves propagating in the intermediate direction are rotated. As
already discussed, range travelling waves are unaffected. On the other hand, the
pure azimuthal waves do not experience any change in direction since the shift is
along the azimuthal axis. The strongest deviations are observed around the cut-off

21



8 7 6 5 4 3 2 1 0 1
Pcut

0

5

10

15

20

25

30

35

40
p
(°

)

Direction
0° 45° 90°

N = 133
y = -23.29x+20.72

(a) Envisat

8 7 6 5 4 3 2 1 0 1
Pcut

0

5

10

15

20

25

30

35

40

p
(°

)

Direction
0° 45° 90°

N = 113
y = -15.59x+15.64

(b) Sentinel-1

0  10  20  30  40  50  60  70  80  90
p (°)

0
 

10
 

20
 

30
 

40
 

50
 

60
 

70
 

80
 

90

p
(°

)

Direction
0° 45° 90°

r = 0.999
Mean = 51 °
Std = 36 °
Bias = 0 °
RMSE = 1 °
SI = 0.0
N = 390

(c) Envisat after corrections

0  10  20  30  40  50  60  70  80  90
p (°)

0
 

10
 

20
 

30
 

40
 

50
 

60
 

70
 

80
 

90

p
(°

)

Direction
0° 45° 90°

r = 0.998
Mean = 48 °
Std = 37 °
Bias = 0 °
RMSE = 2 °
SI = 0.0
N = 353

(d) Sentinel-1 after corrections

Figura 4.5: Top line: absolute error of ϕ̂p for azimuthal (0◦ – blue square), intermediate
(45◦ – green triangle) and range (90◦ – orange circle) directions — for Envisat (a) and
for Sentinel-1 (b) configurations. The horizontal axis is Pcut. The vertical dashed line
shows when L̂p = Lcut. The vertical axis is εϕp , the absolute difference between retrieved
and simulated ϕp. Positive values of εϕp indicate that the waves are rotating into the
range direction with respect to the simulated direction. Only waves propagating in the
intermediate direction are affected. Bottom line: values of ϕ̂p after the empirical corrections
depicted in the top line. Also shown the number of entries N and the best fit of the data.

wavelength, with a maximum value of 35◦ for Envisat and 25◦ for Sentinel-1. The
regressions to correct ϕ̂p in the intermediate direction, shown in the top line, were
applied to rotate the retrieved wave spectrum. The corrections of ϕ̂p, shown in the
bottom line in Figure 4.5, are effective, resulting in zero bias and small values of
RMSE and SI.

The underestimations (of Ĥs) and superestimations (of L̂p and ϕ̂p) are expected
to be rigorously dependent on the satellite configuration, propagation direction and
Pcut. Hence, the regressions presented in Figures 4.2, 4.4 and 4.5 can be used as
lookup tables to correct biases. Wave spectra retrieved with the LIM using Envisat
ASAR Cross Spectra are discussed in the next chapter.
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Capítulo 5

Envisat ASAR Level 1 Cross Spectra
(WVS)

The Envisat ASAR Wave Mode imagettes — approximately 5 km along-track
and up to 10 km across-track — were routinely acquired at 100 km intervals during
the satellite 10 years of operation. A segment of ground track 0383 used in our analy-
sis, over the Eastern Pacific Ocean, is shown in Figure 5.1. Multi-modal wave spectra
are common in the region, with significant wave height varying between 1.38 m and
5.02 m along this segment. The Level 1 cross-spectra (WVS), downloadable from
ESA’s Earth Online website, were used as input for the LIM to retrieve ocean wave
spectra. Only images covering depths greater than 1000 m were retained, with a
total of 101 ASAR WVS cross spectra. No limit on latitude, because of ice cover,
was imposed although some of the most southern did not pass the homogeneity test
discussed below. Additionally, the cases of Ĥs < 0.1 m were discarded.

The retrieval of a wave spectrum employing the LIM takes place, briefly, in
two steps. The signal processing module of the complex images constitutes the
first step. Low frequency signatures, unrelated to wind waves, are filtered out.
Inhomogeneities in ocean SAR images are frequent under low wind conditions but
could also be related to oceanic fronts, internal waves, sea ice, oil slicks and rain
cells among other phenomena [see for instance homogeneity tests discussed in 25].
The filtering technique is centered around the lowest wavenumber bins, removing
therefore the non-wave features. Additionally, the high frequency band — beyond
the azimuth cut-off — is heavily distorted. This part is also filtered, using the
estimated cut-off wavelength from the product metadata.

In the second step, the real part of the filtered cross spectrum is partitioned —
as described in [30] — breaking down a multi-modal image spectrum into a limited
number of unimodal spectra with its corresponding counterpart in the imaginary
part. The LIM is applied to each partition, yielding the corresponding wave spec-
trum. The regressions computed in chapter 4 for Hs, Lp and ϕp are employed to
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Figura 5.1: Segment of Envisat ground track 0383 on 18 January 2009 around 15:09 UTC,
with 109 spectra. The figures describe their spatial distribution.

correct the retrieved wave partitions — with rotations in direction and shifts in wa-
velength. The spectrum is rescaled — with no changes in its shape — to attain the
expected increase in Ĥs. Finally, each partition is linearly summed, building up the
retrieved directional wave spectrum.

The retrieval method to generate the ESA L2 WVW product is based on the
assumption that the measured SAR cross spectrum can be approximated as the
combination of a non-linear and a quasi-linear part, related mainly — respecti-
vely — with the windsea and swell contributions [3]. Employing an estimated wind
field, generally from a numerical model, the windsea spectrum is computed with its
stage of development determined based on a minimization function between the ob-
served and simulated image spectra. Using the nonlinear forward mapping relation,
the windsea image spectrum is calculated and subsequently subtracted from the me-
asured spectrum — the residual SAR spectrum is assumed to be only related to the
quasi-linear contribution from the swell components. The Level 2 WVW product
are provided on a log-polar grid with 24 wavelengths and 36 directions. The WVW
wave spectra are limited by the azimuth cut-off wavelength and hence the evaluation
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of their derived parameters are generally restricted to the low wavenumber band.
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Figura 5.2: Scatterplots of, respectively, Hs10 (a and b), ϕp10 (c and d) and Lp10 (e and
f). For the ERA5 against the LIM (left column) and ERA5 against WVW (right column).
Also shown the Pearson correlation (r), Mean, Standard Deviation (Std), Bias, Root Mean
Square Error (RMSE), Scatter Index (SI) and number of entries (N) — 87 cases passed
the homogeneity tests.

Because of the limitations in the azimuthal high wavenumber part of the
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wave spectrum, a meaningful statistical analysis has to be limited in frequency
space. The retrieved wave spectra using the LIM were evaluated against ERA5
spectra from the ECMWF atmospheric reanalysis — ERA5, downloadable from
cds.climate.copernicus.eu. The high spatial and temporal resolution of the ERA5
globally distributed database contains hourly realizations at 40 km for wave spectra
with 24 directions and 30 frequencies. The collocation was performed to the Envi-
sat Wave Mode imagettes shown in Figure 5.1 using the nearest model grid point
and synoptic time, which means less than 17 km and less than 29 minutes. Ad-
ditionally, WVW spectra were also compared with ERA5 spectra for performance
evaluation of the retrieval methods. Scatterplots of the SAR retrievals with the LIM
against ERA5 (left column) and of WVW spectra against ERA5 (right column) are
presented in Figure 5.2.

Significant wave height, for waves with periods longer than 10 s (which corres-
ponds to lengths longer than 156 m in deep water), is computed as

Hs10 = 4

√∫ ∫
<10s−1

F (f, θ) dfdθ,

where F (f, θ) is the frequency-direction wave spectrum — SAR-inverted wave spec-
tra were converted from wavenumber-direction F (kx, ky). Despite the procedure to
rescale the spectrum using the regression presented in chapter 4, the retrieved Hs10

is still underestimated with a negative bias of approximately 14 cm — Figure 5.2(a).
The RMSE is 0.44 m for a Pearson correlation of r = 0.87 and SI of 0.34. The re-
sults of WVW for Hs10 (Figure 5.2(b)) are more accurate, with a higher positive
bias of 20 cm but smaller RMSE and SI of, respectively, 0.34 m and 0.27. Hs10 is the
wave parameter better retrieved in both methods, but the WVW results are very
satisfying, having small statistical errors.

Likewise, peak direction, for waves with periods longer than 10 s (ϕp10) is shown
in Figures 5.2(c) and (d). SAR-inverted wave spectra, retrieved with both methods
have statistically similar results, with WVW showing slightly smaller errors. Both
procedures do not rely on any a priori wave information to resolve the directional
ambiguity, employing the phase information to determine the correct propagation
direction in the cross-spectral analysis. In the ESA retrieval method, if the signal-
to-noise ratio (SNR) of the spectrum is below a given threshold, the ambiguity is not
removed [3, 9]. The spectrum is kept unchanged with the symmetrical peaks retained
in the retrieved wave spectrum. The parameter ϕp10, integrated over frequency,
therefore can not pinpoint such cases of unresolved ambiguity.

Figures 5.2(e) and (f) depict the peak wavelength for waves with periods longer
than 10 s, Lp10 =

g
2π f2

p10
where g is the gravitational acceleration and the peak fre-
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quency for waves with periods longer than 10 s is fp10. The WVW results presented
smaller RMSE, bias and SI — the LIM showed a better correlation. The already
discussed superestimation of Lp10 retrieved with the LIM is also clear with the En-
visat ASAR data, with a positive bias of 34.56 m after applying the corrections.
The peak wavelength from the WVW spectra presented a smaller superestimation
of 8.35 m.
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Figura 5.3: The parameter Ω (Equation 5.1) is a matrix square error normalized with the
square of the reference wave spectrum (ERA5), computed along the ground track shown in
Figure 5.1. Small values of Ω indicate close proximity between spectra. For wave spectra
retrieved with the LIM (green diamond) and with the ESA procedure (WVW, pink circle).
Also shown, as red circles, the cases where the directional ambiguity was not properly
resolved (WVW - Amb) — Equation 5.2.

Despite the overall good results of the SAR wave parameters computed with
both methods, a closer analysis of the spectral shape shows some discrepancies with
the ERA5 directional spectrum. A metric for evaluation of the agreement between
directional spectra is hence proposed as

Ω =

∫ ∫
[Feva(f, θ)− Fref (f, θ)]

2dfdθ∫ ∫
[Fref (f, θ)]2dfdθ

, (5.1)

where Fref (f, θ) is the reference — ERA5 spectrum — and Feva(f, θ) is the evaluated
spectrum — retrieved from the LIM or the WVW wave mode. The dimensionless
parameter Ω is a matrix square error normalized with the square of the reference
spectrum, being zero for identical spectra — its value increases as their differences
grow. In the following analysis, we are considering for evaluation of Ω the whole
F (f, θ) spectrum, without imposing any high frequency band limitation. Therefore,
discrepancies between the ERA5 spectra and the SAR retrieved wave spectra are
expected, specially in high frequency. Figure 5.3 shows the values of Ω along the
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ground track, for the wave spectra retrieved with the LIM and also for ESA WVW
wave mode spectra. Disregarding anomalous results outside the range 0 < Ω < 6,
the shape of the retrieved spectra using the LIM is closer to the ERA5 spectra, with
an average value of Ω = 1.13. The shape of the WVW spectra is less similar, with
an average value of Ω = 1.33. Along the segment 40−80, characterized by unimodal
spectra (not shown here) propagating in an intermediate direction, the results of the
WVW spectra are closer to ERA5. The LIM along most of this segment presented
an additional component, not present in the ERA5 spectra. This same component
appeared in the WVW spectra in images 49, 50 and 51, when Ω increases. This
might be related to noise that the ESA retrieval dealt better with its filtering.

The procedure to resolve the directional ambiguity in the ESA retrievals seems to
be particularly sensitive to low SNR spectra. In such cases, both ambiguous peaks
are kept in the retrieved directional wave spectra and a flag of low confidence in the
inversion is attached to the data. An additional metric, analogous to Ω, is therefore
employed to indicate when the directional ambiguity is not removed, in the form

Ωamb =

∫ ∫
[Feva(0,180)(f, θ)− Feva(180,360)(f, θ)]

2dfdθ∫ ∫
[Feva(0,360)(f, θ)]2dfdθ

. (5.2)

The subindexes (0, 180) and (180, 360) represent a splitting of F (f, θ) in two halves
with respect to the directional distribution, to search for ambiguities between them.
In the denominator, the norm of the full, complete spectrum is considered — (0, 360).
A threshold limit of Ωamb < 0.35 is fixed, which was optimized after manual inspec-
tion and validated against a subset of spectra, indicating that the ambiguous peaks
are both present in the retrieved wave spectrum. For WVW spectra, 25 presented
Ωamb below the limit, which is 29% of the 87 cases considered — shown as red circles
in Figure 5.3. The LIM is less sensitive to low SNR and the directional ambiguity
was removed in all WVS cross spectra here considered — however, in a few cases,
the LIM selected erroneously the unambiguous spectral peak. The presence of the
ambiguous peaks in the WVW spectra caused their shape to drift apart from the
ERA5 reference and a large amount of such cases severely penalized the mean value
of Ω.
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Capítulo 6

Summary and Conclusions

We have demonstrated the potential of the LIM to retrieve directional wave
spectra from complex SAR cross spectra. The method does not require any additi-
onal external information as input, as is commonly the case with the known wave
spectra retrieval schemes. Being linear, it is naturally a limited representation of
the process, which is strongly nonlinear in the high azimuthal wavenumber band
beyond the cut-off. We have presented regressions, employing a simulator of SAR
cross spectra, to correct biases while retrieving wave spectra using the LIM. As the
nonlinearities are dependent on satellite configuration and on the relative position of
the peak wave spectrum in relation to the azimuth cut-off, it is possible to quantify
these nonlinearities through numerical simulations. We have simulated SAR cross
spectra using the full, nonlinear, forward mapping and compared the linearly retri-
eved wave spectra against the wave spectra used as input for the simulations. The
discrepancies between simulated and retrieved wave spectra in terms of significant
wave height, peak wave direction and peak wavelength were assumed to be caused
mainly by the non inclusion of the nonlinear terms.

For the simulated cases, the LIM underestimates Ĥs and, as well, superestimates
L̂p and ϕ̂p. For wave components with L̂p four to five times larger than the azimuth
cut-off (Lcut) — for any of the three simulated directions: azimuthal, range and
intermediate — the LIM yielded the nearly exact simulated spectra. The nonline-
arities become gradually more relevant, for waves with an azimuthal component,
when L̂p approaches Lcut — the spectrum comes to be rapidly irretrievable because
of strong nonlinearities. The reduction in Ĥs can be of up to 80% of the simulated
values and the increase in L̂p of up to 40% (for Envisat), with ϕ̂p rotating towards
the range direction with respect to the simulated direction. Waves propagating pu-
rely in the range direction, on the other hand, are unaffected by the azimuth cut-off,
experiencing no variations in L̂p and ϕ̂p — although Ĥs is also reduced, but at a
smaller rate.
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The nonlinearities, therefore, are responsible for a severe reduction in Ĥs, re-
gardless of wave propagation direction. Several methods were tested to correct this
underestimation. However, the best results were obtained employing the regressions
fitting the relative error between simulated and retrieved significant wave height
versus the relative distance between L̂p and Lcut, depicted in Figure 4.2 — the su-
bestimation of Ĥs was nearly eliminated in the simulated experiments. Similarly,
regressions for Lp and ϕp were also computed. Our simulated results of Hs, Lp and
ϕp with respective regressions shown in Figures 4.2, 4.4 and 4.5, hence, can be em-
ployed as lookup tables for the LIM to correct biases associated with nonlinearities
in the imaging mechanisms.

The LIM was validated using WVS Level 1 cross spectra from an Envisat ground
track. The spectra were rotated, shifted and rescaled but keeping its original
shape — applying the empirical corrections of Hs, Lp and ϕp. The linearly retrie-
ved wave spectra were validated against the ERA5 reanalysis and compared to the
results of WVW spectra. The preliminary results are encouraging. The parameters
retrieved with the LIM show similar values when compared with the WVW spec-
tra, although with slightly larger values of RMSE and SI. The shape of the spectra
retrieved with the LIM presented, however, better similarity with the ERA5 wave
spectra. The ESA methodology to retrieve the WVW wave spectra is apparently
more sensitive to low signal-to-noise ratio image spectra, hindering its disambigua-
tion. In around one in three WVW spectra the ambiguous propagation direction
was not solved correctly with both peaks retained, which causes distortions of the
spectral shape and dissimilarities with the wave model spectra.

The LIM, therefore, is — per se — an efficient and computationally cheap method
to yield a very close approximation of the directional wave spectrum. It could be
employed as first guess to more computer demanding retrieval schemes, with the
advantage that requires no a priori information from wave or meteorological models.
Moreover, could be also used to determine more efficiently the correct unambiguous
propagation direction of the ESA distributed WVW spectra.

More importantly, it has the potential to be used as a self-contained and accurate
SAR retrieval scheme. The regressions used to correct the retrieved Envisat ASAR
wave spectrum using the LIM were based on simulations that did not include image
noise, the so-called speckle. Speckle adds a white noise floor on the SAR image
spectrum upon which the aimed wave spectrum resides, therefore impacting the
retrieval process. More sophisticated approaches, for instance using neural networks
and deep learning, could be used to generate more realistic empirical corrections.
The LIM hence could be applied to real SAR images and the retrieved wave spectrum
compared to collocated directional buoy spectra. These more robust regressions
could be employed to rotate, shift and rescale the retrieved wave spectra — as
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here demonstrated with the speckle noise free simulations. The LIM is, therefore, a
comparatively simple and powerful method to retrieve SAR directional wave spectra.
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