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Resumo

Optimized charging processes for quantum batteries

Yohan Vianna de Almeida

Orientador: Marcelo P. E. F. Santos

Resumo da tese de Doutorado apresentada ao Programa de Pés-Graduacao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

Desde suas primeiras formulagoes, no inicio do século XX, a teoria quantica tem rev-
olucionado diversas areas do conhecimento humano e sustenta praticamente todas as tec-
nologias utilizadas no mundo moderno. Medicina, quimica, comunicagoes sao s6 alguns
exemplos das varias areas que receberam positivos impactos advindos da capacidade de
entender, prever e manipular o mundo microscépico. Ao findar do século XX e inicio do
novo milénio, o desenvolvimento tecnolégico da época tornou possivel manipular novos
conceitos que foram fundamentais para o entendimento de fenomenos verdadeiramente
quanticos. Assim, termos como superposi¢cdio e emaranhamento ganharam destaque no
mundo cientifico e a busca pelo desenvolvimento de novas tecnologias que aplicam efeitos
quanticos intrinsecos ao mundo microscopico foi impulsionada. Desenvolvimento de de-
tectores mais sensiveis, aplicagoes em redes de comunicagao e armazenamento de ener-
gia foram alguns dos novos alvos durante a chamada sequnda revolucdo quantica, que
se estende até os dias de hoje. Nesta tese, desenvolvem-se métodos de otimizacao de
carregamento para as chamadas baterias quanticas, que sao sistemas microscépicos fabri-

cados com o intuito de armazenar energia para ser usada posteriormente em alguma tarefa



de interesse. Utilizamos o paradigma dos sistemas quanticos abertos, que é a descricao
fornecida para sistemas microscopicos que sofrem com efeitos deletérios do meio no qual
estao inseridos. Aqui, desenvolvemos algumas maneiras de aproveitar recursos quanticos
presentes no sistema (como coeréncias quanticas, por exemplo) para otimizar o processo

de carregamento das baterias.

Palavras-chave: bateria quantica; sistemas quanticos abertos; tecnologias
quanticas; qubit; cavidades ressonantes; termodinamica quantica; calibre; sime-

trias; QED; 6tica quantica.
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Abstract

Optimized charging processes for quantum batteries

Yohan Vianna de Almeida

Orientador: Marcelo P. E. F. Santos

Abstract da tese de Doutorado apresentada ao Programa de Pds-Graduacao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

Since its first formulations, in the beginning of the 20th century, the quantum theory
has revolutionized different areas of the human knowledge and supports practically all the
technologies present in the modern world. Medicine, chemistry, communications are only
a few examples from various fields that received positive impacts arising from the ability
to comprehend, predict and manipulate the microscopic world. By the end of the 20th
century and start of the new millennium, the epoch’s technological development made it
possible to manipulate new concepts which were fundamental for the understanding of
truly quantum phenomena. This way, terms like superposition and entanglement got the
spotlights in the scientific world and the search for the development of new technologies
that apply quantum effects intrinsic to the microscopic realm got impulsed. Development
of more sensitive detectors, applications to communications networks and energy storage
were some of the new targets during the so-called second quantum revolution, which
extends up to the present days. In this thesis, we develop optimization methods for the
charging of quantum batteries, which are microscopic systems fabricated with the goal of

storing energy to be later used at some task of interest. We use the paradigm of quantum



vii

open systems, which is the description furnished to microscopic systems that suffer from
deleterious effects from the environment in which they are inserted. Here, we develop
some techniques to use quantum resources present in the system (as quantum coherence,

for instance) to optimize the charging process of such batteries.

Keywords: quantum battery; quantum open systems; quantum technolo-
gies; qubit; resonant cavities; quantum thermodynamics; gauge; symmetries;

QED; quantum optics.
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Introduction

With the advent and development of quantum theory, a certain interest of its appli-
cations for practical purposes has been on the rise, specially from the early 1960 - 90’s
on what has been called the first quantum revolution. Marked by the first developments
made using strictly quantum physics, this era was flagged by the creation of the first
semiconductors, GPS, MRI techniques and the advent of the laser. The latter, for in-
stance, has posed an enormous leap forward for many areas of physical sciences, since
it has helped the further development of quantum optics on, for instance, the prepara-
tion and manipulation of photonic states [1-3] and enhanced techniques related to cavity
QED [4,5]. These and other developments paved the way for the beginning of what today
is known as the second quantum revolution [6,7].

The second quantum revolution is a name that has been assigned to the developments
of quantum theory applications where intrinsically quantum features are exploited in
order to outperform regular classical tasks. In this paradigm, the development of the
first quantum computers serve at least as a proof of principle that physical entities like
coherence and entanglement, which are not present in macroscopic classical systems, can
indeed serve as potent allies in the search for practical solutions to long standing problems
which were proved to be unsolvable (at least on finite time) by classical computers [8-10].

This scenario has fostered a great endeavour, both theoretic and experimental, to
propose and develop gadgets which could benefit from the so-called quantum resources
[70-72]. This way, from prior to the beginning of the 21% century up until the present

days, the field of quantum technologies has attracted more and more research focused on
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the studies about quantum sensors [14-17] (apparatus which explore quantum resources
to enhance metrological quests on the fine-tuned estimation of physical parameters), the
security of quantum communications [18-21] (establishing channels to send and receive
messages which are truly inexpugnable), quantum energetics [22-26] (harnessing micro-
scopic systems to store and manipulate energy which can be used on demand), to name

a few.

On the scenario of quantum energetics, more specifically, the development of the first
quantum computers has raised the interest for sources of energy that can be addressed
on demand to fulfil desired physical tasks. This has fostered the development of the
first prototypes of quantum batteries, which are gadgets aimed at storing and delivering
specific amounts of energy (generally encoded in photon states) upon request. This piece
of technology can meet applications in diverse platforms: from single atoms [27] and
molecules [28], to extensive many-body condensed matter systems [29], quantum batteries
meet various applications which target on protocols that can enhance their charging and
discharging time [30,31], energetic storage capacity [32], stability [33], among other figures

of merit that are dear if practical developments are to be achieved.

This thesis is inserted in the context just described. Especially, we hereafter focus
on developing research about the applications of quantum theory to the field of quantum
batteries. In this concern, we address typical issues which are present in this area: how
can a microscopic system be employed to store energy? What is its maximum storage
capacity? How can it be charged and is there a way to minimize its charging time? What
are the important figures of merit to characterize a certain quantum battery? In addition
to that, we also tackle more recent questions related to the exploitation of truly quantum
resources in the charging of quantum batteries: are there strategies of charging that
maximize some of the chosen figures of merit? If so, is there any detrimental physical
quantity associated to the chosen strategy? How does the imperfect isolation of the

battery to its surroundings impact its charging performance and stability? Can it be
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explored in some way? These are some examples of the questions we have raised and try

to respond to in the platforms we discuss throughout the scope of this thesis.

This thesis is organized as follows. In the first chapter we describe a quantum optical
system developed to employ a three-level atom as a battery which needs to be charged
by an external, classical power source. As an auxiliary, a quantized mode of the elec-
tromagnetic (EM) field interacts with the atom alone, and we explore this interaction to
control the charging dynamics of the quantum battery. In most of the literature of cavity
QED [34-36], which typically addresses this kind of system, the presence of the quantum
vacuum of the EM field is actually detrimental, since it in general absorbs the excitations
that would charge the battery. However, we design a protocol that can actually leverage
on its presence, and presents better charging efficiency as the amount of vacuum increases.
As the nature of this lowest-lying energy state of the EM field is intrinsically quantum,
we compare our protocol with its classical counterpart which employs classical states of
the EM field as auxiliary states for the charging of the atomic battery. By doing this,
we show that our protocol indeed relies on the exploitation of the quantumness present
in the vacuum state, and therefore constitutes a truly quantum protocol for charging the

aforementioned battery.

In what follows, chapter two is dedicated to describe a natural follow-up of the previous
protocol, but now exploring the role of quantum correlations. In a detailed description,
we work with a collisional model where a sequence of similar three-level atoms interact
with the same two modes of the EM field. The classical mode, still working as a power
source, maximally charges the first atom in the chain, while leaving the quantum mode
in the cavity in a specific final state. This final state interacts with the second atom,
which evolves into a charged final state and thus updates the cavity’s state. After a
sequence of K such atoms, we investigate what is the final state of the quantum field,
and evaluate the battery properties that it exhibits. Among other things, we show that

there is an asymptotic capacity for the power charging of such hybrid system whenever
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the atomic batteries’ states are independent of each other. However, we also analyse the
scenario where quantum and classical correlations are present within the global state of
the chain, and show that, in this case, the asymptotic limit for the power charging is
lifted, which renders a much more efficient charging for both quantum batteries. Finally,
we also analyse whether the quantum nature of such correlations are indeed a resource
for the charging in this case, and conclude with a comparison between the cases of an
entangled global chain and a classically correlated one.

To top the results presented in this thesis, chapter three deals with a much more
recent approach to the charging of quantum batteries. Namely, we investigate the effects
of the environment in the evolution of a certain quantum system. Departing from a very
general theory to describe open quantum systems, we analyse the reduced dynamics of
the target system. Under this approach, the interaction between system and environment
leads to correlations of both sets of degrees of freedom, and such correlations build up
either weak or strong links between the states of both subsystems. Quantum decoherence
naturally spoils these links, and in the asymptotic time domain both systems become
fully uncorrelated. However, if one manages to read from the environment before the
quantum correlations fade, it is possible to loosely guide the system through a sequence
of probabilistic quantum jumps in its state. Therefore, choosing the appropriate set of
environmental measurements may be harnessed as a possible resource to enhance some
desired physical task and, in the final chapter, we address this topic by exploiting old and
well-known symmetry properties of the Markovian master equation.

After all, we present a brief chapter summarizing the conclusions of the thesis and also

introduce some of the follow-up research topics that eventually arise from our inquest.



Chapter 1

A simple model: QB inside a cavity

In this first chapter, we discuss an interesting model aimed at illustrating how one
may leverage quantum phenomena to charge a quantum battery. The usefulness of the
developed model, as we shall see, is that it meets straightforward applications in the field
of resonant cavities [37-40] in quantum optics. Prior to that discussion, though, we must
introduce in general grounds the basic notions behind the idea of using quantum systems
to store useful energy. We do that briefly in the first section, when we define the notions
of ergotropy [41,42] and charging power, two figures of merit which are ubiquitous in the
area of QBs. Then, in section two we pass straight to the discussion of the first results
presented in this thesis, namely, the developed charging scheme aimed at exploring truly
quantum phenomena for the charging of an atom when interacting with a mode of the

electromagnetic field.

1.1 Quantum batteries

In the classical world, batteries are gadgets which explore chemical reactions to release
a controlled amount of energy on demand. These can be disposable or rechargeable, de-
pending on whether it is possible or not to invert the flow of energy by using external
classical sources. Alternatively, its quantum counterpart stores the energy of photons

rather than electrons or ions, as most of the theoretical platforms for realizing quantum
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batteries are atomic. Additionally, a quantum battery may also rely on phenomena in-
trinsic to the microscopic realm, such as coherence or entanglement, in order to boost its
figures of merit.

We start by considering a d—dimensional quantum system described by some density
matrix po and subjected to a set of interactions with other classical (e.g., lasers or other
macro states of the electromagnetic field) or quantum systems (e.g, atoms or quantized
modes of the EM field). In general, this set of interactions performs some change py — p;
in the state of the system, and some questions naturally arise: is this transformation
raising or lowering the system’s internal energy? If it is raising, can we extract it and,
if so, how? Is there any kind of intervention we can do in order to reduce the amount
of time which is necessary to achieve a certain amount of internal energy gained? Or,
in other words, can we control the energetic power flowing into the system? These and
other questions have been raised and answered in the literature for different platforms in
an area that has been named as the quantum batteries research field. Most interestingly,
trying to address these questions in a scenario where truly quantum phenomena can be
harnessed to improve, for instance, the charging performance, is something that still holds
the attention of many researchers in the field. For a thorough and up-to-date review on
the topic, refer to Campaioli et al, 2024 [43].

In what follows, we briefly sketch the main goals for a protocol aimed at charging
(i.e., increasing the system’s internal energy), as well as discharging (retrieving the stored

amount of energy on demand).

1.1.1 Charging and discharging

In general, a QB may be charged under two different protocols: unitary or dissipative
charging [44], each one with its own subtleties and limitations. In the first case, the
system which serves as the energy storage coherently interacts with a secondary quantum

or classical system, which leads into a closed evolution for the combined battery + charger
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system. In this case, the charging protocol is stopped whenever some desired figure of
merit is achieved. Alternatively, the QB may also be subjected to an incoherent interaction
with some environment, generically treated as an unknown system, such that its open
quantum evolution now irreversibly changes its state. Again, the protocol is stopped
whenever some threshold for, e.g., the internal energy, is achieved. In most of the recent
developments of quantum batteries a combined coherent and incoherent [45,46] evolution
is engineered in order to explore richer physical phenomena in the charging process.

In the cases we shall be interested throughout this thesis, the most general evolution
for the QB’s quantum states will be Markovian and given by the celebrated Lindblad

master equation, which reads

N
W [ 0]+ Lapk! — (L L, (L)
i=1

where L; are Lindblad operators that act on the system as back actions of the environ-
mental degrees of freedom constantly measuring the state of the former. Furthermore,
H is the effective Hamiltonian leading the coherent part of the evolution, which is essen-
tially composed by the system’s free Hamiltonian H, (i.e., its energy operator when it
is isolated) as well as external drive contributions H, (in general, classical states of the
electromagnetic field).

For a certain state p4 to be considered as the fully charged state of a quantum battery,
one must be able to extract the stored energy in a controlled fashion, i.e., with determin-
istic knowledge regarding the total extraction time, which must be finite, and the total
extracted energy at the end of the thus named discharging process. It turns out that,
with such requirement, the system’s internal energy is not the most appropriate figure of
merit to characterize the battery’s energetic capacity any more.

Instead, Allahverdyan et al [47] have defined the concept of ergotropy as the maximum

amount of energy that can be extracted from a quantum system under a unitary operation,

1.€.
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7\ = 7\ AR
E (pA,H> = UgéaU}(cd) Tr (pAH> Tr (UpAU H) > 0. (1.2)

Notice that this is a real functional solely of the d—dimensional system’s density
matrix p4 and of its Hamiltonian H. Furthermore, U is the unitary transformation
which extracts the ergotropy, optimized over all possible elements of SU(d), provided
that Tr (p AH ) > Tr (U paU :4 ), which is reminded in the definition by the exclamation
mark (!).

The reasoning behind this definition is straightforward: consider, for example, the
family of states o5 = (1 —9)|g)(g| + J|e)(e|, defining possible states for a two-level system
with Hamiltonian H = wl|e)(e|. Their internal energy reads (H )g; = wd. It is possible to
show, as we will soon discuss, that the U which maximizes the unitary energy extraction in
this case is given by U = |g)(e|+|e){g|. By applying this U to o5 we achieve the population
swapped state Uo;UT = (1 — §)|e)(e| + 6]g){g| with internal energy <]:I>U05UT =w(l-19).
The ergotropy is, therefore, given by & (o, H ) = w(20 — 1), which is strictly positive only
for half of the family 6 > 1/2. This means that only the states o5 with § > 1/2 store
ergotropy, even though the whole family possesses non-null internal energy (except, in
this case, for 6 = 0).

The catch is that the states o5 for § < 1/2 can only lose energy through non-unitary
processes, such as spontaneous emission for instance, and since these kinds of processes are
stochastic instead of deterministic, one cannot control with certainty when this amount
of energy will be available. From this comes the need of defining ergotropy, rather than

internal energy, as the main figure of merit of a quantum battery.

1.1.2 Extraction unitary and passive states

Once the battery’s charged state p4 is achieved after the charging process, one’s task is
to find the best way to extract the stored ergotropy via a unitary transformation U. By

definition, U must be an operator which takes p4 to pp = UpaUT such that pp has zero
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ergotropy left to be extracted. We name p4 as the active battery state, while pp is the
passive state associated to pa. This realization leads to the conclusion that there is a
one-to-one correspondence between active and passive states, in the sense that, up to an
imaginary phase, there is a unique unitary U which fully extracts the stored ergotropy.
In what follows we shall quickly derive this unitary.

Let us start by assuming as Hamiltonian the operator H = 3 j €51€)(€;] with eigenval-
ues in increasing order, i.e., €;11 > €;. Also, we work with the spectrally decomposed form
of the active state’s density matrix pa = >, pi|p:) (ps|. According to definition (1.2), the
unitary U which furnishes the maximum extracted energy must be the one to minimize
the factor Tr <U paU tH > This means that once U is found, any variation 6U must not
alter the passive state’s internal energy, i.e., dE(p4) = Tr (5UpAUTfI + U,oA(FUTI:]) =0.
Once that 60U can always be parametrized as 60U = XU, for some anti-hermitian operator

X (XT=-X), we find

SE(pa) = Tr (X[UpAUT, ﬁf]) ~ 0. (1.3)

Since X is an arbitrary parameter, the only way to guarantee this extremity is if
pp = UpaU' and H commute, i.e., if the discharged density matrix can be diagonalized
in the energy eigenbasis. The most general unitary to perform a transformation from
pi) (pi] to [e)(e] is U =3, |e;)(psl-

It can be checked that this unitary does not alter the ordering of the eigenvalues of p4,
i.e., if, for instance p3 > py < ps in pa, then it is also true for pp. An optimal active state
pa = Y. pi|pi)(p;| must be such that its most energetic eigenstates (with mean energy
given by (p;| H |p;)) must possess the highest populations p;. On the other hand, since this
is not generally true, we must first reorder the eigenvalues and eigenvectors of p4 in order
to guarantee that the extraction unitary transfers the maximum amount of population
to the lowest lying energetic states. We therefore find that the optimal unitary to fully

extract the system’s ergotropy upon discharging is given by
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U= le)esl (14

dec

where pi“ are the eigenvalues of p4 ordered decreasingly p; > p;y1. Applying this unitary
to (1.2) we find the explicit expression for the ergotropy, in terms of the Hamiltonian and

the already ordered eigenbasis of p4:

& (pa i) =" piee (el H p) — i) (1.5)

By this simple reasoning we find éhat, despite its logical simplicity, the ergotropy is
highly dependent on the eigenbasis difference between the system’s density matrix and its
Hamiltonian. This, in turn, is explored by different protocols that focus on either changing
the system’s Hamiltonian or the active state (or both) in order to boost the ergotropy by

exploring, for instance, energetic coherences present in a certain dynamics. [48-51]

1.1.3 Extending on qubits: the role of purity

One of the simplest models for realizing a quantum battery is a two-level system (TLS).
In spite of its low dimensionality, TLS are very useful in a wide variety of practical
applications due to the small amount of control parameters and the facility to engineer
their interactions with external drives. Be it on spin chains, Rydberg atoms or other
physical systems, a qubit is the simplest model for a QB. In this subsection we explicitly
calculate, as a straightforward example, the ergotropy for this kind of system.

We consider a general state psy = dle)(e| + (1 — 9)|g)(g| + cle)(g| + c*|g)(e| subject
to the Hamiltonian H = g&z in which ¢, = —g < €y = g Once again, 6 < 1 is the
population of the |e) state, but now we also allow for the presence of energetic coherences
c. Naturally, the coherences are such that |¢| < 1/d(1 — 0), with the equality holding if
pA is a pure state.

In order to calculate the ergotropy, one must find the spectral decomposition of p4,

whose eigenvalues are given by
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1
piltec = 5 + Aa (16)

with A = \/ (6 — 2)% + |c[2. Furthermore, the cigenstates associated to these populations

are given by [pde) = a |e) + B4 |g) where

]
a4y = s (17)
V(pde = 0)% + [ef?
ei@ pdec -9
By = d(i ) (1.8)
V(P& = 0)2 + [cf?
Here, 6 = arg(c). With these results and equation (1.5), we have:
R dec| |2 dec(,dec __ ) 2
€ (pA’H) - ( dec = 26| 2y ](?ie_c (p_ 2 ) 2 )w’ (19)
(Pfc = 0)2 +[c[?) (P —6)* + |c?)
which can be simplified, after some algebraic manipulations, to
. 1
£ (pA,H> - (A+5— 5) w, (1.10)
with w the energy gap of the qubit.
Parallel to that, the active states purity can be calculated as
1 4A?
Py="Tr (pi) :pi—l—p% 254—77 (1.11)
while the internal energy is
. 1
Uyp="Tr (pAH> = <5—§> w. (1.12)

These two expressions allow us to write the final form for the qubit’s ergotropy as

¢ (pA, g) _ {_VQP—l

9 } w~+ Uy, (1.13)
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which makes clear that there are two main contributions for an arbitrary qubit quantum
battery’s ergotropy.

Firstly, the purity of the active state plays an essential role in raising its stored er-
gotropy, which is evident by the form of the first bracketed term. This factor is lower
bounded by 0 for a maximally mixed state, and upper bounded by w/2 for a pure state.
Since this maximum is only achieved for pure states, it is always desirable to seek charging
protocols that purify the battery’s final state. However, the second factor also plays a
role in determining the system’s stored ergotropy, since the internal energy of a qubit is

not a positive definite quantity with the given Hamiltonian.

1.0

1.0

0.91 0.8

0.8 1 0.6

Purity
Ergotropy

0.7 0.4

0.6 0.2

0.5 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

6

Figure 1.1: The role of purity for a qubit QB’s ergotropy. Even for small purity states,
we meet non-zero values of ergotropy in the § < 1/2 region, which is a forbidden zone for

maximally mixed states.

This interplay between internal energy and purity for a qubit’s ergotropy can be graph-
ically seen on Figure 1.1. Here, we plot £/w as a function of the excited population § and
the active state’s purity. We see that, even for small purity we have non-zero ergotropy
in the region 6 < 1/2, which therefore establishes the purity present in the QB’s state as

useful resource in the extraction process.
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1.2 EM field as a charger
(Phys. Rev. A 107, 032203)

After a brief introduction to the basic concepts which shall be used in the rest of this
thesis, we now proceed to discuss the first contribution achieved for the field of quantum
batteries. In this section, we carry a detailed discussion on how the interaction between
an atomic system (the quantum battery) and a mode of the electromagnetic field in a

cavity (the charger) can be harnessed in order to boost the charging performance of the

QB.

1.2.1 The model

We start by considering the interaction of a three-level system (qutrit) with a mode of
the electromagnetic field inside a cavity. As we shall see, under some specific conditions
related to the couplings involved, the most energetic level of the qutrit can be adiabatically
eliminated from the dynamics and we are left with an effective two-dimensional system,
which is going to be the qubit used as a QB. We analyse the two cases where the charger
is either in a classic or a quantum state of the EM field, and show that the quantum
version presents true advantages due to the presence of the quantum vacuum.

Figure 1.2 shows the whole interaction scheme: a classical mode wy, of the EM field,
which acts as a power source, off-resonantly couples the |g) <+ |m) transition with coupling
Q1; parallel to that, another quantum (classical) mode w, couples, also off-resonantly, the
le) <> |m) transition with coupling constant g (Qg).

The Hamiltonian for this system is given either by

Ha= 3 wili) (il +Q (Ggme ™ & Gmge ™) + Qn (Geme™" + Gmee™ "), (1.14)

J=g,e,m

or
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le)

—— | )

Figure 1.2: Energy levels scheme between a classical power source (left) and a quantum
or classical mode of the EM field (right). The classical mode Qg is considered solely as

a benchmark to which we compare how advantageous the quantumness of the vacuum of
the EM field is.

ﬁqu = Z w]’]><]‘ + wq&T& + QL (&gmeith + a—mge_ith) + g (&ede + &me&) ) (115)

j=g,e;m
where 6;; = |i)(j| and a,a' are the usual ladder operators for the qutrit and EM field,
respectively. Here, H,, describes the ordinary Raman coupling between the qutrit and
two classical modes of frequencies wy, and w,, and ﬁqu represents the coupling between
the qutrit with both a classical and a quantum mode of the electromagnetic field. In what
follows, we use the former system as a benchmark, while the latter is analysed and used
in our protocol to discuss the advantages arising from the quantization of the EM mode
Wq-

Moving to the interaction picture, I—:Tqu changes to the interaction Hamiltonian given

by

ﬁint =Q (6mgemt + &gme—mt) +g (5me&€mt + &edee_iAt) _ (1.16)

Naturaly A = wpg — Wi, = We — Wy, With w;; = w; — w;. Since both transitions



1.2. EM FIELD AS A CHARGER 15

lg) <> |m) and |e) <> |m) are dipole coupled, direct population transfer between levels |g)
and |e) is forbidden by selection rules. However, if the couplings 27, g are weak enough
or, conversely, if the detuning A is wide enough, then (1.16) describes a fast oscillating
dynamics for which the net effect is to transfer population from |g) to |e) through |m),
i.e., level |m) only serves as an ancilla to virtually transfer excitations in the |g) <> |e)
subspace. This can be seen by taking the time average of (1.16), following the main result
of reference [52]. In the regime where A > Qy, g, the time-averaged, effective Hamiltonian

18

- 02 2a%a 0 02 2
Hepp = —KL% _ 2 Z e — gAL (6egt! + Ggett) + (KL + gz(a’ra + 1)) G- (1.17)

Indeed, as we see in the last term of (1.17), in this regime the evolution for the
population of |m) decouples from the |g) , |e) levels and we have p,,(t) = 0, meaning that if

initially level |m) has no population, it remains unpopulated on average. Moreover, we find
0 —g°ny
A

depends on the number n; of excitations present in the cavity field. To simplify our

that the effective energy difference between the two levels of the qubit hw., = h

analysis, we add a small correction to the energy of level |g) by means of a d.c. Stark shift

02 — g>N,

L — 9o
A

our quantum battery two-level system + charger is

AéVO = , with Ny a natural number, such that the final Hamiltonian describing

~ _ g2N0 A deT& A gQL

R R N (6ge + Gegal) . (1.18)

This effective coupling between levels |g) and |e) is in an anti-Jaynes-Cummings con-
figuration, in which the system atom+field absorb or emit two excitations collectively.
This Hamiltonian is block-diagonal in the subspaces {|e,0) , {|g,n), |e,n + 1)}}, for n > 0.
Naturally, |e, 0) is an eigenstate of f[Q p with vanishing eigenvalue, which can be promptly

checked from (1.18). The other eigenstates are given by
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o Gn‘g7n> _Ei‘€7n+1>

Q | A2
with G,, = %\/n—l— 1, Q, = T” + G2 the Rabi frequency of the n—doublet, and

2 A
A, = gz(n—i- 1— Np). Also, the eigenenergies are given by F = 7" +,,. This is enough

to find the evolution operator U(t,0) for the whole system, which furnishes

|+, n) (1.19)

U(t,0)|g,n) = e™i"8* [(cos(Qnt) + ;é” sin(Qnt)> lg,n) + Zg" Sin(Qut) Je, n + 1>] ,
(1.20)
_itne [1Gy, iA, .
U(t,0)le,n+1) =e "2 o sin(Qnt) |g,n) + | cos(2,t) — 50 sin(Q,t) ) le,n+ 1) | .
(1.21)

1.2.2 Selectivity and figures of merit

We are interested in the case where no energetic coherence is present either on the battery’s

or the charger’s initial state, i.e., it is of the form

p(0)= > nli)(il @ paln)(nl. (1.22)

i=g,e,m

As it can be straightforwardly checked, from this initial state no energetic coherence
is created on either systems. The evolution for the n—doublet {|g,n),|e,n 4+ 1)} is given

by

2 |
(g, TLl p(t) |g, n> =TgPn — W(rgpn - 7"epn—&-1> Slnz(Qnt>7 (1'23)

n

2
n

(e,n+1|p(t)|e,n+ 1) = reppi1 + ﬁ(rgpn — TePny1) Sin?(Qut). (1.24)

n

In order to analyse this dynamics, we rewrite the G2 /Q? factor as
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L= Y
with r = ¢/, the selectivity ratio. Whenever g > Qp (r > 1) this factor is vanishingly
small for all n except n = Ny — 1 and, therefore, all the doublets with n # Ny — 1 are
decoupled from the dynamics and do not evolve in time. Therefore, the regime r > 1
is named the selective regime, since for this case only the states {|g, No — 1), e, No)}
evolve in time. Naturally, we pick which doublet is effectively coupled to the dynamics
by changing the value of Ny in the d.c. shift applied to the atom. Alternatively, the
r < 1 is called the non-selective regime, where all the doublets evolve with different Rabi
frequencies.

By taking the partial trace over the charger’s degrees of freedom, we find the evolution

of the battery’s energy levels as

pas(t) = pes(0) + S(t) (le)(el = [9)(g]) , (1.26)

with the function S(¢) given by

o o0 2

S(t) = Z Sy = Z Q—g(rgpn — TePni1) sin?(Qut). (1.27)

n=0 n=0 "

Furthermore, the variation of internal energy and the ergotropy of the system are given

respectively by

AUL(t) = huwegS(1), (1.28)

EQp(t) = hweg[re — g +2S(t)], (1.29)

where the last equality holds for times ¢ which furnish positive values for the ergotropy.
As previously said, we use the model given by Hamiltonian (1.14) as benchmark. This

consists of two classical modes of the electromagnetic field coupled in a Raman setting
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to the qutrit. After adiabatic elimination under the same conditions of the quantum
protocol, we find that the best case scenario for this benchmark occurs whenever there is
a total population swap between the ground and excited levels, in which case the variation

in internal energy of the battery is

AUGp = hweg(ry — 1e). (1.30)

Since the classical charging scheme is unitary, the purity present in the initial state
of the battery does not change, and therefore this variation in the internal energy also
corresponds to the ergotropy SSB gained in the battery by the fully classical protocol.
Therefore, by means of equations (1.28), (1.29) and (1.30), we find that exploiting the
quantumness of the electromagnetic field is only advantageous whenever 55 B — 33 =
2(AUggB — AUgB) > 0, i.e., we may use the variation in the internal energy as a figure of
merit since it is directly related to the gains in ergotropy. For this, we define the relative

energetic gain K, as

AU, — AU,
’ AUZy

(1.31)

1.2.3 Vacuum enhanced charging

First of all, there are two immediate limits which can be used to tackle the designed
charging protocol. The first relates to taking the initial state of the electromagnetic field
as a coherent state with large average number of photons m. In this scenario, the initial
populations of the field are given by a Poisson distribution which is commonly called a
semi-classical distribution for the EM field. In this case, the protocol inverts the atomic
population and K, — 0 as the quantum protocol retrieves the classical results in the
n > 1 limit.

Alternatively, a second regime of operation is the zero-temperature regime (7" = 0). In

this case we have r, = py = 1, and it is straightforward to evaluate that (1.27) is maximal
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at a m—flip Qot = 7/2, in which case the field is also performing a population inversion
of the atomic levels and K, = 0.

The most interesting scenario arises in the more realistic case of both battery and
charger initially in thermal equilibrium with a finite temperature reservoir (7" > 0). In

this case, the Gibbs distributions for the battery and charger are, respectively

i (1.32)

Ty = ) :

ZQB
e—ﬁﬁqu
. | 1.33
P 7 (1.33)
1

with i = g,e,m, Zop = e PMe 4 e=Bhws 4 e=Bhwm and 7, = Fp—Tt Here, 8 = kBLT is

the inverse initial temperature of the joint initial state.

The optimal charging protocol hinges on the limit » > 1 (i.e., the selective regime). In
this regime, we initially set the detuning parameter Ny = 1, in which case the only doublet
which is resonant is the {|g,0),|e, 1)}, while any other n > 1 is detuned by a quantity
A,, much larger than the coupling constant G,,. In this case §2 approximately equals the
Kronecker’s delta 6,0, and the function S(¢) simplifies to S(t) = (r4po — rep1) sin?(Qt),
which is maximal at a time 7y such that Q7 = 7/2. The total system’s state is given at

this time by

p<Tl> =7"ep0’€,0><€>0\ + rgp0’671><€71| + T€p1|g,0><g,0\

+ ryp1lg, 1)(g, 1| + (pat(()) ® an’m (n[) _ (1.34)

n>1

Now, a new detuning Ny = 2 is selected, transferring population in the doublet |g, 1) —
le,2) and leaving the remaining probabilities untouched. Repeating the mechanism for
No = j+1( = 1,2,...), and adjusting the interaction time 7y, at each detuning,
the battery state evolves to p (Z] Tj+1) = [re(1 — po)llg){g] + (ry + repo)le)(e], with

AUg2 p = AU§p + hwegrepo, i.¢., the protocol with the quantized electromagnetic field is
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always advantageous. Note that, in the limit hiw, > kT, we have py — 1 and the battery
achieves full charge regardless of its initial state. This is a purely quantum effect due to

the vacuum of the electromagnetic field.

e, 2) le, k)

+.u &0

AL

Se——o-+|g)
.1y 19k

l9, 0)

O
N=1 N=2 |- N=k
=] —

Figure 1.3: General scheme of multi-shot charging by sequential changing of the detuning.
This protocol completely charges the qubit used as battery by exploiting the presence of
the quantum vacuum of the charger. It shows a real quantum advantage in the charging
process of an atomic battery.

Figure 1.3 shows the described charging scheme as a sequence of detuning adjustments
on the value of Ny. In the low-temperature regime for the charger, most of the energy
input in the battery comes from the lowest lying values of detuning, since the most of
the population of the charger states are accumulated in the neighbourhood of the vacuum
level.

Despite its effectiveness in completely charging the battery, i.e., leaving the atomic
state at the |e) eigenstate, this protocol is somewhat cumbersome to be practically imple-
mented. Firstly, each detuning Ny = j+1 must be applied during a doublet-charging time
Tit1 = ﬁ’ with Q; = g%\/m the Rabi frequency of the doublet being pumped. For
instance, if we have A = 27-MHz, g = A/20 and Q7 = A/600 (such that r* = 900 > 1),
we find ;41 = \/%ﬁ 1073 s. For most of physical applications, this is longer than the de-

coherence time of the atom [53]. Therefore, we ought to investigate the effects on charging
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where only a single detuning is considered. In addition to that, it is also relevant to quan-
tify the charging scheme under environmental dissipation conditions. In what follows, we

do these two investigations and analyse the relative energetic gain figure of merit.

1.2.4 Single-shot scenario

In order to faithfully compare our proposed charging protocol with the classical Raman
charging by two classical fields, we must keep the total charging time under similar cir-
cumstances. In the classical protocol, the effective Rabi frequency of oscillation due to

~ 2 2
the Q; and Qg classical fields coupled is 2 = %QLXQR and the total m—flip occurs at a

time 74 = ;5. This is commensurate with a single detuning Ny = 1.

Under this restriction, we may wonder if the selective regime is indeed the most ef-
fective for charging. It turns out that it is not, which can be seen on Fig. 1.4. This is
physically attributed to the fact that, under a fixed evolution time, letting all doublets
evolve in parallel retrieves more energy than letting a single one. In this subsection, we
collect these results and compare both regimes of operation for single-shot scenarios.

Kq
60; ________________

50 - .o

401 % )
r - - - - Non Selective

30 )
[ —— Selective
20}

10}

: : : : T
05 1.0 15 2.0

Figure 1.4: For low enough temperatures, only the lowest lying energy levels of the quan-
tum field are populated. In this regime, both selective and non-selective regimes achieve
similar gains. On the other hand, as the temperature increases it is the non-selective
regime that achieves the best performance in the single-shot charging protocol. In the
figure, the quantum-to-classical relative energy gain is plotted as a function of the dimen-

sionless temperature T = kpT'/hwp,.
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For the selective regime, the best adjustment is Ny = 1, corresponding to state (1.34)

for which AUC%B = hweg(rgpo — Tep1), achieved at a time 7 = 30;- In this case, a

simple calculation shows that K, oc AUgp — AUGp = hweg [re(1 —p1) — 14(1 — po)] is

only positive, and the quantum version advantageous, whenever :—g > tj’;‘l). Interestingly,
there is an intermediate range of temperatures for which this condition is always satisfied:
when kpT < hw,, hw,, (but still commensurate with Aw,,) the field is predominantly in
the two lowest lying levels (i.e., p, =~ 0 for n > 1) and the atom’s population is distributed
only through the |g),|e) levels (i.e., 1, = 0).

In this case we have 1 — p; =~ py and 1 — r. = 1,4, and the condition for the positivity
of K, translates to % ~ ePMwes€=1) > 1 where € = 5—‘19 Naturally, K, is only positive
if £ > 1, i.e., whenever the atomic gap is smaller than the energy of the photon of the
charger. In principle, the larger the value of £, the more accentuated the enhancement
due to the vacuum of the quantum field. Moreover, in this regime, H, ¢ approximately
implements a swap between the states of the atom and the quantum field, leaving the
battery in the state pop(T) = PoGee + P10gg + TmGpmm, Whereas the m—flip carried by the
classical protocol generates pop(T) = 7y0ce + Te0gg + TmOmm. These results, transparent
in the selective regime of operation, shows that as long as the thermal probability of the
ground state of the quantum field is larger than that of the ground state of the atom,
the quantum protocol will present gain over the classical benchmark protocol. This is

a purely quantum effect due to the quantum vacuum of the electromagnetic field, still

present in the single-shot scenario.

However, as previously commented, r > 1 is not the optimal regime. A quick inspec-
tion of S(t) in equation (1.27) shows that it is the opposite regime r < 1 that optimizes
the energy transfer to the atom. In this case, there will be an almost resonant transfer-
ence of population in all the doublets. The first term S;(¢) already corresponds to the
gain analysed in the selective regime, which is now augmented by the contributions of the

remaining terms: since p, is always larger than p,,, for a Gibbs state, each doublet will



1.2. EM FIELD AS A CHARGER 23

contribute positively to enhance the effect of the quantized field on the charging of the
battery.

Because each doublet oscillates at a different Rabi frequency, it is impossible to choose
a time interval 7, that simultaneously maximizes the energy transfer in all of the dou-
blets and the optimal interaction time, which naturally depends on the temperature T'
defining the initial states, has to be numerically extracted by maximizing S(¢). Because
higher excited states oscillate faster, the optimal 7, gets shorter for higher temperatures.
Nevertheless, as expected, the relative gain K, induced by the quantized field increases

with 7.

1.2.5 Purification in the single-shot scenario

As the general result for qubits suggest, achieving higher levels of state purification in the
our protocol is desirable for enhancing its stored ergotropy. In this subsection we present

some results related to the evolution of the QB’s purity. This is defined as

P(t) = Tr (php(t)) = P(0) +25(t) (S(t) +r. — 1), (1.35)
where P(0) = 7“;]2 + r% is the initial state’s purity and r; = i s the population of

level i = g,e rescaled by the population of level |m). Notice that, since the adiabatic
elimination condition ensures that the population of level |m) is unchanged, higher tem-
peratures reduce the amount of useful population for the QB and therefore its maximum

purity. These results can be checked for three different temperatures in Fig. 1.5.

1.2.6 Charging efficiency

Another figure of merit which is important in the characterization of the charging process
of a quantum battery is the charging efficiency. Because the classical power source wy,
is injecting energy in the coupled battery+field system, it is important to characterize

how much of that energy is indeed going into the battery and how much is leaking to the
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Figure 1.5: For low but non-vanishing temperature, the purity of the effective two-level
system used as quantum battery is shown to achieve unit in the non-selective regime of
this charging protocol. The time of maximum purity coincide with the optimization time
for better storage of ergotropy in the battery. Here, {2y is the effective Rabi frequency of
the lowest energy doublet.

charger. To define that, we recall the main demand of a quantum battery which is to have
its energy extracted on demand. This means that the total amount of energy absorbed
by the battery which should be considered, in this case, is the ergotropy 55 g itself, as

given by equation (1.29).

65 = 20U, — AUS . (1.36)

On the other hand, the total injected energy can be computed by a simple analysis of

the conservation of energy in the global system:

Wi = AUS, + AU, (1.37)
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where AUY, is the variation of internal energy of the quantum EM field used as charger.
This can be computed at any arbitrary time of evolution directly from the traced state

of the charger field, which is given by

pen(t) = pen(0) + > Su(t) (In + 1)(n + 1| — [n)(n]). (1.38)
This furnishes
AUL,(t) = Tr (gl [pen(t) — pen (0)]) = Fioy S(2), (1.39)

in a similar expression as for the battery’s energy variation (1.28). Gathering these results

we find that the total energy injected by the classical power source is

WL(t) = (hweg + hwg) S(1). (1.40)

At the numerically found time 7, which optimizes the energy input into the battery,

we can therefore write

Wy + We
Wi(r,) = —qw gAUgQB(Tq), (1.41)
eg

and the charging efficiency 7 is defined as

)= E4p(Ty) _ < Weg ) 2AU4p — AUgGp (1.42)
W) Wq + Weg AUGp ' '

This expression can be rewritten in terms of the classical-to-quantum relative energy

gain K, and the parameter { = w,/w., as

= () (i) e

where ¢ > 1 is intended in order to achieve the desired quantum advantage over the fully

classical protocol. Notice that, as previously discussed, the enhancement in K, due to the
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vacuum of the quantum field gets larger as £ increases. This reasoning, together with the
expression (1.43) for the charging efficiency leads to the conclusion that the maximum
energy gains are achieved at lower efficiencies. Indeed, it can be straightforwardly checked

that, for a fixed value £ > 1 we have K, > 1 and the maximum efficiency achievable is

(1.44)

nmaz ~

a3\

This can also be contemplated in figure 1.6, where it becomes clear that there is always

an ideal value of £ if one wishes to achieve the highest energetic gain at the best efficiency

possible.
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Figure 1.6: Relative gain K, and efficiency 7 as functions of the parameter § = w, [Weg
for different values of the dimensionless temperature 7' = kgT'/hw,,. In here, T'~ 0.1 for

the solid lines and = 0.4 for the dashed lines. Furthermore, we set % =1 MHz, g =

and ) = QA—O.
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1.2.7 Dissipation

So far, all charging regimes were considered in the iso-entropic approximation, where
the full dynamics is unitary and no dissipation due to contact with the environment
occurs. However, neither the atom nor the quantized field are ever fully isolated from
their environment and there will always be heat exchanged with the external reservoir.
It is natural to wonder whether the advantage of this protocol still holds under looser
assumptions, as well as what its limitations are.

From the atomic perspective, if both |g) — |m) and |e) — |m) transitions are dipole
coupled, levels |¢g) and |e) must be of the same parity and, therefore, cannot be dipole
coupled themselves. That means that the time scale for direct energy exchange between
them is usually much slower than any other time scale of the problem and, in general,
the corresponding heat channel can be ignored. Considering the standard Markovian
approximation to thermal reservoirs, the overall dynamics of the system is, then, governed

by a master equation of the form

A

p(t) = —i[Hqu,p] + D[p], (145)

where H,, is the full Hamiltonian given by (1.15) and D[p] = >l (f/upij — %{iLiw p})
is the dissipator superoperator. Here, we have u = gm, mg, em, me, +, — ranging over all
the heat channels coupled to a heat reservoir. The rates of the non-unitary parts are
given by I'j,, = 70;(7; + 1), Ty = 70,75, [~ = Y4(7g + 1), and I'y = vo,7,. Here, the
7o’s indicate the spontaneous decay rates and n’s the average number of photons of the
thermal reservoir at frequencies w,,; and w,. The respective jump operators are I:jk = 0ji,
L_=aand j}+ =al.

The couplings to the thermal reservoirs establish at least four typical regimes to the
problem, depending on their strength. The first one has already been addressed and

corresponds to the situation when ~y’s are much smaller than the effective coupling WTL



28 CHAPTER 1. A SIMPLE MODEL: QB INSIDE A CAVITY

9 L [gm

Y

—— | )

Figure 1.7: The presence of dissipation in the model alters the whole dynamics by in-
cluding dissipative rates that couple the atomic transitions to the spectra of a thermal
reservoir with a fixed temperature. Likewise, the quantum field used as charger is also
coupled to a thermal reservoir at the same temperature, with dissipation rates I', and
['_ defined in the text.

and the thermal energy kg7 is small compared to the energy gaps of the qutrit Fj;, = Awjp.
In this case, we can approximate the dynamics by the unitary evolution considered in the
previous subsections. We saw in the iso-entropic case that the higher the temperature,
the more advantageous the quantum protocol is. This may not hold true when we take
into consideration the heat exchanged with the reservoir. As the spontaneous decay rates
increase, a combination of effects begin to affect the charging of the battery and may even
create optimal temperatures for operation of the protocol. For example, larger values of
7o induce decoherence on the quantum field, spoiling the interference that is essential to
build up the Rabi flips. It also accelerates the growth of the heat exchange rates I'’s with
the temperature.

Differently from the unitary global evolution, the protocol considering dissipation does
not have an exact analytic solution. Therefore, we numerically solve the full dynamics

(1.45) with no approximations, and compute the relative energetic gain as a function of
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the dimensionless temperature 7, which remains a good energetic scale for the system.

kgT

o for

In figure 1.8 we present K, as a function of the dimensionless temperature T =
different values of vy. This scale of temperature is relevant to the problem because it
regulates the population of level |m). Although each reservoir has its own spontaneous
decay rate, they all produce similar effects on both K, and 7, therefore we have considered
a single v for all of them. The result was obtained by solving the full dynamics of the
open quantum system, i.e., the master equation (1.45) with the complete Hamiltonian,

and choosing the best 7, for each temperature. In these plots, £= = 102 Hz, A = 27

MHz = 600g = 209, £ = 99, r = 1/30.

0.0 05 10 15 2.0
T
Figure 1.8: Relative gain as a function of the dimensionless temperature 7' for different

values of spontaneous decay rates v and for £ = 99, % =1 MHz, g = %, Qp = 2%. The

solid curve is obtained from the global unitary evolution with fIQB. The dotted curves
are numerical solutions of the open system dynamics with full Hamiltonian.

As previously discussed, for 7y < QQTL we reach the unitary regime calculated with
Hamiltonian (1.18) (solid curve), except for very high temperature (T ~ 2) when the
population of level |m) becomes too significant and start to affect the protocol as a
whole. As we increase g, effects such as decoherence of the quantum field and the
augmented relaxation rates I', begin to limit the quantum advantage. These effects

become particularly relevant when the I's rates approach the effective battery-charger
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Figure 1.9: Efficiency as a function of the dimensionless temperature T for different
values of spontaneous decay rates 7y (same parameters). The dotted curves are numerical
solutions of the open system dynamics with full Hamiltonian.

coupling g€, /A. Note, however, that even for such values of dissipation the quantum
protocol can still produce gains 30 times larger than its classical counterpart for £ = 99.
Finally, a fourth effect takes place for higher values of 79 and at much higher temperatures:
when I'’s become of the order of A the heat exchange eventually brings the transition back
into resonance, in which case level |m) cannot be adiabatically eliminated any more and
the charging scheme breaks down.

In figure 1.9 we repeat the numerical calculations of the open system dynamics (same
parameters), this time for the efficiency. Again, we see that very low v’s are consistent
with the iso-entropic hypothesis, whereas higher values of the spontaneous decay rates

severely affect the efficiency, specially for higher values of T. Note that for some param-

eters, the plotted efficiency is corrected to n = WLiZéQem to adjust for the fact that the

le) — |m) reservoir may also inject energy in the system in the form of heat Q... The

correction takes place whenever we obtain @), > 0.
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1.3 Overview

Despite its simplicity, the selective regime of operation derived in the previous section
was shown to be completely effective in fully charging the battery whenever one is able to
experimentally perform the necessary sequence of detunings. Even though such full charge
is only achieved in the asymptotic limit, which most of the times is not straightforward
for implementation, it can be checked that just a few detuning steps is already enough to

have a good amount of ergotropy stored in the atomic battery.

Moreover, when time of operation is a valuable resource (as it is in most of the cases),
we have also seen that the single-shot scenario of operation is also effective in providing
ergotropy to the quantum battery, even though, in this case, it is the non-selective regime
which is most efficient. We have analysed all possible scenarios, both selective and non-
selective regimes, for a wide range of parameters in order to fully characterize these results.
More than that, we have also explored the grounds where dissipation plays its role in both
the battery and charger, by analysing our protocol under the Markovian approximation
for the interaction between the relevant systems and a thermal bath playing the role of

environment.

In order to complete our analysis, we turn back to the iso-entropic protocol. More
specifically, we retrieve our result that the relative energetic gain K, gets bigger as the
charger/battery gap ratio ¢ increases. It means that, for a fixed atomic gap we,, the
charger’s gap size w, has a direct influence on how much energy is injected from the
power source into the battery. Conversely, larger ¢ also means that the efficiency of
charging drops, which leads to the conclusion that although a large amount of energy is
going into the battery as ergotropy, an even larger amount is going into the quantum field.
Notice that, so far, we have considered the quantum field solely as an autonomous charger
which exploits, through the selective interaction, the presence of its vacuum in order to

boost the battery charging. However, our derived results for K, and n have provided the
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interpretation that the quantum field itself benefits even better from our protocol. It is
left for investigation, then, what is the role played by the cavity field in this setup, and
if it is possible to explore the atom+field interaction in order to achieve additional gains
for the latter.

As a final remark, we call the attention for the fact that in a general protocol where an
atom interacts with a quantum field, the presence of the vacuum tends to create deleterious
effects as far as charging the atom is regarded. The reason for that is notorious and easy
to understand: the no-photon state in general acts as a sink of excitations, which is
unhelpful if one wishes to provide the atomic quantum battery with energy. The fact
that this protocol indeed thrives on the presence of the vacuum shows the real quantum

advantage of employing it for charging a quantum battery.



Chapter 2

Collectively charging quantum
batteries

At the end of the previous chapter we have discussed how an anti-Jaynes-Cummings
configuration can be harnessed to fully charge an atomic quantum battery. Parallel to
that, we concluded that for a single-shot scenario the non-selective regime of operation
is the one responsible for achieving the better charge possible. Surprisingly, the ener-
getic gain (relative to the fully classical protocol) could be enhanced by increasing the
charger/battery gap ratio, but to the expense of lowering the charging efficiency. As we
concluded, this meant that even though the atomic battery was being better charged,
most of the power coming from the classical source was actually being transferred to the
charger. In this chapter, we investigate if the quantum electromagnetic field can also be
thought of as a battery which is mutually charged with the atom, and what the effects of
extra quantum resources in this protocol are. More specifically, we tackle on eventual cor-
relations that can be previously present in a chain of atomic batteries which sequentially

interact with the quantum field.

2.1 Hybrid quantum batteries
(Phys. Rev. A 108, 052218)

On a novel approach, following the main results found previously, we consider the

33
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Figure 2.1: A hybrid battery formed by a moving (atoms) and standing still (quantum
field) components is powered by classical light. The k — th atom’s flying time in the
cavity is designed to last the necessary amount of time A7, such that both batteries are
maximally charged in the non-selective regime.

whole system atom + field as a hybrid quantum battery, i.e., a global system composed
of separate degrees of freedom which are mutually charged by a classical power source.
More specifically, we will consider an assembling line of atomic batteries sequentially
colliding with a single-mode quantum field inside a cavity. The flying time is individually
adjusted in order to optimize the energetic charge of both the atom and quantum field
QBs, which are engineered to work on the non-selective regime. We choose so since, as
we saw in the previous chapter, this is the regime which mostly transfers energy for a
single-shot, time-limited, injection of energy. The basic setup of our toy model is shown
in Fig. 2.1.

Each collision is described by an anti-Jaynes-Cummings interaction given by the ef-

fective Hamiltonian

2 244
A g°N | g-a'a 9Qr
He.pp= TN O T T Oee ™ TR (agea + aegaT) . (2.1)

Again, g (€2;) is the coupling to the quantum (classical) field w, (wr), A is the off-
resonance detuning A = wy,g — Wy, = Wme — Wy, and level |m) is adiabatically eliminated
from the dynamics in each atom. Furthermore, N is a positive natural number applied
by a d.c. Stark shift correction to the energy of level |g).

As the evolution of each atom has already been discussed in the previous chapter, we

now focus on the progress of charging the whole chain and the quantum field. In our
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collisional model of non-interacting atoms, the individual state of each atom in the chain,
before the interaction with the field, is thermal, and we compare three different scenarios
for the global state of the atomic chain: a) it is uncorrelated; b) it presents classical
correlation; and ¢) it is an entangled state. In every case, each atom of the chain evolves
unitarily with the quantum field under the effective Hamiltonian ]:Ief ¢ for a time Ay,
where k represents the interaction with the k& atom of the chain. Our goal is, naturally,
to characterize the presence of classical and quantum correlations in the global state of

the chain as possible resources to enhance the charging performance.

2.2 Uncorrelated atomic chain

In the first scenario, we design the assembling line with A atoms such that its global state

is given by

chain 1 2 K
paltlom (TO) = pgtz)m ® /Ot(ztz)m Q& pgto)ma (22)

where each atom’s individual state, as well as the quantum field’s initial state, is given
by a Gibbs distribution

e—ﬁj/kBT

pi= (2.3)

where Z = Tre~H/ksT (j = atom, field), Hgtom = 37 wili)(i] and HJ*" = w,afa.

i=g,e,m
At each collision, a single atom of the assembling line interacts with the E.M. field
for a finite time interval A7, = 7, — 7,_1, and energy is injected in both systems by the

external power source. After the k —th interaction, the energies gained by the interacting

atom and by the E.M. field are respectively given by

AUP™ = hweyS(11), (2.4)
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AU = hw, S (m), (2.5)
where U] = Tr (p,if]é) and
S(m) = Z o [pfpn(ml) — PE P (Tm1)] sin® (Q, A7) . (2.6)
n=0
Here 62 = ! 0, = %% 20 T Ny 1 is the Rabi f
ere o, = | PN N Z(n+1—=N)?+n+1 is the Rabi frequency

4(n+1)
of oscillation for the doublet {|g,n),[e,n+ 1)}, with r = - the selectivity parameter,

Pn(7k) is the field’s population after the k™ collision, and pl = e /Zy 5, pl =
e~ Bhwe /Zatom are the atomic’s initial population which are thermal by construction. In
the non-selective limit » < 1 the dynamics is given by a standard anti-J.C. interaction,
where all the doublets take part in the unitary evolution and the exact value of N becomes
irrelevant for the dynamics since both 62 and the Rabi frequency €2, in each doublet
become independent of V.

The time interval for each collision A7y is chosen in such a way that the energy gained
after each interaction is maximized, i.e., the function S(7;) reaches its maximum value in
each collision. This maximization must be performed numerically, since all the doublets
take part in the dynamics in the desired regime of operation. Furthermore, A7 changes
as the E.M. mode charges and higher n doublets become more relevant. Finally note that,
since charging only occurs during the interaction with each individual atom, maximizing
the total charging of the batteries or the power efficiency of the protocol is equivalent.

Naturally, as the k' interaction occurs, the quantum field’s state changes depending
on its previous state after interaction with the (k— 1) atom. We are then led to question
whether this converges to some asymptotic state. Even more interestingly, in the quantum
battery’s perspective, is to ask: is there any convergence regarding the internal energy of
the quantum field battery?

It turns out that, for an assembling atomic line initially on state (2.2), the answer is
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yes. In Fig. 2.2 we display the field’s internal energy variation AU/ = U ,fflld — yjied

per collision for different values of the initial state’s temperature. In here, both quantities

are rescaled by hw,,, the highest energy value of the whole system.

- T=01
—— T=0.01

~<

Figure 2.2: Plot of the E.M. energy gained per collision for two different temperatures.
Here U = U/hw,, and T' = kgT/hw,, are the dimensionless energy variation and temper-

ature. The parameters used for this plot are w, = 0.99w,,, /g = 30, A/2r = 1 MHz,
g =A/600 and w,,/27 = 10'? Hz.

As we see in Egs. (2.4) and (2.5), this behaviour is similar for both atom chain
and field. Notice that the protocol works better for lower temperatures, i.e., the energy
gain increases when the temperature decreases. This can be physically explained by the
fact that for lower temperatures the excitations are predominantly distributed over the

lowest lying energy levels and, therefore, population inversion in each collision is larger,

which renders more accumulated energy gain. We also see that the energy gain per

collision converges to a finite asymptotic value greater than zero. This can be understood
by verifying that the charging process for the stationary battery slowly drags it into an
asymptotic distribution. The high degree of disorder of the initial state of the uncorrelated

chain is responsible for raising the populations of different levels of the E.M. field’s state
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at each collision. More than that, the fact that every collision is similar and independent

ends up generating a Poisson distribution in the E.M. field as can be checked in Fig. 2.3.
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Figure 2.3: Initial (a), intermediate (b) and asymptotic (c) states for the quantum field
after k collisions. These plots are performed for the dimensionless temperature 7' = 0.01
for the case of uncorrelated atomic chain.

Initially in a thermal state, the field starts to spread as the first atoms in the chain
excites higher doublets. Since the global chain state is fully uncorrelated, this degree of
disorder is partially passed to the field, which absorbs part of this entropy and starts to

build a spread distribution over increasing average number of photons.
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Figure 2.4: The dashed lines represent the Rabi population inversion when an atom
interacts with a classical field. The asymptotic behaviour of the field into a coherent state
induces an also asymptotic behaviour in the final state’s populations of each atom after
interaction with quantum field.

After a certain number of collisions (which is highly dependant on the initial state’s
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temperature) it asymptotically achieves a large coherent state which, for the purpose of
the atomic dynamics, works as a classical field. This means that, after enough collisions
with uncorrelated atoms, all the following collisions just implement Rabi flips in the atoms
and slightly displace the E.M. field. This asymptotic behaviour to the classical nature
can be seen in Fig. 2.4, in which the £ atomic population is plotted after the collision
has happened.

This semi-classical behaviour is specifically due to the uncorrelated nature of the
atomic chain’s global state and is not present when correlations are introduced in the

global state of the system, as we see next.

2.3 Initial correlations in the atomic chain

In the previous section we have derived general results for the hybrid charging scheme
when the battery chain is composed by non-interacting, uncorrelated atoms initially in
a thermal state. Since each interaction with the quantum field is unitary, there is no
locally-produced entropy, and the k' atom + field reduced state has the same degree
of purity before and after charging. However, we may still investigate the role of global
correlations in the overall protocol. We do so by designing atomic chain’s states which are
locally equivalent to the previous scenario, but possess quantum or classical correlations
between each atom, and we compare whether there is any advantage arising from these

features.

2.3.1 Classically correlated and entangled states

The two states we are interested in investigating in this section are given by

P55 (0) =Dl 1gg..){gg...| + L lee...) (ee.., (2.7)

[Gatom(0)) = \/PT 1999.-.) + /DT |ece...) (2.8)
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The first state (2.7) describes a classically correlated (C.C) streamline of atoms where,
if one is found for instance in the ground state with probability pg’, so are all other atoms.
Parallel to that, the GHZ-like pure state (2.8) describes a global state of entangled atoms
in the chain. While the correlations present in the former one are of classical nature, the
presence of coherence in the latter makes it completely different in nature.

In both cases, however, the coefficients {pf,pf} are chosen such that each individ-
ual atom is in the same thermal state as before, which allows us to compare what are
the impacts solely of the presence of classical and quantum correlations in the hybrid
charging. The initial state of the hybrid battery (atomic chain + field) will be given by
p(0) = pliom(0) @ pricia(0), where pria(0) is given by (2.3) and g, is either p&C or
[Yatom (0)) (Datom (0)]-

0.65 --- C.C
— N.C

0.45

0 25 50 75 100 125 150 175 200
k

Figure 2.5: Energy gain per collision for the E.M. field considering two different initial
states for the atoms in the assembling line: a classically correlated state (C.C) and an
uncorrelated state (N.C). Parameters are all the same as before, and 7" = 0.01.

To show how the presence of correlations in the initial state of the atomic system
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affects the performance of the charging protocol, we plot in Fig. 2.5 the field’s energy
gain per collision in both cases when the atoms are uncorrelated (N.C), and when the
atoms are initially in the C.C state. As in the previous section, the energy gained in
each stroke by the colliding atom and the field is still determined by the same expression
(2.6) and the overall split of the gained energy between the atom and the E.M. field still
depends on the the ratio wey/wy,.

It is clear from Fig. 2.5 that the correlation between the atoms in the streamline
increases the energy gain of the E.M. field. This can be understood by the fact that
the correlation reinforces the population transfer to higher number states: atoms in the
ground state are the ones that allow for the largest overall gain in the anti-J.C. scenario,
and the probability of having N sequential atoms in level |g) is pg for the correlated case
and (pg’)N for the uncorrelated one. In fact, the number of ground state atoms for the
uncorrelated case follows a binomial distribution of rate pg and the only way for both
overall probabilities to coincide is at 7' =0 (p) = 1).

The same result holds for the entangled atomic chain. This is explained by consid-
ering a simple example of only two atoms in the chain (K = 2) and assuming that the
temperature is small enough for the population of the E.M. field to be concentrated in
the ground state |0), i.e., kgT < hw,. In this scenario, we can easily neglect the field’s
populations p, for n > 1 (without any further impact on the atomic chain’s state), so

that the total system’s initial state is given by

6(0)) = (/9T l99) + VT lee)) @ |0) (2.9)

In the first collision, the state |g0) undergoes a Rabi oscillation and, since the protocol

is set to maximize the energetic gain, we calibrate the interaction to stop whenever |g0) —
lel). The first collision takes [1(0)) into state |1 (1)) = |e) ( pllg) 1) + V7 e) |O>>
and the second collision takes [¢(71)) into |¢(72)) = |ee) ( pl12) + \/p_eT|0>> The

second atom starts at the partial state |g1) and must undergo a Rabi-flip to |e2). Notice
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how, at each stroke, the time window of the protocol is dictated solely by the |gg) part of
the initial state, since the presence of the atomic excited state |ee) shields the population
of level |0) (the state |e0) is an eigenstate of the effective Hamiltonian (2.1)). All the
atoms end up in the excited state, maximizing their charging and the E.M. field ends up
on a superposition of the vacuum and a number state equal to the number of collisions.

A similar calculation carried on for the C.C. case generates the E.M. field state

prieta(T2) = Pg12)(2] + p [0)(0], (2.10)

while also fully charging the atomic chain. Since the energy gained by the E.M. field only
depends on the population of each eigenstate of its free Hamiltonian (i.e. the coherences
that appear in the entangled case do not affect it) both entangled and classically correlated
cases are energetically equivalent. That is not to say that both cases are absolutely

equivalent, as we see in the following subsection.

2.3.2 Work extraction and ergotropy

As previously mentioned, the presence of coherences in the energy eigenbasis do not
directly alter the field’s internal energy. However, this is certainly not the case for the
ergotropy. It has been previously studied in the literature [54-56] that correlations can
be used to boost the performance of a quantum battery, and we have already checked
how they impact the energetic transfer in our system. In this subsection we proceed to
analyse the stored ergotropy.

Following Eq. (1.5) for the ergotropy of the system, we can calculate it for the field’s
Hamiltonian H = hqu , where N is the number operator of the field mode w,, which has

increasing-in-order eigenvalues F; = hw,i:

€= huw, > plee (<pgl“| N [plee) — z) . (2.11)
1=0
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The field’s ergotropy written in this form eases the visualization that the positive
contribution to the maximal stored work in the field is due to states with higher mean
occupation numbers, and increases as they get more and more populated. Therefore,
the shifting of the field’s population towards higher mean occupation numbers is directly
linked to the stored amount of extractable work: the faster it shifts, the more ergotropy
it stores with a given chain size.

Following the same simple reasoning employed in the example discussed at the end of
the previous subsection, we may calculate the final state of the field at the same regime
of relative low temperatures (kg1 < hw,). For a chain with K atoms, the final states of

the field for the entangled and the classically correlated schemes are, respectively

Priota(Tr) = Py [K)(K |+ pz [0){0] + 4 /pf pT (IK)(0] + [0)(KT) (2.12)

PFiaa(Tic) = vy ) (K| + pe [0)(0)]. (2.13)

As we can see, by comparing these states with the ones depicted in Fig. 2.3, both the
latter cases shift the field’s mean population faster than the former, uncorrelated case.
This shows that the presence of correlations also presents advantages when ergotropy is
regarded. We may then wonder whether the nature of these correlations, i.e., whether
they are quantum or classical, also affects the said figure of merit.

To do that, we diagonalize the field’s state pﬁzd(TK) to find its spectral decomposi-
tion and, using the expression (2.11), we find the stored ergotropy in the field for each

correlated case as given by

Een = s (2.14)

Eco = hwy(Kp,, —pl), (2.15)
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and their ratio given by

Epn K K
= = ) 2.16
cc K — % K — e fhees (2.16)

As we see, this ratio approaches unit, as 5 — oo, for whatever chain size. Furthermore,
even at non-zero, but still low, temperatures, the ergotropic gain ratio diminishes with
longer atomic streams. Altogether, these results illustrate that the entangled state has
effectively no considerable gain upon a classical correlation between the atoms.

For arbitrary values of the temperature, however, evaluating the ergotropic difference
between the two types of correlation is a more involved task. This is so because in this
case we can no longer neglect the non-vacuum populations of the field, which implies
that more than a single doublet should evolve during each collision, and the optimal time
for maximizing the energy extraction must be found numerically. Furthermore, solving
the evolution equations for the entangled initial state is a hard computational task, since
the total Hilbert space dimension scales exponentially with the number of inputs. For
the sake of this investigation and for the reasons just presented, we compare both types
of correlations outside of the relative low-temperature regime for a chain size of up to
seven atoms. Even at this regime, the main source of additional ergotropy is the quantum
coherence present in the entangled state but, as we display in Fig. 2.6, this increment
poses no significant gain over the C.C scenario and, from the point of view of resource
theory, may not even cover the total entropic cost for creating the initial entangled state.
In addition to that, notice that such increment is only available after the final atom
interacts with the field, which is expected since only then the information about the
entanglement of the whole chain state is furnished.

Since the entangled global state is a pure state, the entropic cost for creating such a
resource is maximal among the ones we used in the protocol. For the classically correlated

atomic state, on the other hand, the Von Neumann entropy can be shown to be S(pcc) =
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Figure 2.6: Dimensionless ergotropies (normalized by fw,,) in the field for the entangled

and classically correlated initial atomic states, for (a) 7'= 0.01 and (b) 7" = 0.1. Despite
the fact that the entangled initial state increases the amount of ergotropy stored in the
field, this increment does not substantially scale with the temperature and may even
present losses when the cost for producing such a state is considered.

%# +In(Z), with w, = 0, w, = W, and T = % the dimensionless temperature. In
order to maintain the population of level |m) under control, to avoid spoiling the adiabatic
elimination condition, we should refrain from increasing 7' above a few decimal points.
Indeed, in the present case we have limited it to the maximal value of T = 0.1, which
nears the pZ population of each atom to be five orders of magnitude lower than pg. This
is a safe limit for the operation of the protocol, which also grants us the additional perk of

barely neglecting non-vacuum field’s populations. This is only true, however, if we work

under the assumption of low atomic gap x.

As one may see from the expression for S(pcc), the reduced costs with resource are
achieved for low values of x /T, and therefore raising the temperature (within the proto-
col’s limits) makes the C.C. initial state a better resource, since we reduce the cost for
production and, from Eq. (2.16), the entangled state presents no absolute gain for longer
chains. The single scenario where the entangled state may outperform the classically cor-
related case is for small-sized atomic chains, where the entropic gain for the field in the

former setup can be up to twice the amount of work the field stores in the latter.
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2.4 Overview

Building up on the previous section, a protocol is proposed where a quantum single-mode
of the electromagnetic field is coupled to a stream of atoms with both systems being
pumped by an external classical power source in an anti-Jaynes-Cummings configuration.
In this protocol both the quantum field and the atomic chain are considered as quantum
batteries that are simultaneously charged by the external classical drive and we have
focused on studying the role played by correlations in the atomic chain in the performance
of the charging protocol. In particular, it was shown that while correlations in the atomic
system do not impact the charging dynamics of each individual atom, they do improve
the charging of the quantized field by decreasing the total time required to reach a certain
level of internal energy. This corresponds to an overall increase in the power efficiency
of the charging process when compared to the uncorrelated case. Furthermore, the total
amount of stored energy and ergotropy in the field are also higher when correlation is

used.

It was also compared the effects of purely quantum (entanglement) versus purely
classical correlations. In particular, we have tested the collection of atoms both in a
GHZ-like entangled state, with appropriate coefficients to mimic individual atoms in a
thermal state, or in its classically correlated equivalent (the equivalent mixture of all
atoms up or all atoms down). In this protocol, even though entanglement may generate
slightly higher values for the ergotropy of the quantum field, this extra gain certainly
does not compensate for the much larger entropic cost to produce GHZ-like states versus
their much “cheaper” classically correlated versions. Furthermore, this small extra gain
introduced by entanglement becomes less relevant the larger the chain is, vanishing for

infinite ones.

Finally, it is worth noticing that further developments of these results may also consider

atom-atom interactions within the chain, which could be used to change the correlations
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between different pairs of atoms, altogether with their interaction with the mode of the
electromagnetic field. In this case, an interesting program would be to analyse how figures
of merit such as total charging or the power efficiency of charging the quantum field could

be affected by such interactions.



Chapter 3

Environmental charging

Hitherto in this thesis we have investigated charging schemes for single and hybrid quan-
tum batteries which relied solely on one’s ability to perform unitary evolutions on the
systems of interest. This is specially interesting for quantum batteries that can be real-
ized in regular quantum optics platforms, like the ones we discussed so far (atoms and
cavities). In addition to that, we have also partially addressed open system dynamics in
the discussion of possible deleterious effects arising in the charging protocols as one’s in-
ability to completely control all degrees of freedom which are present in the whole system.
This is the case, more specifically, of the natural heat reservoir employed in the numerical
treatment of the vacuum-enhanced protocol.

However, even though in that case the presence of an environment was the cause for
undesirable behaviour, this is not necessarily true in general grounds. As different studies
in the literature suggest [57,58], having total or even partial control over the environmental
degrees of freedom can be a valuable resource when the open dynamics is unavoidable. In
this chapter, we approach this kind of dynamics in an alternative way: departing from the
most general transformations that characterize an arbitrary quantum channel, we derive
a Markovian master equation in the Lindblad form that describes the average evolution
of a target system which (weakly) interacts with its environment. In addition to that, we
explore some symmetry properties of that equation in order to harness potential physical

consequences in the overall dynamics.

48
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3.1 General open dynamics

The common framework when open dynamics is regarded is that of two interacting sys-
tems: one is our target system, named S, and the other is called environment, named FE.
In general, F is considered “much larger” than S, in the sense that the former possesses
a great deal of degrees of freedom more than the latter. Alternatively, this consideration
can be mathematically expressed in the idea that the Hilbert space of E has a much bigger
dimension than that of S. However, in here, we do not assume that a priori. Instead, both
S and E are labels used to encompass a certain amount of different degrees of freedom
from some bigger Hilbert space H.

The general approach to the open dynamics [59] considers that one is only interested in
the degrees of freedom labelled as S, with E being an unknown or uninteresting set which,
however, unavoidably interacts with S, and thus modifies it. In this paradigm, we seek a
description for the evolution of S over time, which may be deterministic and continuous,
as in the cases given by master equations, or stochastic and intrinsically random. In this
section, we quickly derive one such description which departs from two very basic and
reasonable assumptions.

The first hypothesis considers that there exists an arbitrary t, in which the global
system S + F can be unambiguously separated in these two specific sets, i.e., we assume

that at such ty the global state is given by the product state

p(to) = pQ ® p. (3.1)

This assumption is fairly reasonable because, in order for S and F to be correlated,
they must necessarily interact at some point in their history. In addition to that, since
all physical interactions have some limited range, if S and E are initially spatially distant
there is always some time t, which satisfies this hypothesis. Henceforth, we shall consider

to = 0 as the initial time for the evolution of S, and the state of this set to be a known
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initial state p2.

The second hypothesis is that the global system is closed, i.e., the total set of degrees
of freedom S + E evolves unitarily in time under a global Hamiltonian! H, taken as an
Hermitian operator over the Hilbert space of the total system. Since S and E are initially
uncorrelated, there exists, at this time, a clear distinction between each set of degrees
of freedom and the total Hilbert space can be separated into Hg and Hpg. In this case,
both S and E individually evolve unitarily under different Hamiltonians H} (i = S, E).
Once the interaction starts, the total Hilbert space becomes a junction between Hg and
H g and the new interaction Hamiltonian, opposed to its individual free counterparts, is

defined over the mixed basis of H:

Hsp = X\ (S.® B, + St ® Ef) (3.2)

where we have made explicit the hermiticity of Hgg. Here, A\, are the coupling strengths
between S and FE, S, are operators defined over S’s degrees of freedom and FE,, over E’s.
Notice that, with no loss of generality, the coupling strengths can always be chosen as
real parameters, since any complex phase can be absorbed into the definitions of S, or
E,. The total Hamiltonian is now given by H = HJ + HE + Hgp, and the global state’s

evolution is

Lty = ~i 18, p(0). 3.3)

To simplify our treatment, it is convenient to define the interaction picture state p(t) =
et p(t)ettol | with Hy = Hy + HE. In this picture, the evolution is given alternatively

by

dp

L) = —i [ Hsp.p) . (3.4)

'From now on in this chapter we shall stop using the hat symbol for operators, to avoid excessively
dense notation.
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with H sp = et Hgpe 0t the interaction Hamiltonian in the interaction picture. This

Hamiltonian can be explicitly written

fsp =3 A (Su@ B+ Si@ E]) (3.5)

~ S17 S _ s
where we further define S, = ef0tS, e Hot

and analogously for E,. Notice that, as
expected, the change in picture does not alter any of the previous assumptions. Equation

(3.4) can be easily solved by

p(t) = e~ Msm j(0) s (3.6)

where p(0) = p(0) is given by (3.1). From now we shall work on the interaction picture
for all quantities and, for the ease of notation, we drop the tilde mark, leaving implied
these definitions.

Despite its simplicity in form, Eq. (3.6) encompasses a great deal of information. First,
p(t) encompasses all the correlations created between S and E at any arbitrary time ¢.
This is to say that any change in F necessarily influences system S and, therefore, alters
it. Second, it is not always that these two systems can be distinguishably separated, and
any attempt in doing so necessarily implies in loss of information from both S and F.
This, as we shall see, introduces corrections to the single dynamics which, nonetheless,
are derived from our artificial choice of trying to rule out one system in detriment of the
other.

In practical terms, it is not feasible to find an explicit time dependent expression for
the global system from (3.6). However, an iterative solution is at hand if we expand the
exponential terms for small time steps dt. Recalling that Hgg is proportional to coupling
constants \,, we may truncate the exponential expansion at a time dt such that \,dt < 1
for all n. Since the global evolution is continuous, such small times always exist, regardless

of the values of \,. The first order contribution to the global state is
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p(dt) = ps ® pp +
—sz Snp ® Enply + Sip% @ Elph — p§Sn @ pyEn — p3S] @ pREY) .
(3.7)
It turns out that, in most of the applications, this time window is short enough only
for correlations, which lie in the joint part of the global Hilbert space, to start building
up between S and E. This small d¢, therefore, does not provide enough time for the
separate parts of the Hilbert space associated to S and E to truly change. A simple
example which makes it clear is if we consider E as an harmonic oscillator initially in the
fundamental state |0)(0| and E,, = ad, 1 the annihilation operator. For whichever system
p% represents, it is very easy to check that, despite some correlation terms are present in
p(dt), the partial traces over S and E only recover the respective initial states. Of course,
this is highly dependent on the initial state, and for some specific cases this first order
truncation might be enough to describe the evolution iteratively.
Let us then consider a slightly bigger time interval dr > dt, such that only (\,d7)? <
1. In this case, we may consider all d7? factors in the exponential expansion. The evolved

global state in this case is given by

pldr) = ps ® ply +

—idT > Ao (Snps ® Enply + Shp% @ Elpy — p§Sn @ pEn — 035} ® pEY)

—_

+ dr? Z/\ A,

1 1
+ dr? E AmAn ( npSS ® E’an 25 Snps QR F Ean pOSSmSn ® p%EmEn
1 1
-MTEAA(n@%®m@@f5%&@®Mﬁ@r5@%&®@@&
1 1
whE:AA( %Sm @ El 0% F —55§ ®Ezm@—ywwﬂ®@@ﬂg

1
ShPsSh @ ElppEl, — 555805 ® BLELply — 505Sh.5) ® ppELE)

(3.8)
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This second order analytical solution for the global system’s state, which is non-linear
in the coupling strengths, is very useful in two scenarios: firstly, when the differential
equation (3.4) is too cumbersome to be worked out analytically. This is generally the
case when the global system has too many degrees of freedom, in which case the state’s
evolution unravels into a big set of coupled differential equations. Secondly, and most
important for the scope of this thesis, when one wishes to achieve an individual evolution
for the target system S. In this case, the environmental degrees of freedom are generally

thought of as unavoidable parts of the dynamics which therefore guide the evolution of S.

Even though we are mainly interested in the second scenario, let us make a brief
digression regarding the first. Whenever the global system presents a highly non-trivial
set of differential equations to be solved in order to describe the full dynamics, this
second order expansion given by (3.8) can be used as an iterative solution to recover
the full dynamics. This can be performed in the following way: given the initial non-
entangled state from both S and F, and since S,, and FE,, are known for some interaction
Hamiltonian, p(dr) can be calculated to some precision of O(dr?). From this state, p&"
and p¥ can be calculated by taking the respective partial traces, and then inserted back in
(3.8) to find p(2d7), and so on. This, after done N times, recovers the full global dynamics
at time t = Ndr. This iteration can be numerically performed in order to calculate the
time evolution of any desired observable of the global system. Since these expressions are
general, with no assumptions about the nature of the interaction itself (whether strong
or weak), this method exactly solves any possible physical evolution when two arbitrary

systems interact.

Now let us turn to our main interest, namely the individual evolution of system S. In
this case, we must deal with the fact that any attempt to separate S from E necessarily
incurs in loss of information about the states of S and E. This loss is irretrievable, in the
sense that solely from the evolution of S, one may never reconstruct the exact evolution

of the global system. In this paradigm, two alternatives are available: either one considers
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E as a direct measuring apparatus of S, in which case the states of E serve as labels to
uniquely identify the state of S, or one completely disregards the changes in F, in which
case S evolves as an average over all possible outcomes of the changes of E. To illustrate

both alternatives, let us study a simple, yet clarifying example.

3.1.1 Example: system in a cavity

For this example, let us consider E as a single mode wg of the electromagnetic field
inside a cavity. For now, S is still an arbitrary system which can couple to E through an
interaction Hamiltonian where E,, = 5n71&€_ith. Furthermore, let us say that the latter’s
initial state is the vacuum p% = |0)(0]. In this case, the global system state after dr

changes to

1
plar) = (s = GarNS18], 3} ) 0 0)(0] + arad I o 1)

—idrA (ST @ [1)(0] - 251 @ [0)(1]) (3.9)

V2
— - dr (SPk @ 12)(0] + p§SE @ |0 (2)

The first line of this expression represents the changes occurring in the global state
which can be separated as changes in S and E individually. The second and third line,
in contrast, represent changes that occur in the non-separable part of the Hilbert space.
This portion of information is always lost whenever one traces out the degrees of freedom
of F.

Let us assume that one wishes to retrieve solely the state of S by following the changes
in the state of E. Physically, what one should do is interact E with a third system D,
which stands for a detector system that distinguishes among different E states. If D is
able to distinguish between the Fock states |n)(n|, then the outcome of such measure-
ment undoubtedly tells the updated state of S: p¥ (pg — %dTQ)\%{SlSI,p%}) if the

measurement outcome is n = 0, or p& o dr2A\? STp%S, if n = 1. The proportionality
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factor can be calculated by imposing the normalization of p&". Notice that, in this case,
the detector system D stands for any photon-number resolving apparatus as, for instance,
a photon-counter. Also notice that, in this case, n = 0 means that this detector’s needle
does not change for a certain amount of small time windows d7, in which case the state
of S has to be continuously updated, until it does and the outcome n = 1 implies in
a discrete change to pg, associated to a measurement on E being made. This discrete
change is called a quantum jump [60-63] of the system .S, associated to the measurement
outcome n = 1 made upon FE.

Naturally, the detector system D is not unique, as there are many different ways to
measure system FE’s degrees of freedom. Suppose that, somehow, one comes out with
a different detection D" which, instead of distinguishing between the Fock basis states,
actually probes whether E can be found on states Py = % for K =1or K = 2. This
measurement is described by the set of projective measurements {|+)(+|,|—)(—|,1 —

|+)(+| — |=){—]|}, and the conditional state of the global system is given by

dr?)\?

+) (+
plar) = (o = (8118 + i — s ) LT

2

(3.10)

5 2
dr®X2 STp%S1(1 — 6k 1) |1)(1],

dr?\? VN —
(Pg - 1{51517 pet + P01+ p25K,2> =)=

where p; = dr2)\2S]p%S) — idr )\, (SIpOS — pg&) and py = ‘/75617'2)\% (SP,OOS - p%Sf). No-

tice that, if K = 1, i.e., the detection is only able to tell the relative phase in the {|0), 1)}

subspace, then the updated state of system S is given by p&" o p% — dT;’\f {5,581, 0%} + pu

dr? )\%

5 {5151, p%} + pt if the outcome is —1. Notice

if the outcome is +1, or by p& oc p% —
how, in this case, the final state of system S is astonishingly different from the case of
the previous detection apparatus D. Indeed, it now explores the terms present in the
previously non-separable part of the Hilbert space, present in p;.

Alternatively, if K = 2 in the detection apparatus, i.e., the discriminated relative
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phase is now present in the {|0),|2)} subspace, then the updated system state is p& o

p% — TS, ST, 00} — pa if the outcome is +1, or p¥ o p& — TS, ST, g0} + po if the

outcome is —1, or yet p& = dr?X? STp2S; if the detection measures one photon. Notice
how, in the latter case, the system’s state change upon the measurement outcome n =1
is the same as in the case of detector D measuring in the Fock basis. This illustrates
that the change in the state of S when E is being monitored can be extremely dependent
on the measuring apparatus D. More specifically, on the set of measurements performed
upon FE.

Finally, notice that there are infinitely many types of measurements that can be per-
formed on F by different detector systems D, D', D", etc, each one related to a different
change in the state of S. However, for all of them, there is one, invariant, discrimination:
the average among all possible outcomes of the measurements performed is always the
same. This can be quickly worked out for the case of D and D’ described above. If we
average over the different outcomes for the measurements made by D and by D', the state

of S in both cases change as

1
pslir) = oy + ¥ (814851~ (5151} ). (3.11)

Specially, in the case of D', this change does not even depend whether the measurement
is probing K = 1 or 2. We say that, in the case of this average, the information about

the state of E has been erased from the measurement apparatus.

3.2 The averaged evolution

Following the discussion just carried in the aforementioned example, one can naturally
raise the question: what is the real evolution of S when no monitoring is performed on E?
It turns out that this is a highly non-physical question. To explain why, let us split our

reasoning in two different perspectives. Before that, let us assume that the global system
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S + FE interacts with an even wider system called the universe U, which encompasses
the collection of all possible detection systems {D, D', D", ...}. In what follows, let us
call dg the amount of degrees of freedom of E, dg the respective amount for S and
dy = N —dg — dg the amount of degrees of freedom of the universe set U. In this case, ¥

stands for a fixed number telling the total amount of degrees of freedom of S + FE + U.

In the first perspective, E is a “small” environment, in the sense that its amount of
degrees of freedom is commensurate with those of S (i.e., dg £ dg). In this case, the total
amount of degrees of freedom of U is much bigger than both E’s and S’s (dy > dg,ds).
In this case, the gross hypothesis of complete isolation between U and E gets even worse,
as U encompasses a great amount of detector systems Ds. In this case, the change in S,
encoded in the states’ labels of F, gets probed by many different detector systems at once,
each one in a different measurement basis. In this case, the information about the change
in S’s state gets redundantly spread across the set of Ds, in which case the net effect is
that S only changes as an average of the changes associated to all possible measurements

performed over E.

In the second perspective, E is a big environment and dg > dg. As a limiting case,
we may even consider F to be the rest of the universe (dg = dy), in which case there is no
external degrees of freedom to represent detectors Ds. For this scenario, it may naively
seen that there is absolutely no way that E can be probed for the changes of S, but it is
not at all true. This is so because, even when F is a huge environment, it only interacts
with S point-wise: the interaction between S and E is local, in the sense that only a
subset of E interacts with S at each time step dr. In this case, since E encompasses
a great amount of degrees of freedom, it also encompasses their respective interactions,
which means that the subsets of E directly interacting with S within d7 are probed by
the rest of the degrees of freedom which do not interact with S at this time. Therefore,
the information about the change of S is again redundantly spread across the degrees

of freedom of F, meaning that S evolves according to the average of the possible jumps
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associated to different measurements over the subset of £ that interacts with it.

Both of these perspectives have been adopted to say that, physically, the question
of what happens to S whenever E is not being monitored is non-physical: FE is always
being monitored, be it by external detector systems which are never completely isolated
from E, be it by other subsets of E itself (consider for instance the case where E is a big
cloud of atoms, but only one interacts with S at a time. The rest of the atoms serve as
different probes for measuring the changes of S indirectly). What changes, and this is
subtle and crucial, is whether the information, encoded in F, about the respective change
of S is redundantly measured or not. Whenever this probe is not redundant (for instance,
when some single system D can completely probe the changes on S through F) then the
evolution of S is given by a series of jumps associated to some measured pointer in F
(in the example given in the previous subsection, this pointer was given by the outcome
of each measurement in the Fock basis by D or by the relative phase in the different
subspaces K by D’). On the other hand, when the information about the change in S is
redundantly measured, in the sense that it is spread through E and measured by different
detectors, than the evolution of the former is averaged among all possible outcomes of the

pointers.

These two situations provide two completely different outcomes for the evolution of
S, with the first one being a sequence of stroboscopic changes, while the second one is
a continuous averaged set of changes. Each one, as previously stated, depends whether
E’s information about S is redundantly spread among D’s or not. In the first case, the
expression (3.8) tells us everything we need in order to recover the set of jumps happening
in S: it suffices to probe E accordingly and the outcome of each measurement tells the
updated state of S. In the second case, we can still further simplify (3.8) in order to
account for the loss of information about the measurement outcome of E. Averaging
(3.8) with all the possible outcomes of measurements made upon F is mathematically

equivalent to tracing out all the degrees of freedom of the environment, which leaves us
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with the averaged change in S:

P& = pg—idr | > X\ Trp (Euply) So+ A Trp (Efp) ST, p%]

+dm* > A Trp (EmEnply) (snpgsm 5 {Sm S, 05 })
et S Tee (BLELAY) (SLAS, - SSISLl))  (s2)
+dm* > A Trp (Ef Enply) (Snp%SJn — {555, PS}>

m,n

1
+ dr? Z A Trg (EnElp%) <S;2p%5m — §{Sm52, p%}) .

mn
In equation (3.12) the environmental initial state is only present within the trace
numbers that follow the interaction strength. In this case, we may interpret such traces
as a change in the effective couplings for the first and second order processes happening
inside system S.
At this point, some comments are paramount, and the first one regards the validity of

this description. Let us recollect the set of hypothesis made so far:

(1) The smallness of dr: this hypothesis states that A,,dr should be much smaller than

unity for all the interaction strengths \,,;

(2) The initial separability of the global state: initially, every pair of systems S and E
can be prepared in a factorized state. However, this separability is in general not

kept after the interaction takes place;

(3) Multi-probing of E: in order to associate p& given in (3.12) to the correct state
of the system S at the time dr, one needs to make sure that all the pointer states
of E (each one associated to a different stroboscopic change of S) are measured
by detector systems D in a way that all the information about the change of S is

redundantly spread.
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The attentive reader will immediately point out that, in general, the hypothesis (1)
and (3) can not be true at the same time. In order for the environment to be sufficiently
probed such that the true state of S is given by (3.12) some multi-measurement time
window dt needs to exist. This, most definitely, can play against the smallness of the S-F
interaction time d7. This may or may not be true: for strongly interacting systems, where
Am is big in some sense, d7 poses a very narrow time window within which one may very
hardly have time to fit the multi-probing hypothesis; on the other hand, both hypothesis
are not logically mutually exclusive, since we are still left with the possibility that the
multi-probing detector systems may indeed probe E faster than it is able to change due
to its interaction with S (if, for instance, the set of D’s interact with the relevant pieces

of F in a stronger way than the latter interacts with .S).

Alternatively, the weak coupling regime is where we comfortably have more space to
lay both hypothesis in a definite non-mutually exclusive way. This is so because, since
now \,,’s are smaller, the interaction time window dr gets loose enough so that it may fit
the multi-probing interactions happening within dt < dr. In this paradigm, we also get
as a bonus the fact that, since d7 is wide enough for the environment to be multi-probed,
all the correlations between S and E are wiped out at every time step. This provides the
system with the perk that the global state is a factorized state at every step dr. This,
as we shall see in the next section, lets us transform the point-wise map (3.12) into a

continuous map for the evolution of pg.

A second comment which automatically comes to the eye by the looks of the map
(3.12) is the clear distinction between coherent and incoherent terms. The first order in
the time approximation provides a Hamiltonian-like factor —i| -, p%7], while the second
order provides incoherent contributions to the jump evolution of pg. However, these
contributions, in comparison with Eq. (3.8), are only present when the information about
S encoded in E’s states is erased (for instance, by multi-probing E'). This is to say that,

despite one may feel tempted to immediately define the summation inside the commutator
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as a correction to the Hamiltonian of the system S due to the presence of the environment,
this term is only present if the pointer states on F carry redundant information about S
(i.e., only when E can be averaged out from the dynamics). In other words, whenever one
is able to probe the information about S stemming from E’s pointer states, this expression
cannot be used and we have to stick to the free Hamiltonian as the correct hermitian
operator for the internal energy of S. As a conclusion, this term, which is informationally
originated, may only be taken as a correction to the system’s internal energy for the
averaged evolution of S, since it stems from an irretrievable loss of information about
E. Whenever the information about E is not lost, the system’s internal energy is only

correctly measured by its free Hamiltonian Hp.

3.3 The Markovian approximation

The collection of hypothesis (1) - (3) laid out in the previous section allows us to make the
point-wise map (3.12) into a continuous map for the evolution of S. Particularly, they are
always true in the weak coupling regime, when the interaction between S and E takes long
enough to happen so that the environmental system can be constantly multi-probed and all
the correlations erased at each time step. Mathematically, this can be done by rearranging
Eq. (3.12) and then taking the appropriate limit d7 — 0. However, as we have previously
discussed, this limit is non-physical, since we are only able to sustain such a description
if the interaction time d7 is lower limited by the environment’s decoherence time dt.

Therefore, assuming that dt < dr, we may still perform the derivative approximation for

S
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t-+dr
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where we have defined v,, = V/dt),. This equation for the evolution of system S under
the hypothesis made so far actually unravels into an intricate set of d% coupled differential
equations for the elements of the density matrix. Despite its cumbersomeness, the real
difficulty to solve such equation arises from the time dependence of the environment
state present in the trace corrections to the coupling strengths. Strictly speaking, the
environmental evolution could, in principle, be obtained by swapping the letters £ <> S
in equation (3.12), under the same approximations made to obtain that map. In spite of
that, it is generally not possible to take the limit to the continuous as we just did for .5,
and the reason is that generally E' encompasses much more degrees of freedom than S, in
a way that the decoherence time within S is much longer than that of E. It is sometimes
feasible whenever S and E are commensurate, but in general one needs to stick to the
jump evolution to describe E.

One final approximation which can be performed in order to simplify that conundrum
is that, due to the difference between the sizes of each subsystem, the state of E changes
little to nothing within the time window that S takes to evolve. By this means we can
remove the time dependence in the trace numbers and leave the whole set of differential

equations in a closed form for pg(t). The set of all the hypothesis made so far is generally
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termed the Born-Markov approximation, and it describes a great deal of open quantum
systems which dwell in this Markovian regime. Notice that, in this approximation, the
net environmental effect on .S is just to modify the rate at which the interaction operators
S, act upon pg, which happens as a function of both the state of the environment and
the interaction operators FE, that act upon it. For some combinations of environment
state and interaction, some of the trace corrections can even be null. This is the case, for
instance, when pg is an electromagnetic field’s coherent state |«) and E,, are annihilation
operators, in which case the two first terms in the dissipative part of the dynamics vanish.

Finally, notice that there may have an infinite amount of environment states, as well
as interactions, that provide the same evolution for the system S. It suffices to make
sure that the trace corrections are such that the RHS of (3.13) is invariant under such
redefinitions. In what follows, we shall explore this symmetry to explore new paradigms

for the charging of quantum batteries.

3.4 Evolution under environmental measurements
(Phys. Rev. Research 6, L042055)

Once the basic concepts of open quantum systems have been established, we proceed
to describe the scenario where the stroboscopic evolution of S is regarded. This is so,
as previously discussed, whenever the environment is probed by some external detector
system D which we deem controllable. By performing different sets of measurements on
E, therefore, we may control the back action on the evolution of S, much in the same
spirit as we did in the example provided in subsection 3.1.1. Clearly, the details about the
measurements to be performed on E can only be provided after the nature of the global
system is specified but, for the sake of generality, we begin our description in a broad and
general framework.

Following closely the example discussed previously, we begin by assuming that the
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global system S+FE can be sufficiently isolated from spurious detector systems of the
universe set, except by a certain controlled D. This is to say that, at first, no redundant
information is spread and the correlations between E and S are only destroyed after
interaction with D, in which case the outcome of such a measurement tells the updated
state of S. Let us name p the pointer provided by the measurement of D, and J, the
associated jump operator that updates the state of S. If the initial state of S is again p,

the updated state after measurement is given by

it _ Jups T}
5 NAVCAR
Trg <JM‘]NPS)

Here, we assume that such a measurement captures the change in ' occurring within

(3.14)

a time window dt of interaction with S. Naturally, this time interval is dictated by the
strength of the interaction between system and environment. By repeating this mea-
surement with D, and assuming that the experimental technology at disposal suffices to
continuously probe such changes with maximum efficiency? (i.e., that all the changes in
E are indeed captured), the system S evolves through a sequence of stroboscopic jumps
characterized by the set of ordered pointers {1, pa,...}. This set constitutes what we
call a trajectory [64] for S, in which it passes through a sequence of states indexed by
the outcome of each measurement. Naturally, all the physical properties of S can also be
determined once we know the whole trajectory pointers between the beginning and the
ending of the experiment.

As a first comment, notice that the ordering and the outcomes within the set {1, p2, ... }
is intrinsically random, as they hinge on the measurements performed by D upon E. It
means that, if we repeat exactly the same experiment, we shall end up with a differ-
ent set {fi1, flo, ...}, representing a different sequence of states that compose the system’s

trajectory at that realization. This also means that, at each realization, the physical

2This arises as a very strong hypothesis in the theory which, however, needs to be carefully addressed
in a case-by-case basis.
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observables associated to S must also change. We are then led to the question: is there
any set of controllable measurements to be performed by D that may drive S through a
set of trajectories where some desired physical observable is enhanced? This constitutes
the central question which we now try to answer.

Before tackling that question, we must first define a way to characterize the set of
trajectories defined by some fixed measurement strategy D. For this purpose, we choose
the average trajectory as a representative of each set. This can be calculated simply by
taking the average among all the possible outcomes at each step:

U = L5 . (3.15)
Trg (ZM JA]:JMPOS>

As we have seen in our discussion of open quantum systems, in the averaged evolution

for S (3.12), the jump operators .J,, are proportional, in general, to a linear combination of
the interaction operators acting on .S. Furthermore, they also carry the coupling strengths
corrected by the environmental state. Also notice that, once the set of measurements
performed by D is a POVM, the back action jump operators must satisfy the closure
relation, which makes the denominator in (3.15) become unit. However, this also means
that we need to include in the set of jump operators the one describing the evolution of
the system when no change is detected in E. In this case, since nothing changes in F,
only a free Hamiltonian evolution drives S, together with a small correction accounting
for the no-change interaction.

As a consequence of (3.13), the jump operators are proportional to ~ Vdt and we can

write:

J, = VdtL,, Yu#0, (3.16)

LTL
Jo = 1—@'Hdt—dt2“—“.

(3.17)
u#0 2
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It is straightforward to check that this satisfies the POVM closure relation previously
mentioned JJ.Jy + >0 JIJ, = 1. Whenever the pointer 0 is detected, the system is
corrected by the action of the no-jump operator Jy, while any other pointer accounts for

the respective correction in the state of S.

If we expand (3.15) using the above parametrizations, we find that

~ . 1
p§ = p§ — idt[H, p§] +dt Y (LW%LL — 5L Pg}) : (3.18)
p#0

Again, a Markovian master equation can be found for the average evolution pg if
we repeat all the reasoning already made previously. In the weak coupling regime, the
Lindblad master equation that describes the evolution for the average trajectory is given,

in the Schrodinger picture, by

s

I i 1 i
o = —ilH. ps] + > LupsL - §{LLLH, ps}, (3.19)

“w
where in the above sum we have restricted p to the non-zero outcome measurements.

A brief comment about the average trajectory is that indeed it may not be a real
trajectory followed by the system. Instead, it serves as a good representative of the whole
set of possible trajectories, around which the single-realization real trajectories orbit and,
therefore, we may use it in order to answer to our main question about the existence and
feasibility of environmental measurements that enhance some desired physical property.

This kind of measurement has been proposed for some specific physical platforms
before, as for instance to allow for universal quantum computation [65]. Also, environ-
mental measurements have been employed in specifically engineered reservoirs in order to
maintain or even create entanglement between qubit states [66]. The protocol we develop
and explore in the future sections allows for the generalization and expansion of these

applications.
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3.4.1 Optimization tasks

In general, optimization tasks in the engineering of quantum systems deal with practical
ways to exploit some kinds of resources present in the quantum state that can be useful
to achieve better values for some figures of merit. This is the case of energy and ergotropy

for quantum batteries, for example.

As we have seen in the derivation of (3.19), the Lindblad operators L, are directly
linked to the jump operators J, that act on the system’s state as back action of the envi-
ronmental measurements and, therefore, are ultimately defined by the POVM performed
on E. This way, by changing the POVM we alter the family of possible trajectories fol-
lowed by the system and this is reflected in a different set of L,’s that guide the average
evolution. To this point of view, the only common resources that are actually being ex-
ploited by the different sets of POVMs are those which are present in the initial state
only: after the first interaction, the sole action of the measurements alters the amount of
resources present in the system between two different sets. For most of applications, this
is enough. However, we would like to design some protocol where, at least on average,
the same amount of resource is present in the system, and we only change the ways to

better extract them at each realization.

Following this guideline, we would like to find the best set of environmental POVMs
for some physical task but keeping the evolution of the density matrix of S averagely
unaltered. In this way, we accomplish our goal of enhancing the time evolution of some
desired figure of merit, but without intrinsically altering the (average) amount of resource
encoded in the system’s density matrix. Mathematically, this implies in finding some
transformation acting on the set of Lindblad operators that keep the evolution for pg(t)

invariant. It turns out that this type of transformation is already known for some time.
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3.5 Lindbladian invariant transformations

The mathematical symmetries of the GKSL master equation have been known since the
first derivations made by Gorini, Kossakowski and Sudarshan [67], and independently by
Lindblad [68], and they have ever since played a mathematical and computational role in
the evaluation of quantum open system dynamics. They are composed of transformations

acting on the set of Lindblad operators as

L, = L,=> UuL,+T,1L (3.20)

These transformations carried in (3.19) may keep the form of the differential equation

unaltered provided that the Hamiltonian of the system is also changed by

H — H =H+ 6, (3.21)
where 0H is given by
1 * *
0H = 57 ChU L = r.U5 L)+ ¢. (3.22)
w,v

It is important to say that this set of transformations acting on the pair (H,L,)
defines a group of symmetry, i.e., it satisfies all the group properties for any arbitrary
pairs (H,L,), (HI,L;L). Moreover, they are also local in time, which means that the
invariance is still valid whenever the parameters U,,, I', and ¢ are functions of time. In
what follows, we shall stick to Einstein’s summation convention to avoid cumbersome and
unnecessary summation signs.

The existence of such invariance property, hereafter named Lindbladian invariance
transformation (LIT), shines some light onto our original task: since different sets L,
are associated to different environmental POVMs, changing the pair (H, L,) to another

LIT-invariant pair is associated to a different set of measurements performed on E. Since
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this transformation is LIT, it means that the average amount of resource is also kept
fixed in pg and we only optimize for the ability to better exploit them. We then work
on reverse engineering: once we establish the desired form of the pair (H, L,), we deduct
from the form of the associated jump operators (Jo,J,) what the carried environmental
POVM should be. This reverse engineering, however, is not necessarily straightforward
once it is highly dependent on the details of the implementation.

What is the physical meaning associated to the existence of such transformations? As
we have seen, the emergence of different pairs (H, L,,) arises, in our description, from the
different ways in which the environment can be probed for pieces of information about
S. In a general perspective, changing these probes accounts for changing how the total
amount of energy and information, present in the global state, is distributed between S
and F. Since, in most of the real physical applications, the presence of the environment
is unavoidable, applying this optimization protocol actually thrives on what is generally
taken as the cause of deleterious effects. The drawback in this case is that we need to

assume perfect control and measurement over the environment’s degrees of freedom.

3.5.1 Optimization protocol

As we have seen, the average trajectory is kept invariant under the action of the LIT
invariance group. However, physical quantities that depend on H and/or L, may not
be invariant as well, and a natural question arises: can one exploit this non-invariance
to probe relevant phenomena or to enhance physical protocols? In other words, con-
sider a physical quantity F(t) = F[H(t),L,(t), ps(t), O(t)], defined as a functional of
the system’s operators and eventually of one or more LIT-invariant operators O(t). If
F(t) is not invariant under LIT, it means that different sets (H ',L;) may generate
F(t) = f[H'(t),L;(t),ﬁs(t),O(t)] # F(t) for the same set of trajectories character-
ized by pg(t). In this case, the value F (¢) will explicitly depend on the values of

(U (t),T,(t), ¢(t)) and a specific set of such parameters can be chosen in order to opti-
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mize F (t) for some task.

Once the physical scenario is established and the mathematical optimization problem
solved, the next step is to find how to experimentally implement the optimal POVM
strategy. As previously stated, the particularities of the implementation depend on the
limitations and specificities of each platform. If discrete changes in the environment
can be continuously monitored under the assumptions previously laid, the most general
redefinition on the POVM corresponds to changing the set of jump operators as J,, — J ;; =
Uy + \/@F#, while the no-jump operators changes as Jy — J(; =1—iHdt — %L;jL;L,
with the new system’s Hamiltonian H' as prescribed in (3.21) and (3.22).

Finally, note that finding the optimal strategy can be a very difficult problem given
that it involves optimizing over infinite sets of parameters in each time step of the system’s
evolution. This task, however, may be simplified by imposing restrictions. For example,
some sets may be impossible to implement in a specific experimental setup whereas,
sometimes, the task itself may require simpler optimizations. In what follows, we discuss

two examples related to the framework of quantum batteries.

3.6 Optimizations on the charging of QBs

In this final section of the chapter, we dispose two examples where the proper environmen-
tal monitoring can enhance the charging of atomic quantum batteries. In what follows,
we describe the impacts of environmental monitoring on the two main figures of merit

which are of interest for this quantum technology: charging power and ergotropy.

3.6.1 Charging power in small quantum systems

A clear-cut example of the application of environmental measurements in the developed
protocol is the temporal charging performance achievable in a quantum battery. By

definition, the power of charging in the average trajectory is given by the expression
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P = S Trs(H(07s(), (323)

where the explicit dependence on H(t) makes it clear that this physical quantity is not
LIT-invariant. Naturally, this quantity represents an average over all the power values
obtained when the experiment is repeated and the system is driven through a fixed set
of trajectories which average is given by pg(t). Henceforth, this realization shall not be
stressed again.

In particular, one can ask which measurement strategy maximizes or minimizes the
power in the system by calculating 75(t) for all possible alternatives. In this case, a change
on the set (H,L,) — (H, L;) causes a change in the power given by

~/

P'(t) = 0, Trs(H (t)ps(t)) = P(t) + 0 Trs(3H (t)ps(t)), (3.24)

where 0P (t) = 9, Trg(8H (t)js(t)) is the power extra contribution due to the redefinition
of the measurement strategy. Notice that, according to (3.22), this term depends solely
on the parameters that define the new set of trajectories followed by the system. Some

straightforward calculations [69] using (3.19) lead to the final form for §P(t):

SP(t) =i ([H,0H]) + R (LL[6H, L,]) + (0,0H) . (3.25)

Here, R stands for the real part of the average value (A) = Trg(Apg). Notice that,
written in this format, the extra power can be calculated as a function of the LIT param-
eters once the original pair (H, L,) is fixed. This pair is the one responsible for selecting
the desired average evolution of the system. It can be picked, for instance, from any pre-
viously known evolution which possesses some desired property encoded in the average
state.

One simple example is given by a two dimensional (qubit) quantum battery coupled

to a thermal bath at inverse temperature g, in which case the typical description of the
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evolution is given by the set (H =%0,, Ly = ’yiﬁi), where 6, (6_) corresponds to the
system losing (gaining) a quantum of energy w to (from) the environment at rate v_ ()
and z—j — ¢~ This system has a very well-known behaviour with an asymptotic state

given by a Gibbs distribution with Hamiltonian H and temperature . For this mean

evolution, the most general transformation on the Lindblad operators results in

SH = R(0)6, — ()6, (3.26)

where o = —i(F/’;UuJr Ny — FMU/’jf\/’y_,) is a complex number defined by the chosen
measurement strategy. Here, the eventual time dependence of the parameters is implied.
Also, note that 0H is defined on the plane perpendicular to H in the Bloch sphere.

For simplicity, let us now restrict ourselves to the set of parameters where «(t) =
|ae?®® | with |a| constant. After some algebra, one obtains an extra contribution for the
power of system S given by

5 alt)

(WDZT Z(w+9)—

+7- .
% Pge(t) + h.c., (3.27)

where p;;(t) = (i| ps(t) |j) stands for the coherence of the system (i # j) in the eigenbasis
of H. Note that, in this example, the final form of (3.27) indicates a physical interpretation
to each strategy: when the time variation of the internal energy of the qubit is considered,
a general transformation on the set (H, L,) acts as a transferrer, which transforms the
evolution of the initial coherences in the system into an energy flow contribution at each
time ¢.

In particular, if the system has no initial coherence in the eigenbasis of H, then
Peg(t) = 0 throughout the evolution and the choice of measurement strategy is irrelevant.
Also note that the choice of the best LIT, encoded in a(t), depends on the phase of py.(0).
In fact, one can choose the sign of 575@) by simply changing the relative phase between

a(t) and pg(0). Finally, Eq. (3.27) indicates that one can find monitoring schemes
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where the exchanged energy per unit of time between system and its environment can be
controlled for any desired task at the expense of any coherence present in the system’s
initial state.

Figure 3.1 shows the power and internal energy of the qubit for different parameters.
The black curve corresponds to o = 0, i.e. the original set (H, L,). The coloured curves
correspond to different sets, where || is kept fixed and € changes linearly in time. The
lightblue curve corresponds to a time independent strategy, where the time evolution of
the coherences naturally creates the oscillatory behaviour in the system’s internal energy.
In this case, 0 only defines the initial phase of the oscillation. On the other hand, by
allowing 6 to change in time one is able to coherently interfere either constructively (red,
dashed curve) or destructively (orange, dot-dashed curve) with the time oscillations of the
coherences of the qubit, accelerating or decelerating the rate at which energy is pumped

into the system through the environment.

10° P /hiw?
B N

0 05 10 15 20 0 05 10 15 20
Yot Yot
Figure 3.1: Time evolution of (a) power and (b) internal energy for different measurement

strategies leading to the same evolution of a qubit. In all curves, vy = 1072w, kgTy =
0.2Aw and kBTf = hw.

In all curves, an initial pure state [1o) = /Py |g) + /P2 |e) evolves through the same
ps(t) and asymptotically reaches a Gibbs state §& = p|g)(g| + pf|e)(e| where pl is given

by a Boltzmann distribution with energy E; = (i| H |i) and inverse temperature §;. We
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are also considering jump ratios 7, = o7 and v_ = yo(72 + 1), where i = (1 — e Priw) =L,

Notice that, in the time independent strategy (lightblue curve), the time oscillations
of the energetic coherences in the system naturally average to the original set of measure-
ments given by (H, L,), which reflect that, in order to achieve better figures of merit in a
consistent way, time adaptability on the measurements scheme needs to be taken into ac-
count. Finally, also notice that all curves converge in asymptotic times, as a consequence

of the vanishing energetic coherences in the final Gibbs state.

3.6.2 Ergotropy on a quantum battery

Another example of non LIT invariant quantity is the ergotropy stored in a quantum
battery. Recalling its definition previously presented, the maximum amount of energy

that can be extracted from the system via unitary transformations is given by

E[H,p] = i (7| H |p*°) — E;) (3.28)

where the dec superscript tells that the eigenvalues of the density matrix p must be
ordered in decreasing order, while the eigenvalues F; of H are ordered increasingly. The
form of this equation again makes it explicit that the ergotropy is also a non-invariant
physical quantity, as a function of H, and therefore it may change as a consequence of a
Lindbladian invariance transformation.

For instance, consider again the same qubit subjected to a thermal bath of inverse tem-
perature (3, for which the asymptotic state is the same Gibbs state previously described,

~as e BE;

P = s Given that pg; < pgs, p** has no stored ergotropy with relation to the
Hamiltonian H, which can be straightforwardly checked from its definition given above.
This is not necessarily true, however, if a different pair (H " L;L) is picked to drive the
dynamics. The change in the Hamiltonian of the system means that % and H = H +6H

will not commute anymore and, as a consequence, p* may store ergotropy with respect

to the new Hamiltonian.
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The eigenstates of H are written in terms of the original eigenstates as

(1) = Vi lg) + e nzle) (3.29)

Vo) = Vizlg) — e/t le) (3.30)

with the eigenvalues E. = +% (2G(a) + 1), where

1 > 1
ny = % and ny = % It is very easily checked that for & — 0 (i.e., no change

in the strategy) we recover the original states.
After LIT, the transformed ergotropy is given by

’

ELH, ) = Glayhw (75 — ) (332)

Note that the addition of 0H per se does not change the asymptotic value of the
internal energy of the system, since the new Hamiltonian 0H is completely off-diagonal
in the eigenbasis of 5%, implying that Trg(p**H') = Trg(p**H'). This indicates that no
extra energetic resource is being transmitted into the system by 0H. However, p% is not
a thermal equilibrium state anymore and the energy to keep it out of equilibrium and,

therefore, to store ergotropy in it, is injected by the transformed environment.

3.6.3 Implementation on photonic environments

As mentioned before, each set (H, L,) can be associated to a particular physical imple-
mentation of quantum trajectories, each one corresponding to a set of jump operators
acting on the system and depending on measurements performed over the environment.
In particular, let us discuss a simple implementation of the different POVMs on the en-

vironment degrees of freedom in the case where a two-level system is in contact with a
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thermal-like environment. The respective engineering works as in Fig. 3.2: a three-level
atom with levels |g), |e) and |m) and spontaneous decay rates v_ in the |e) — |g) tran-
sition and I' in the |m) — |e) transition may be coherently pumped with a strong field
Q2 in the |g) <> |m) transition. If Q < I', two time-scales are established in the system:
the coherent pumping of |g)’s population to level |m) is a slow process, while the decay
|m) — |e) is a fast one. The net effect is that level |m) is adiabatically eliminated from
the dynamics, and an effective incoherent pump from level |g) to level |e) takes place with

rate v, = 49Q%/T.

Figure 3.2: Example of reservoir engineering which allows the association of a leaked
photon, circularly polarized to the left (right), to the |g) — |e) (le) — |g)) jump of the
system. In this engineering, level |m) is adiabatically eliminated from the dynamics and
the qubit is encoded in the two lowest lying levels.

The emission of two different photons serves as a marker to the which-path information
related to the respective jumps happening within the time window dt of interaction.
Detection of the left (right) polarization implements 6, (6_) on the system. However,

by mixing the which-path information encoded in this modes’ polarization prior to its
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detection allows us to implement different jump operators in the system. In what follows,
Fig. 3.3 shows the implementations of two different sets of jump operators on the qubit:
by making use of a quarter wave plate followed by a 50/50 polarized beam splitter prior
to a photon-counting detector allows us to completely follow the which-path information
encoded in the optical path of the leaked photon. However, if we remove the QWP and
shine the photon directly into the PBS, the which-path information is maximally mixed
in the output optical paths of each detector. This implements the U,, part of the new
POVM strategy.
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Figure 3.3: Description of two possible environmental POVMs: associating the leaked
photon’s polarization to different jumps happening in the system allows us to probe the
former in different ways, which therefore change the effective trajectory of the latter. In
(a) the which-path information directly associates the detected optical path to ¢+ jumps,
while in (b) we maximally mix the encoded information about the jump prior to its
detection, therefore guiding the system through a different set of trajectories defined by
the Lindblad operators &, .

On the other hand, combining each mode with a local oscillator field (a coherent
state of amplitude s,,) at a highly reflective mirror (of reflectivity r ~ 1), implements the

addition of the I', term in the same transformation, where I', o< /1 —r x s,. This is
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illustrated in Fig. 3.4.
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Figure 3.4: Combining a leaked mode of the environment with an external photon source
at a highly reflective mirror allows us to implement the non-homogeneous part of the
transformation.

The logic behind this implementation is simple: the rotation of the polarization re-
combines the modes and therefore the jumps to which they are associated, whereas their
combination with the local oscillator at the highly reflective mirror superposes the modes
with an external photon source in such a way that a click on a given detector imposes a
superposition of a corresponding jump (the photon coming from the system) and identity
(the photon coming from the external source) acting on the system. Finally, an external
classical field directly driving the |g) <> |e) transition implements the required ¢H to

complete the set for the new strategy.

3.7 Overview

In this section, we have proposed a systematic protocol to explore symmetries in quantum

Markovian master equations beyond their mathematical elegance. It consists of identifying
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physical quantities that are not invariant under symmetry transformations of the GKSL
master equation and searching for the particular form of that equation that optimizes a
given practical physical task. The asymptotic stored energy and the energy flux through
the evolution of a low-dimensional quantum system were the two examples depicted here
but the protocol is general and any figure of merit that varies according to a chosen
form is suitable for optimization. Further examples to be explored in the future include
heat exchanged with the environment, entropy production, efficiency of thermal machines,
preparation of target oriented asymptotic states, etc.

This method is a fresh approach into the mathematical symmetries of the Lindblad
master equation: in contrast to previous schemes, here the average evolution of pg(t) and,
therefore, the information encoded in it through time, is unchanged by design. Rather,
we optimize for the ability to better extract a certain physical quantity from a fixed
time evolution. From a fundamental point of view, this shows that the same sequence
of quantum states can correspond to different trajectories in some parameter space that
involves quantities that are not invariant to symmetry transformations. It also means,
from a practical point of view, that these transformations can be used to optimize tasks
that depend on such quantities.

This is particularly useful whenever the presence of the environment is unavoidable
and one needs to save resources throughout a given fixed dynamics, or when dissipative
dynamics are essential to perform a given task. The latter is true, for instance, in pro-
tocols that rely on intermediate steps such as optical pumping, electromagnetic induced
transparency and coherent population trapping, to name a few. This method is particu-
larly well adapted to these cases. This is certainly a novel approach to an equation that
has been extensively studied over the spam of five decades and one that has potential
practical aspects.

The method also allows to identify the resource whose consumption is being optimized.

In the examples worked on the paper, power requires initial quantum coherence to be



80 CHAPTER 3. ENVIRONMENTAL CHARGING

consumed throughout the evolution whereas the storing of ergotropy comes from the
athermality of the asymptotic state. The identified resources are consistent with previous
results found in the literature [70-75].

In addition, the unravelling of the GKSL equation in terms of quantum trajectories
already points to the experimental way to probe the optimization method. In fact, finding
the optimal strategy parameters automatically provides the best set of environmental
measurements that must be carried on. This meets direct applications in any area where
engineering and control of a given reservoir can be explored to enhance physical protocols,
as well as areas where continuous monitoring of the environment is performed in order to
feedback control a given evolution. Note that, nowadays, there are plenty of atomic (real
and artificial) systems where the conditions for such experiments are met, including atoms
coupled to open cavities [76-78], superconducting qubits connected to waveguides [79],
quantum dots embedded in nanowires [80], NV-centers in photonic crystals [81], etc.

Finally, a first idea on how to generalize this protocol starts by wondering about the
effects of letting the LIT parameters assume arbitrary time dependences, which is allowed
by the symmetries involved. Furthermore, I also let open the question whether this pro-
cedure could be performed on other types of master equations, such as those describing
non-Markovian evolutions or even master equations describing classical systems. At last,
it may also be of interest to study the relations between these symmetries and their appli-
cations with fundamental physical questions related to the thermodynamics of quantum

systems.



Follow-ups

Throughout this thesis we have delved into the area of quantum batteries. As the name
suggests, this amounts for applications of microscopic systems that can store, and later
deliver, some defined amount of energy on demand. This area of research has attracted
the interests of many due to its appeal as the necessity to address new energetic resources
rises in a modern, interdisciplinary paradigm [82]. This final chapter will be dedicated
to present the natural follow-ups of the three main papers presented in the scope of this
thesis.

As we have investigated the advantages of exploring the quantum vacuum of a single-
moded electromagnetic field, the natural question which arises is: what if we replace the
classical power source mode by another quantized version of this field? In this case, under
the same adiabatic elimination conditions already explored, this tripartite system presents
a hybrid mix of Jaynes-Cummings and anti-Jaynes-Cummings effective Hamiltonian which
can be exactly diagonalized and where excitations are spread and shared by the three
quantum systems. In this scenario, multiple things can be investigated: what is the
asymptotic state for each individual system? And for any bipartite system? Is there any
particular initial state for the atom that entangles the two modes? Conversely, is there
any choice of parameters for the modes’ initial states that can help in purifying the atomic
state? What is the most that can be done to the atom’s state if we regard it as quantum
battery? Interestingly enough, this kind of system has a feasible experimental realization
using crossed cavities [83-85].

In the open quantum system scenario, on the other hand, one possible research path

81
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for the application of the developed mathematical techniques is on the investigation of
finite time measurements. Namely, if some experimentalist is tracking the evolution of
system S by probing its environment, the most crucial approximation in order to tell that
the outcome data indeed reproduces the actual system’s state is the infinitesimal time
window of the environmental measurement. If the carried measurement actually takes
some time window dr which is bigger than the typical system/environment interaction
time window dt, then one is only able to follow some rough, stroboscopic images of
the system S. In this paradigm, assuming that the measurement process is non-timely
optimal, what is the best that can be done in order to retrieve (the most of) the system’s
actual properties? Or, conversely, is there any way to find the real dynamics involved in
the system-+environment interaction given that we are only allowed to a rough estimative
map of the real evolution of S? Indeed, we may even consider other types of imperfect
coarse-graining which are not only timely. If the employed detector system D has some
minimal energetic window, which renders it the inability to differentiate two types of
jumps happening in the environment (for instance, it is unable to differ a photon of
energy hw from another with energy A(w + ) for some small, fixed ), can we retrieve
some fiducial imaging of what is actually happening to the system over time? What is the
best kind of measurement that, in this case, circumvents most of the detector’s inability?

Finally, also notice that the above raised questions can be directly connected to dif-
ferent questions of metrological interest. For instance, given that some parameter is
encoded in the open evolution, probing the systems’ dynamics may furnish an estimative
to it. However, if our measurement is imperfectly coarse-grained, how can we account
for a better estimation in this scenario? These are some of the questions which arose as
natural, interesting follow-ups from this set of investigations and, therefore, should be

addressed in future works.
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