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Resumo

Optical Tweezers with structured light and applications

Arthur Luna da Fonseca

Orientador: Paulo Ameérico Maia Neto

Coorientador: Nathan Bessa Viana

Resumo da Tese de Doutorado apresentada ao Programa de Pos-Graduacao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

Essa tese ¢ um trabalho sobre Pincas Opticas com luz estruturada e suas aplicacoes
em estudos sobre a dindmica e as interagoes luz-matéria de particulas coloidais em nano
e micro-escalas. Pincgas Opticas sao ferramentas de alto valor cientifico usadas para apri-
sionar particulas microscopicas e consistiam originalmente de um feixe laser fortemente
focalizado que exerce uma forga de gradiente em um objeto polarizéavel. Por esse motivo,
pingas Opticas sao chamadas alternativamente de armadilhas de for¢a de gradiente com
feixe tinico.

Luz estruturada é um termo genérico usado para designar feixes luminosos que car-
regam estruturas espaciais de fase e polarizagao. Nessa tese discutiremos as aplicagoes
de feixes vortices no estudo da dindmica de particulas submetidas a um potencial 6ptico
biestavel e apresentaremos os resultados tedricos, experimentais e numeéricos desse pro-
jeto. Feixes vortice sao campos de luz estruturada que carregam momento angular orbital,
que é caracterizado por uma estrutura de fase helicoidal em torno do eixo 6ptico e que

possui uma carga topoldgica associada. O potencial biestavel que apresentaremos é uma



configuragao nova para sistemas de aprisionamento 6ptico usando feixes vortice. Essa
configuracao biestavel de aprisionamento foi inicialmente prevista por meio de anélises
numeéricas e posteriormente confirmada experimentalmente.

Adicionalmente, apresentaremos nessa tese a teoria para forcas Opticas de sistemas de
aprisionamento usando feixes estruturados exoticos. Esses feixes sao compostos por uma
combinagao de um par de modos vortice com cargas topologicas e helicidade com sinais
invertidos, o que resulta em um hibrido entre feixes vetorial cilindrico (estrutura de po-
larizagao) e vortice (estrutura de fase). Discutimos a aplicagao desses feixes no estudo da
interacao entre luz quiral e matéria quiral, e apresentamos um proposta promissora de um
sistema para separagao enantiomérica de particulas Mie e dipolares, baseado unicamente
em forcas opticas. O sistema proposto é baseado no controle independente, por meio de
ajustes nos parametros experimentalmente acessiveis do feixe paraxial incidente, de difer-
entes graus de liberdade dos campos eletromagnéticos resultantes desses feixes hibridos

ao serem fortemente focalizados.

Palavras-chave: Pincas Opticas, Feixes Vortice, Luz estruturada, 6ptica nao-paraxial,
Momento angular 6ptico, Interacao spin-orbita, Movimento Browniano, Quiralidade 6p-

tica.
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Abstract

Optical Tweezers with structured light and applications

Arthur Luna da Fonseca

Orientador: Paulo Ameérico Maia Neto

Coorientador: Nathan Bessa Viana

Abstract da Tese de Doutorado apresentada ao Programa de Pos-Graduagao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

This thesis is a work about Optical Tweezers with structured light and their applica-
tions in the study of the dynamics and light-matter interactions of nano- and micro-scale
colloidal particles. Optical Tweezers are invaluable scientific tools used to trap microscopic
particles and originally consisted of a tightly focused laser beam exerting a gradient force
on a polarizable object, hence the alternative name single-beam gradient force trap.

Structured light is a generic term for light beams carrying a spatial structure of phase
and polarization. In this thesis, we discuss the applications of vortex beams to study
the dynamics of a particle embedded in a bistable potential, presenting a project that
involved theoretical, experimental, and numerical results. Vortex beams are structured
light fields that carry orbital angular momentum, which is encoded in a helical phase
structure characterized by a topological charge. The bistable potential we present is a
novel configuration for optical trapping systems employing vortex beam modes, and was
first obtained from a numerical analysis and later confirmed experimentally.

Additionally, we present the theory for optical forces using exotic beams composed of



vil

a combination of vortex modes, which results in a hybrid cylindrical vector and vortex
beam. We discuss its application to the study of chiral light-chiral matter interactions
and present a promising proposal for optical enantioseparation of Mie or dipolar particles
using vector beams. The proposal is based on the fact that tightly focusing this family of
exotic modes allows us to independently control different degrees of freedom of the field

distribution by tweaking the input paraxial beam parameters.

Keywords: Optical Tweezers, Vortex beams, Structured light, non-paraxial optics,

Optical angular momentum, Spin-orbit interaction, Brownian motion, Optical chirality.
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Chapter 1

Introduction

The development of Optical Tweezers dates back to 1969, when Arthur Ashkin
(1922-2020) was conducting his initial work on the effect of radiation pressure from laser
beams on microscopic objects. Over the next years, until around 1986, Ashkin and col-
leagues published seminal works about optical trapping of atoms and dielectric micro-
scopic particles, as well as optical levitation of particles in high vacuum. His discoveries
led to a series of revolutions in different scientific fields, beginning with the possibility of
trapping biological particles (like cells and bacteria, for instance). Today, the technique
has become quite popular, and in some cases even essential, in many other areas, such as
nano-optics, plasmonics, and photonics, to name a few. The numerous possibilities that
this wonderful invention—the optical tweezers—brought us led to Arthur Ashkin’s award
of the Nobel Prize in 2018.

Initially, the theoretical models for Optical Tweezers systems relied on approximations
that limited the validity of the description for most systems. Typically, the approximations
attempted to simplify the description of either the light scattering by the trapped object
(e.g. by using the dipole approximation or the geometric optics limit) or the strongly
focused beam by a microscope objective lens (e.g. by using paraxial optics). The first
approximation-free model was proposed in 2000 by Professors Paulo Américo Maia Neto
and Herch Moysés Nussenzveig. They used the Richards-Wolf model for the non-paraxial

trapping beam and Mie scattering theory to describe the interaction between the beam and



a trapped dielectric sphere, both of which are exact, ab initio robust theories. The model
for optical forces was named Mie-Debye (MD), and it became a fundamental cornerstone
for various theses within the Optical Tweezers Laboratory group (Laboratério de Pingas

Opticas in Portuguese, or simply LPO), founded by Professor Nussenzveig.

Indeed, modeling an Optical Tweezers system is not a trivial task. Artifacts such as
optical aberrations, instabilities, and imperfections in the laser beam, particle samples,
or even the optical system make it inefficient to compare theoretical models with exper-
imental data. This fact raises the question of how useful an exact model for the optical
force is in exploring or predicting the behaviors of such a complex physical system. A
2019 study from the LPO group demonstrated such utility by showing the emergence
of negative torque in an optical tweezers experiment, which included a robust numerical
analysis that corroborated the presence of this effect. My master’s thesis project was
based on this same system; however, we focused on characterizing the system’s optical
aberrations by performing nonlinear regression of the experimental data using only the

Mie-Debye model, a technique that proved to be quite successful.

Over time, the LPO group produced extensions of the MD model for various cases,
aiming to describe an increasingly broader range of Optical Tweezers systems. Among
the projects addressed in this thesis is a new occurrence of a physical effect that we
observe both in experiments and in numerical data derived from theory: bistability in
Optical Tweezers with Vortex Beams. Furthermore, we also present a theoretical project
that discusses a scheme for enantioselective optical manipulation and characterization of
individual chiral particles using a family of exotic beams related to vortex modes. Both
the topics of Vortex Beams and optical chirality were addressed by the group in other
projects in which I participated, and they will also be presented and discussed despite

being the subjects of theses by other group members.

Another application where Optical Tweezers are extremely useful is in the reproduc-

tion of stochastic systems. For example, in the bistability experiment, we observe the



coexistence of two states with distinct stochastic dynamics. The first state corresponds
to the usual case of a particle confined in 3 dimensions, while the second corresponds to a
canonical example of a non-equilibrium steady state (NESS), where the particle is pushed

along an orbit in which energy is constantly dissipated.

Finally, we will list the chapters and their contents. In Chapter 2, we will present
some basic concepts and theories involved in a typical Optical Tweezers system. This
chapter aims to serve as a foundation for understanding all subsequent chapters. Its
content covers the description of the paraxial Vortex Beam, a brief presentation and
discussion of the Richards-Wolf and MD models for a tightly focused Vortex Beam, and an
introduction to the Langevin equation, which describes the Brownian dynamics of confined
particles in optical traps. In Chapter 3, we discuss the optical bistability experiment in
detail and perform a numerical analysis based on experimental parameters using MD
theory. In Chapter 4, we present a theoretical model for optical forces using exotic
beams, which result from combining a pair of Vortex Beams with opposite helicity (circular
polarization) and topological charge states. We demonstrate that we can combine the two
Vortex Beams with different relative amplitudes and phases to create a family of states
with different properties and applications in the characterization and sorting of chiral
particles. Appendix A discusses two projects in which I participated as a co-author. In
the first project, the MD model for vortex beams is used to characterize experimental
system parameters, particularly the radius of the trapped microsphere, through nonlinear
regression of experimental optical torque angle data. In the second project, the MD model
for vortex beams is again used to propose a method for measuring the chirality parameter
of a microsphere. It was shown that the rotation period of a microsphere trapped in orbit
in the Vortex Beam trap strongly depends on the chirality parameter of the microsphere
material. Appendix B presents details of the MDSA force models that were omitted
during the thesis. We discuss the derivation of the Debye potentials, used in the theory

formulation, and present the MDSA theory expressions for three different optical trapping



systems. Finally, Chapter 5 presents the final perspectives of the projects presented in

the thesis and concludes the discussions we addressed in each chapter.



Chapter 2

Elemental theory topics on Optical
Tweezers

We begin the content of this thesis by presenting the tools that will be used
in all subsequent chapters. These tools include the Richards-Wolf model for the non-
paraxial tightly-focused laser beam and the Mie-Debye spherical aberration theory for
the optical force in optical tweezers. It also includes guidelines for the operation and
stability characterization of an Optical Tweezers system using vortex beams, as well as
an introduction to the Langevin equation, which describes the Brownian dynamics of the

trapped colloidal particle.

The first topic in this chapter is the strongly focused field model, developed by Richards
and Wolf [1], which we extend in order to account for a vortex beam at the input of an
objective lens. Our first goal is to discuss how the laser beam fills the objective back focal
plane. For this, we will define some parameters of the paraxial and strongly focused fields.
One of the most relevant aspects for an adequate comparison between the theoretical
model and the experiment is the presence of spherical aberration introduced by refraction
at the glass-water interface when employing oil-immersion objectives. The effect of this

aberration will also be discussed in the first section.

In the following section, we present the model for optical forces on a spherical (Mie)

particle exerted by an incident field described by the Richards-Wolf model, presented in



the preceding section. In the first subsection, we present the Debye potentials related to
the strongly focused incident fields and scattered fields, the latter given in terms of the
Mie scattering coefficients [2]. From the Debye potentials for the incident and scattered
fields, we obtain the expressions of the Mie-Debye model for the optical force, which are
discussed and presented in the final part of the section.

From the radial component of the optical force, we can analyze the stability of the
optical trap. In the third section, we characterize the possible stability arrangements
present in the trap using vortex beams. One of the possible stability states consists of an
optical bistable force field, which is of special interest for this thesis since we were the first
to discover and demonstrate it. This topic will be discussed in more detail in chapter 3.

Finally, we will present the Langevin equation and some quantities derived from the
position’s time series, which will be used in the analysis of the results contained in this
thesis. Additionally, we will discuss a numerical method to simulate Brownian dynamics
from the so-called Ornstein-Uhlenbeck process [3, 4, 5|, which corresponds to a possible

realization of the time-discrete Langevin equation.

2.1 Richards-Wolf model for tightly focused vortex beams

Optical beams are typically modeled using the paraxial approximation due to its
simplicity. For the description of the paraxial optics model to be valid, the beam must
satisfy the small-angle condition. This means that the more collimated the beam is, the
better the description provided by the paraxial optics model. Furthermore, the expressions
for optical beams provided by the paraxial equation are not, in general, solutions of
the Helmholtz equation (a straightforward exception would be the plane-wave limit).
Therefore, beams focused by objective lenses with high NA should not be accurately
described by the paraxial model.

As we will see in this section, the Richards-Wolf model solves both problems mentioned

above. In contrast to the paraxial optics approach, the Richards-Wolf model provides



expressions that are solutions of the Helmholtz equation and are valid for any aperture
angle (bounded by the numerical aperture (NA) of the objective). The operation of an
optical tweezers with a single trapping beam employs large NA objectives so as to produce
the required intensity gradients. Thus, it is important to describe the trapping beam using
the non-paraxial Richards-Wolf model. However, the incident beam at the objective lens
entrance is well described by the paraxial model as its waist is much larger than the
wavelength.

Therefore, we begin this section by describing the paraxial mode that illuminates the
objective lens’s back focal plane. The paraxial mode in question is a (left) circularly
polarized vortex beam, which exhibits a series of properties that will be explored in the

following subsection.

2.1.1 Paraxial Laguerre-Gaussian modes

Vortex beam (VB) is the generic term used to refer to light beams that carry orbital
angular momentum (OAM). The presence of OAM is characterized by a helical phase
distribution exp(if¢), where ¢ is the topological charge and ¢ is the azimuthal coordinate.
The topological charge is the integer number of ‘helices’ the wavefront possesses, i.e.
the number of times the helical transversal phase goes from 0 to 27 over the azimuthal
coordinate of the beam transverse plane. It can be directly interpreted as the amount
of OAM each photon on the beam carries (¢h per photon). Therefore, the total angular
momentum will be determined by the topological charge along with the polarization of
the beam, with the latter contributing with £ per photon if it is left (+) or right (—)
circularly polarized.

Every VB exhibits a phase singularity on its optical axis, which is responsible for the
characteristic annular shape of the transverse intensity profile. While it is possible to
create VBs with a wide variety of transverse modes for the same topological charge ¢, the

Laguerre-Gaussian (LG) modes (LG, ;) stand out as an orthogonal set of solutions of the



paraxial equation. This means that one can easily describe the optical field of a given
LG mode with only a few paraxial parameters such as the beam waist wg, the Rayleigh
length zg, and the curvature radius R(z).

For simplicity, we neglect astigmatism and model the paraxial beam entering the
objective back aperture as a circularly polarized Laguerre-Gaussian (LGg,) mode with
radial order p = 0. The symmetries of such system lead us to use cylindrical coordinates,

where the corresponding electric field reads

1£] 2
2 —
E,(p,¢,2) = E <Q> e “ielPeitoze (2.1)

Wo
Here, kg = 2m/) is the laser wavenumber, é, = (X + ioy)/v/2 are the unit vectors for
left-handed (0 = 1) and right-handed (0 = —1) circular polarizations, p is the radial
distance from the optical axis and wy is the beam waist. For a circularly polarized beam,

the magnetic field reads:

Hy(p.6.2) = =iy [ By (p.6.). 22)

where € is the medium electric permittivity and g is the vacuum magnetic permeability.

Typical optical tweezers setups employ fundamental Gaussian modes as the input laser
beams, meaning that wy is normally used to characterize the transverse intensity profile.
While the size of the Gaussian mode intensity profile is directly related to wg through
a radial Gaussian distribution (exp(—2p*/w?)), LGo, modes are ring-shaped and axially
localized, and the larger the topological charge ¢, the larger and thinner the annular
intensity profile is for the same waist wy. This implies that the size of a LGy, mode
intensity profile should be characterized otherwise. We can take the derivative of |E,|?

with respect to p to obtain the radial coordinate of peak intensity r, from eq. 2.1:

14
Te = Wy %, (2.3)

which is a more suitable parameter to characterize the annular beam size instead of the

usual waist wy.



Indeed, the beam waist wy will still be used as the input parameter in the model we
will discuss next, but since r, possesses more physical meaning and a clear geometrical
appeal, all discussions regarding beam size will be done with it.

In the next subsection, we’ll present the Richards-Wolf model for a strongly focused
vortex beam, where the expressions for the electric field and energy density will be derived.
From these quantities, we’ll establish one of the criteria for ensuring the incident beam’s
efficiency in the optical trapping of particles. To accomplish this, we’ll define a quantity
using the maximum intensity radius of the vortex beam r,, defined above, and the aperture
radius of the objective lens’ back focal plane. This quantity will be the main control

parameter of what we call the filling criterion.

2.1.2 Tight focusing and spherical aberration

The paraxial optics model used in the last subsection employs small angle approxi-
mations on the angular spectrum of the field, making it unsuitable to provide an adequate
description of the fields in optical systems possessing a high numerical aperture parame-
ter. Microscope objective lenses with high NA are one such example, which demands a
theoretical modeling that incorporates the non-paraxiality of the tightly focused optical
beam.

The Richards-Wolf (RW) model is a vector diffraction model that describes the focus-
ing by an aplanatic objective lens. An objective lens is called aplanatic when it is designed
to be aberration-free (or stigmatic) and to obey the Abbe sine condition. A detailed de-
scription of this model can be found in the references [1, 6], and the model extension for
LGo, modes is well discussed in reference [7|. In this subsection, we present the derivation
of the RW model and the resulting expressions for the focal field in terms of the incident
LGy, mode. Special attention is dedicated to some intricate passages in the theory devel-
opment, as they might clarify future discussions involving the focal electromagnetic fields

and the Mie-Debye model expressions for the optical force.
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We begin considering a paraxial beam given by eq. 2.1 illuminating the aperture of an
objective lens of numerical aperture NA. The strongly focused non-paraxial beam after
the objective is represented as a Debye-type (Fourier) superposition of plane waves with

wavevectors k(f, ¢) spanning the angular sector defined by the conditions 0 < ¢ < 27

K3

and 0 < 0 < 6y = sin™* (I\TIL—A) , where n; is the refractive index of the objective immersion
medium. In contrast with the paraxial optics approach, the RW model represents the
focused field as a linear sum of solutions of the Helmholtz equation. On top of that,
the paraxial approximation requirement that the angles between the wavevector and the
optical axis be small (6 < 1) is not imposed in the RW model. All Fourier components
satisty |k(60, ¢)| = n;ko.

In order to reach high NA values, some objective lenses require an immersion media
with a high refractive index. In our experimental setup, we employ the optical trap with
an oil-immersion objective, where the immersion oil refractive index is chosen to match
the one of glass (of the microscope slide in the sample chamber), whilst mismatching
the sample aqueous medium refractive index n;. This index mismatch causes the focused
beam to be further refracted at the glass-water interface, which has an important effect on
the optical force as it degrades the focal region by introducing spherical aberration. For
each Fourier component, the resulting spherical aberration phase scales with the distance

L between the objective focal plane and the slide [§]:

cos
N,

®(0) = kL (— + N, cos 01) , (2.4)

where 0; is the refraction angle in the sample chamber, and N, = n;/n; is the relative
refractive index of host and immersion media; in our case, water with respect to oil and
glass. Each Fourier component will also be attenuated by the Fresnel complex amplitude

transmission coefficient:
2 cosf

T(0) = .
(9) cos + N, cos 0,

(2.5)

For high-NA objectives, the part of the angular spectrum corresponding to 6 >
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sin~! (IV,) gives rise to evanescent waves in the sample chamber. In a usual experimental
setup, we assume that the trapped particle is a few wavelengths away from the glass slide
at the bottom of the sample region, allowing us to neglect the contribution of the evanes-
cent sector as well as the effect of optical reverberation between particle and glass slide
[9]. The contribution from the evanescent sector is discarded by taking 6y = sin™' (NV,)

when NA > n,.

The resulting electric field in the sample region is given by:

B0 - (“HE) m-va©

2 ) o 5 ) )
X / dp e'® / dé (sin 0) v/ cos e IT(0)e®OekaOr0)re (9, ©), (2.6)
0 0

where v = f/wy is the ratio between the objective focal length and the beam waist and
k; is the wavevector in the aqueous medium, satisfying |k;| = niky. The wavevector
spherical coordinates (6, ¢) are related to the input paraxial fields cylindrical coordinates

(p, @) through the Abbe sine condition p = fsinf and ¢ = ¢ + 7.

The expression in eq. 2.6 can be simplified by solving the integral with respect to . In
order to do this, we should first clarify how the focusing process transforms the polariza-
tion vectors €, defining our paraxial state into the unit vector € in eq. 2.6. Additionally,
we should explicitly write the exponential term exp{ik; (¢, ) - r} as it also depends on
the azimuth coordinate ¢. The symmetry of the objective lens will transform the radial
and azimuthal (j and ¢) vector components of the paraxial field in cylindrical coordinates
into polar and azimuthal (é and ¢) components of the focal field, respectively [6]'. The

decomposition of p, ¢, § and ¢ into unit vectors in Cartesian coordinates (Z,7, 2) is as

'For an in-depth explanation and visualization of the tight-focusing process, see sections 3.5-3.7 of
ref. [6], where the discussions on the transformation of the polarization vectors and the power transmit-
tance of the light field are made using diagrams (Figs. 3.6 and 3.7) together with a careful development
of the respective diffraction model.
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follows:

cosp T +sing y,

>
Il

—sing £ +cos¢o gy,

AN
[

6 = cos cos @ &+ cosf singp § —sinf 2,
p=—sinpT+cospy. (2.7)

For a Therefore, the unit vector € defining the polarization state of the focused field can

be written in Cartesian coordinates as?:

& (0,0) = (&) 0 + (&-9) ¢ =
%{ sin(6/2) :(0 e (ot 1)61‘2@} + 2 cos?(6/2) } i+
% {sin?(0/2)[(0 — Ve + (0 +1)e%] + 20c05(6/2) } 4+
% { sin 6 :(a 1) — (o + 1)&*@] } 3 (2.8)

We proceed by writing the product (k(6, ¢) - r) as:
k(,¢) v =
k(sin@ cospZ +sinf sinpy + cosfz) - (p cospz + psingy + z2) =
kz cos® + kpsinf cos(o — @), (2.9)
which finally leads to the following azimuthal integral:
/27r dip e etk p sind costo=d)g! (g ) (2.10)
0

When substituting € into eq. 2.10, only five different integrands will occur. Indeed,
for any of the possible integrands, the resulting integral in eq. 2.10 has the following

solution [10]:

2
/ dp eMeeitcos(e=9) — o ()M ], (€) M9 (2.11)
0

2This expression was obtained from the relations in eq. 2.7 and the definition of the circular polarization
unit vector. Additionally, the following trigonometric properties were used in the next two equations:
(1 — cosf) = 2sin?(0/2), cos® = cos?(0/2) — sin?(0/2), sinp cosp = (1/2)sin(2¢), sin® o = (1/2)(1 —
cos(2¢) and cos ¢ cos ¢ + sin ¢ sin p = cos(p — ¢).
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where Jy/(§) is the cylindrical Bessel function of order M. From egs. 2.8 and 2.10, we can
observe that M can only have the values M = {¢ +2, ¢ £+ 1, ¢}. By substituting them

into eq. 2.6, we can define the function JASE

0o
I9(p,2) = (V2y) / df (sin )1/ cos e 0 () )
0

X fim| (0) Jogm (K p sin@y)e?Fr= oo (2.12)

where f,,(0) is the angular function, defined for m = {0, 1, 2}:

2 cos?(6/2) if m=0,
fm(0) =< sinf if m=1, (2.13)
2sin?(0/2) if m=2.

Finally, we are able to write the solution for the tightly focused electric field components

in Cartesian coordinates:

k E , .
Eia,@)@.) — (_Z')Z+1 ( T Wo 0) (ez€¢> [ée) + ei(t+20)0 ]2(?)7

2
o . K~ wo Eo i 14 i(6+20 ¢
B0 = ol () (44 - ),
k E ,
i) = 2o () (o), 214

Therefore, the respective time-averaged electric energy density distribution ng’ 2 (r) in

the focal region is:

2
y €1 kv wq Ey €1 ¢ ¢
wiet ) = () = (TR ) () (108 + 208 1R ). (21s)

Next, we’ll use the result contained in eq. 2.15 to discuss the diffraction limit of strongly
focused vortex beams. The focusing process with a high-NA lens causes the field in the
focal region to be confined, depending on the parameters that characterize the paraxial
beam at the back focal plane of the objective lens. The more confined the field, the greater
the intensity gradient in the focal region and, therefore, the greater the gradient force the
incident field is able to exert.

In the next section, we’ll explore the behavior of the field intensity distribution in

the focal region, given by eq. 2.15, and seek the configuration that maximizes trapping
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efficiency, i.e. that maximizes the intensity gradient of the incident field. In parallel, we’ll
present a quantity that quantifies the beam power that is lost during passage through the
objective lens to the focal region. Taking both these discussions into account simultane-
ously, we’ll define the so-called “filling criteria” for Optical Tweezers systems employing

vortex beams.

2.1.3 Diffraction limit and filling fraction of tightly focused vortex
beams

The tightly focused field intensity will be azimuthally symmetric for an aberration-
free circularly polarized input VB, which is expected, as the focusing process has no
mechanism to break the initial paraxial azimuthal symmetry. This wouldn’t be the case
for linearly polarized input paraxial beams or beams with aberrations like astigmatism
and coma, which change their axis direction under rotations. The intensity distribution of
the tightly focused field will be annular shaped, meaning its size can be characterized in a
similar fashion as the paraxial LGy, mode, i.e. by the radial coordinate of the maximum
intensity ring 7, . Here, the tilde indicates that this parameter refers to the non-paraxial
focal field. The parameter 7, will play an important role in defining the stability criteria
for a VB OT. As mentioned earlier in this chapter, an overall rule that OTs obey to ensure

efficient trapping is the “overfilling condition”.

In paraxial optics, the size relation between the fields in the front and back focal planes
of a lens is given by the properties of the Fourier-Bessel transform. The Fourier-Bessel
transform is a 2 dimensional Fourier transform with azimuthal symmetry, which arises
naturally when describing focusing with the Fresnel diffraction formula. This property of
ideal thin and infinite lenses is the foundation of what is known as Fourier Optics [11].
The same logic can be used with high numerical aperture objectives to understand the
overfilling condition principle: the larger the input field is, the more localized the focused

field becomes, providing a higher intensity gradient around the focus. Therefore, the
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overfilling condition requires that the tightly focused fields are diffraction-limited in order
to provide a more stable trap for a set amount of laser power arriving at the sample.

In order to obtain the focal field ring radius 7, , we have to evaluate eq. 2.15 nu-
merically, yielding the field’s spatial intensity distribution, from which we can obtain its
peak radial position. By increasing the filling ratio r/R,, i.e. the ratio between the
paraxial VB ring size r, and the objective lens aperture radius R,, we observe that 7
decreases until it converges to a minimum value, which is what we consider to be the
diffraction-limited field size 7, . This behavior is depicted in fig. 2.1.

An interesting characteristic of the diffraction-limited 7, is that it grows linearly with
the topological charge ¢, unlike its paraxial counterpart r,, which grows with \/W as
shown in eq. 2.3. Additionally, 7, also depends on the relative sign between ¢ and o as a
result of the spin-orbit coupling effect introduced by the strong focusing process [7]. In
other words, if the orbital angular momentum (per photon/ number) ¢ of the paraxial
input beam has the same sign as the spin angular momentum (per photon/ number) oh,
then 7, will be slightly bigger than in the case where the signs are opposite. This means
that 7, scales with the amount of total angular momentum of the input paraxial vortex
beam.

One can assume that increasing the filling ratio as much as possible is sufficient to
always obtain a diffraction-limited focal spot. However, this can’t be the case, as choosing
values of the filling ratio close to unity means that a significant part of the incident
beam will be located outside the objective entrance, causing some laser power to be
lost. This effect is accounted for by the filling fraction. We define it as the fraction of
power transmitted from the input paraxial beam to the focal region inside the sample
chamber. In addition to the loss caused by the finite objective aperture, we also consider
the refraction due to the presence of an interface with mismatched refraction indices
between the objective immersion and sample chamber media.

The power density before the interface is related to the Poynting vector S = Re3 (E x H*)
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as dP = (S-2) dA, where 2 is the Cartesian unitary vector, dA = 27 pdp is the infinitesi-
mal area of a ring coaxial with the objective lens. Using eqs. 2.1 and 2.2 to calculate the
Poynting vector, we obtain the expression for the infinitesimal power before the interface:

oA,
E2n (V2) | -2
qp =20 (£> e v3 pA+idp, (2.16)

Mo € Wo

Using the Abbe sine condition p = fsiné, one can obtain the infinitesimal power trans-
mitted through the interface as a function of the incidence angle 6 and given in terms of

the square of the Fresnel transmission coefficient in eq. 2.5:

nq cos 6,

P n; cos 6 @) d
2 2 2|£| 72f25ir120
_ T Egm (ﬁf) ¢ (sin§)21H cosd, [T()]2 do. (2.17)
Mo € Wo

Using the definition of 7 = f/wy and integrating over 6, we obtain the total power that

reaches the sample chamber:

2 2 2le| [0 I
po= = fu . . (\/57) / e72 I (sin )29 cos 6y [T(6)]* d6. (2.18)
0 0

Now we take a few steps to simplify this expression. Using the Snell law, we can

obtain two useful relations: sin#; = sin /N, and cos; = \/1 — (sinf/N,)2. Making the

substitution s = sin @ in the expression for T'(¢), we obtain:

ds. (2.19)

o= 2 By wp (QVQ)MH /Sinéo o—272 5% 2lt+1 VN, —s2V/1 — 2
o C 0 (\/Na—82 + \/1_52)2

Now, a similar procedure can be used to obtain the total power of the paraxial beam:

iE2 2 o 9 o
e T / e (V2ys) V2 ds. (2.20)
Mo C 0

Taking t = v/27s, one can identify the integral definition of the Gamma function:

L(z+1) = 2/ e A = 21 (2.21)
0
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The appearance of the Gamma function here is a direct consequence of how we normalized
the LGg, mode in eq. 2.1, where we omitted the pre-factors that would make the integral
in eq. 2.20 be equal to unity.

The ratio between both powers quantifies the amount of laser power that is not lost
due to the finite lens aperture size and the refraction at the immersion medium to the

sample chamber medium interface. We identify this quantity as the filling fraction Ay:

2\|¢|+1 sin 0 2 _ o2 2

4, = o) / s g VNG SVIZS2 g )
P ]! 0 (VN2 —s2 4+ V1 —s2)?

During the derivation of the MDSA expressions for the optical forces exerted by a tightly

focused LGg, mode, it will be useful to rewrite eq. 2.19 in terms of A,:

mny B w?

P =
! 4Na,u()c

|1 Ay . (2.23)

Finally, we can evaluate the filling fraction and discuss its behavior in order to complete
the discussion of the filling criteria. In Fig. 2.1, we illustrate how the A, function behaves

as a function of the filling ratio r,/ R, for various values of /. As we can see, the focal field

—(=1 —( =5 — (=10 — (=15

20 T L0

r0.8

0.6

Ay

r0.4

S

e 0.2

0.0

Yo 02 04 06 o0s 1.0
Ty / Rp

Figure 2.1: Radius 7 of the focal annular spot (solid curves, left axis) and filling factor

Ay representing the fraction of total power transmitted to the sample chamber (dotted

curves, right axis) as functions of the radius 7, of the paraxial vortex beam (in units of

the objective entrance radius R, = 2.8 mm). The topological charges are ¢ = 1,5, 10, 15.

We consider an oil-immersion objective lens with numerical aperture NA = 1.4.
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maximum intensity ring radius 7, converges to a diffraction-limited size at different values
of the filling ratio r,/R, for different topological charges. Smaller topological charge ¢

values (in modulus) reach diffraction-limited annular sizes at smaller values of ry/R,,.

For values of topological charges up to ¢ = 15, Fig. 2.1 indicates that the diffraction-
limited 7 size is always reached for the filling ratio value of r,/ R, = 0.8 . However, smaller
topological charge values show a faster power loss as r,/ R, increases, as we can explicitly
see in the plots of A, for ¢ = {1, 5}. This implies that modes with smaller topological
charges should employ smaller filling ratios to minimize power loss. Therefore, we define
the filling criteria as the set of two conditions that should be met simultaneously, i.e.
7¢ must be diffraction-limited while keeping the filling fraction A, as close to unity as

possible.

On the other hand, the filling ratio value r,/ R, = 0.8 still exhibits a significant amount
of power reaching the focal region for smaller topological charges. As an example, the
case ¢ = 1 still presents a filling fraction value of A, ~ 0.4 for the filling ratio value above.
Therefore, for practical reasons, we chose to employ the filling ratio value of r,/R, = 0.8
in our numerical analysis throughout the following sections and chapters (unless we state
otherwise), as this condition can be set equally to every LGg, mode, independently of the
topological charge. Additionally, setting a fixed filling ratio value implies that the Fourier
(plane-wave) component with the highest amplitude will always have the same incidence

angle 6.

In the next section, we present the MDSA theory for the optical force, including
the expressions for the efficiency factor (dimensionless optical force). Following the next
section, we reach a point where all the topics we presented so far (regarding the filling
criteria, the focal field intensity distribution, and the optical forces) will converge on the
topic of characterization of different stability configurations in an Optical Tweezers system

employing vortex beams.
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2.2 Mie-Debye theory for vortex beams

In the previous section, we explored the non-paraxial model for the optical field
produced by focusing a laser beam with an objective lens. We now proceed to the discus-
sion of optical forces. We consider that a spherical particle scatters the incident optical
field, resulting in the exchange of linear and angular momenta between the light and the
scatterer. The scattering problem of an incident electromagnetic plane wave by a spheri-
cal dielectric object was solved in the early 1900s by L. Lorenz and G. Mie, providing two

names for the resulting theory: Lorenz-Mie or simply Mie scattering theory.

The Mie-Debye theory, developed by H. M. Nussenzveig and P. A. M. Neto [12, 13|,
was the first theoretical formalism describing forces on OTs which employs the RW model
for the incident field [14]. The scattered field is provided by the aforementioned Mie
theory, which describes the EM scattering by a homogeneous sphere. In this formulation,
the incident plane wave is decomposed into two scalar fields representing the transverse
electric (TE) and transverse magnetic (TM) polarization modes. Then, each polarization
component is expanded as spherical partial waves, also called electric (TM) and magnetic
(TE) multipole waves, which form a solution basis of the Helmholtz equation in spherical
coordinates. The partial waves are also eigenfunctions of the Mie scattering process and
are indexed by an integer number j denoting the total angular momentum. The resulting
scalar fields are called Debye potentials, and the scattering amplitudes, also called Mie
coefficients, a; and b;, are obtained by solving the boundary conditions for the TM and
TE components, respectively, on the sphere surface. The EM force in the Mie-Debye
formalism is obtained by calculating the flux of the Maxwell stress tensor through a

surface containing the scattering sphere, using both the incident and scattered fields.

This expansion can be done for each plane wave component in the RW model field.
The composition of the beam is achieved by rotating the partial wave components using

the Wigner D-matrix [15] while the field amplitude and phase of each component are
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weighted by the input paraxial field. The derivation of the Debye potentials of the incident
and scattered fields and the corresponding optical forces has been done for quite a few
experimental scenarios. Therefore, it is beyond the scope of this section to present the
intricate details of such calculation. As such, it is sufficient to present the Debye potentials
for the incident and scattered fields for our case, as well as the novel analytical expressions

used throughout the projects.

2.2.1 Debye potentials and Mie scattering

In this subsection we will present the Debye potentials for the incident tightly
focused vortex beam, as well as the resulting scattered field. In order to construct a
Debye potential equivalent to the Debye-type integral representation for the Richards-
Wolf model presented in sec. 2.1.2, we begin with a single circular polarized plane wave

propagating along the Z direction:
E = Eye*7 e g, (2.24)

where é,(# + i0j))/+/2 is the unit vector defining the polarization state. For a circularly
polarized wave, the magnetic field H is related to E as:

Mo €

H = oE (2.25)

The Debye potentials are defined in terms of E and H as a sum of partial waves

indexed by j:

e = i (r'E)j ™M — i (r'H)j . (226)

G+’ G+ 1)
Therefore, the electric Debye potential for a single plane wave propagating along the 2

direction in the spherical partial wave basis is:

HEW _ (U Eo e‘lwt> Z ]+1 /% j](lﬁ") Y}U<9,¢), (2'27)

where jj(z) are the spherical Bessel functions of the first kind and Y;"(6,¢) are the

spherical harmonics.



21

Each circularly polarized plane wave composing the incident tightly focused field will
possess a phase and relative strength, according to eq. 2.6. Therefore, we can construct the
Debye potentials for an incident field described by the Richards-Wolf model by rotating
and combining the Debye potentials of a single plane-wave, given by eq. 2.27. A detailed
description of the process to obtain the Debye potentials for the field in eq. 2.6 is presented
in appendix B. A more detailed discussion can be found in [16].

In a general case, the Debye potential Ik of any (Debye-type) superposition of circu-
larly polarized plane-waves can be written in the following simple form:

M = 0 O (15,0 4ikr) Y7 (6,0) ) (2.28)

j,m
where ¢ = +1 identifies the polarization handedness (where + and — means left and
right circularly polarized, respectively), C* is a pre-factor (independent of j, m, £, and
o), and I' e 1s called the multipole expansion coefficients, which carries the dependencies
on the sum indices j and m, as well as ¢ and in our specific case, £. Note that the integer
m denotes the z—component of the total angular momentum. Additionally, we used the
following compact notation for the sum over 5 and m:
o J

The expressions for I',, and O™ are also presented in appendix B.

We can also define the coefficient CM, which is useful to simplify the expression for the
magnetic Debye potential II);. The latter can be obtained with eq. 2.25 and the electric
Debye potential definition in eq. B.8, yielding the relation with ITk:

M = — oty = O Y (T di(kn) Y7(0.9) ). (2.29)
j,m

Possessing both the electric and magnetic Debye potentials for the incident field, the

Debye potentials for the scattered fields are directly obtained using the Mie scattering

theory. As the Mie coefficients (—a;) and (—b;) are the eigenvalues of the scattering
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process in the multipole partial waves basis, the scattered potentials are given by:

E = > (=ay) (R),,, = 0 C® 3" (=) (T dilhr) Y7 (0,6) )

M = S0 -4) (M), = € S0 (T i) Y70.0)) . (230)

Numerous textbooks and theses present the full derivation of the Mie scattering prob-
lem (see for instance [2, 16, 17, 18]). The first step for obtaining the Mie coefficients is
to recover the electric and magnetic fields from the Debye potentials using two vector
operators that commute with V? : L = —ir x V and V x L. The boundary conditions
on the surface of the sphere require that the tangential components of both the electric
E and magnetic H fields must be continuous. The Mie coefficients for the scattered and
internal fields are then obtained by solving a linear system resulting from those boundary
conditions. However, our interests reside in the scattered field coefficients only, which are
given by:

na Vi (ki a) (ke a) — ny;(kya) ¥j (ke a)
ny ' (ky a) vy (ko @) — 1 G (ky a) (ko a)

na (kv a) (ko a) — na (ki a) (ke a)
ny i (ky @) (ko @) — i G (kya) (ko a)

where n; and nsy are the refractive indices of the host medium and the sphere, respec-

Clj:

b =

(2.31)

tively. The size parameters kja and ksa are given in terms of the sphere radius a and
the wavenumbers in the host medium (k1 = nq ko) and in the sphere (ky = ns ko). The
Ricatti-Bessel functions v;(z) = z j;(x) and Cj(l)(x) =z h;l)(x) are given in terms of the
spherical Bessel (j;(z)) and Hankel (hg»l) (x)) functions of the first kind, while the prime
symbol denotes their derivatives with respect to the argument (i.e. the size parameters
kia and kea).

Now, in possession of the expressions for the Debye potentials of the incident and
scattered fields, we can finally proceed to the topic of the Mie-Debye model for the optical

forces. The method to obtain the efficiency factor expressions for a tightly focused vortex
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beam does not differ from the usual cases (optical trapping with circularly polarized
Gaussian modes) discussed in full detail in references [12, 13, 16]. Therefore, the force
calculations will be omitted to avoid redundancy.

However, we should still present the interpretation of each term composing the effi-
ciency factor expressions. This will be the subject of the following subsection and will
be the last topic before we discuss the characterization of the equilibrium configurations

present in a vortex beam trap.

2.2.2 MDSA expressions for the optical force

The MDSA expressions for the optical forces are labeled according to physical
characteristics of each term. The optical force is given by the flux of the Maxwell stress
tensor, which itself is composed of terms proportional to the square of the total field
written as the sum of the incident and scattered contributions: E = En+Esg.

Therefore, the MDSA expressions will have terms proportional to (Ei-Efy), (Es-Eg)
and (Epy - E). The incident-incident term (Epy - Efy) does not contribute to the flux as
expected. The incident-scattered (Ejy - Ef) and scattered-scattered (Eg - Ef) terms will
contribute to the extinction and scattering components of the optical force, respectively.

The extinction force component F, is the linear momentum transfer rate from the
incident field to the system composed of the scattered field and the microsphere (—pjy,
with the upper dot denoting a time derivative), while the scattering force component F is
minus the rate at which the scattered field gains linear momentum (—ps). This is neatly
illustrated in fig. 2.2, where we note that the total linear momentum of the system is

conserved, yielding a resulting optical force that obeys:

F = Fe+Fs - _pin _ps - ps+psphere _ps - psphere7 (232)

where Pgphere 18 the time derivative of the linear momentum transfer rate to the micro-

sphere.
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System
ﬁ Scattered field
omentum - ,
extinction Psphere 2 Microsphere

Figure 2.2: Schematic illustration of the momentum transfer balance. The momentum
extinction rate (red filled arrow) is the rate of momentum removal from the incident
field (blue filled arrow) to the system, composed of the scattered field and the scattering
microsphere (green filled arrows).

It is useful to define the optical force in terms of the efficiency factor, which is a
dimensionless quantity independent of the trapping beam power: As the optical force is
proportional to the field power P at the sample, it’s useful to define the dimensionless

force [19] Q, which is also called efficiency factor:

Q = = Qs + Qe ) (233)

ny P/c

where c is the speed of light in vacuum. The vector fields Q. and Q, can be derived from
the results for the scattered field obtained in the previous sub-sections as detailed in [16].

The radial extinction component of the efficiency factor in cylindrical coordinates is:

(29%)lH . -) )y
er = M Z Im |:(2j + 1)(&]' + bj)Gj,m (Gj,m+1 - Gj,mfl) ] ) (234)
jm

while the radial scattering component is:

X

0, =22 o~ | ViG TG Em A+ DG+ m+2)
sp |£|!A[Na T (]+ 1)

X Im ((ajajﬂ + bjb;+1>(Gj,mG;+1,m+l + Gj,—mG;erl,fmfl)) -

(2 +1)
37 +1)

—20 V(i —m)(j +m+1) Re(a;b;) Im (Gj,mG;,mH)] . (2.35)

The efficiency factor components are written in terms of the multipole coefficients G},
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G

- . :
" m» and ngz The expression for G, is:

0o
G m :/ df(sin 6)"1Vcos 0 T(6) dl, ,(61) x

0
Jin—o—o(k1psin )/ (PO) +kicosb1z) - 7 sin? 0 (2.36)

where J,,,(z) are the cylindrical Bessel functions of integer order [20].

The azimuthal and axial components of the extinction and scattering factors Qeg, @54,
Qez, and @y, as well as the remaining multipole coefficients G, and Gﬁz, are given in
appendix B.

In the following section, we will discuss the stability characterization of optical traps
with vortex beams. We chose to display the radial force components in the present
section instead of the appendix to emphasize that this component will be slightly more
important than the remaining for the discussions in the next section. Indeed, the entire
stability characterization process will be carried out using the radial force component
alone, as the field’s annular shape will heavily influence the stability configuration on the
transverse (xy) plane. Meanwhile, we will present arguments to justify our assumption
that axial equilibrium (along the z—direction) is always achieved and that the azimuthal

force component won’t exhibit any equilibrium configuration by the symmetry of the

system.

2.3 Stability characterization with aberration-free the-
ory

In classical mechanics, an equilibrium position in a force field is the coordinate for
which the force equals zero. Stable equilibrium has the extra requirement that each of the
force components derivatives at the equilibrium position have to be negative. Throughout
the rest of the thesis, we might use the term stable equilibrium position for one force com-
ponent alone, and though this isn’t strictly accurate, it greatly facilitates the discussion

of optical forces of OTs with LGg, input modes.



26

In section 2.1, we discussed the azimuthal symmetry present in the expressions for
the intensity distribution of a tightly focused circular polarized LGg, mode. Likewise,
the resulting optical force also exhibits azimuthal symmetry, ¢.e. its expressions do not
depend on the cylindrical azimuth coordinate ¢ as they lack any mechanism to break this
rotation symmetry. Therefore, instead of numerically calculating Q in the 3-dimensional

space, it suffices to calculate each component in the (pz) plane.

In this section, we will explore different stability configurations in an optical trap setup
that employs vortex beams. Two trapping states regimes are expected when comparing
the trapping beam maximum intensity radius 7, and the microsphere radius a [21, 22, 23|:
when a < 7, the particle is trapped near the ring of maximum energy density while
being driven by the optical torque [24, 25] (called orbital trapping); and when a > 7,
the microsphere is too big to resolve the spatial variation of the annular focal spot and is
trapped on the optical axis. An intuitive way to understand the case a < 7 is from the
Rayleigh picture, where a gradient (therefore conservative) force pulls the small spheres
into the maximum intensity ring and the orbital motion arises from the non-conservative
azimuthal force component due to the presence of light orbital angular momentum [26, 27].
In the opposite scenario a > 7, the microsphere will be trapped on the optical axis as it
will probe the entire annular field at once, neglecting intensity variations of length scales

smaller than its own.

For clarity and didactic purposes, throughout this section we will consider an aberration-
free trap, which can be experimentally implemented with a water-immersion objective.
The aberration-free Mie-Debye theory is recovered by taking N, = 1 in eq. 2.4 leading
to a vanishing spherical aberration phase ®(6) = 0. Therefore, the absence of spherical
aberration exempt us to deal with the additional parameter L, which greatly simplify the
calculations and analysis. Indeed, our aberration-free MD results confirm the existence of
these two trapping regimes, which were already quite explored throughout the literature.

More importantly than such confirmation is that we find intermediate particle sizes a ~ 7
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where the two stable trapping states (axial and orbital) co-exist. We refer to this case
as a bistable trap configuration, as the particle might randomly hop between the on-axis
and the orbital states by thermal activation alone, provided that the laser beam power is

sufficiently low.

2.3.1 Axial and orbital trapping and the critical radii

When considering an aberration-free beam, we know that the peak intensity point
will be situated at the focal plane z = 0. Therefore, we expect that the axial equilibrium
position z.q will be near the focal plane, excluding the necessity to calculate z., numerically
for every simulation point. On top of the optical axis (p = 0), both @, and Q4 will be
equal to zero. The radial component @), is expected to be linear near p = 0, allowing us

to define the transverse trap stiffness x, as:

5, = 1 (86%9) (2.37)

C

p=0
where P is the laser power. Therefore, by the definition above, on-axis trapping requires

a positive transverse trap stiffness x, > 0.
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Figure 2.3: Transverse trap stiffness per unit power x,/ P as a function of the sphere radius
for topological charges £ = 1 (blue), 5 (red) and 10 (green). We consider an aberration-free
trapping beam. As the particle size increases, k, changes sign from negative to positive
at the critical radius R,,.
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In Fig. 2.3 we plot x,/P as a function of the trapped sphere radius a for three distinct
topological charges ¢. As explained in section 2.1.3, the diffraction-limited trapping beam
maximum intensity radius 7, scales linearly with ¢ for ¢ > 1 [7, 25|, also making the hole
around the optical axis bigger. The straightforward consequence is that spheres much
smaller than the hole will not probe any field on the optical axis. This explains the zero
value line at the beginning of each ,/P curve, where the larger the topological charge ¢
the longer the curve stays on zero. As the radius a grows and begins to probe the field,
the radial gradient force component will pull the sphere outwards, rendering a negative
k, and therefore an unstable trap on the axis.

The sphere radius for which x, flips sign from negative to positive is a critical sphere
radius R, that also increases with ¢. Thus, on-axis trapping is excluded for sphere radii
smaller than R,, and only orbital trapping may occur. For any positive value of ¢, we
find a critical sphere radius R,, that increases with ¢. In line with the above qualitative
discussion, R, is comparable to the focal spot annular radius 7, as is shown in Fig. 2.4.
The plot shows the characteristic radii of the field and the critical radii of trapped spheres
as functions of ¢, where we can see that R,, (green) is slightly smaller than 7, (orange

circles).

Now, if we search for a similar condition for off-axis trapping, we’ll find a second
critical radius R.g. Similarly to the last case, if a > R.g then off-axis trapping is no
longer possible since the only stable equilibrium position of @,(p,z =0) =01is at p =0,
with x,(p = 0,2 =0) > 0. We also plot R, as a function of ¢ in Fig. 2.4, where we note
that R.g is very close to 7, and R,, for small values of ¢/, and then becomes increasingly
larger than both as ¢ increases.

On-axis and off-axis stable equilibria co-exist in between the two exclusion zones shown
in Fig. 2.4, corresponding to microsphere radii in the (colored) stripe defined by R, <
a < R.g. Depending on the optical potential landscape, which scales with the laser beam

power, a bistable trap might be demonstrated in this case by measuring the thermally-
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Figure 2.4: For an aberration-free trapping beam, the parameter space spanned by the
microsphere radius and the topological charge ¢ is divided into three different regions.
For radii smaller than the critical radius R,,(¢) (green), on-axis trapping is excluded and
the particle rotates around the optical axis along a circular trajectory (orbital trapping).
For radii larger than the critical radius R.g(¢) (blue), orbital trapping is excluded and
the particle is trapped at a position along the optical axis. On-axis and orbital states
co-exist in the (colored) bistable stripe bounded by the plots of R, (¢) and Rog(¢). Such
region corresponds to radii close to the maximum of electric energy density 7, (circle).
When an oil-immersion objective is employed, the spherical aberration introduced by
refraction at the glass slide opens the way to switch between trapping regimes by changing
the height L of the objective focal plane. However, we still find an overall qualitative
agreement between the simplified aberration-free prediction and experimental realizations
of bistability (star) provided that we fine tune the height L.

activated hopping between the two mesostates.

As an illustration of the different trapping regimes, we plot Q),(p,z = 0) versus p
in Fig. 2.5 for three different microsphere radii: @ = 1.5 um (blue), 2.25 ym (red) and
3.5 um (green), taking ¢ = 11 in all cases. We find the values for the critical radii to be
Ron = 2.0 um and Rog = 2.3 um. Thus, the three radii considered in Fig. 2.5 illustrate
the three trapping regimes shown in Fig 2.4. For the smallest size, Fig. 2.5 shows that the
axial equilibrium position is unstable, as expected from Fig. 2.3, whereas the other root
of Q,(p = 2.0um) = 0 corresponds to the orbital trapping state. For the largest particle,
the only radial stable equilibrium position is at p = 0, whereas for the intermediate size,

two stable equilibria are exhibited.
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Figure 2.5: Radial optical force component (), as a function of radial position p for
¢ =11 and radii @ = 1.5 pm (blue), @ = 2.25 pm (red) and a = 3.5 ym (green). The fill
plot indicates the electric energy density variation with distance to the optical axis. Its
maximum is located at 7, = 2.1 pum.

For further insight, we also show in Fig. 2.5 the electric energy density as a function
of p (fill plot). The edge of a microsphere with a = 1.5 um is located near the inner tail
of the electric energy density distribution when its center is aligned along the axis. As
it would sit almost entirely on the dark central part of the annular spot, stable on-axis
equilibrium is indeed not possible in this case. On the other hand, a microsphere with
a = 3.5 pm encompasses the entire bright annulus when placed on-axis, which is consistent
with stable on-axis trapping. Finally, the intermediate size microsphere (a = 2.25 ym),
for which a bistable behavior is predicted, is such that its edge nearly coincides with the
energy density peak at p = 7. Such discussion indicates that the width of the bistable
stripe in the parameter space of Fig. 2.4 scales with the width of the focal spot annular
region. As the latter increases with ¢, we expect the bistable stripe to become wider as ¢
increases, which is indeed in agreement with the results shown in Fig. 2.4.

In this section, we presented only the aberration-free theory results, as it renders sim-
pler and more didactic discussions. In the next chapter, we will present the experimental

realization of a bistable trap and the theoretical comparison, using experimental param-
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eters as numerical inputs. To model the experiment reliably, spherical aberration has to
be accounted for. In the next chapter, we will show the importance of SA to “tune” the
bistable configuration, first experimentally (Sec. 3.1) and then theoretically (Sec. 3.3).
In the bistable system, the sphere hops between each of the equilibrium states by
thermal fluctuations alone. Additionally, the analysis of the experimental data requires an
understanding of the dynamics of a colloidal particle. In the following section, we provide
an introduction to the Langevin equation, which describes the stochastic dynamics of
the particle in the trap, to facilitate the experimental data analysis in the next chapter.
Discussions are made for systems in 1 dimension, while the extension to the 3-dimensional
case is only discussed at the end. Lastly, a useful computational method to simulate the
particle’s Brownian dynamics is presented. The same computational method is used in

the next chapter to simulate and provide further validation of our bistable system.

2.4 Langevin dynamics and experimental observables

Until this point we have discussed the physics of the deterministic optical force
present in an OT. However, the microspheres used in the majority of OT experiments
belong to a length scale where Brownian motion is an important part of the resulting
dynamics. This characteristic random motion is explained by the interaction between
the microscopic particle and the molecules of the media surrounding it. The dynamics
of particles undergoing Brownian motion are described by the Langevin equation, which
employs a stochastic force term representing the molecular collision interaction and a
dissipative term accounting for the particle’s kinetic energy loss due to drag. Interestingly,
this is a signature of the fluctuation-dissipation theorem, where the drag exerted by the
fluid converts the particle’s kinetic energy to heat and the associated thermal fluctuation
is responsible for the stochastic force.

We initiate the discussion by addressing the Langevin equation that describes our

system and the necessary approximation we have to take to obtain it. From the 1-
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dimensional case, we define the quantities of interest for a system embedded in a harmonic

KZ2

>, which can be later generalized for higher dimensions and for

optical potential U(z) =
arbitrary force fields.
The 1-dimensional Langevin equation describing the microsphere motion in the z

direction reads:

d*z dU(z) dz
—_— = — — B— 4+ \/2BkpT 2.

where m is the microsphere mass, z = z(t) is the axial position as a function of the
time ¢, (3 is the Stokes drag coefficient, kp is the Boltzmann constant, 7" is the system
temperature and & is the stochastic term (white noise) which has zero mean and is

completely decorrelated for any ¢’ # ¢, yielding:

(&) =0, (&&yv) = 0(1). (2.39)

We chose the notation using a subscript ¢ instead of £(t) to denote that & is an element
of a stochastic process (which will be properly defined at the end of this section) indexed
by t, with dimension of (¢~%/2).

The Stokes drag coefficient § for a spherical particle embedded in a fluid and distant

from any surface is given by the Stokes law:
B = 6mna, (2.40)

where 7 is the fluid viscosity and a is the radius of the sphere. A common situation in OT
experiments is to trap microspheres near the sample chamber glass slide. The Faxén’s
correction to the Stokes law [28, 29] describes the drag coefficient 8 as a function of the
height of the microsphere center with respect to the plane surface h:
B 6mna

R GG IO 10

It is clear that we recover the Stokes law by taking h — oo in eq. 2.41.

3 (2.41)

The first term in the r.h.s. of eq. 2.38 can be identified as the harmonic optical force

(—=dU(z)/dz=(—kz)), and (%) = 2 = v as the particle velocity. A particle trajectory z(t)
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and associated velocity Z(t) obeying eq. 2.38 are called position and velocity time series,

respectively. From each time series we can compute the corresponding auto-correlation

function (ACF) C¢(t):

C.(t) = (z(to +1)z(t0)) ,

C:(t) = (2(to + )2 (L)) . (2.42)

The ACF of the position C,(t) and velocity C;:(t) provides two characteristic times: the
position relaxation time 7 = 3/k (also called the trap characteristic time) and the mo-

mentum relaxation time 7,, = m/5 [30]. This is clearly illustrated by the position ACF

HZ2 .

of a particle trapped in a harmonic potential U(z) = 5~

C.(t) = kBTTe—'t/T : (2.43)

From eq. 2.43, we can see that the position relaxation time 7 can also be understood
as the average time the particle takes to ‘forget’ its initial position, i.e. the characteristic
decay time of the position ACF. Therefore, the characteristic time 7 divides the time
scales of the diffusive regime, where 6t < 7, and the trap confinement regime, where
0t > 7. This is the reason why 7 can also be understood as the trap characteristic time,
since it is the time scale in which the harmonic optical force acts on the particle dynamics.

For the cases of our interest, the velocity relaxation time 7, is orders of magnitude

smaller than 7.3

This ensures that any fluctuation of the particle velocity (which is
directly related to its temperature) decays back to its initial value (or simply thermalizes)
in the diffusive or confinement time scales ot > 7 > 7,,,. Therefore, the particle position
evolves as a succession of equilibrium states, allowing us to define a Boltzmann probability
distribution for the position z for each moment in time ¢. Also, the inertial term in eq. 2.38
(m(%), receiving its name as it is proportional to the particle’s mass) has a much smaller

contribution than any of the remaining factors of the equation. If we drop the inertial

3 Additionally, the momentum relaxation time divides the time scales of the ballistic (6t < 7,,,) and
diffusive (0t > 7,,,) regimes.
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term, we obtain the so-called overdamped Langevin equation:

dz  1dU(z) |2kpT

As the system is in thermal equilibrium, we can define the position probability distribu-

tion (or probability density function, PDF) following the Maxwell-Boltzmann distribution

for any given potential U(z):

_U®

p(z) = Z e #aT (2.45)

where Z~! = p, is the normalization constant in terms of the partition function Z =
ffooo dz e~V ZkET)  From a given PDF, we can also solve eq. 2.45 for the potential U(%)

by taking the natural logarithm of both sides, obtaining:
U(z) = —kgT log(p(z)) + Uy . (2.46)

Note that this relation is valid for any potential U(z), as the only condition we mentioned
is that the system is in thermal equilibrium.

Assuming the potential in eq. 2.45 is harmonic, we can obtain a useful relation between
the system temperature 7', the harmonic trap stiffness x and the position variance s = (z?)
(assuming the mean position to be (z) = 0). The equipartition theorem states that each
degree of freedom of a system in thermal equilibrium will possess an average energy of
(kpT/2). Taking the position average of U(z) and using the equipartition theorem, we
obtain:

1 1

= —ks = - kgT, (2.47)

() = S5 =5

meaning that s = kgT'/k. Substituting eq. 2.47 into eq. 2.45, we obtain a PDF with the

N R
—
[N
no
=
|

shape of a Gaussian function:

(2) e R ! e : (2.48)
— X — — X - .
p Po €xp %pT s p 95 |’

where it is straight forward to identify the position variance as the width of the Gaussian

distribution.
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Now, we introduce the power spectral density (PSD) of the position time series as
the Fourier transform (FT) of the ACF, defined in eq. 2.42. The Wiener—Khinchin the-
orem [31] allows us to calculate the PSD of a stationary stochastic process (which is not
square-integrable) as the FT of the series ACF. It follows from the convolution theorem

that the FT of the position ACF is given by:

C.(t) = 2(f) 2(=f) = [2(NI, (2.49)

where the symbol (7) denotes the FT of the quantities C.(t) and z(t).

An alternative approach to obtain the PSD is by directly taking the FT of the
overdamped Langevin equation, which is specially useful for the harmonic potential
case. Defining the the trap characteristic frequency (also called corner frequency) f. =

1/(2n7) = k/(2m(), substituting into eq. 2.44 and taking its FT, we obtain:

o (.= if) 2(f) = ngT ). (2.50)

We proceed by isolating 2(f) and taking the square of its modulus. Using once again the

Wiener Khinchin theorem and the second relation in eq. 2.39, we find that |£(f)]? = 1

and obtain the resulting position PSD P, (f):

P = EOF = (gss) e (2:51)

which means that the PSD has the form of a Lorentzian function if the particle is inside
a harmonic potential.

As a final topic of this section, we will briefly introduce the Ornstein-Uhlenbeck process
along with its relation to the overdamped Langevin equation and the numerical method
used to simulate the Langevin dynamics. A stochastic process is a collection of random
variables indexed by a set, where each process is categorized according to its specific prop-
erties. An example with physical meaning is the white noise presented in eq. 2.38, which

is modeled to have a Gaussian amplitude PDF and therefore is said to be a Gaussian
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process. It is modeled this way because the thermal force term arises from the molec-
ular collisions with the particle within the fluid. As the molecules’ velocities follow the
Maxwell-Boltzmann distribution and the elastic collision force should be proportional to
the molecular velocity, the thermal force should also follow a Gaussian distribution.

The overdamped Langevin equation 2.44 corresponds to the Ornstein-Uhlenbeck pro-

CEess:

K 2kgT
dZt = —thdt + 63

&edt . (2.52)

which is both a continuous-time Markov (i.e. “memoryless”) and a Gaussian process,
hence classified as a Gauss-Markov process. This means that the Ornstein-Uhlenbeck
process PDF is given by a Gaussian function and the corresponding position time series
z; can be statistically characterized solely by a mean value z (usually set to zero) and
a variance s = kBTT Therefore, it is useful to write z; using the notation for Gaussian
processes as z; ~ N (Z, s).

The computational model used to simulate the related overdamped Langevin equation
requires a discretization of the Ornstein-Uhlenbeck process in eq. 2.52, where the index
t is turned into an integer and the time differential dt becomes a finite time interval At.
However, the discretization of the white noise term is not a straightforward procedure, as
the averages present in eq. 2.39 should be sums instead of integrals in time. Additionally,
the new noise term w; should have zero mean, unit variance and be delta correlated
((wywy) = 0y ¢, where & p is the Kronecker delta) for an arbitrary time interval At, where
the operation ( ) denotes a sum over the time index set instead of an integral in time
(representing the ensemble average). Therefore, we should substitute & by w;/ VAL to
satisfy these conditions and obtain the discrete version of the Ornstein-Uhlenbeck process,

given in terms of the position increment Az, :

At [2kpT At
AZt = Zt41 — Rt = —% 2 + Bth. (253)
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According to this equation, the position time series z; can be obtained recursively from
the white noise process w; ~ N(0, 1) and an initial position state zg, since z;11 = 2, +Az; .

Alternatively, one can rewrite eq. 2.53 using the Wiener increment AW, defined as:
AW = wippar — wy ~ N (0, At), (2.54)
and are related to the white noise process as follows:
AW, = VAt w, . (2.55)

Therefore, we can substitute eq. 2.55 into eq. 2.53, which leads to another quite common

way of expressing the Ornstein-Uhlenbeck process:

Azt = ——2z + AWt (256)

p

Finally, a few important remarks should be made to conclude this section. A straight-
forward implementation of eq. 2.53 is referred to as the Euler-Maruyama scheme, which
is the most simple and intuitive way of solving stochastic differential equations like the
Langevin equation. Numerical simulations based on this algorithm should employ time
steps respecting At < 7, which ensures that the simulated thermal force (proportional
to w;) is indeed uncorrelated for time intervals much smaller than the trap characteristic
time.

Additionally, the Langevin equation 2.38 can be viewed simply as the second Newton’s
law with an stochastic thermal force term. This means that the optical force field we have
assumed to be harmonic can actually take any form, like the force field of a bistable trap
for example*. As force fields become more complicated, different solution schemes can
be used to improve either the restrictions on the time step At or the convergence of the

time series PDF. As an example, the class of the stochastic Runge-Kutta (explicit strong)

41f this is the case, the resulting stochastic process is not necessarily an Ornstein-Uhlenbeck process
anymore, as the resulting position PDF may no longer be a normal distribution (i.e. Gaussian).
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schemes [32] gained a lot of popularity due to their gain in overall time performance
and therefore in relative computational cost. In ref. [32] an in-depth discussion on the
mathematics of stochastic differential equations can be found (including introductions
to Stochastic processes and Itd stochastic calculus), together with a full descriptions
of the aforementioned solution schemes (Euler-Maruyama and Runge-Kutta of different
convergence orders and dimensionalities) as well as others.

Lastly, the 1-dimensional Brownian dynamics we discussed in this section can be
directly extended to 3-dimensions by considering a system of 3 independent Langevin
equations, one for each Cartesian direction. As long as the thermal force intensity in
each Cartesian component is normally distributed, the resulting 3-dimensional thermal
force vector will exhibit an isotropic angular distribution®. Additionally, its intensity will

be given by a chi-squared distribution with 3 degrees of freedom with variance equal to

VO ksTAL/B [33].

SFor any other PDF distribution (other than Gaussian) of each individual thermal force component
intensity, this angular isotropy is not guaranteed. Then, angular isotropy would have to be enforced while
redefining the vector intensity distribution accordingly.
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Chapter 3

Optical bistability on optical tweezers
employing vortex beams

In the previous chapter, we presented fundamental topics on Optical Tweezers
theory, optical trapping with vortex beams, and Brownian dynamics. Those topics are
essential tools for the study of Optical Tweezers, and we shall summon them as needed

throughout the next chapters.

In this chapter, I will discuss the optical bistability experiment made at the Opti-
cal Tweezers Lab at UFRJ and compare the theoretical and numerical results with the
experimental data. The key difference from the system discussed in the last chapter is
the presence of spherical aberration in the experimental system (see Fig. 3.1), introduced
by the use of an oil immersion objective lens. This choice was not without reason: oil
immersion objectives possess a significantly higher numerical aperture, which provides an

overall better stability for the optical trap.

The spherical aberration phase in Eq. 2.4 arises from the refraction at the glass-water
interface and is a function of the height L of the focal plane. This additional parameter
enhances our control over the trapping field distribution and, thus, the optical force
landscape. Indeed, the parameter L can be fine-tuned to switch between each of the three
regions on the parameter space in Fig. 2.4 when the values of the microsphere radius a

and topological charge ¢ fall within the bistability stripe.



40

The bistable trap system presented here exhibited great potential as a platform for
demonstrating interesting aspects of stochastic thermodynamics [34, 35|, such as non-
equilibrium steady states (NESS), spontaneous symmetry breaking, and optical bistabil-
ity. Another hot topic in stochastic thermodynamics is the search for protocols providing
optimal shortcuts to thermalization in colloidal Brownian dynamics. Between September
2022 and March 2023, I was at the Institut de Science et d’Ingénierie Supramoléculaires
(ISIS, located in Strasbourg, France) as a CAPES-Print fellow. There, I took part in
a project involving the computer simulation and experimental demonstration of optimal
finite-time thermalization protocols of colloidal single-particle systems|36]. Engaging in
this project was a pivotal point in understanding the applications and possibilities that
the bistable trap system provides to the area of stochastic thermodynamics.

We begin the discussions of this chapter by presenting the experimental realization of
the bistable trapping system. Then, we present the experimental results and a theoretical
comparison of the data using numerical analysis of the optical force landscape. Lastly, we
present a simulation of the dynamics of a Brownian particle embedded in a bistable trap,

which qualitatively agrees with the experimental observation.

3.1 Experimental setup and procedure

In this section, I'll present the experimental setup and the relevant elements and
procedures present in the bistable trap project. As shown in Fig. 2.4, we found 4 cases
of optical bistability experimentally. We will present the setup with all cases in mind,

though we will later focus on the case with ¢ = 8 and sphere radius a = 1.5um.

3.1.1 Experimental setup

The main objective of the experimental setup we are about to discuss is to produce
a vortex beam with a chosen topological charge ¢ and circular polarization state defined by

o that overfills an objective lens and thus creates an optical trap. During the description
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of the setup we will present and discuss each of the relevant optical elements used to build
the trap.

The first step to creating the vortex beam is to steer a TEMy, laser beam onto a
spatial light modulator (SLM). The laser is a diode-pumped Ytterbium fiber laser IPG
photonics, model YLR-5-1064LP, which produces a linearly polarized collimated Gaussian
mode with waist wy = (2.2+0.2) mm and wavelength \g = 1064 nm. The SLM is a phase-
only spatial light modulator made by Holoeye Photonics, model AG Pluto, and requires
the incident laser beam to be horizontally polarized in order to imprint the phase into it.

An SLM is a liquid crystal display (LCD) in which each pixel can be electronically
controlled to change the refraction index inside the cell, imprinting a local phase on the
light beam. The added phase of each pixel corresponds to a grayscale 8-bit integer value,
and the data array for every pixel on the display can be encoded in one color channel of
an image file, which is called a phase mask.

We employ the lossless modulation technique [37], in which the SLM displays the
overlapped phases of a vortex with topological charge ¢ (®yotex = ¢¢) and a linear ramp
(Pramp = A x), where the latter separates the different orders of diffraction. Here, ®yoptex
is the resulting vortex phase, ¢ is the angular polar coordinate (in the transverse plane
frame) and @y, is the resulting ramp phase corresponding to a triangular prism with its
phase slope along the = direction and with angular coefficient A. Each diffraction order
corresponds to a number of round trips inside each of the SLM pixels, with n = 0 meaning
the portion of the initial beam that reflected on the SLM first surface and suffered no
phase modulation, n = 1 being the portion that got transmitted into each pixel and
suffered no internal reflection on the way out, and each consecutive order having suffered
an extra internal reflection when exiting the pixel, adding to the number of round trips.
The ramp phase tilts each order with a different angle, thus separating them.

Therefore, in order to align an SLM, one should place it on the optical path so that

the incident beam is close to normal incidence with the LCD plane (with angle tolerance
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Figure 3.1: Illustration of the experimental setup. The top left panel shows a magnified
view of the sample region with the glass slide lying at its bottom. The bottom panel
shows the optical setup, in which the laser beam passes through a polarizing beam splitter
(PBS) and is directed to the spatial light modulator (SLM). The first order of diffraction
propagates through a quarter-wave plate (QWP) and then is steered onto the microscope
(dotted frame). Inside the microscope, the beam is reflected by a dichroic mirror (DM)
and then focused by an oil-immersion objective (NA = 1.4, 100x magnification). Inside
the sample chamber, the refractive index mismatch between the glass slide (index n;) and
the aqueous medium filling the chamber (index n;) leads to the introduction of a spherical
aberration phase upon refraction at the interface between the slide and the water. Such
phase is proportional to the height L of the objective focal plane with respect to the glass-
water interface, whose position is controlled by a piezoelectric nanopositioning stage (PI).
The resulting non-paraxial focused beam is indicated by the density plot of the electric
energy density for L = 10 um (red), along with a trapped microsphere of refractive index
No.

or other requirements specified by the SLM manufacturer). The tilt angle is then chosen
so that the different diffraction orders can be clearly separated along the following optical

path. As shown in Fig. 3.1, we propagate only the first order of diffraction through a
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quarter-wave plate (QWP) to produce a left-handed circular polarization vortex beam.
The circularly polarized vortex beam is then directed to an inverted microscope, where it
is reflected by a dichroic mirror into the objective lens (Nikon PLAN APO, 100x, NA =
1.4 with aperture radius R, = (2.80 £ 0.05) mm). We check the transverse profile of the
vortex beam with the help of a scanning-slit beam profiler (Thorlabs BP209-VIS/M) and
a non-polarizing beam splitter placed right before the microscope entrance (not depicted).
The resulting ¢ = 8 (also ¢ = 11) naturally overfills the objective entrance port, while
other cases (¢ = 4 and ¢ = 5) require the resulting vortex beam to be expanded with a

telescope to properly overfill the objective aperture.

An important aspect of setups that employ SLMs is the effect of reflection on the
transverse amplitude and phase profiles of the beam. Upon reflection, the transverse plane
coordinate system inverts the coordinate axis parallel to the scattering plane, which, in
general, does not affect azimuthally symmetric beams. However, while the transverse field
intensity profile is azimuthally symmetric for a vortex beam, the phase profile is not. This
means that upon each reflection, the vortex beam topological charge will flip its sign. We
account for this effect by adapting the initial sign of ¢ displayed on the SLM, and the
resulting charge can be easily verified by examining the reflected image of the non-paraxial
beam emerging from the back focal plane of the objective. The reflected image of a left-
handed (right-handed) circularly polarized vortex beam will exhibit a larger (smaller) ring
radius 7, if the sign of ¢ is positive or a smaller (larger) 7, if ¢ is negative, in accordance

with sec. 2.1.3.

The production of vortex beams with the lossless modulation method results in a
mode that differs from the usual LGy, mode we have discussed previously. In order
to produce a LGy, mode using the SLM the amplitude modulation method should be
employed, where the field amplitude profile of the desired LGg, should be superposed
with both the vortex and ramp phases. As the resulting LGy, beam is a solution of the

paraxial equation, the usual paraxial parameters and equations define the electromagnetic
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field. On the other hand, the transverse field intensity and phase profiles of vortex beams
produced with lossless modulation depend on the topological charge ¢ and the distance
the field propagates. Therefore, the complex electromagnetic field can only be obtained
by numerical evaluation of the Fresnel diffraction integral. Nevertheless, the paraxial r,
parameter can be defined for both cases, thus making the whole discussion regarding the
filling criteria still valid for vortex beams different from the LGy, mode used throughout

section 2.1.

Additionally, the alignment of the incident beam optical axis and the modulation mask
center is of great importance. A misalignment between an input Gaussian TEMyg beam
and a phase-only mask (without amplitude modulation) will result in an asymmetrical
vortex beam, where the intensity along the direction of the misalignment will be shifted
towards the ring section closer to the beam side, forming a lump. The resulting optical trap
may not exhibit a proper orbital motion depending on the severity of the misalignment,

as the sphere might be locked in the intensity clump due to a gradient force component.

On the other hand, the amplitude modulation method can be designed to expect an
arbitrary input field distribution. Amplitude modulation can be easily understood as a
mask overlay with values ranging from 0 to 1, where 0 leads to no modulation and 1 to full
modulation, superposed with the ramp phase. By setting this overlay to 0.5 everywhere,
the output field’s first diffraction order will have its total intensity cut in half. This
means that this overlay can be set according to the input field at each coordinate point
by dividing the overlay value by the relative field amplitude at that point (as long as
it is not zero), and the whole overlay should be re-scaled so that its maximum value is
1. Given that the input field spatial distribution is aligned to the overlay, a new range
of possibilities arises from this technique (aside from producing LGg, modes), such as
dislocating the output field optical axis, resizing (diminishing) the beam waist of an input
TEMy, Gaussian mode and creating multiple beams with controllable sizes and relative

strengths.
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The amplitude modulation technique plays an important role in other projects con-
tained in this thesis. For example, the project presented in appendix A (Sec. A.1) uses the
amplitude modulation technique to provide a better control of the input paraxial beam on
the objective lens entrance, which greatly impacts the agreement between the theory and
the resulting experimental data [38]. Also, this technique can be used to produce other
kinds of structured beams, like cylindrical vector beams, which are discussed in chapter 4.
Therefore, it seems appropriate to mention it in the present section due to its context,

but for now, we should shift our focus back to the bistability experiment.

For the case (¢ = 8, a = 1.5um), the overfilling of the objective entrance port of radius
is such that the ratio between the maximum intensity and the objective lens aperture radii
is r¢/R, = (0.68 £0.01). Though this is not in accordance with the previously established
overfilling condition 7,/ R, = 0.8, one can see in Fig. 2.1 that ¢ = 5 and ¢ = 10 are already

close to the diffraction-limited size.

The imaging setup we used in the experiment is provided by a high-end Nikon Eclipse
microscope, where the data acquisition process is carried out via video microscopy. The
microscope employs a Kohler illumination scheme, where an LED source (wavelength
470 nm, depicted in Fig. 3.1), along with a pair of collector and condenser lenses and
diaphragms, produces a plane wave on the sample. Light scattered by the microspheres is
then collected by the objective and goes through the dichroic mirror and the microscope
tube lens L;. The Kohler illumination and the imaging schemes are discussed thoroughly
in references [6, 39, 40]. The resulting images consist of interference patterns formed
by the incident and scattered light fields, characterized by concentric contrast rings (see
Fig. 3.2 panels (a)-(d)). The images are recorded by a CMOS camera (Hamamatsu Orca-
Flash 2.8 C11440-10C) with an acquisition rate varying between 50 fps (for the cases
¢ = 4,5) and 30 fps (for the cases ¢ = 8, 11). Finally, the microsphere center-of-mass
position on the (z, y) plane can be obtained for each frame of a video by applying a

threshold on the grayscale image.
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3.1.2 Experimental procedure

The sample chamber is contained by an O-ring on top of the glass slide and filled
with a suspension of polystyrene microspheres (Polysciences, Warrington, PA) in water.
By viewing the camera live feed, we can manually steer the sample to place a microsphere
near the tightly focused Gaussian beam until trapping occurs. Once a microsphere is
trapped, we raise the sample chamber until the sphere ‘touches’ the glass-water interface.
This procedure is useful to estimate the relative distance between the interface and the
objective focal plane, as the Gaussian mode has a higher waist wy (and therefore the
larger Rayleigh length) compared to the resulting vortex modes. This procedure is further

explained and motivated in appendixes C and A of reference [41], respectively.

To achieve the bistable trap, we set the topological charge on the SLM to comply with
the selected microsphere size, according to the phase diagram in Fig. 2.4. Although the
results of Fig. 2.4 were obtained considering an aberration-free system, they still seem
to hold true for our experimental setup employing an oil-immersion objective, therefore
providing a useful guide for achieving a bistable trap. Indeed, we indicate the experimental
implementations of optical bistability as stars in Fig. 2.4, where values of the particle
radius a and topological charge ¢ fall inside (or at least very close to) the bistable stripe,
but not otherwise. For each case, we are able to experimentally achieve a thermally-
activated bistable optical trap by fine-tuning both the focal plane height L and the laser
power P, at the objective entrance port. Table 3.1 summarizes the values for the particle
radius a, the topological charge ¢, and the laser power P, used to achieve bistability for

each case.

In all of those cases, we start by trapping the microsphere on the axis with the focal
plane close to the glass slide. The sample chamber is then lowered by a piezoelectric
nanopositioning stage (Digital Piezo Controller E-710, Physik Instrumente), increasing the

distance L between the glass slide and the objective focal plane as depicted in Fig. 3.1. As
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we keep lowering the sample chamber, we reach the bistable region, where the microsphere
starts to hop between on-axis and orbital trapping. The bistable regime is present in a
finite L range, as if we lower the sample chamber further, on-axis trapping ceases to occur.
This indicates that increasing the value of L corresponds to shifting the bistable stripe
upwards, as the axial trapping occurs for lower values of L and orbital trapping for greater
values of L. For / = 8 and a = 1.5um we observe a sample chamber displacement range
of 4pum separating the axial and orbital trapping states, which corresponds to a range for

L as AL = N, 4pm =~ 3.5um.

3.2 Results for the bistability experiments

In this section, we will discuss the results of the bistability case { = 8 and @ = 1.5um
with more detail. This particular case was the clearest bistability demonstration we have
achieved and also the easiest to analyze among the total four. Additionally, less detailed
experimental data of the remaining cases will be presented.

We captured 3 sets of videos for the case { = 8 and a = 1.5um: one video for the
intermediate bistable configuration, one for an L value right below, and another right
above the bistable L range. The analysis of the bistable trapping video is summarized
in Fig. 3.2. The alternation between on and off-axis states over time is depicted in
Fig. 3.2 panels (a)-(e). In panel (e) we plot the microsphere radial position p versus
time, whereas 4 frames of the corresponding video illustrating a ‘round trip’ of states
hoping (axial to orbital and back to axial) are indicated as vertical lines and displayed
in panels (a)-(d). The orange dashed outline represents the sphere size and serves as a
scale. Along the orbital trajectory, the sphere motion blurs the resulting image along the
mean displacement direction (represented as a black arrow in panels (b) and (c)). The
diffraction rings composing the sphere image also depend on the relative height to the
focal plane, and the clear difference between the image patterns (a) and (d) for on-axis

trapping and (b) and (c) for orbital motion indicates [42] that each state corresponds to
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| ¢ ] a(pm) | puweo(pm) | pep(pm) | Top(s) |
4 1.0 — 0.6+ 0.1 0.24 £ 0.02
5 1.0 0.69 £ 0.01 0.7+0.2 0.20 £ 0.01
8 15 1.07 £ 0.01 1.0L£02 0.55 % 0.03
11 2.25 12401 10103 5+ 1

Table 3.1: Experimental values for the radius pey, and period Ty, of the orbit state in
the bistable regime. The theoretical values for the orbit’s radius pgeo (to be discussed
in the next subsection) are in good agreement with the experimental data for ¢ = 5 and
¢ =8, but for £ = 4 only on-axis trapping is predicted by the model.

a different height.

From the radial time series in panel (e), we also determine the radius of the orbit pey,
from the average (horizontal dashed line) and the standard error of p in the orbital state.
We represent the resulting measured values of peyp, for £ = 8 as well as for the other values

of ¢ in Table 3.1.

In panel (f) of Fig. 3.2 we show the energy distribution U(x,y) in the zy plane in terms
of the position probability distribution p(x,y), following the Mawell-Boltzman definition
of the optical potential U(z,y)/(kgT) = Inp(0,0) — Inp(z,y), as discussed in Sec. 2.4.
The position probability distribution p(z,y) is obtained by taking bins of area AzAy =
1.35 x 1072 um? from the total 4000 frames of the video (which corresponds to a total

elapsed time of 133s at 30fps).

and with different widths as determined by the total time elapsed in each orbital
motion before hopping back to the axial trapping position. The period Ti, is then
obtained from the peak of the PSD as indicated in Fig. 3.2(g). The resulting measured
values of T, are shown in Table 3.1, with the error bars derived from the half width at

half maximum.

In addition to the probability distribution, we also analyze the PSD for each coordinate
of the microsphere position. Since both x and y coordinates provide very similar results,
only the first is depicted in Fig. 3.2(g). The PSD has the form of a superposition of

squared sinc functions centered at the orbital frequency foxp = 1/Texp, Where Tiy, is the
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Figure 3.2: Experimental data corresponding to the realization of bistability with a
polystyrene microsphere of radius a = 1.5 um and a vortex beam with ¢ = 8. Panels
(a)-(d) show frames of the trapped microsphere at times ¢,y = 855, t1y = 90s, t) = 955
and tq) = 100s. The outline (dash) of the trapped microsphere of diameter D = 3 ym
is superimposed on each image to represent the scale. When the microsphere hops to
an off-axis location (b and c), it circulates around the axis. The black arrows indicate
the motion of the microsphere in (b) and (c). The difference between the image patterns
(a)-(d) and (b)-(c) indicates that the trapping height changes when hoping from axial
equilibrium to orbital motion. Panel (e) shows the time series of the microsphere radial
coordinate. The vertical green lines indicate the times corresponding to the frames shown
in (a)-(d). The horizontal dashed line in panel (e) represents the mean radial coordinate
Pexp = (1.04£0.05) pm for the orbital trapping. Panel (f) shows a color map of the energy
distribution U(z,y)/(kgT') across the xy plane as derived from the position distribution
density p(z,y). Panel (g) is the power spectrum density (PSD) of the = coordinate show-
ing a peak at f = 1.82 Hz, which corresponds to an orbital period Tiy, = (0.55 £ 0.03) s.

period of the orbit. This is easily demonstrated by considering eq. 2.49 for a truncated sine
function, i.e. the product of a sine function with a square pulse. The F'T of a square pulse

(denoted by the product of two Heaviside theta functions O(¢)O(t + t'), with width ¢') is
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Figure 3.3: Resulting plot of the squared sinc function for one single round trip, depicting
the qualitative behavior of a PSD for the bistable trapping case.

the sinc function, while the multiplying sine can be viewed as a translation of the sinc
function in the frequency space. Therefore, different widths of the squared sinc functions
are determined by the total time t’ elapsed in each orbital motion before hopping back
to the axial state. The period Ti, is obtained from the peak of the PSD, as indicated
in Fig. 3.2(g) by the red dashed line, and its measured values are shown in Table 3.1 for
each experimental case, with the uncertainty defined as the half width at half maximum
of the function. Additionally, the axial trapping contribution to the PSD will be the usual
Lorentzian function, which can’t be visualized in Fig. 3.3 since the corner frequency is
located beyond the Nyquist frequency for the experimental data.

On top of experimentally demonstrating the optical bistability, measurements of the
occupation time and hopping probabilities are novel observables that depend on the op-
tical potential and the non-conservative components of the optical forces. This presents
yet another way to investigate the physical properties of the system, like the viscosity
and drag coefficient of the surrounding fluid and light-matter interactions between the
trapped particle and the optical beam, to name a few. Note that the robustness of the
theoretical model is key to enabling such investigations, and even if we disregard the effect
of astigmatism and other beam imperfections, an overall good agreement is found between

the experimental measurements and the numerical simulation of the experiment.
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As a final remark concerning our experimental results, we observed that the sense of
rotation in every orbital state coincides with the sign of /. Indeed, this is in agreement with
a previous experiment of an optical trap employing vortex beams with aqueous colloidal
suspensions [25]. However, a negative optical torque, i.e. a torque with an opposite sign
between ¢ and the rotation handedness (given by the azimuthal force component), was
predicted for the orbital motion of a particle suspended in air [43]'. A negative torque was
also demonstrated in a previous experiment by the LPO group, both experimentally and
theoretically (using the MDSA formalism), for a particle trapped on-axis by a circularly-
polarized Gaussian beam [44|. Likewise, our theoretical description of the optical trap
experiment with vortex beams also confirms that the sense of rotation coincides with the

sign of the topological charge.

3.3 Numerical results with MDSA theory

In this subsection, we will conduct theoretical and numerical analysis of the experi-
mental results from the bistable system. We begin by demonstrating the role of spherical
aberration in the intensity distribution of the field in the focal region. Next, we analyze
the force field configurations as a function of the spherical aberration parameter. Finally,
we present the results of a Langevin equation simulation for a bistable force field with

parameters similar to those in the experimental realization.

3.3.1 The role of spherical aberration on the optical force land-
scape

When focusing a beam through the glass-water interface, the resulting spherical
aberration phase drastically modifies the field distribution and, consequently, the optical

force in the focal region. One of the effects is the formation of caustics, which are re-

1 Additionally, this article also analyses the motion of a particle in the damped regime, where the
simulated motion exhibits patterns which strongly depends on the air pressure and the initial conditions
of the trapping system.
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gions of local intensity maxima formed around the focal region. Experimental trapping
results using Gaussian beams demonstrate this beam modification effect by presenting
configurations with multiple equilibrium positions along the optical axis [8, 45].

A key point to our discussion is that the spherical aberration phase shows a dependence
on theta, resulting in a more intense effect for marginal Fourier components (with larger
theta). For this reason, the effect of spherical aberration on vortex beams that satisfy the
overfilling condition is expected to be more intense than for beams localized close to the
optical axis, such as the fundamental Gaussian mode.

In Fig. 3.4, we can observe the field intensity distribution for different values of L.
As the amount of SA (quantified by L) increases, caustics start to form and become
increasingly sharp. We can also see the elongation in the z direction of both the innermost
(principal) ring as well as each of the caustics (secondary rings). A trivial result from the
formation of caustics is that one can expect dipole particles to be trapped in any of the
secondary maximum intensity rings, allowing for multi-stability systems.

A more subtle aspect, yet extremely important for controlling the onset of bistability,
is the effect of SA on the size of the ring of maximum intensity 7, . As the amount of
SA increases, the diffraction focus begins to occur in progressively lower z planes. When
analyzing 7, at the diffraction focus, we see that its value increases along with the amount
of SA. Given the relationship between the ring radius and bistability control, we can state

that this is an important mechanism for controlling its emergence.

3.3.2 Theoretical modeling and numerical results

In this subsection, we will discuss the numerical results related to modeling our
experimental system. We used input parameters in the theory obtained from the exper-
iment whenever possible. Discussions regarding the role of SA for optical force and how
the parameter that quantifies it can be determined will be emphasized.

In Fig. 3.5(a), we plot the electric energy density (field intensity distribution) and
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Figure 3.4: Illustration of the effect of the spherical aberration phase on the spatial
distribution of the electric field intensity. The paraxial beam at the objective entrance
(oil-immersion, NA= 1.4) is left-circularly polarized (¢ = 1), has topological charge ¢ = 8
and filling ratio /R, = 0.8. Each column corresponds to a distinct value of L, indicated
in the upper left corner of each plot in the first row. The plane where the global intensity
maximum is located is called the diffraction focus, which corresponds to the plots in the
zy-plane (bottom row) and which we mark with a red dotted line in the zz-plane plots
(top row).

dimensionless optical force components for different values of L, taking again ¢ = 8 and
a = 1.5 um. The values of L were chosen so that the 3 different trapping configurations
are seen. The density plots in Fig. 3.5(a) depict the field intensity distribution (E?, first
row) and the axial (@), second row) and radial (@),, third row) dimensionless optical
force (efficiency factor) components in the (pz) plane of the microsphere coordinate. The
columns correspond to the three values of L, which quantifies the amount of spherical
aberration of the focal field and increases in value from left to right.

When considering a collimated (aberration-free) input paraxial beam, the value of L

(after focusing) corresponds to the position of the objective focal plane with respect to
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the glass slide. However, the experimental setup allowed the paraxial beam emerging
from the SLM to propagate freely while acquiring a finite curvature radius. In other
words, the vortex beam entering the objective lens possesses a quadratic diverging phase
(defocus). It follows from the displacement theorem [46] that the defocus phase will shift
the paraxial focal plane in the forward axial direction, hence decoupling the value of
L from the distance between the focal plane and the glass-water interface (see ref. [41]

section IV-C for more details).

Each column in Fig. 3.5(a) corresponds to an additional displacement of the focal plane
by steps of AL = N,d = 1.75 ym, thus mimicking the experimental procedure described
in the previous section (3.1). As stated previously, E?, Q., @, and U(p) (in Fig. 3.5(b))
are independent of ¢ by symmetry.

We can use the density plots of the optical force components to identify the roots
@, = 0 and @, = 0 that lead to stable trapping. Blue- and red-colored values within
the maps of ), and @, denote positive and negative signs of the optical force value,
respectively. In other words, blue (red) regions on the (), and (), maps indicate that
the force component points to the positive (negative) z and p directions, respectively.
Therefore, blue and green curves on the ), and (), maps represent the stable roots of
each force component. Finally, their intersections are the stable equilibrium points in
the pz-plane (independent of ¢ by symmetry) and are plotted on top of the energy (E?)
density plot. Intersections at p = 0 correspond to axial trapping states, while at p # 0
correspond to orbital trapping states.

The configuration depicted in the first column of Fig. 3.5(a) represents the aberration-
free case (L = 0), where we can see that both axial and orbital trapping states are present
as the blue and green curves intersect twice, on- and off-axis. This is in accordance with
the result of Fig. 2.4 since the parameters (¢ = 8,a = 1.5 um) are situated within the
bistable stripe. However, experimental results indicate that the axial trapping state will

be preferred in that case, while bistability will occur exclusively within a finite range of
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Figure 3.5: Variation of the optical force field with spherical aberration. The distance
L between the objective focal plane (for paraxial rays) and the glass slide is increased
from left to right, thus enhancing the spherical aberration introduced by refraction at the
interface between the slide and the sample. A vortex beam with ¢ = 8 and left-handed
circular polarization (¢ = +1) is focused by an oil-immersion objective so as to trap a
polystyrene microsphere with radius @ = 1.5 ym. (a) From top to bottom, density plots
representing the electric energy density E?, and the axial and radial force components,
Q). and @,, respectively, on a meridional plane. The force components are normalized
by eq. 2.33, and their values are indicated by the color bar. The blue and green lines
indicate the roots of ), = 0 and @), = 0, respectively, that lead to stable 3D trapping
when they intersect. (b) Optical potential (in units of the thermal energy kpT') versus
radial distance p.

values for L. This behavior can be explained with the aid of the effective optical potential,
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defined as:
Utp) =~ [ Elo. (o). (3.1)

where z(p) is the stable axial coordinate curve (blue curves in Fig. 3.5(a)). In order to
calculate the radial force component F},, we consider the expressions for (), and Q)4 given
in subsection 2.2.2 and determine the power at the sample P = 3.8 mW from the period
of rotation (see sec. A.2 for the derivation of the period, and Appendix C of reference [41]
for a detailed guide of the entire procedure).

We plot the effective potential energy in Fig. 3.5(b) for each value of L. Even though
two intersections (axial and orbital) are present in the cases L = 0 and 1.75um, the double
potential well in each case is drastically different. The case L. = 0 shows a deeper potential
well for the axial trapping state compared to the off-axis minimum. Additionally, a high
potential barrier divides the two potential minima, which implies that on-axis trapping
will be favored over the orbital state. In case L = 1.75um, the lower potential barrier and
similar potential energy for axial and orbital trapping allow both mesostates to coexist in
this configuration. Finally, the case L = 3.5um depicted on the third column of Fig. 3.5(a)
and the third line in panel (b) exhibits only orbital trapping, which is also in accordance
with our experimental observations.

By comparing the experimental potential distribution shown in Fig. 3.2(f) with the
potential for L = 1.75um in Fig. 3.5(b) we find that the theory overestimates the relative
difference between the potential minima by a factor of ~ 2. Note that the potential
energy defined in eq. 3.1 is proportional to the power P, at the entrance port. During
the experiments, we observed that the bistable behavior disappeared as the laser power
was increased. As a consequence, on-axis trapping was preferred, which is in agreement
with the theoretical result that the potential energy minimum at p = 0 becomes even
lower than the off-axis one for L = 1.75um as the laser power increases. Cases with L
values above the bistable range exhibit exclusive orbital trapping independently of the

laser power, which only affects the period of rotation.
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The probability density distribution p(x,y) shown in Fig. 3.2(f) exhibits a stretch of
both the orbital path and the axis vicinity, each elongating in an orthogonal direction.
This symmetry-breaking effect is consistent with astigmatism [47, 48] and can be seen
in other traps with different topological charges ¢. For other cases of ¢ and a sets, the
evaluation of the optical force components on the pz plane allows one to compute the
orbital equilibrium position piheo. The radial equilibrium position values pipe, for each of
the experimental bistable cases are presented in Table 3.1, which shows a good agreement

with the experimental values (pex,) despite the presence of astigmatism.

Although our model is able to take astigmatism into account (see appendix B, sec. B.4),
we decided to simplify the discussions as we still find good agreement with the experi-
mental data for ¢ = 8 (as well as other bistable cases). Indeed, imperfections arising
from astigmatism should still be of sizes way above the diffraction limit, which means
that spheres with radii @ > Ao should not probe details on its length-scale [48]. However,
optical traps with vortex beams employ the radius of the annular spot 7, > Ay as the
characteristic size parameter instead of \g. Thus, we attribute the agreement between
Pexp aNd pineo mostly to the averaging of the radial position over the orbital ellipsoidal
path (along with the Brownian motion over several orbital revolutions), which effectively

averages out the eccentricity of the orbit shown in Fig. 3.2(f).

The region that links the two mesostates in Fig. 3.2(f) also suggests that astigmatism
plays a crucial role in the hopping process. Indeed, we observe how the ellipse’s smaller
semi-axis creates a bridge between the axial and orbital states. Our axially symmetric
stigmatic MDSA model, together with the unbiased (isotropic) thermal fluctuations, fails
to explain the presence of such a bridge, rendering any quantitative comparison between
experimental and theoretical potential landscapes unfeasible. In a proper theoretical
description of this asymmetric system, the potential barrier between the axial state and
the orbital ellipse’s smaller semi-axis region should be reduced by astigmatism, enabling

easier thermally-activated hops between the mesostates, as seen in the experiments.
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3.3.3 Simulation with the Langevin equation

As the final topic of this chapter, we show a simulation of the Brownian dynamics
of a microsphere trapped in a bi-stable trap. Through the simulation of the particle
dynamics, we can access a broader range of observables, such as the sojourn time in
each of the mesostates or the hopping probability, compared to the exclusive analysis of
the optical force field. Once again, we use the astigmatism-free MDSA theory since the
azimuthal symmetry significantly facilitates the numerical performance of this method.

The 3-dimensional Langevin equation describing our system can be written as:

EF(7) 6kT
d
5 T Ts

where é is vector with modulus & (where & obeys all the properties of eq. 2.39) and a

dr = &, dt

random and isotropic orientation in 3 spatial dimensions. A solution can be obtained by
the following iteration:

Tiy1 = 7 +dr,
provided that the initial state 7 is given.

The simulation uses pre-computed values of the optical force components and requires
the total simulation time, time step (dt), temperature (T'), and the laser power reaching
the sample as input parameters. Additionally, the temperature value affects the magni-
tude of thermal force, fluid viscosity (), and the particle’s drag coefficient (8 (n)). To
ensure convergence of the numerical solution, we must satisfy a condition analogous to the
characteristic time relationship, but for 3 dimensions. For this, we calculate the maximum
value of the optical force field’s divergence using the pre-computed maps and choose a
time step such that the relation 6 > 7 = 3/max(VF) is obeyed.

By dealing with the full optical force field, we avoid the discussions regarding energy
potentials and the Helmholtz decomposition of the optical force into conservative and dis-

sipative components. Therefore, this simulation method allows the study of the collective
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x (pm) time (s)

Figure 3.6: Path of a Brownian sphere embedded in a bistable trap. We employed the
same parameters used in the previous section, except for L = 1.46pm. Additionally, the
power reaching the sample is P = 1.5mW, and the time step is t = 5 x 10~%s. Panels (a)
and (b) depict the trajectory projection on the xy— and zz—planes, respectively. Panel
(c) shows the time series of the radial coordinate p, where we can see 5 hops, resulting in
two and a half round trips within the total simulation time of 40s.

effect of conservative and dissipative force components in the bistable dynamics within
our system. For example, the Kramers escape problem [4] renders a solution that largely
overestimates the expected passage time if one considers the potential in Fig.3.5(b). The
collective effect mentioned above could be the source of disagreement between the ob-
served hopping rate (either in the experimental or simulation data) and the one predicted
by Kramers’ transition rate model, as both conservative and non-conservative force com-
ponents are present in the system and might influence the transition rate expected value.

The simulation approach to describing the bistable system presented in this section
enables a whole new range of possibilities to be explored. On one hand, the system
described in the simulation method is much more stable and easier to characterize and
control when compared to an experimental realization. On the other hand, Brownian
simulations are time-consuming and computationally demanding, with increasing costs

for higher-dimension systems, as opposed to experimental systems.
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Chapter 4

Trapping with hybrid cylindrical vector
and vortex beams: theory and
applications to optical chirality

In the last two chapters, we discussed optical tweezers using vortex beams, which
is an important example of a structured light field. The term structured light is used
to describe any optical light field possessing polarization or phase structures along its
transverse plane. We begin this chapter by presenting yet another case of structured
beams: the cylindrical vector beams (cVBs). The ¢VBs are paraxial modes similar to
vortex beams but carry a polarization helical structure instead of the phase structure
present in the vortex beam modes. More specifically, ¢VBs exhibit a linear polarization

state with their orientation varying along the transverse plane azimuth coordinate.

It can be shown that ¢VB modes can be decomposed into vortex beams with oppo-
site circular polarization states and topological charges with opposite signs as well. This
decomposition implies the existence of a continuum of new states in between the pure cir-
cularly polarized vortex and cVB states, comprising elliptically polarized modes carrying
various different azimuthal structures of helical phases and polarization ellipse orienta-
tions (see Fig. 4.1 for an illustration of a few possible paraxial modes for a particular value
of £). A proper description of this new family of states is provided by the higher-order

Poincaré sphere formalism [49], receiving its name due to its similarity to the canonical
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Poincaré sphere representation of the polarization states. Indeed, a general paraxial beam

mode described by this formalism is called a higher-order Poincaré beam [50, 51].

However, we are only interested in a subset of this larger family of beams, where
the modes can be decomposed as two circularly polarized vortex beams with opposite
topological charge signs, but the same absolute value. To avoid confusion, this subset of
paraxial modes will be referred to as hybrid cylindrical vector vortex beams (hcVVBs).
Creating such modes and switching between the continuum of states in this family can
be realistically achieved in an experimental scenario in a few different ways [51, 52|. For
instance, an SLM can be used to produce two VBs at once, each with a different topological
charge, tilt, and relative phase. The two beams can be separately manipulated to create
the states with opposite topological charge and polarization handedness, which can then
be recombined using a beam splitter. Alternatively, hcVVBs can be produced using the
so-called g¢-plates [53|, which are single optical elements that act on circular polarization
states by inverting the state handedness ¢ — —o and adding a topological charge with a

fixed modulus ¢ and same sign of the incident handedness ¢ = —o q.

The bottom line of this chapter is to explore the interaction of chiral light and chiral
matter using hybrid cylindrical vector vortex beams in optical tweezers. The idea, how-
ever, is not entirely new. In the last few years, tightly focused ¢VBs and VBs have been
widely used to explore chirality phenomena. For example, Peter Banzer and his group
induced a chiral dipole on two achiral spherical nano-particles [54], one of which was
made of crystalline silicon and the other consisting of a gold-coated polystyrene sphere.
They used a tightly focused “spiral” ¢VB mode, which is itself also achiral, but due to the
field configuration at the focal region and the complex polarizability of the particles, the
scattered field indeed carried a non-zero chirality density. The explanation is as follows:
the aforementioned focused field exhibited both electric and magnetic field components
oscillating in phase (or out of phase, depending on the orientation of the spiral) along

the propagation direction z, while the scattering by the particles introduced a phase of



62

approximately 7/2 in either of the components, creating what is called an oscillating o-
dipole. Although this is not a case of chiral light-chiral matter interaction, this illustrates
the possibilities enabled by ¢VBs and the tight focusing process.

A recent project by the LPO group used the MDSA theory to simulate the behavior of
chiral spheres in an orbital trapping state using a tightly focused circular polarized vortex
beam. In this project, it was shown that the orbital period of the trapped sphere strongly
depends on the particle chirality parameter [55]. Additionally, the topological charge is
an extra experimental parameter yielding a different orbital period measurement for each
value of / and enabling a robust fitting procedure of experimental data. Following this
reasoning, using hybrid cylindrical vector vortex modes further increases the accessible
experimental parameter space by controlling the relative strength and phase between each
vortex beam component, which can be very beneficial in the study of optical chirality.

Therefore, we proceed with the introduction of electromagnetic chirality in the fol-
lowing section. The optical chirality phenomena are presented through the corresponding
constitutive relations from which one can derive the expressions for the optical force on

the dipolar regime as well as the Mie scattering coefficients for a chiral sphere.

4.1 Introduction to optical chirality

Optical chirality is the branch of optics that studies the interaction between the
chirality of light and the chirality of matter. The chirality of light manifests itself via two
quantities, which are the electromagnetic chirality density and flux. The chirality density
is related to the helicity of the electromagnetic field, 7.e. the spin angular momentum
projection on the momentum direction. In the paraxial regime the momentum state is
well-defined (k ~ k Z), meaning that both helicity and chirality density also correspond
to the spin angular momentum component of the electromagnetic field.

The chirality of matter can be expressed in terms of two phenomena, namely circular

birefringence and circular dichroism. A chiral medium is able to discriminate the light
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polarization handedness and exhibit a distinct index of refraction for each state. Circular
birefringence is the property that presents a difference between the real parts of each
handedness refraction index. This means that a linearly polarized optical field will have
its polarization orientation rotated. Hence, this property is also referred to as optical
rotatory power. Circular dichroism is the property related to how each field’s handedness
is absorbed by the chiral medium. This manifests itself as a difference between the
imaginary part of the index of refraction of each polarization handedness.

Materials exhibiting chiral optical activity are a particular case of bi-anisotropic me-
dia [56, 57]. More specifically, a chiral medium (also called Pasteur medium) has the

following set of constitutive relations [55, 58]:

(]]:3)) - (—mf/m Hﬁp/m) (ﬁ) 7 (4.1)

where k is the (reciprocal) chirality parameter. The chirality property of the matter
is most commonly understood as a geometric characteristic of objects that cannot be
superimposed on a mirror image of themselves. In other words, geometrically chiral
objects break the parity (space inversion) symmetry.

Additionally, the electromagnetic duality symmetry [59] plays an important role on
the helicity and chirality conservation on scattering processes [60, 61|. Electromagnetic
duality symmetry implies in the invariance of a physical system under the helicity opera-

tor:

E — cos9 E—sind H

H — sindt E4cosv H (4.2)

where 1 is a real angle. Therefore, the requirement for a system to be dual-symmetric
is that the ratio (¢;/p;) should be constant everywhere (i.e. for any material within the
system identified by the index 7). According to the Noether’s theorem, a general dual-

symmetric system must conserve the helicity [62] and therefore the total (or integrated)
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optical chirality density, for any scattering process, independently of the scatterer geome-
try [60]. Further discussions on the relationship between optical activity of matter, optical
chirality, and symmetry relations and operations can be found in references [63, 64, 65, 66]
(and references therein).

In the next sub-sections, we discuss the optical force on objects made of chiral media,
following the constitutive relations given by eq. 4.1. We begin with the case of a chiral
dipole and describe how it interacts with an electromagnetic field, which is also composed
of a chiral and an achiral part. Next, we present the Mie scattering coefficients for a chiral
sphere, which is then used in the following section to build the MDSA model for a tightly

focused hecVVB.

4.1.1 Optical force on a chiral dipole

We shall address the topic of chiral forces starting from the simple case of a chi-
ral dipole interacting with a chiral field. In the achiral case, the electric and magnetic
polarizabilities a and f3, respectively, of a spherical dipolar particle are described by the
Clausius-Mossotti relation |67, 68]. In the chiral dipolar particle case, there will be an
additional polarizability x due to the mutual electric and magnetic induction, called chi-
ral polarizability. As stated before, a chiral medium will exhibit two distinct indices of
refraction, one for each circular polarization handedness. The difference between indices
of refraction is quantified by the chirality parameter s of the material as in n = n + ok,
where 7 is the mean index and ¢ = %1 is the field circular polarization handedness.

The set of polarizabilities of a chiral dipole is given by [69]:

(4.3)

where a is the dipole radius, €, = €/€,, and p, = p/p, are the relative permittivity and
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permeability, respectively, defined in terms of the host medium (e, and pu,,) and particle
(e and p) electric permittivities and magnetic permeabilities. Therefore, the induced

electric (p) and magnetic (m) dipole moments are obtained from the incident fields:

()= o ) (8) “4

from which the time-averaged force exerted on the dipole by the field can be calculated.
The force is divided into chiral and achiral contributions, as well as dissipative and reactive
components [69, 70, 71]. For now, we can consider a non-magnetic particle (thus, the
whole system is not dual-symmetric), and drop the magnetic contributions to the force
(proportional to the real and imaginary parts of ) in order to make the discussions easier.
Henceforth, the achiral reactive and dissipative forces are related to the real and imaginary
parts of «, respectively, whilst the reactive contribution depends on the gradient of the

(time averaged) electric field energy density Wg = (e, /4)|E|*:
Fi*“(r) = Re[a] VIV, (4.5)

and the dissipative component relates to the orbital component of the Poynting vector

ng):
2

. k
Fi™(r) = —Imlo] o (4.6)

where ng ) is defined as follows:

The chiral dipole forces are written in terms of 2 new quantities with certain similarities
to the electromagnetic energy density and the Poynting vector. Those are the chirality
density K(r) and flux ®(r), which follows a conservation rule similar to a continuity

equation 71, 72, 73]:

oK
putialel P =0
8t+v 0
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The chirality density and flux can be easily calculated for any field decomposed into the
circular polarization basis. Also, for time-harmonic fields, these quantities are independent

of time. The first is defined as follows:

K(r) = (k—Q) Im[E - H'| (4.8)

2w

while the latter is:
o(r) = () m[er (B EY) + po (Hx H) ] (4.9)

From the chirality density, we can obtain the chiral reactive component of the force
on a dipole:

F*(r) = %Re[x] VK. (4.10)

The dissipative chiral component, however, depends on both the total Poynting vector I

and the chirality flux:

() = 25 Iy (@ -

w

v x H). (4.11)

2

The total Poynting vector IT in the expression above can be written as a combination of

orbital and spin contributions:

(r) = I3 + of = ) — Im[V x (E x E*)], (4.12)

4w fig
where we used the (electric) orbital contribution defined in eq. 4.7.

The model for the optical forces on a chiral dipole we presented in this section will
be particularly important when we discuss the MDSA model for a sphere composed of a
chiral medium. Although we have included expressions related to the non-conservative
components of the optical force (eqs. 4.6, 4.7, 4.9, 4.11, and 4.12), we shall limit our
discussion to the reactive terms only. In fact, we only need the conservative component
of the optical force to obtain this chapter’s main result. However, it is worth mentioning

that beyond the dipole limit, non-conservative force components appear even when the
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imaginary part of x is zero due to the scattering of higher-order multipoles. Additionally,
the dissipative force component in eq. 4.11 can play an important role on probing and
characterizing chiral particles on the nano-scale |74, 75].

In the next subsection, we will present the Mie coefficients for a chiral sphere. This is
the next step to obtain the more general Mie-Debye force model, which is valid beyond
the dipole limit. With the chiral Mie coefficients in hand, we will be able to take the small
radius limit (compared to the wavelength) and verify that we qualitatively recover the
behavior of the force in the dipole limit. This agreement allows us to infer the resulting
behavior of the optical force using the quantities presented in this section, such as the

chirality density K and electric field energy density Wg.

4.1.2 Chiral scatterer in the Mie regime

In this section, we present the Mie coefficients for a microsphere of radius a that
scatters an incident circularly polarized beam with handedness defined by o. The Mie
coefficients for a chiral sphere are obtained in a similar (yet not identical) way to the
conventional case. In sec. 2.2.1, we saw that the boundary conditions that the field must
obey at the sphere’s surface require the decomposition of the incident field into TE and TM
modes, which are locally linearly polarized. In the achiral case, the microsphere’s medium
does not discriminate the polarization state of the propagating wave, requiring only two
Debye potentials for the field inside the microsphere and two more for the scattered field.

However, as we saw at the beginning of sec. 4.1.1, a circularly polarized wave propa-
gates in a chiral medium with a refractive index that depends on its handedness. There-
fore, optical fields with an arbitrary polarization state propagating in a chiral medium
will exhibit distinct refractive indices for each of their circular polarization components.
In the context of Mie scattering, each circular polarization state of the field within the
sphere will propagate with a different wave vector k, = n,kq.

In the formulation presented below, the chiral Mie coefficients will be defined to extend
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the definition of conventional coefficients, presented in eq. 2.30 for the scattered field. The
new coefficients are indexed by the sign of the circular polarization of the incident beam

o, as follows:

o = a; —ioc, (4.13)

bE-U) = bj - iO’Cj, (414)

where the coefficients a;, b;, and ¢; are given by:

1 [/ -) v (+)
YT Ay L (k) A; " (kya) + Vi (kra) 4] U‘”)]’
1 R%R -) ) (+)
_ l [ -) ) +)

The term in the denominator A; as well as the auxiliary functions Wj(i), Vj(i), Ag-i), and

B](-i) are defined as:

Aja) = W@V @)+ WP @)V w),
W (@) = Ny (Nax) (' () — ¢ ()] (Noa)
VO @) = g (Naz) (Y () — N (@) ) (Naw)
AP @) = Ny (Naa) ) (2) — o (@) 0 (Naz) |

B (x) = 4y (New) ¥ (2) — Ny (a) 0 (Na) , (4.16)

where N. = (ny/ny) are the relative indices of refraction for each circular polarization
handedness inside the chiral sphere and N is the mean relative index of refraction, defined

as the harmonic mean of N, and N_:

2N, N_

N=-—"~—"™"°-.
N, + N_

Also, the functions 1;(x) and Qj(l)(x) are the Ricatti-Bessel functions defined in sec. 2.2.1

after the achiral Mie coefficients in eq. 2.31. Note that we omitted ¢ in the notation for
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the indices of refraction of a chiral medium, using + instead. This is to avoid confu-
sion, as o denotes the incident field component handedness, and + refers to the hand-
edness of the fields inside the sphere!. Therefore, the wavevectors inside the sphere are
Niky = (ny/ni)ky = ki, where the + and — signs represent left and right-handedness,
respectively. In the case where k = 0, we obtain ky = Ky, ¢; = 0, and both a; and b;
recover the expressions of eq. 2.31.

As the Debye potentials in eqs. 2.30 already depend on the sign of ¢ of the incident
field, we can directly insert the new coefficients in eqs. 4.13 and 4.14 into eq. 2.30 in order
to obtain the Debye potentials for the scattered fields. Finally, those are used to calculate
the optical force exerted by tightly focused hcVVBs on a chiral sphere, which is the topic

of the next section.

4.2 Chiral MDSA theory with hcVVBs

In this section, we present the expressions for the electromagnetic field and the
optical force exerted by a strongly focused hcVVB. We describe the resulting incident
field in terms of Richards-Wolf integrals and Debye potentials, therefore extending the
results of Chapter 2 to describe a broader range of polarization states.

Due to the linearity of the Helmholtz equation, the results for the Richards-Wolf
fields with input circular polarized vortex beam can be easily extended for the case of
hcVVBs, only requiring a proper paraxial mode decomposition. The hcVVB beams are
superpositions of vortex beams with opposite polarization and topological charge, and
therefore the expressions for the fields and Debye potentials are given as sums of the
respective pure circular polarization projection components.

We shall introduce the topic of hcVVB beams with the simple case where the circular

polarization components are equal, and the topological charge associated with the left

1Recall that the scattering process does not conserve the helicity, and a pure circularly polarized
incident field will produce fields with the opposite polarization both outside (scattered) and inside the
sphere, whether chiral or not.
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Figure 4.1: Illustration of different paraxial polarization states, comprised of the trans-
verse intensity profile (background) and the real part of the polarization vector evolv-
ing in time. The time evolution can be understood by inspection of panels (a) and
(b), corresponding to left and right-circular polarized vortex beams [ = —1, 0 = 1) and
|0 =1, 0 = —1), respectively. Therefore, the polarization vector in panels (a) and (b)
rotates in the counter-clockwise and clockwise senses, respectively. The smaller panels
(c)-(k) are linear combinations of the states in panels (a) and (b).
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circularly polarized (o = 1) vortex beam is £ = —1. This yields a family of paraxial modes
called cylindrical vector beams (cVBs). We can represent their state in the ‘ket’ notation
as: ) = (INV2)(e [t =—1,0=1)+|¢=1,0=—1)). The cVB modes are locally
linearly polarized, exhibiting a polarization orientation that varies across the transverse
plane with a relative orientation (being radially or azimuthally polarized, for example)
parametrized by the phase (.

Now, we can consider the case where the circular polarization components are not
equal, leading to a beam with local elliptical polarization with a polarization axis that
varies across the transverse plane. Now, the state in the ‘ket’ notation reads: [¢) =
(Ve |[t=—-1,0=1) +¢_[{=1,0=—1)), where ¥, are the circular polarization
projection components.

It is worth noting that the states depicted in Fig. 4.1 can also be characterized by
the entanglement between each of their polarization components. This description can be
useful in the discussions regarding the tightly focused fields resulting from those states.

The degree of classical entanglement can be quantified by the concurrence|76, 77]:

C=2-). (4.17)

The concurrence is maximum (C' = 1) when ¢, = ¢_, corresponding to the cVB family
of modes, which are the maximally entangled or non-separable states. On the other hand,
the concurrence is minimum (C' = 0) when ¢ = 1, leading to the two circular polarized
vortex beam modes, which are separable states.

In Fig. 4.1, we plot a few examples of the possible paraxial hcVVB modes arising from
different combinations of ¥+ and (. If we set ¥, = 1_, we obtain the states in panels
(c-f) (second row) of Fig. 4.1. When v, > 1_, we obtain the states in panels (g-j) (third
row); while the states in panels (k-n) (fourth row) correspond to the relation ¢, < ¥_.
Regarding the relative phase ¢ between the basis components (states in panels (a) and

(b)), we depict 4 different examples of possible values: ¢ = 0 yields panels (c), (g), and
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(k) (first column); ¢ = 17 yields panels (d), (h), and (1) (second column); ¢ = 7 yields
panels (f), (j), and (n) (fourth column); and ¢ = 37 yields panels (e), (i), and (n) (third
column).

Finally, we begin the next sub-section by presenting the paraxial parametrization of
the paraxial hcVVBs and the Richard-Wolf theory expressions for the tightly focused
electromagnetic fields. Then, we present the resulting field intensity and chirality density
distributions in the focal region. Next, we present the MDSA expressions for the tightly
focused hcVVBs and a scattering chiral sphere, which present a few differences when
compared to other MDSA force models with mixed-polarization states (for example, the

case of linearly polarized Gaussian beams, present in ref. [44]), as the chiral scattering

coefficients depends on the polarization state o.

4.2.1 Intensity and Chirality of tightly focused hcVBBs

We begin the construction of the expressions for a tightly focused hybrid cylindrical
vector vortex beam with the definition and parametrization of the paraxial state. As we
showed in the introduction, the paraxial mode consists of a superposition of vortex beams
with opposite polarization handednesses and topological charges. Following the ‘ket’

notation, the corresponding electric field of the paraxial beam reads:

S}
on)

Wo

V2 1l 2
E,(p,¢,2) = Ey (_p) e*0%e v x (Ype e, + y_ePe), (4.18)

where &Jr and 1_ are the left- and right-handed circular polarization state components,
respectively, and the subscript + is a short-hand notation for the sign of 0 = £1. We
defined 1/~J+ as a complex number, denoted by the ~ symbol above it, while ¢_ is set as a
non-negative real number. Therefore, any relative phase ¢ between the two components
is contained in the ¢ = +1 component, allowing us to write the latter as @L = eSahy

where 1, is a non-negative real amplitude. Since the components are normalized by the
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condition
04+ 92 =1, (4.19)

we can describe the state in eq. 4.18 using only ¥, ¢ and the topological charge ¢ of the
o = —1 component.

The tightly focused electric field can be obtained by linearity, using the paraxial field
expression from eq. 4.18 as the input field for the Richards-Wolf model. The resulting
expression in Cartesian coordinates in terms of the function 119 defined in eq. 2.12 reads:

Dy BHL-0 v BLLO

EOr) = | ¢, By 49 By | = (
Uu B TO 4oy BUY

k E
M) y (4.20)

2

ZEJF(_i)—eJd(e—z’eqs [éff) + emilt=2)¢ ]( £) ) + b ( )e+1( il [éf) + eilt=2)¢ [(_2)
7 N—L( —i —L el i U i(l— ¢
o (=) (e Iy = D) g () (e 1) — BT

Sa g (i) (e H0 ) 1 2 (- (0 1)

As each circular polarization component obeys the relation given by eq. 2.2 independently,

the magnetic field is given by:

H(r) = (—z\/;) (%) x (4.21)

”@Jr (_Z-)—e+1(e—w¢ [(()71!) + emilt-2)¢ [2(4)> ZD ( z)”l( il [(é) ci(t=2) [E@)
1;+ (—z’)* ( —ilg I(—Z) _ pmilt=2)¢ I(—f)) W (— Z)e( Md)[ f) ci(t=2) ]EKZ))
—24p (=) (e LYY — 20 (<) (e 1>¢f£?)
Before proceeding to the calculation of the electric energy density Wi, it is convenient to
define an important symmetry relation [7]: 159 = (=1)¢m I, This property allows us
to write Wy in terms of [éfg), Iffe) and 1'2(4) only:

k E _ _
et = (P15 (3) (1 20 ¢ 1

+4Re [(\W ) (- )‘(\11”)? + Re{1§*£>1(§*”*}>] ) , (4.22)
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where U+ is the left-handed polarization (+) cross-term coefficient (more generally W(?)),

defined as:

V¢, @) = (hyap) (—1)  €'7C g2 (=12 (4.23)

which carries the dependence on the azimuthal coordinate ¢. Note that the presence of
the factor (—1)* in eq. 4.23 is not without reason, as this definition greatly simplifies the
expressions for the optical force. Also, we assume the dependence on ¢ is contextually
implied (assuming the value relative to the ¢ = —1 state) and therefore (U™®))* = ¥(¥) ig

true for any /.

It becomes clear from eq. 4.23 that the case ¢ = 1 is the only configuration to exhibit
azimuthal symmetry, as no other value of ¢ leads to a null value for the last term exponent
for any value of ¢. This expression also implies that any tightly focused pure circular
polarized beam, given by eq. 2.15, will exhibit the same focal energy density distribution
as a beam with opposite polarization and topological charge signs, i.e. Wéa’ O = Wé_a’ -0,
We can substitute the expression for the field intensity distribution of a pure circular
polarized Wg’_@ into eq. 4.22 and identify the remaining terms as the cross-polarization

contribution W~ obtaining:

Wite) = w0 4 (R ()
£ 2 2

X

Re[(09) (- (1778 + Re(1f 157} )] =

= WS 4 2(=1) Re(WH)) x w0 (4.24)

In a similar way, we can obtain an expression for the chirality density K that is
just as simple as the one for Wg. By decomposing any electromagnetic wave in the
circular polarization basis, we can write the field as E = (1/;+E+ + ¢_E_). Using this

decomposition and eq. 4.8, we obtain the chirality density K for an arbitrary field, which
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is given by:
Ko = (5) (|2 ) (. + 0B ()18 - v -

- () (2) [ - v2imp | (1.25)

From egs. 4.25 and 2.15, and using the fact that Wég’é) = WP(J_U’ _é), we can compute the

chirality density for a tightly focused hcVVB:

K(r) = 2k (02 —v2 ) Wi (4.26)

As we can see, K is always proportional to W};’ Z), and its amplitude is determined by

the difference of the squared polarization components (3 — ¢?2).

4.2.2 MDSA expressions for a chiral sphere

We now present the expressions for the radial force component of the efficiency factor
(),. Similarly to the discussion presented in sec. 2.2.2, we can identify two contributions
to the optical force, which are the extinction and scattering components. The extinction
force components originate from the product between the incident and the scattered fields,
while the scattering components are related to the product between scattered fields. In
the present section, we can identify two additional labels on the force terms, now related
to the polarization state of the incident field.

While the incident field is separated into two orthogonal circular polarization contri-
butions, the Mie scattering process does not conserve polarization?, as is illustrated in
Fig. 4.2. This implies that cross-polarization terms arise in the force calculations. Instead
of having two terms (extinction and scattering) for a purely circular polarized trapping
beam, there will be six extra terms: two ‘direct’ (for the opposite circular polarizations)

and four ‘cross’ polarization terms. Therefore, two extinction and two scattering new

2This is true for both the chiral and achiral sphere cases.
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Figure 4.2: Schematlc representation of Mie scattering channels. Circularly polarized
incident fields (EIN and E ) will produce scattered fields with both the same (Eﬁ\?) —

E(S+Jr and EIN — E(S ) and opposite polarization state (ES\?) — Eg*) and EE) —
E{ ).

components have to be calculated (for each incident polarization state), where the ex-
tinction terms are proportional to E(i) . Egi)* and scattering terms are proportional to
(E(Sii)+E(Si:F)) 5 (E(S:F:F)+Eé:|:i))*

The scattering component of the efficiency factor is given by:
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and the extinction component is:
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Here, we identify the ‘direct-polarization’ terms as the ones proportional to (¢2) and the

‘cross-polarization’ terms as the ones proportional to (¥(?)), defined in eq. 4.23. Also, the
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(U,f) G/(U,Z)

multipole coefficients G ,.", G

and G;ﬂ(g’g) were redefined to simplify the notation,
considering that ¢ have opposite signs for each polarization component, and that the value
of the index (¢) used in the above equations refer to the one of the o = —1 state (meaning

that the sign of ¢ relative to each polarization state is given by —o sgn(¢) ). The multipole

coeflicient G;‘;’f) is defined as:

j7m

0o
Gl = / d0(sin 0) v/ cos 6 T(0)
0

e~ sin® 8 pi®(6,2) &, - (01) Tnto(e—1)(F1psinbfy), (4.29)

where the term ®(0, z) differs from the one defined in eq. 2.4.

Similar calculations were already conducted in previous works [44, 78|, where the input
paraxial beam is linearly polarized, and thus cross-polarization terms also arise. However,
when considering a theory employing chiral Mie coefficients |55, 79, 80|, the expressions
present in the aforementioned works are not recovered. The expressions for the azimuthal
and axial optical force components, for the remaining multipole coefficient, and for the
phase function ®(6, z) are given in appendix B.

In the next section, we show some numerical calculations using the optical force theory
presented above. Our results are also based on the discussions of sec. 4.1, where the dipole
limit serves as an intuitive guide for the behavior of the optical force. However, the results
we are about to present are not limited to the dipole limit length scale, as the MDSA
model enables us to explore a broader range of systems and scenarios resulting from the

presence of higher-order multipoles.

4.3 Scheme for optical chiral sorting

In this section, we present the numerical results obtained from the MDSA theory
presented in the previous chapter. To assess the validity of the MDSA expressions pre-
sented in the last section, we first assert that the resulting force landscape is in qualitative

agreement with the well-established dipole limit. Indeed, besides providing this simple
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and reliable test for the MDSA theory, the dipole limit for the optical forces also helps
us to build intuition on how the chiral and achiral optical forces behave in this novel
scenario, just like the achiral case presented in all of the previous chapters.

In order to connect the Mie scattering theory with the force expressions in the dipole
limit, we must relate the chiral and achiral polarizabilities in eq. 4.3 with the refractive
indices n., as the chiral Mie coefficients, presented at the end of sec. 4.1.2, are a function
of the latter. Following the procedure in ref. [70], we stipulate a maximum r value
within the optical force field simulations using a fixed ratio between the chiral and achiral
polarizabilities from eq. 4.3. We assume that the particle is made of polystyrene with
an additional chirality parameter x, and we use the relation between its mean refraction
index and relative permittivity ny = /€, to calculate the resulting polarizability ratio

¢ = x/a. Finally, we can solve for k to obtain its upper bound as a function of &:

Using the same value for the polarizability ratio as in ref. [70] £ = 0.05, and the refraction
index of polystyrene ny = 1.576 (for A = 1.064um), we obtain the following upper bound
for the chirality parameter x ~ 0.021.

It is relevant to emphasize something upfront: from the tests in the dipole regime
alone, we already harnessed a unique and promising result. The force exerted by tightly

focused hcVVBs exhibits an interesting property, which is the topic of the first subsection.

4.3.1 Comparison with dipole limit

The present section contains the discussion regarding how the expressions for Wg
and K presented in sec. 4.2.1 and the optical force exerted by this optical field in a chiral
dipole are related to each other. We shall address the family of fields with ¢ = 1, taking
advantage of their azimuthal symmetry for Wg, K, and the optical forces.

Firstly, we rewrite the expression for the pre-factor of the cross-polarization contribu-
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tion to the intensity ngcmss’fl) in eq. 4.24 (taking ¢ =1 in eq. 4.23):

Ci(C, i) = (Wy-)(—1)*Re(ee 17109) = (1p,1p_) cos(. (4.31)

Here, we defined the function C; to emphasize that different values of ¢, and ( can lead to
the same value of the cross-polarization contribution and, therefore, to the same electric
field intensity distribution Wg. Additionally, the function C; can be written in terms of

the concurrence C' defined in eq. 4.17:

C
C, = ECOSC,

from which we can conclude that the range of possible values for C; is bounded by the
concurrence C'. In other words, states with higher degrees of entanglement have larger
concurrence C' values and therefore broader ranges of possible values for C;.

According to eq. 4.26, the chirality distribution K will be proportional to W]E;’*l)
and the pre-factor (2 —?), which is proportional to the S Stokes parameter [49]. For

practical notation reasons, we define a function for this pre-factor:

D) = (242 —1). (4.32)

The straightforward consequence is that this configuration enables independent control of
Wy and K by using C1((, ©) and D(¢, ), respectively. Additionally, the quantity D(v,)
is complementary to the concurrence C, as it can be shown that they obey the following

relation:
(Dy))* + (C) = 1. (4.33)

Indeed, this is in accordance with the proportionality between D(1), ) and the S3 Stokes

parameter, as eq. 4.33 indicates that D(1, ) quantifies the relative intensity of each circular

polarization state component, which correspond to unentangled states with C' = 0.
Before proceeding with the analysis, it is useful to define the dimensionless chiral-

ity density and electrical intensity distributions, which will be denoted with a bar over



80

each symbol. The dimensionless electric intensity distribution Wy as well as the two cor-

cross, —1

responding polarization contributions W,Ej"” and W,(E ) (pure circular and cross-

polarization terms, respectively) are defined as follows:

- 2 2 2 (+,-1) (cross, —1)
Tetw) = () (&) (7 + 20 v =) -

= (W) + 2au(¢, w0 (W=7, (4:34)

cross, —1)

Using eqs. 4.22, 4.24 and 4.31, the expressions for W](j’ Y and W,(E in terms of the
157V functions can be easily obtained. In a similar fashion, eq. 4.26 can be used to define

the dimensionless chirality density K as:

K@) = (ﬁ) (2) (5;) 50 = D W s

The dimensionless quantities we have just defined are crucial for the following qual-
itative analyses and comparisons between the optical force evaluated using the MDSA
theory and the expected behavior from the dipole limit. We illustrate the behavior of
W,(;"” and W](EC oY iy Fig. 4.3(a). A few different intensity distribution configura-
tions resulting from different values of C; are shown in Fig. 4.3(b). We have set ¢, = ¢
in Fig. 4.3(b) for two reasons: the first is that the chiral force component vanishes as
D = 0 and the second is that this corresponds to the scenario where C; can assume the
widest possible range of values C; € [—0.5, 0.5].

We shall use this configuration to analyze the isolated achiral component of the optical
force. By symmetry, the (first) derivative of Wy with respect to p on the axis is always
zero for aberration-free fields. By evaluating the second derivative of Wy with respect to
p, denoted by 8§WE, we obtain a quantity that is directly related to the achiral transverse
trap stiffness k,. Each W represented in Fig. 4.3(b) will provide a different achiral force
on a dipole, whether the dipole is chiral or not. The values of C; used in the figure present

three interesting cases. In the cases where C; = (0.5) and C; = (0.309), the achiral

gradient force is expected to trap a dipolar particle on top of the optical axis p = 0,
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Figure 4.3: Behavior of W for various combinations of Wg’ Y and Wé . Panel (a)

depicts the behavior of Wgr’_l) and W](Ecross’_l) as a function of the radial coordinate p.
As both components are independent of ¢ when ¢ = 1, the field in the zy-plane can
be obtained by revolving the plotted functions around the p = 0 axis. Panel (b) shows
5 different configurations for different values of C;, with each of the respective values
indicated in the legend (rounded to 3 decimal places).

which means that x, is positive and GEWE is negative. On the other hand, both the cases
Cy = (—0.191) and C; = (—0.5) exhibit an off-axis intensity maximum, each at a different

p coordinate, which leads to a positive 8§WE value as well as an off-axis trapping scenario.

The intermediate value of C; = (0.118) generates a field with a rare characteristic: the
gradient force is zero for a large section of the radial coordinate. W forms an intensity
plateau near the optical axis, meaning that af,WE ~ 0 on the vicinity of p = 0. In other
words, the achiral reactive force will be approximately zero for a range of p values near
the axis. However, the chiral reactive force in this region will not necessarily be zero, as it
depends on the energy distribution Wg“_l). This means that, in addition to being able
to control the chiral and achiral components of the optical force separately, the hybrid
beams we are discussing also allow us to isolate the chiral force, or even have a radial
force component that is exclusively chiral. The variation of af,WE as a function of C; is

depicted in Fig. 4.4(a) for the case ¢, = 1_.

Since D(14) is the quantity that controls the chiral interaction strength, setting
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Figure 4.4: Behavior of aﬁWE as a function of C;, (/7 and 1,. Panel (a) illustrates the
“achiral” case ¢4 = ¢_, where the range of possible values of C; is maximal. Panel (b) is
a density plot of 8§WE evaluated in the (¢, , () parameter space. The relation between

w
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—

color and value is given by the color bar on the right. The numerical value of 8§WE
has the dimension of (um)~' (omitted) on both panels. The green curve on Panel (b)
corresponds to the achiral case (¢, = 1/0.5) depicted in Panel (a), while the black curves
represent the lines where C; is constant (depicted values are rounded to 2 decimal places).

1, # 1_ makes the chiral force contribution reappear. Additionally, the range of possible
C, values becomes slightly narrower. Therefore, in the context of optical chiral forces, it
is more meaningful to obtain the range of possible values for ¢, for a given value of C;
instead of the other way around. The maximum value of ¢, as a function of C; can be

obtained by solving eq. 4.31 for ¢, with ( = 0 (when C; > 0) or ( = 7 (when C; < 0),

yielding:

+

/1 2
w(max) — \/1 + 12 4"Cl ) (436)

The minimum value of ¥, should correspond to the maximum value of the associated
component. In other words, it is true that ( Srmin) )2 =1- (wimax))Q, since ™™ = Srmax)
by symmetry. The phase ¢ that provides the desired C; for a given 1, (bounded by

eq. 4.36) is also straightforward to compute:

C(Cy, ¥y) = arccos (Cl/\/i/zi — Yt ) : (4.37)

The values of 5’2WE in the (¢, ¢) parameter space are depicted in Fig. 4.4(b). The
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black lines over the color map (density plot) are calculated using eq. 4.37 within the range
delimited by eq.4.36 and indicate the regions for which C; is constant (and therefore W
and all its derivatives are also unchanged). The green line in Fig. 4.4(b) represents the
“achiral” configuration 1, = 1_ = +/0.5. From this plot, it becomes clear that the
¥, = ¥_ case is indeed the one with the wider interval of possible values for C;. The
special case C; ~ (0.11843) for which 6§WE = 0 (represented as C; = (0.12) in Fig. 4.4(b)
and as C; = (0.118) in Fig. 4.3(b), both due to rounding) admits a maximum ), value of
wimax) ~ 0.9929, which is quite close to one and therefore optimal if we desire to maximize

the chiral force in the absence of the achiral component.

In Fig. 4.5(a) we compare W and K side-by-side, together with their respective
derivatives with respect to p (which is proportional to the radial reactive force component),
in order to illustrate how the chiral force will dominate over the achiral contribution within
the radial Wy plateau range. Using the MDSA theory, we computed @, as a function of p
and plotted it for different values of the parameter x in Fig. 4.5(b). As expected, particles
with positive values of k were attracted to the off-axis chirality density maximum shown
in Panel (a). If the values of ¢, and 1_ were swapped, the chiral density K would flip its
sign and particles with negative values of x would be pulled off-axis instead. The inset in
Panel (b) zooms in the region from p = 0 to p = 0.1um, where we can see that different
positive values of x lead to different radial equilibrium positions pe,, whereas £ < 0
always leads to peq = 0. In other words, chiral dipoles with different handedness (x sign)
will be separated by this chiral force and will exhibit distinct axial equilibrium positions
depending on the magnitude and relative sign of both x and K. We call this effect
enantioseparation, which is a topic of great interest in the fields of optical chirality (chiral
light-chiral matter interactions), nano-sciences, and other sectors such as the chemical

and pharmaceutical industries.

In order to obtain an optical force behavior that is consistent with the electric inten-

sity and chiral density distributions, the sphere radius used in Fig. 4.5(b) was chosen in
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Figure 4.5: Optical forces for a system with C; = (0.11843) and ¢, = wima@(cl =
0.11843) ~ 0.9929. Panel (a) shows Wg and K (solid lines) as well as their derivatives
with respect to p (dotted lines). Panel (b) shows the radial component of the efficiency
factor @), as a function of p for 4 distinct values of x and radius a = 0.05pm.

accordance with the dipole approximation: a = 0.05um < A\g = 1.064 um. This was
useful for both testing the numerical implementation for consistency with a well-known
limit as well as predicting the optical force landscape from intuitive guesses based on the

evaluation of Wy and K.

A natural question that may arise from the results contained in Fig. 4.5 is whether the
enantioseparation effect remains for larger radii. If it does, how does the radial equilibrium
position peq depend on k for each radius value, or how does it depend on the radius a
for a given fixed k7 In Fig. 4.6 we show how the radial equilibrium position pe, varies
with x for 5 different sphere radii. Indeed, the enantioseparation effect does remain for
larger radii, but only for increasingly larger values for k. For each of the curves, there is a
different x threshold above which the sphere ceases to be trapped on-axis. As k increases,

so does peq., and as the radius a increases, so does the s threshold.

In order to circumvent this limitation, we can repeat the procedure to minimize the
achiral force component using the MDSA theory instead of the dipole limit picture. In
Fig. 4.7, we plot the behavior of the transverse trap stiffness x, as a function of the

sphere radius a and the parameter C;, taking ¢, = 1_ (or alternatively x = 0). To
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Figure 4.6: Radial equilibrium position peq as a function of the chirality parameter ~ for
different sphere sizes and a fixed value for C;. As the sphere radius value a increases, the
minimum value (threshold) of x for which off-axis trapping onsets also grows.

illustrate the validity range of the dipole limit, we plot s, and k,/a® in panels (a) and
(b), respectively. In the dipole limit, x,/a® remains a constant for any a, which can only
be seen in the region of very small radii (¢ < 0.1 um) in Fig. 4.7(b). The green curve
on both panels corresponds to the values of the parameter space that render s, = 0.
This curve corresponds to the function C;(a) defined as the value for C; required to have
k, = 0 for each values of the radius a. For very small values of a, we find C;(a) ~ 0.12 in
agreement with the dipole limit discussed earlier (see also panel (b) of Fig. 4.8). As the
radius grows, the function C;(a) starts to deviate from the initial dipolar value, indicating
that the dipole limit is no longer valid.

Using the function C;(a) and the maximum allowed value for v, as given by eq. 4.36
so as to maximize the chiral component of the force, we can proceed to calculate the new
values of peq as a function of x for the same radii of Fig. 4.6. This novel optimized config-
uration renders radial equilibrium positions with no threshold values for x, as depicted in
panel (a) of Fig. 4.8. In panel (b) of Fig. 4.8, we plot the green curve contained in both

panels of Fig. 4.7, but for the shorter range of radius values used in Fig. 4.8(a).
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Figure 4.7: Density plots of the transverse trap stiffness x, as a function of C; and the

sphere radius a. In panel (a), we plot k,(pm™"), while in panel (b) we plot %% (um™*) to

illustrate the deviation from the dipole approximation validity region. The green line in
both panels is the set of values of C; as a function of a for which x, = 0. Additionally, we
set ¥, =¥_ =+0.5 (or equivalently £ = 0) so that the graph corresponds to the achiral
part of the optical force.

In the inset of Fig. 4.8, we repeat the main plot in a log-log graph, which exhibits
a linear behavior for all radii shown in the figure, indicating a power law dependency

between the axial equilibrium position peq and the chirality parameter x:
peq, = (B) kY. (4.38)

By fitting the data, we find that the power law in eq. 4.38 is the same for all radii we
have considered: A =~ (0.482), whilst the linear coefficient varied in the range (—0.70) <
B < (—0.64).

As an endnote for this chapter, it is worth noting that the possibilities of enantiosepa-
ration of nano- and micro-particles and the characterization of other aspects of the system
were not totally explored for the optical trapping system presented here. For example, we
didn’t consider configurations that would present only off-axis trapping states, which can
be easily done by choosing a proper value of Cy, like C; = (—0.191) in Fig. 4.3(b). A nat-
ural candidate for this kind of off-axis trapping system would be C; = (0.0), which yields

the same spatial distribution configuration for both the electric field intensity Wx and
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Figure 4.8: Radial equilibrium position pe, as a function of the chirality parameter s
for different sphere sizes using optimized values of Ci(a). Panel (a) shows the radial
equilibrium position peq. for the same radii as Fig. 4.6, while using the C; values of Fig. 4.7.
The inset of panel (a) repeats the plot in a log-log graph, indicating that of peq. (k) follows
a power law. Panel (b) shows the same function C;(a) presented in Fig. 4.7, but for the
radius range used in panel (a).

the chirality density K, according to eq. 4.34. Additionally, this is the system in which
we can achieve the maximum absolute value of the chirality density (i.e. the cases where
@/Jimax) = 1 in eq. 4.36), corresponding to purely circular polarized input vortex beams.
In other words, this configuration presents the possibility of a trapping system with ex-
clusive off-axis trapping states and continuous control of the chirality density that does
not disturb or change the achiral part of the field. The two main observables would be
the rotation period and the rotation orientation. Both of them depend on the azimuthal
optical force component, as discussed in sec. A.2 of appendix A, and are expected to
exhibit a great dependence on the particle’s chirality parameter «. In Fig. 4.9, we show
how the azimuthal component of the optical force varies as a function of 13 for a sphere
radius of @ = 0.05um and various values of k. We set the relative phase as ( = (7/2) so
that C; = 0, rendering an intensity distribution identical to the pure circular polarization
state case. We can see that even when D = 0 (or ¢ = 0.5), spheres with different

behave differently, probably due to the properties of the dissipative chiral force compo-

nents. Indeed, the sign of Q)4 is the opposite of the chirality parameter s, which is an
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Figure 4.9: Behavior of the azimuthal component of the efficiency factor Q)4 as a function
of 9%, for various values of k and C; = 0. We consider a sphere radius of a = 0.05um,
and we take ¢ = (7/2). Panel (a) depicts values of ¢} ranging from 0.45 to 0.55, while
¥% in panel (b) ranges from 0.0 to 1.0.

unexpected behavior if we analyze the chirality density alone. Also, this behavior was
not observed in the simulations of optical forces with tightly focused circularly polarized
vortex beams, which are discussed in sec. A.2.

A second example is to use the characterization of s, as a function of C; and a,
presented in Fig. 4.7(a), to estimate the radius of a nano- or micro-sphere (with radius
values a < 0.3um). This characterization method would be independent of the chirality
parameter of the particle, as we can always set 1, = ¢_ = 1/0.5, rendering a radial force
component which is insensitive to chirality.

A last and broader example is to employ larger spheres (compared to the ones presented
above) and additional topological charge values (i.e. ¢ # 1) in this trapping system.
The behavior of larger spheres in vortex beams is treated in both projects described in
appendix A, which serves as examples and inspirations to future applications using the
hcVVBs trapping system presented above. When considering any ¢ # 1, the symmetry of
rotation around the optical axis would be lost, rendering a much more complex trapping
system that would require a completely different approach from the one presented in this

chapter.
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Chapter 5

Conclusion and final remarks

In this final Chapter, we take a few steps back and contemplate how the works
within this thesis fit in the present scientific and technological big picture. In today’s
world, fields of knowledge such as nano-optics, photonics, and optomechanics are closely
intertwined with the most advanced technologies in the semiconductor, nanotechnology,
and pharmaceutical industries. Silicon-based microchips are produced using lithography
with beams focused beyond the paraxial limit, and defects caused by optical aberrations
are a source of multimillion-dollar losses. Research in nanotechnology and nanoscience
seeks new materials that increase energy production efficiency. In the pharmaceutical in-
dustry, the production process of chiral molecules can yield the enantiomer of the desired
drug as a byproduct, necessitating an additional and typically quite expensive process of
enantiomeric separation from the racemic mixture. In this thesis, we presented various
uses and applications of optical tweezers while addressing topics crucial to the aforemen-
tioned fields, such as the modeling and characterization of complex non-paraxial beams,
the description of light scattering by micro- and nano-scale objects, and light-matter inter-
action in several distinct scenarios. We believe that the advances and results contained in
this thesis will contribute to the scientific community and technological progress with new
tools and resources for characterization, modeling, simulation, and validation of physical
systems.

In Chapter 2, we introduced quantitative guidelines for implementing optical tweezers
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using vortex beams and characterized the possible trapping configurations. Addition-
ally, we provided an introductory discussion of the Langevin equation, which governs the
stochastic dynamics of the systems we addressed in this work. Throughout the thesis, we
employ the concepts discussed in this chapter, such as the filling condition for ring-shaped
beams and predictions of the trapping configuration based on the relationships between

the trapping beam’s ring size and the size of the trapped object.

In Chapter 3, we explored the novel bistable trapping configuration, presenting exper-
imental and theoretical results that point to a deep understanding of the physical system.
This was the first and perhaps most important result of my thesis, as it was the product
of experimental, theoretical, and numerical work, leading to a unique understanding of
the system we modeled and implemented in the laboratory. Beyond being a significant
source of learning, this system is potentially important in the study of single-particle ther-
modynamics, also referred to as stochastic thermodynamics. In this context, the orbital
trapping state present in the bistable system is a canonical example of NESS, where the
system produces entropy by constantly dissipating energy to the environment in the form
of the so-called housekeeping heat. The landscape of the optical force field in the bistable
system presents two stable positions in which the microsphere alternates. This image of
a particle hopping between two trapping states recalls Kramers’ reaction rate (or passage
time) problem for a bistable potential. Kramers’ passage time theory was derived assum-
ing a stochastic system in a one-dimensional potential obeying a Fokker-Planck equation.
Although its objective was to model chemical reactions, this theory is also valid for any
colloidal system following the same initial assumptions. However, the transition time pro-
vided by Kramers’ theory for the effective potential we calculated for our bistable system
shows a significant disagreement. One possibility for future work involving this system is
to explore in more detail the reasons for the discrepancy between Kramers’ theory and
our experimental results. Additionally, we can investigate connections between this dis-

agreement and the energy dissipation through other internal degrees of freedom by the
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NESS, or due to the force field not being completely conservative and being immersed in

3 dimensions.

In Chapter 4, we presented a novel theory for the force of an exotic beam on a chiral
spherical particle. With this theory, we proposed a new method for the enantioseparation
of particles at sub-micrometer scales. We demonstrated that we can independently and
very flexibly control different characteristics of this field, such as the distributions of energy
and chirality of light. It’s worth mentioning three paths we didn’t explore, as well as their
implications: the optical force behavior for a broader range of D and C; configurations,
for larger radii values, and for ¢ values different from 1. We can analyze the behavior
of spheres trapped in the axial regime within the parameter space of Fig.4.3(b) using
Brownian dynamics simulations of the torque experiment. This can be especially useful
for addressing the case of microspheres with large radii, which will inevitably be trapped
along the axis and from which we expect a stronger chiroptical response compared to
smaller microspheres. Additionally, the different torque data in the parameter space of
Fig.4.3(b) can be used to characterize other optical parameters (other than the matter
chirality) of the microsphere. This discussion extends to cases where ¢ # 1 and the
field’s azimuthal symmetry is broken. Beyond characterization applications, fields that
break azimuthal symmetry can be used in the context of stochastic thermodynamics to
produce NESS superimposed with a potential having periodic minima (see ref. [34]), which

demonstrates the great versatility that this family of exotic beams provides.

In Appendix A, we present the works on which I collaborated, involving members of
the LPO group and international colleagues. We presented two methods for the quanti-
tative characterization of experimental system parameters. Additionally, we discussed a
system that demonstrates the operation of finite-time thermal protocols for single parti-
cles using an optical tweezers experiment. Finally, in Appendix B, we present details on
the derivation of the MDSA theory, and present the expressions for the model describing

three distinct optical trapping systems. The first system employs circularly polarized vor-
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tex beams, and was used in Chapters 2 and 3, and also in Sec. A.1. The second trapping
system model employs the hcVVBs, discussed in Chapter 4. The last model discussed in
this appendix employs circularly polarized vortex beams possessing astigmatism aberra-
tion, which was also used in Sec. A.1. Additionally, we discussed the convergence criteria

required by the MDSA model accounting for the beam astigmatism.
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Appendix A

Collaboration projects

This appendix explains some results of projects in which I participated as a co-
author, but that have important relations to the main works presented in the thesis. The
first project uses the MDSA+ theory for vortex beams (with astigmatism) to characterize
experimental parameters of the optical system. The MDSA+ theory used in this project
is presented in appendix B, and the method described in the respective publication is of
great importance to show the viability of the employment of ab-initio theoretical models
(like the MDSA+) in the characterization and description of physical systems.

The second project proposes a method to measure the chirality parameter of particles
through the orbital period. The optical trap employs a circularly polarized LGg, mode,
with a choice of ¢ that leads to orbital trapping. This project discusses the sensitivity
of the method, as well as the particle size ranges in which it might be used to its full

potential, providing a symbiotic discussion with the contents of Chapter 4.

A.1 Optical torque with VB OT

In this project, we developed a method to indirectly measure the radius of micron-
sized dielectric spheres trapped in an OT setup employing VBs [38]. The method is
based on the optical torque experiment, which was first introduced in the Master’s thesis

of Kaina Diniz [81] and is further detailed in the related publication [44]. The original
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torque experiment exploits the harmonic approximation of the optical force to produce a
very stable and reproducible experiment. The main result contained in this work is the
measurement of a negative optical torque, which is an unusual scattering phenomenon
involving spin-orbit coupling of the trapping field and non-trivial exchange of angular
momentum with the microsphere. This topic was also discussed in my Master’s thesis [82],
where I examined the viability of the characterization of experimental parameters, like the
astigmatism of the beam, by fitting the data with the MDSA+ theory. Our starting point
will be the earlier work, from where we proceed with a description of the employment of

VB in this experiment and the benefits it brings.

The early optical torque experiment employed a fundamental Gaussian mode TEMqq
with a controllable polarization state (starting with a z-polarized state and converting to
a range of elliptical polarizations) on an oil-immersion objective. The trapped polystyrene
microsphere was embedded in an aqueous medium with a Stokes drag coefficient 3. The
experimental procedure can be summarized as follows: the sphere height is set to a value
that can be recovered in the numerical simulation (employing the MDSA theory) and
proceeded to move the whole sample in the x direction using the PI nano-positioning stage
(described in Fig. 3.1 of Sec. 3.1). By moving the sample with a constant velocity ¥y, the
aqueous medium exerts a Stokes drag force Fg = Bvs, which displaces the microsphere
from its axial equilibrium position.

In a general way, the torque angle a between the z-axis and the displaced microsphere
equilibrium position will be o = arctan(Fy/F,) and will be non-zero if F,, # 0. As the
optical force F is proportional to the power P that reaches the sample, we can quickly
note that both F,;/F, and o do not depend on the laser power, effectively removing a
possible source of error in the experiment.

Circular polarized beams are azimuthally symmetric, which means that the optical
force will have no dependence on the azimuthal coordinate ¢ in this case. On the other

hand, general elliptical polarized states and beams carrying azimuthally asymmetric aber-
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Figure A.1: Experimental setup for the torque experiment with VB OT. This image was
extracted from reference [38].

rations, like astigmatism and coma, will break the above symmetry, which deeply affects
the resulting non-paraxial tightly focused field. However, the optical force dependence
with the ¢ coordinate can be made explicit for the case of elliptical polarizations (see eq.6

on ref. [44]).

The fact that a TEMgy mode was used in this earlier project caused the resulting
torque angle « to be small (of up to 3°~ 0.05rad) and the optical force to be harmonic

within a relatively large range, allowing a few approximations to be made. The optical
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force will be approximated as F = —K,p + Kgp (assuming equilibrium in the axial di-
rection, i.e. z = zo), where k, is the transverse trap stiffness defined in eq. 2.37 and
ke = (0Fy/0p)|p=o is the torsion constant. Therefore, the experiment can employ a few
different velocities U, each producing a different equilibrium position forming a line with
angular coefficient o and centered at the axial equilibrium position. This angle can be
easily evaluated numerically as a ~ ky/k, and compared to experimental data. The
astigmatism of the trapping beam can be experimentally characterized and accounted
for in the MDSA theory, yielding straightforward improvements in the data analysis and
consequent interpretation.

In the present torque experiment, instead of using the polarization as a control pa-
rameter, we employed a range of Laguerre-Gaussian modes LG, with different values of
¢ and a fixed left circular polarized state o = 1. Using the results described in Chapter 2,
the range of ¢ values is chosen so we have only on-axis trapping scenarios, i.e. we chose
values of ¢ for which the set of parameters is located above the blue line in the phase
diagram depicted in Fig. 2.4.

When employing LG, modes on the torque experiment, we noted that the distance
range for which the optical force can be considered linear is smaller than in the previous
case. Additionally, astigmatism present in the trapping beams appears to play a big role
in this system while also being more difficult to properly characterize, as many different
beams with different /s are being used. On the other hand, the measured torque angles
for each ¢ reach much higher values (up to tens of degrees), providing a much bigger
signal-to-noise ratio.

While the first problem is easily fixed by employing smaller sample displacement ve-
locities v or higher laser powers P, the issues brought by astigmatism have to be treated
differently. In the earlier system, characterization of the astigmatism of the trapping
beam was conducted (yielding the amplitude A, and principal meridian angle ¢, of the

phase aberration) and together with the experimental observation of overall small torque
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angles, allowed k4 and K, to be evaluated at ¢ = 0 during the numerical analysis. Now,
the torque angle « of each data point is evaluated by solving the following transcendental

equation:

o — arctan<F¢(Zeqa 5pa (O_/ - ¢ast)7 Aast))j (Al)

Fp<zeq: 5P> (Oé - ¢ast)a Aast)
where F, is the optical force expression, given by the MDSA | theory, and dp is a small

radial displacement within the harmonic range. In order to account for the astigmatism
aberration (introduced by the optical elements, including the objective lens and the laser
fiber), we include an additional Zernike phase |83, 46] in the Richards-Wolf and Debye

potentials formulation:

. 2
D (0, ) = 21 Augy (ssllrrllgo) cos (2(@ — gbast)> , (A.2)
which is given in terms of the amplitude A,y and the astigmatism axis angle ¢,s. The
formulation of the Richards-Wolf model and MDSA+ theory for circularly polarized vortex
beams carrying an astigmatism aberration phase is discussed in appendix B.4.

Finally, the resulting experimental data consists of a values as a function of topological
charges /¢ for a single polystyrene microsphere. The microspheres used in the experiments
had a nominal radius a = a+ o, provided by the manufacturer, where a is the mean radius

of the sample ensemble and o, is the uncertainty given by the corresponding standard

deviation.

A.2 Chirality characterization through the orbital pe-
riod on VB OTs

In Chapter 4, we discussed the application of OTs to the characterization of chiral
particles, where we used the MDSA theory with modified Mie scattering coefficients for
spheres made with a chiral medium. The case of hcVVBs accounts for an arbitrarily
polarized incident beam, whereas a particular case is the one of a VB with a pure circular

polarization state. In that scenario, we may drop all the cross-polarization terms and
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recover the MDSA theory presented in Chapter 2, but with the scattering coefficients for
a chiral sphere.

In this project, we used the MDSA theory for circularly polarized VBs with different
topological charges ¢ to characterize the chirality of a trapped spherical particle through
its orbital period [55]. At first sight, the chirality of matter is sensitive only to the spin
angular momentum (SAM) of light, given by the helicity of the field. More precisely,
the coupling between the electromagnetic field and a chiral dipole depends solely on the
circular polarization state of the incident light. However, recent studies have shown that
higher-order interactions (beyond the dipole) allow the coupling of light’s OAM with
the chiral properties of matter. These interactions have been proposed as an alternative
way to characterize the chirality of a sample through a technique analogous to circular
dichroism but varying the OAM value instead.

In our case, the strong focusing process couples the spin and orbital angular momenta,
causing the field intensity distribution to depend on the relative sign between o and ¢
(see Sec. 2.1.3). A clear advantage of the method proposed in our work is that we can
characterize individual particles in a non-invasive (or non-destructive) way and with very
high precision, in contrast to conventional methods such as CD, which are limited to
measuring the chiroptical properties of a particle ensemble.

The numerical calculations are done following similar procedures as described in 2.3,
where we used a left circularly polarized VB with a fixed filling ratio (r,/R, = 0.8 for
any VB with ¢ # 0) respecting the overfilling criteria. According to Sec. 2.3.1, orbital
trapping occurs when the sphere radius is smaller than the ring of maximum intensity of
the tightly focused VB (7, > a).

To calculate the orbital period, we begin by numerically evaluating the axial and
radial force components (@, and @),) to determine the off-axis equilibrium point in the
pz plane, in the exact same way as in Sec. 3.3.2. The azimuthal force component will

drive the particle along the orbital trajectory through the fluid, which exerts a drag force
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Figure A.2: Rotation period as a function of the radius R for various values of ¢ within a
range of the chirality parameter k. Panel (a) shows the dependence of T'(s) with radius and
illustrates the sense of rotation, given by the sign of /. Panel (b) depicts the dependence
of T'(s) with , which defines the sensitivity of the method to characterize the particle’s
chirality.

proportional to the particle velocity [28, 29| as F = B v. In the overdamped regime of
the Brownian motion, we expect that the Stokes drag force and the azimuthal component
of the optical force cancel each other, leading to a relation between the velocity v4 and
the azimuthal efficiency factor Qy(peq; 2eq), €valuated at the radial equilibrium position
peq defining the circular orbital motion: pey, = (v4/w), where w is the orbital angular
frequency. The relation is also dependent on the axial equilibrium position z., and the
laser power P arriving at the sample chamber:

7’L1P
U¢: Cﬁ

Q¢(peq7 zeq) . (AS)

Finally, to obtain the period of rotation, we need to substitute the relation between the

radial equilibrium position and the angular frequency vy = peqw = peq%’rz

B 27 Peq B
= i P) Onlpurs o) (4-4)

In Fig. A.2(a), we show how the rotation period depends on the radius of the particle
for a certain range of values of k. In this panel, we also illustrate the sense of rotation of

the particle, which depends only on the sign of the topological charge ¢. Figure A.2(b)
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depicts how the rotation period depends on the chirality parameter x, for a few different
values of ¢ and a fixed radius value R = 0.3um.

It is interesting to note how complementary this method is to the one discussed in
Chapter 4. In this project, the highest sensitivity for the measurement of « lies in the range
of 0.15um < R < 0.35um, whereas the method discussed in sec. 4.3 seems to be effective
only when considering radii of up to R ~ 0.2um (see Fig. 4.4). In conclusion, methods for
characterizing experimental parameters (like the micro- or nano-sphere size and chirality
parameter, for example) based on optical forces seem like promising rising tools. They
present advantages over standard methods like CD (circular dichroism) and DLS (dynamic
light scattering), which provide statistical measurements of particle ensembles, whereas
the methods based on optical forces allow in-situ measurements of single and isolated

particles.
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Appendix B

Scattering theory in the Debye
formalism and MDSA expressions for
the optical force.

Throughout the thesis, I omitted some of the content to avoid diverging from the
main focus of the discussions. This content includes some components of the efficiency fac-
tor and definitions of the multipole coefficients for a few different trapping system setups.
In this appendix, I present all of these omitted expressions along with a supplementary

discussion about the Debye potentials presented in sec. 2.2.1.

In sec. B.1, we present the discussion on the derivation of the Debye potentials for a left-
circular polarized vortex beam. The following sections present the MDSA expressions and
definitions for the respective multipole coefficients for three cases. Section B.2 presents
the expressions for the same case as in sec. B.1, a left-circular polarized vortex beam.
Section B.3 presents the optical force expressions for a tightly focused hybrid cylindrical
Vector Vortex beam on a chiral sphere. Lastly, sec. B.4 presents the solution for the focal
fields of vortex beams with astigmatism. We show the resulting expressions for the field
and the optical force, which was used in the projects described in the previous appendix,

in sec. A.l.
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B.1 Debye potentials derivation

In this first section, we obtain the Debye potentials for a tightly focused Laguerre-
Gaussian beam (following the Richards-Wolf formalism) by rotating and combining the
Debye potentials of circularly polarized plane waves, given by eq. 2.27. The resulting
Debye potentials will be given in terms of the pre-factors C* and C™, and the multipole
expansion coefficient I', ,, following the definition in eqs. 2.28 and 2.29.

We begin by rotating each spherical wave component using the Wigner D-matrix
Dfn,’m(oz, B,7), where a,  and «y are the Euler angles defining the rotation. The Wigner D-

matrix acts only on the angular part of the partial waves, given by the spherical harmonics.

Then, a rotated spherical harmonic Y/ (0", ¢) is represented as the sum:
j .
YO, 0) = D Dhyulen B,)Y"(0,0) (B.1)
m/=—j

Using the operator formalism, we can write the Wigner D-matrix Df;l,’m(oz, B,7) as:

DI, (0, By) = (yml| e 7B e | )

_ e—i(am/-i-'ym) <j, m/| e—iﬁJy ’j, m> — e—i(am/+vm) dfn/,mW) (BQ)

Next, we define the Euler angles of the rotation: the angles a = ¢, and g = 6,
correspond to the incidence direction, as in (6, ) in eq. 2.6, while v = —¢y, is chosen as
to conserve the helicity of the field, i.e. the polarization vector direction. The subscript
k refers to the fact that (6k, px) refers to spherical coordinates in the Fourier space,
differing from the (0, ¢) coordinates on the argument of the spherical harmonics defined
in the position space.

Using eqs. B.2, B.1 and 2.27, we can obtain the Debye potentials of a rotated plane
wave, which can then be used to construct a cone-shaped superposition of planes waves
with half-aperture angle 6, by integrating the rotated plane waves potentials in the

coordinate. For now, we will only account for the helical phase of the input LG, mode,
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whereas the effect of the beam intensity profile will be introduced later. Using the relation

between the coordinates ¢ = ;, + 7 and the Abbe sine condition p = f sinf, we obtain:

2m
I, :/0 dey cos@ke’&i’z Z e m'=)er g | o (0k) (HEW)]' =

= (TS ) T [ ) Voosbi-1) (00 Y7 (0.0) %

j7m,

2w
X (/ deg e_i(m/_z_o)“”k> : (B.3)
0

where we used the compact notation for the sum.

In order to describe the relative position between the incident field focus and the
sphere center, we should define the origin of the coordinate system. The first option is
to describe the scattering of a displaced sphere, which breaks the symmetries that were
responsible for making the spherical waves the eigenstate basis of our problem. Therefore,
translating the incident field is a much simpler and easier solution to describe the relative
displacement between the sphere and the beam focus. We do it by applying the translation
operator e~*4 to displace the position of the total field by the vector q. According to the
system symmetry, the displacement vector is best expressed in cylindrical coordinates:
q= (242 + pep + qbqug), transforming eq. B.3 as:

% Eye ! , dm(2j+1) %
HE:/ inf,dg, e = (2295 )i+ / 0y, 0
IN ; sin 0y dbj, 11y, ( Nl JZ (1) G0 sin 0, A6,

2
3 (kr) \/cos b (—1)€ dfn’a(ek) Yj"(ﬁ7 ®) (/ dey, e ka e_i(m_z_")“"k)] , (B.4)
0

and we can identify the integral between parenthesis as A\y; with M = m — £, defined as:

2
)\M — / dQOk ef'ik-q efi(Mfcr)ka —
0

= [e”' Wza o8Ok o (—i)YM= Jor_ o (Kpy sin 0) e’i(M"’)‘ﬁq] (B.5)

where Jy;_,(x) is the cylindrical Bessel function of the first kind.
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Finally, the last step to obtain the Debye potential for the incident tightly focused
field is to weight each plane wave in eq. 2.24 by the input LGy, mode field amplitude,
given in eq. 2.1. Using the Abbe sine condition and the definition of v = f/wg, we can
express the paraxial field amplitude given in eq. 2.1 as a function of 6, and insert it into
eq. B.4, yielding:

nf = (252 ) (§) vEn - > [(mm Y7 (6.0)) %
4 (25 + 1)

e (2r (—iymto emitmetetin )

)
/ 6y, (sin 6,)1941 \/cos B, e =20 030k =7 sin® & o (Ok) Jn—i—o0) (kpsin Hk)] , (B.6)
0

which yield the following values for the coefficients I'7, , and CF:

47T(2]+1) N Nm—F— —i(m—f—
Die = A —7 z]<27r —7)™ Ue’(mg")%)x

00 . 2 . .
[ / A (sin 0) T \/cos By, ez cosOn o= si% 0 qi () T o) (kpsin 6y)
0

g _ (Eoe ™\ (f YT Ey 2 fe ™t B |
c® = (B22) (§) a1 = < - )( Vanh.  (B)

From eq. B.8 and the relation Hy = Eq (n;/uoc), we can also obtain the value of CM:

0

, (B.7)

B.2 MDSA expressions and multipole coefficients for a
circularly polarized vortex beam

In this section, we present the expressions for the axial (~ 2) and azimuthal (~ ¢)
components of the efficiency factor, divided into extinction and scattering terms. The
expressions below are for an optical trap employing a left-circular polarized (¢ = 1)
vortex beam with topological charge ¢, which corresponds to the systems discussed in

chapters 2 and 3.
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We begin with the extinction component of the optical force. The axial extinction

force component is:

2(272)|£|+1 o

o= A, Be 2 (@54 e ) (G &) (B0

j=1 m=—j

while the azimuthal (extinction) component is:

_(272)\€\+1 o ] ' . o
- i R Y (2] + 1)@, )G (G + G )] (B

j=1 m=—j

Qe¢

Next, the scattering component of the optical force in the axial direction is:

- (272l ViG+2)G—m+1G+m+1) . . .
@ AN, [ G+D (@551 + 58512) (€1 1))
(2/+1) ) ‘
7S (@) Cinin)) |

(B.12)

while the azimuthal (scattering) component is:

—2(29") "M | VIG+DG +m A+ 1) +m+2) . . .
Qsp = 0|l A, N G+1) Re((ajaj+1+ bjbjﬂ)(Gj,mGjﬂ,mH—
— Gj,fmGjJrl,—m—l)) — 20 m\/(] — m)(] +m + 1) Re(ajbj) Re (Gj,mGj7m+1) .
(B.13)
Finally, the expression for the multipole coefficients G, and Ggfg are:
0o
G = / df(sin )1V cos 6 cos 6, T(6) x
0

A 1)Ym—o— . ! 7 sin? ) .

din,o(e )J g(k)lpSiH el)ez(fb(ﬁ)—l-k cosf1z) —v?%sin” 6 (B 14)

and

0o
G, = / df(sin )11V cos 6 sin 6, T(6) x
0

d{nil,g<91)Jmfcer(k1p sin Hl)ei(é(e) +kicosfyz)—+2sin? 0 ) (B 15)
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B.3 MDSA expressions for systems employing hcVVBs
and chiral spheres

In this section, we present the expressions for the axial (~ %) and azimuthal (~ @)
components of the optical force exerted on a chiral sphere by a tightly focused hybrid
cylindrical Vector Vortex Beam. The terms are divided into extinction and scattering
terms, each containing direct- (~ (¥2)) and cross-polarization (~ (¥(?))) contributions.
The expressions below are valid for an optical trapping system employing the hcVVB
modes and chiral microspheres discussed in chapter 4. We assume that the topological
charge index £ on the expressions below corresponds to the topological charge value of the
right-circular (o = —1) polarized state component, following the convention explained in
sec. 4.2.1.

We begin by presenting the extinction component Q. of the efficiency factor. The

axial extinction force component is:

2(2y%)l+ . .
QY (p, ¢, 2) = AN, ;(2] +1) Re{ <G§.mf)> X
<G (@) + @) )T )L B

while the azimuthal (extinction) component is:

© ()l . ot)
Qep (P, 0, 2) = —W!AEN(; %(2j+ 1)Re <G i ) X
[l N[O+ GRS )+ ) o) G+ 6 ()

(B.17)

The axial scattering component of the optical force is:

(2721 {[\/j(j+2)(j+m+1)(]’—m+1)><
|€|!A€Na ]+1

QY (p,¢,2) =
x ((ag‘a)%i)l* + bi7b) [GW Gm)m} (02)+(a57af 9" = b7, 77 [G(a K)Gjﬁfﬂ (‘1’(”))” +

(27 +1) [/ (@), (o)) [ A(0.0) (o0 o T
+{m0j(j—+1)((a§ )bﬁ. ) )[Gg',nf)G;,ﬁf) }(@ng)_(ag )b§- ) )[G( £) G me) ](\II( ))> 7
(B.18)
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while the azimuthal (scattering) component is:

QgQ(P@,Z): M {{\/j(j+2)(j+m+1)(j+m+2)x

0|l AN, j+1

XR@((“ ’ gcjr)l* + b b§i1 ) [G o) Gﬁﬁ mal G\ G (m+1)} (v5) +

J=m T 41—
+( 7 b(g)bﬁ({ *) [G e G§+(i fn+1 - Gga £7)71G]+?€— m+1)} (\II(U)) ) ] o
-y 1§ VGG 1) x (2Re(al ) Re[Gl5 G (02) -
e[ (al78 ) (@6 G a ) ()] )] - (B.19)
As we used the convention of using the value of £ relative to the 0 = —1 component as

the index of the expressions above (see sec. 4.2.2), we redefined the multipole coefficients

GO G @ and G . The first coefficient G is defined in eq. B.21, while G/ (0.0)

j7m ) .]7m

is defined as:

Oo
G;f:]’z) = / df (sin 0) 14/ cos 0 cos b, T(6) x

0
6_,Y2 sin29€i<1>(0,z) d‘Z‘n’g(el) Jm+a(€—1) (klp sin 01), (BZO)

and G§-7iw)l(g’z) is defined as:

)
cﬁwwz/‘W@wwfwwmm%ﬂwx

J,m
0

e 81n2961<19 (6,2) d’Znil0(91>Jm+0(f—1)(/€1p81n91)' (B21)

Also, the phase ®(0, z) above is the sum of the spherical aberration phase and the phase
corresponding to a space translation in the z direction, resulting in the following expres-

sion:

cos

®0,z) =kL (— + N, cos 91> + kcosb,z. (B.22)

a

Finally, it is worth mentioning that the definition of the filling fraction does not depend
on the polarization state and remains the same for values of £ with the same absolute value.

Therefore, as long as the topological charge relative to each polarization component of
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the incident beam has the same absolute value |¢], the filling fraction is given by eq. 2.22.

The expression reads:

92 [€]+1 sin O 1 — s2)(N2 — g2
A, = 8( 7|€|)' / ds g210+1 exp(—2fy252) \/( s?)(NZ2 — s?)
: 0

(VI—2+/NZ—s2)2’
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Figure B.1: Density plots of the intensity distribution (panel (a)) and resulting force
field (panels (b)-(d)) exerted by a tightly focused Hybrid cylindrical Vector Vortex beam
with ¢ = —1 on a microsphere with radius ¢ = 0.05um. The force field is represented
in cylindrical coordinates, where panel (b) shows the axial component (Q,), panel (c)
shows the radial component (Q,), and panel (d) shows the azimuthal component (Q).
In panels (b)-(d), the color blue (red) represents a positive (negative) force sign, which
points outwards (inwards) the image plane in panel (b), while in panel (c) it points away
from (towards) the origin, and in panel (d) it points in the counter-clockwise (clockwise)
direction.

In Fig. B.1 we show the numerical evaluation of the electric field intensity distribution
(panel (a)), and the optical force components in cylindrical coordinates (panels (b)-(d)).

We consider a microsphere in the dipole regime, with radius a = 0.05um, and an input
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hcVVB with topological charge ¢ = —1 (associated with the 0 = —1 vortex beam compo-
nent). We illustrate the symmetry break due to the cross-polarization component, which
is seen in both the intensity distribution and the optical force, and happens for every

topological charge value ¢ # 1.

B.4 MDSA expressions for vortex beams with astigma-
tism aberration

The effect of the primary astigmatism aberration can be introduced into the Richards-
Wolf model (and therefore into the MDSA model as well) by multiplying each plane-wave
component by the astigmatism phase, given in eq. A.2. Note that, unlike the spherical
aberration phase (for example), the astigmatism phase has a dependency on the azimuthal
angle ¢. This dependency is responsible for breaking the rotational symmetry of the pre-
vious expressions for the optical force and electric intensity distribution of tightly focused
pure circularly polarized vortex beams.

Additionally, since the rotational symmetry order of primary astigmatism coincides
with the one of first order Hermite-Gaussian modes (HGg; and HGyj), one can directly em-
ploy the techniques and procedures presented in this section to extend the Richards-Wolf
and MDSA models for such beam modes. Furthermore, this approach can be extended
to describe higher-order geometrical phase aberrations (given by Zernike polynomials
Zl'(p, ¢) with azimuthal order |I| > 2, see ref. [18]| for more details) and higher-order
transverse modes (e.g., arbitrary order Hermite-Gaussian modes HG,,,,, or combinations
of Laguerre-Gaussian modes LG,, with different p and ¢ values) at the cost of increased
analytical and computational complexity.

The main difference in the calculations of the Richards-Wolf and MDSA models caused
by the presence of any aberration phase that depends on the azimuthal angle ¢ is in the
azimuthal integrals, namely eq. 2.11 (related to the focal field intensity) and eq. B.5

(related to the optical force). We begin to address the changes by solving the azimuthal
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integral of the focal field (eq. 2.10), which will yield a different expression for the function
189 in eq. 2.12. Then, we redefine the function A\j; used in the derivation of the MDSA
and Gﬁz

model and present the resulting multipole coefficients G, G,

The method to solve the integrals in egs. 2.10 and B.5 are similar, and both are based

on the generating function of the Bessel functions of the first kind [20]:
e%(t‘%) = Z t" Ju(2), (B.23)
and on the integral definition of the Kronecker delta function as:

27
/ e"(”’m)“"dcp = 27 Opm, - (B.24)
0

The first step in our calculation is to expand the additional astigmatism phase term

in the azimuthal integral as a sum of Bessel functions. The phase term can be written as:

, r 16\ 2
¢! Pesll0) — exp | i 27 Aag < S‘ln > COSs (2(S0 - ¢ast)>:| N
L sin 6
:j4rast
= exp | Aust %(e—iz(so—qﬁast) + ei2(¢—¢ast)>:| _
[ Ast (200 1
= exp B (ze — ieiw(ipi%t)) _
[ Asst (5 52060 !
- P 2 (Ze - iei2(<p—¢ast)) : (B.25)

. 2 )
Identifying A, = 27 Aug <51n9) as (z) and (i et*2¥=%st)) as (t) in eq. B.23, we can

sin Oy

expand eq. B.25 as:

el st — Z (i)P e7i2lemPas) T (A, ) = Z ()P "2 0) ] (Apgt) - (B.26)

p=—00 p=—00

Now, the azimuthal integral for the field in eq. 2.10, including the astigmatism phase
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term, will take the following form (indexed by M = {{ + 20, { + o, {} as in eq. 2.11):

21
/ d(,D eiMcp ei{cos(cp—(b) ei Dast (0,0) —
0

= ©© 2w
= Z (,L)n einqb Jn(g) Z (Z)p ei2p¢ast Jp(Aast)/ dgpengoe—imp e_igp@ _
n=—oo p=—00 J g )
=270, M—2p
— (27T) (@)M oMo Z (_Z')p e~ 12p (¢—dast) (]M_Qp(g) (]p(Aast), (B.27)
p=—00

where we used eq. B.23 to expand the term e*5¥~9) with & = (k; p sinf;). Now, it
is helpful to rearrange the sum in eq. B.27 so that we can analyze the convergence of
the series. We isolate the term p = 0 and, using the property of the Bessel functions
J_n(2) = (—=1)"J,(z), we write the remaining terms as a sum from p = 1 to p = +o00 and
define the function Vi (p, ¢; 0):

(e 9]

VM()O, ¢7 6) = Z <_Z)p €7i2p(¢7¢a5t) JM—2p(€) Jp<Aast) = (B28)

p=—00

i (€) Jo(Aust) +2Jp<Aast) (—i)P ¢~ 12p (0—Gast) Jnr—ap(€) + 12 (¢—dast) JM+2P(£)]_
p=1

Note that when the astigmatism parameter is zero, i.e. A,sq = 0 (or A,g = 0 for any 6),
the only non-zero term in the expression above is Jy(Aast) = 1 because J,(0) = 0 for any
p # 0. Therefore, if the optical system is astigmatism-free, the astigmatism parameter
Aast 1s null, and eq. B.27 takes the same form as eq. 2.11.

Finally, we can substitute eq. B.28 into eq. 2.6 (using eq. 2.8) to obtain the modified
I (r) function:

0o
L) (p ¢, 2) = (\@VW/ db (sin 0) 1/ cos 6 e 5 0 () )

0

X fim)(0) €NV (p, ¢ 6) . (B.29)

In accordance with the symmetry break associated with the astigmatism aberration, this

modified [r(,f)(r) function exhibits an additional dependence on the coordinate ¢ which is



123

propagated to the expressions for the electric field intensity (eq. 2.15) and chirality density
distribution (eq. 4.26).
In order to account for astigmatism in the MDSA force model, we must redefine the

azimuth angle integral in eq. B.5. Thus, the integral with the astigmatism phase becomes:

2w
A (0y) = / depy, e e i M=)k i Past Ok, 0k) — (B.30)
0

_ [e—ikzq otk o ()M =0 o~ i(M=0)8q o

[e.e]

% Z (_2) €i2p(¢>ast*¢q) J2p+M(k-1psjn01) Jp(-Aast)

p=—00
This new integral only changes the definitions of the multipole coefficients (egs. 2.36, B.14,
and B.15), while leaving the expressions for the optical force (eqs. 2.34, 2.35, B.10, B.11,
B.12, and B.13) unchanged (as a function of the new multipole coefficients). The new

coefficients are:

)
Gjm :/ d9<S1H 6)|€\+1 /COSQ T(Q) dqy;n’g(91>ei(©(9)+k100591z)772 sin? 0 %
0

Wm—o—f(py ¢7 9)7 (B?)l)

o ) ) 2
G = / df(sin 0)"1vcos 0 cos 0; T(0)dd, ,(6;)e" PO +heostrz) = sin® 0
0

Wm—o—f(pa ¢a 0) ) (B32)

and

00 . .
G, = / df(sin )1V cos  sin 6, T(6)d’ il’o(el)el(‘p(e)+k1melz)_72 sin® 0 o
0

m

Wmfo'fé(p7 ¢7 6) ; (B33)

where the function Wy, (p, ¢; 0) is defined as:

oo

Wi(p, ¢:0) = Z (=) e (Gut=0) In-2p(€) Jp(Aast) = (B.34)

p=—00
oo

JM(@ JO(Aast) + Z Jp(Aast) (_i)p [e_wp(d)_%“) J2p+M(§) + 6i2p(¢_¢a$t) J—2p+M(f)] )
p=1
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remembering that £ = (ky p sin6;) and

sinfd \?
Aast =27 Aast I

sin 6,
Note that the difference between eqs. B.34 and B.28 is due to the fact that we are using
the passive picture in the Debye potential formulation, i.e. we construct the fields so that
the scattering sphere is always centered in the origin of the coordinate system [13| (only
changing it back in the end of the MDSA theory derivation). This contrasts with the
formulation of the Richards-Wolf fields, where the coordinates are the points in which we
evaluate the field (which is centered at the origin).

When implementing infinite sums numerically, we must define a convergence criterion
so the sum can be done over a finite number of terms. Indeed, as we substitute the Bessel
function in the aberration-free expression with the sum in eqs. B.28, the computational
cost associated with evaluating the field intensity distribution (and optical force) drasti-
cally increases. The arrangement of the series in eq. B.28 allows us to exploit the behavior
of the Bessel functions relating their order n and argument z and obtain a truncated sum.
First, we note that Bessel functions of increasingly larger order tend to remain close to
zero for an increasing range of their argument (starting from zero). This can also be

understood by analyzing the asymptotic behavior of Bessel functions for small arguments

(2 — 0) [20]:

for n > 0.

where Bessel functions with increasingly larger orders n will grow as a function of z with
decreasing rate, according to the power law above.

However, this argument is not valid for larger arguments, meaning that a general rule
must rely on a numerical evaluation of the Bessel functions in the series of eq. B.28. As a
first attempt, the last term ny,g of the truncated sum can be simply obtained by defining

a tolerance value V;, for which:

Jnlast71<~’4ast) Z ‘/tol > Jnlast(Aast>-
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Alternatively, we can incorporate the effect of the field amplitude profile and integrate

Jp(Aast) over 6 along with the integrand of eq. B.29:

0o
VeI (Auy) = (V2 / df (sin 0) 11/ cos 6 7500 () )
0

X fiml(0) Jp(27r A ( sin 0 )2) . (B.35)

sin 90

Finally, we can define a new tolerance using eq. B.35 as the quantity that should be
minimized to assert convergence:

O (A) 2> Vier > VEIMD(A,) .

Nast

—0.75um) E? (2 =0.0um) E? (2 =0.75um)

(b)

-1 0 1

Q,x10* (f)
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=
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-1 0 1 -1 0 1
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Figure B.2: Density plots of the intensity distribution for different z—planes (panels (a)-
(c), with z values depicted on top) and the resulting force field exerted by a tightly focused
vortex beam with astigmatism aberration (panels (d)-(f)) on a microsphere with radius
a = 0.05um. We consider a vortex beam with topological charge ¢ = 4 and circular
polarization state o = +1, and the optical force is calculated at z = 0 in panels (d)-(f).
The force field is represented in cylindrical coordinates, and follows the same orientation

y(um)

rules as in Fig. B.1.

In Fig. B.2 we show the numerical evaluation of the electric field intensity distribution

(panels (a)-(c)), and the optical force components in cylindrical coordinates (panels (d)-
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(f)). We consider a dipolar sphere, with radius a = 0.05um, and an input vortex beam
with topological charge ¢ = 4 and left-circularly polarized (o = +1). We plot the electric
field intensity distribution for three z—planes: panel (a) depicts z = —0.75um, panel (b)
depicts z = 0 (corresponding to the circle of least confusion), and panel (c¢) depicts
z = 0.75um. The force components are evaluated at z = 0. The astigmatism aberration is
characterized by two parameters: the aberration phase amplitude A, and the orientation

angle ¢,s. We set those in Fig. B.2 as 27 A, = 1.0 and ¢,y = 30°.
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