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Resumo

Superconducting properties of some strongly correlated
fermionic systems

Rodrigo Alves Fontenele

Advisor: Raimundo Rocha dos Santos

Co-Advisor: Natanael de Carvalho Costa

Resumo da Tese de Doutorado apresentada ao Programa de Pós-Graduação
em Física do Instituto de Física da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessários à obtenção do título de Doutor
em Ciências (Física).

Ao longo desta tese, investigamos as propriedades de alguns sistemas fermiônicos forte-

mente correlacionados, com foco nas transições de fase supercondutoras e na ordenação

de carga. Em vista dos recentes experimentos com átomos fermiônicos ultrafrios em redes

óticas, que renovaram o interesse no estudo do modelo de Hubbard atrativo (AHM), real-

izamos extensivos estudos livres do problema do sinal utilizando o método de Monte Carlo

Quântico Determinantal (DQMC) para este modelo em uma rede quadrada. Obtivemos

um diagrama de fases detalhado para a temperatura crítica supercondutora, Tc, em função

do preenchimento da banda, ⟨n⟩, e da intensidade da interação atrativa, U , a partir do

qual identificamos uma região relativamente ampla |U |/t ≈ 5±1 (t é a amplitude de hop-

ping) e ⟨n⟩ ≈ 0.79 ± 0.09, levando a um máximo de Tc ≈ 0.16t. Destacamos ainda duas

escalas adicionais de temperatura: a de formação de pares, Tp, e a de degenerescência,

Td. A primeira define a escala de formação dos pares (acreditando-se estar intimamente

relacionada à escala da abertura de gap para excitações de spin nos cupratos), enquanto
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a segunda estabelece a escala dos efeitos quânticos dominantes.

Nossos dados de DQMC para a distribuição de sítios duplamente ocupados, para a

função de distribuição de momento e para o peso de quase-partícula exibem característi-

cas distintas em ambos os lados do cruzamento BCS-BEC, além de sugerirem um possível

cruzamento subjacente entre comportamentos de líquido de Fermi e não-Fermi. No en-

tanto, as temperaturas críticas supercondutoras (ou superfluidas), Tc, ainda são um pouco

menores do que as menores temperaturas alcançadas nos experimentos. Assim, analisamos

como a supercondutividade pode ser aprimorada por empilhamento, estudando geome-

trias de bicamada e de rede cúbica tridimensional para identificar as condições sob as

quais Tc pode aumentar. Descobrimos que, com uma escolha adequada do preenchimento

e da intensidade da atração local, um bicamada pode apresentar valores de Tc entre 1.5 e

1.7 vezes superiores aos da monocamada; já para a rede cúbica simples, o aumento pode

ser até 30% maior do que o máximo observado na monocamada.

Também verificamos a precisão de uma estimativa do tipo BCS para Tc no modelo

de Hubbard atrativo, bem como de um limite superior para Tc baseado no peso super-

fluido. Além disso, avaliamos o papel do hopping de segundos vizinhos, t′, no ajuste da

densidade de estados no nível de Fermi, o que afeta as propriedades supercondutoras.

Nossos resultados indicam que uma escolha criteriosa de t′ pode aumentar Tc em até 50%

em comparação com o caso em que há apenas hopping de primeiros vizinhos. Em con-

trapartida, Tp diminui com o aumento de |t′/t|, o que deve representar uma redução da

região de pseudogap, favorecendo um comportamento mais próximo ao BCS no regime

de acoplamento intermediário. Analisamos ainda a densidade de estados interagente para

caracterizar a transição de um regime de pseudogap para um estado supercondutor com

um gap completamente aberto. Esses achados sugerem que o hopping para segundos viz-

inhos pode ser uma rota viável para aumentar Tc a valores mais próximos das escalas de

temperatura acessíveis experimentalmente.

Por fim, investigamos o impacto do acoplamento spin-órbita Rashba nas fases de or-
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denamento de carga em um modelo tipo Holstein em uma rede quadrada em banda

semi-preenchida, utilizando a teoria de campo médio, teoria de perturbação em clusters e

o método DQMC. Como resultado, mostramos que a fase de onda de densidade de carga

no estado fundamental não é destruída conforme o parâmetro de acoplamento spin-órbita

de Rashba, α, aumenta. Além disso, no regime de acoplamento spin-órbita puro, onde o

termo de hopping está ausente, encontramos um diagrama de fases rico, apresentando um

estado de semicondutor para baixos valores do acoplamento elétron-fônon e uma conse-

quente transição para estados de onda de densidade de carga em altas intensidades desse

acoplamento. Além disso, identificamos a coexistência de estados supercondutores e de

onda de densidade de carga para altas frequências de fônon.

Palavras-chave: Supercondutividade, modelo de Hubbard atrativo, Monte Carlo

Quântico, modelo de Holstein, acoplamento spin-orbita Rashba.
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Abstract

Superconducting properties of some strongly correlated
fermionic systems

Rodrigo Alves Fontenele

Advisor: Raimundo Rocha dos Santos

Co-Advisor: Natanael de Carvalho Costa

Abstract da Tese de Doutorado apresentada ao Programa de Pós-Graduação
em Física do Instituto de Física da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessários à obtenção do título de Doutor
em Ciências (Física).

Throughout this thesis, we investigate the properties of some strongly correlated

fermionic systems, focusing on the superconducting phase transitions and Charge order-

ing. In view of recent experiments with ultracold fermionic atoms in optical lattices, which

have renewed interest in the study of the attractive Hubbard model (AHM), we have per-

formed an extensive minus-sign–free Determinant Quantum Monte Carlo (DQMC) studies

of this model on a square lattice. We have obtained a detailed phase diagram for the crit-

ical superconducting temperature, Tc, in terms of the band filling, ⟨n⟩, and interaction

strength, U , from which we pinpoint a somewhat wide region |U |/t ≈ 5± 1 (t is the hop-

ping amplitude) and ⟨n⟩ ≈ 0.79± 0.09 leading to a maximum Tc ≈ 0.16t. Two additional

temperature scales, namely pairing, Tp, and degeneracy, Td, have been highlighted: the

former sets the scale for pair formation (believed to be closely related to the scale for the

gap of spin excitations in cuprates), while the latter sets the scale for dominant quantum

effects. Our DQMC data for the distribution of doubly occupied sites, for the momentum
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distribution function, and for the quasiparticle weight show distinctive features on both

sides of the BCS-BEC crossover, being also suggestive of an underlying crossover between

Fermi- and non-Fermi liquid behaviors. However, the superconducting (superfluid) crit-

ical temperatures Tc’s are still somewhat smaller than the lowest temperatures achieved

in experiments. We then analyze how superconductivity can be enhanced by layering,

studying bilayer and three-dimensional cubic lattice geometries to identify conditions un-

der which Tc increases. We have found that by a judicious choice of fillings and intensity of

on-site attraction, a bilayer can exhibit Tc’s between 1.5 and 1.7 times those of the single

layer; for the simple-cubic lattice the enhancement can be 30% larger than the maximum

for the single layer. We also check the accuracy of both a BCS-like estimate for Tc in the

attractive Hubbard model as well as of an upper bound for Tc based on the superfluid

density. Additionally, we assess the role of next-nearest neighbor hopping, t′, in tuning

the density of states at the Fermi level, which affects superconducting properties. Our

results show that a judicious choice of t′ can increase Tc by up to 50% compared to the

case with only nearest-neighbor hopping. In contrast, Tp decreases with increasing |t′/t|,

which should represent a reduction of the pseudogap region, favoring a more BCS-like

behavior at intermediate coupling. We further analyze the interacting density of states to

characterize the transition from a pseudogap regime to a fully gapped superconducting

state. These findings suggest that NNN hopping could be a viable route to increase Tc to

values closer to experimentally accessible temperature scales. Finally, we investigate the

impact of Rashba spin-orbit coupling on charge-ordered phases in a Holstein-like model

on a square lattice at half-filling band, within a mean-field, cluster perturbation theory

and DQMC approach. As result, we show that the ground state charge density wave

phase is not destroyed when the Rashba spin-orbit coupling parameter α is increasing. In

addition, in a pure Rasbha spin-orbit coupling regime, where the hopping parameter is

absent, we found a rich phase diagram with semimetal for low values of electron-phonon

coupling and consequent transition to change density wave states for high intensities of
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electron-phonon coupling. Furthermore, there is a coexistence of superconducting and

charge density wave states for a high phonon frequency and electron-phonon coupling.

Keywords: Superconductivity, Ultracold Atoms, Optical Lattices, Attractive Hub-

bard Model, Quantum Monte Carlo, Holstein Model, Rashba Spin-Orbit Coupling.
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Chapter 1

Introduction

Superconductivity (SC) is a phenomenon known since 1911, when Heike Kamerlingh

Onnes conducted resistivity measurements while cooling samples of mercury to tempera-

tures around T ≈ 4K. Onnes observed a sharp drop in the resistivity of mercury when

a critical temperature was reached. It wasn’t until decades later that a theory for this

phenomenon was formulated by Bardeen, Cooper, and Schrieffer - BCS - in 1957 [3]. In

the BCS theory, superconductivity arises from an attractive interaction between electrons

with opposite spins and momenta (s-wave), mediated by lattice vibrations (phonons).

This attractive interaction is effective within an energy shell around the Fermi level, of

the order of the Debye energy, ℏωD, characteristic of the material. As a result, conduction

electrons form bound pairs, known as Cooper pairs [4], leading to the opening of a gap in

the energy band, thus changing the ground state properties.

Despite the success of the BCS theory in explaining the phenomenology of conven-

tional low-temperature superconductors, many questions about SC are still open, espe-

cially those related to unconventional superconductors. The high-temperature (Tc) su-

perconductors [5, 6, 7, 8, 9], the recently discovered magic-angle twisted bilayer graphene

[10, 11, 12, 13], and Nickelates under high-pressure [14, 15] exhibit behaviors which

deviate significantly from the BCS paradigm. These materials display anomalous be-

havior as phase competition, pseudogap phenomena, and unconventional pairing mecha-

nisms. Thus, addressing these phenomena requires going beyond the traditional theoret-
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ical framework.

In this scenario, alternative models have been proposed to describe superconductiv-

ity in different systems. Amongst these, the attractive Hubbard model (AHM) has been

playing a crucial role in describing many aspects related to SC. In its simplest form, the

AHM comprises of fermions moving on a lattice, subject to a local fermionic attractive

interaction, with strength U , which favors the formation of local singlet pairs. A hallmark

of this model is, for instance, the possibility of naturally contemplating Cooper pair for-

mation within a certain temperature scale, Tp ≳ Tc, where Tc is the critical temperature

for superconductivity, when pairs actually condense [16, 17, 18]. This behavior, absent in

the BCS pairing theory [3], is thought to be relevant to pseudogap phenomena in high-

temperature cuprate superconductors [19]. Additionally, another important feature of the

AHM is the possibility of smoothly interpolating between two limits: from weak coupling,

where one has BCS behavior, with large pair coherence length, to strong coupling, where

pairs are tightly-bound, with short coherence length, and undergo Bose-Einstein conden-

sation (BEC) [20, 21, 22, 23]. Figure 1.1 (a) shows a qualitative phase diagram of the

AHM, for band filling ⟨n⟩ ≈ 0.8.

In addition, a new class of recent experimental setups, namely cold atoms in optical

lattices, has offered an alternative way to study interacting Hamiltonians, within a con-

trolled environment and away from some of the complicating factors of real materials such

as impurities and lattice defects. The continuing development of optical lattices experi-

ments (OLE) has renewed the interest in this model due to its experimental realization

in tightly controlled condition. Accordingly, ultracold fermionic atoms are loaded into a

trap created by counter-propagating Gaussian laser beams, forming a periodic potential

analogous to crystalline lattices. In this sense, two of the most commonly used atomic

species in OLE are 6Li and 40K, whose hyperfine structure allows the atoms to be sepa-

rated into two anti-symmetric states, analogous to | ↑⟩ and | ↓⟩ fermionic states, thereby

creating a gas of fermionic atoms confined in the optical trap.
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Fig. 1.1: (Color online) Atom-resolved detection of an attractive Fermi-Hubbard gas.
(a) Phase diagram of the attractive Hubbard model vs. U/t and T/t at ⟨n⟩ ≈ 0.8,
showing superfluid (SF) and pseudo-gap regimes. The experiment probes the pairing
region (Tc < T < Tp) with emerging CDW and SF correlations, highlight by gray line.
(b) Doublon density d vs. U/t at fixed ⟨n⟩, from the non-interacting (d = (n/2)2) to
fully-paired (d = n2) limits, with sample density images above. Adapted from Ref. [1].

The composition of counter-propagating lasers in OLE enables full control over the

periodic trapping potential. For instance, adjusting the amplitude and the directions

of the interfering laser beams, experimentalists can precisely control the geometries and

dimensionality of the lattice [24, 25, 26] (see Fig. 1.2). This flexibility is crucial for

studying a wide range of phenomena in interacting systems, e.g. Kosterlitz-Thouless

(KT) transition and BCS-BEC crossover [27, 23, 21]. Moreover, the interactions can be

tuned via Feshbach resonances (FR), through external magnetic fields, or by quenching of

kinetic energy when using deeper lattices [28, 2, 29], which makes possible the simulation

of interacting quantum states.

The use of Feshbach resonances, in particular, offers a direct route to strong interaction

regimes in ultracold atom gases by controlling the scattering length, a, through an external

magnetic field. The idea behind this process is tuning the magnetic field, so that the

energy of a bound molecular state can be brought into resonance with the energy of

a state of scattering of two free atoms. This resonance occurs due to molecular and

scattering states having different magnetic moments, making their relative energies field-
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dependent. As a result, atoms can temporarily form virtual bound states during collisions,

significantly altering their scattering properties; this enables the scattering length to be

tuned to large positive (a > 0) or negative (a < 0) values, depending on the field. In

particular, a can be made much larger than the average interparticle spacing, allowing

access to strongly interacting regimes [30, 2, 29].

The interaction mechanism relies on the fact that atoms can occupy different quantum

states, such as singlet and triplet spin configurations, which interact differently with an

external magnetic field. A bound molecular state exists in one of these configurations,

and its energy shifts under the influence of a magnetic field due to its distinct magnetic

moment. By carefully tuning the magnetic field, the energy of the molecular state aligns

with the scattering state of free atoms, creating a resonant enhancement of interactions.

Thus, the scattering length a(B) as function of a external magnetic field, B, near a

Feshbach resonance can be given by [31, 2, 29],

a(B) = abg

(
1− ∆

B −B0

)
, (1.1)

where abg is the background scattering length (away from resonance), B0 is the magnetic

field at which the resonance occurs, and ∆ is the resonance width, typically ∆ ≳ 1G [29].

At resonance (B ≈ B0), the scattering length diverges, enabling control over strongly

repulsive or attractive interactions. For example, a large positive a favors BEC, while a

large negative a favors the formation of Cooper pairs and allows the study of BCS pairing.

Experimentally, this control is achieved by applying a static magnetic field to a gas of

ultracold atoms. Feshbach resonances have enabled groundbreaking studies of quantum

many-body phenomena, including BEC in species such as e. g. 85Rb and 7Li [2, 32, 33],

superfluidity ad superconductivity [34, 35, 36, 27, 1], and the BCS-BEC crossover [37,

23]. This tunability also underpins experiments in optical lattice systems and pairing

mechanisms in strongly correlated fermions.

In general, the OLE allow us to simulate a large variety of interactions between par-
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Fig. 1.2: (Color online) Two-dimensional (a) and three-dimensional (b) optical lattice
potentials formed by superimposing two or three orthogonal standing waves. For a two-
dimensional optical lattice, the atoms are confined to an array of tightly confining one-
dimensional potential tubes, whereas in the three-dimensional case the optical lattice an
be approximated by a three-dimensional simple cubic array of tightly confining harmonic
oscillator potentials at each lattice site. Figure reproduced from Ref. [2].

ticles, in several lattice geometries. However, what kind of information can we extract

from these experiments? OLE can provide us the correlation among particles, which are

crucial to understand the many-body quantum state of the system. A widely used tech-

nique to obtain this quantities in optical lattices is time-of-flight (TOF) detection, where

the optical potential is suddenly turned off, allowing the trapped atoms to expand freely.

During this expansion, the momentum distribution of the atoms in the trap is captured

via absorption or fluorescence imaging. These images are taken at different time intervals

during the expansion, providing a direct measurement of the momentum distribution.

The data obtained from TOF measurements can then be analyzed and compared with

theoretical models or simulations, e. g. Monte Carlo simulations, offering relevant insights

into the quantum dynamics of the atoms within the optical lattice.
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Furthermore, another possibility is to explore the correlation between interacting par-

ticles in real space through the atom-resolved detection methods (ARDM). In this tech-

nique, individual atoms on the optical lattice are imaged with single-site resolution, al-

lowing the measure spatial correlations at the level of single atoms. ARDM provide un-

precedented access to the microscopic structure of many-body quantum states, making it

possible to directly observe phenomena such as fermion pairing, spin and charge ordering,

and local quantum correlations. Fig. 1.1 (b) shows typical results of OLE in the region

of preformed pairs as expected from AHM simulations. So, TOF and ARDM are comple-

mentary techniques. While TOF is suited for capturing momentum space information,

atom-resolved detection offers direct access to real-space correlations.

Although OLE are an exceptional tool in the study of interacting systems, provid-

ing an experimental route to a variety of effective interacting Hamiltonians, such as the

Hubbard model (attractive and repulsive), the typical temperature scales involved in the

experiments are of the order of a few tens of nano-Kelvins, which makes adequate ther-

mometry difficult. In this way, the experiments are complemented through theoretical

modeling, in several cases Quantum Monte Carlo (QMC) simulations. Since the theoret-

ical model has a direct parallel with the quantum system built on optical lattices, QMC

simulations provide the temperature dependence of correlation functions, as a function of

adjustable parameters in OLE, usually the hopping amplitude t. Figure 1.1 (b) shows the

characteristic results obtain from OLE, in this case the number of doubly occupied sites

(doublons) on a square lattice; see Reference [1] for experimental details.

Advances in optical lattices have allowed the study of the AHM in an unprecedented

way. Notwithstanding the progress achieved so far, several issues still need attention, both

theoretically and experimentally. In this work, we will address some of these questions,

using Determinantal Quantum Monte Carlo (DQMC) simulations to obtain the behavior

of several quantities, such as critical temperature and correlation functions, which should

provide a rough guide for cold atom experimentalists.
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In Chapter 2, we consider the AHM on a square lattice. We use DQMC simulations

to obtain accurate estimates for the critical temperature Tc(n, U), which, so far, was only

available for limited sets of either band filling, n, or U . Typically, the maximum Tc

obtained from DQMC is about Tc ≈ 0.15 t/kB (kB is the Boltzmann constant, which from

here on will be omitted) for U = −4t [38]. These estimates should be compared with the

lowest temperatures reached so far in experiments on the AHM, namely T ≈ 0.4t ≈ 22 nK

[27]. Thus, the search for an AHM ‘sweet spot’ (i.e. a range of combinations of n and U

giving rise to the maximum Tc) is of crucial importance to guide experimental studies of

the phase transition on a square optical lattice; see Ref. [39].

Another aspect demanding a more quantitative description is that of temperature

scales such as the degeneracy temperature and the pairing temperature. The former sets

the scale below which quantum effects dominate, while the latter is usually associated with

pair formation and gap opening in spin excitations [16, 17, 40, 41, 42, 43, 44]. Placing

these temperature scales on a Tc × U phase diagram should therefore provide interesting

insights. In addition, a third point needing attention, which we address here, concerns

the characterization of the BCS-BEC crossover.

One of the main difficulties in studying the SC phase through OLE is the fact that,

currently, the lowest temperatures achieved are still higher than theoretical predictions

for Tc [39]. This makes the direct study of the coherent SC phase unfeasible, so that it

is important to investigate scenarios which could lead to higher Tc’s, closer to an experi-

mentally accessible range.

As a rough guide to this quest, we recall that the BCS behavior of the AHM at weak

coupling allows us to expect [20]

TBCS
c = W̃ exp (−1/D(0)|U |) , (1.2)

where W̃ is proportional to the bandwidth, W , and D(0) is the density of states (DOS) at

the Fermi level; throughout this paper we take W̃ = W since the proportionality constant
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is immaterial to pinpoint the maximum critical temperatures. According to Eq. (1.2),

one possibility to enhance Tc is to increase D(0), while keeping fixed both the fermionic

density and attractive interaction strength U . As we will see, for two-dimensional systems

this may be achieved by adding a second layer and adequately tuning the hopping, tz,

between the layers. Similar arguments apply to a simple cubic lattice, where a tunable tz

could benefit from the fact that Tc ̸= 0 for tz = t even at half filling [17]. By varying tz

between 0 and 1, we follow a dimensional crossover between two- and three dimensions.

In view of these possibilities, a systematic study of Tc for the anisotropic AHM both

in the bilayer and in three dimensions is of interest. Thus, in Chapter 3 we perform

DQMC simulations to investigate the AHM with an anisotropic hopping between layers;

see Ref. [45].

Still with the purpose of enhancing Tc through an increase in D(0), in Chapter 4 we

explore an alternative route, namely the addition of second-neighbor hopping, t′, to the

attractive Hubbard Hamiltonian. This causes a shift in the van Hove singularity, opening

the possibility to tune t′ to generate larger values of D(0); see Refs. [46] and [47].

Here we also focus on the origin of the pairing interaction. It is known that s-wave

superconductivity can be understood in a framework where phonons couple to conduction

electrons in a material, leading to a coherent state of Cooper pairs. This electron-phonon

coupling (EPC), is the basis of the BCS theory for conventional superconductors. How-

ever, EPC can also give rise to strong charge interactions, which create instabilities in the

metallic system, leading to a ground state with a spatially-modulated charge order [48, 49].

Such a state is characterized by a gapped single-particle charge spectrum.

Interestingly, both CDW and superconducting phases have been observed in Transi-

tion Metal Dichalcogenides (TMDs). These phases emerge in compounds which stabilize

in either centrosymmetric (1T) [50] or non-centrosymmetric (2H) [51] structures. Addi-

tionally, due to the high atomic number of the transition metal atoms, TMD compounds

typically exhibit strong intrinsic spin-orbit coupling (SOC). However, the interplay be-
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tween SOC and EPC, particularly how SOC influences CDW formation, remains a less

explored issue. To address this, in Chapter 5, we investigate the impact of SOC on charge

correlations on a square lattice with EPC. Using the Holstein model framework combined

with Rashba spin-orbit coupling, we set up an effective Hamiltonian, which we study

through Mean Field Theory (MFT), Cluster Perturbation Theory (CPT), and Quantum

Monte Carlo (QMC) simulations, to extract key insights into the relevant physical quan-

tities; see Refs. [52] and [53].

Finally, in Chapter 6 we summarize the main findings of this work, and discuss per-

spectives and open questions which merit further exploration in future research.
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Chapter 2

Two-dimensional attractive Hubbard
model and the BCS-BEC crossover

2.1 Introduction

As already highlighted in the Chapter 1, the Attractive Hubbard Model (AHM) [20]

has played an important role in elucidating many aspects of s-wave superconductivity,

or superfluidity, in two-dimensional systems. For instance, this model enables a smooth

interpolation between the weak attractive interaction limit, BCS-like, and tightly bound

pairs limit, BEC-like. Additionally, the AHM naturally accounts for the presence of a

preformed pair region, often associated to the pseudogap phase observed in cuprates.

Advances in ultracold atom experiments in optical traps [29, 54, 2, 55, 56, 27, 57]

have renewed interest in AHM, offering direct experimental applicability of this model.

However, despite the extensive literature, both experimental and theoretical questions

remain, such as accurate estimates for the critical temperature, Tc, on the square lattice,

for a wide range of band fillings, ⟨n⟩, and attractive interaction strength, U [38, 18], as well

as identifying the optimal critical temperature for a given set of parameters. Furthermore,

a quantitative description of the pairing temperature and the degeneracy temperature is

also needed [16, 17, 40, 41, 42, 43, 44].

The BCS-BEC crossover also demands attention. On an optical lattice one has at our

disposal very accurate imaging techniques [2, 58] which can provide quantitative measures
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of double occupancy distribution; it would be helpful to gain further quantitative insight

into this crossover. On the solid state front, the BCS-BEC crossover has been recently

studied by gate-controlled doping the layered material ZrNCl with Li+ intercalation [59],

thus allowing for measurements of both critical and pseudogap temperatures.

In actual fact, one may envisage yet another crossover: while at weak coupling the

normal phase may be described by a Fermi liquid, one should not expect such a simple

behavior at strong coupling. The existence of tightly bound pairs, whose interactions

may be thought of as being mediated by the unpaired fermions, may be indicative of a

non-Fermi liquid regime [60, 61, 62, 63].

To address these issues, we resort to DQMC simulations of the AHM. This chapter

is organized as follows: Section 2.2 introduces the model and DQMC methodology, high-

lighting key observables. Section 2.3 presents and discusses phase diagrams for critical,

degeneracy, and pairing temperatures. The BCS-BEC crossover is discussed in Section 2.4,

with conclusions in Section 2.5.

2.2 Model and Methodology

The attractive Hubbard Hamiltonian reads

H =− t
∑
⟨i,j⟩, σ

(c†i,σcj,σ +H.c.)− µ
∑
i,σ

ni,σ − |U |
∑
i

(ni↑ − 1/2)(ni↓ − 1/2), (2.1)

where the sums run over sites of a square lattice, with ⟨i, j⟩ denoting nearest-neighbor sites.

c†iσ (ciσ) is a creation (annihilation) operator of an electron on a given site i with spin σ,

and niσ ≡ c†iσciσ being fermionic number operator in the conventional second quantization

formalism. The first term on the right hand side of Eq. (2.1) describes particle hopping,

with H.c. denoting hermitian conjugate, while the second term controls the band filling

through the chemical potential, µ. The last term corresponds to the local attractive

interaction between electrons, with coupling strength |U |. Here, the hopping integral t

sets the energy scale.
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In the DQMC simulations (see Appendix A for a brief description) for the AHM,

a discrete Hubbard-Stratonovich transformation is used to deal with the quartic terms,

such that it leads to positive ’Boltzmann factors’; this renders the simulations free from

the infamous ’minus-sign problem’ [64, 65, 66, 67]. We take β = M∆τ , with M the

number of imaginary slices, and ∆τ being the grid of the imaginary-time coordinate axis.

This decomposition leads to an error proportional to (∆τ)2, which can be systematically

reduced as ∆τ → 0. Here, we choose ∆τ ≤ 0.1 (depending on the temperature), which

is small enough so that systematic errors are comparable to the statistical ones (from the

Monte Carlo sampling).

We collect DQMC data for several quantities probing superconductivity. The s-wave

pair correlation function is defined as

C∆
ij ≡ ⟨b†i bj + H.c.⟩, (2.2)

where

bi ≡ ci↓ci↑ and b†i ≡ c†i↑c
†
i↓ (2.3)

respectively annihilates and creates a pair at site i. The decay of C∆
ij with the distance,

rij ≡ |i − j|, probes the resilience of pair coherence at a given temperature. The Fourier

transform of C∆
ij at q = 0 defines the s-wave pair-field structure factor,

Ps = ⟨∆†∆+∆∆†⟩, (2.4)

with

∆† =
1√
N

∑
i

b
†

i (2.5)

being the pair-field operator.

At a Kosterlitz-Thouless transition the finite-size scaling (FSS) behavior of Ps may

be obtained upon integration of C∆
ij over a two-dimensional system of linear dimension L

[68, 38],

Ps = L2−η(Tc)f(L/ξ), L≫ 1, T → T+
c , (2.6)
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where η(Tc) = 1/4 [69, 70], and

ξ ∼ exp

[
A

(T − Tc)1/2

]
, (2.7)

with A being a constant independent of temperature.

As discussed previously [38], estimates for the critical temperature obtained through

an exponential correlation length, Eq. (2.7), must be supplemented by an analysis of the

superfluid density, ρs, for accuracy; the latter can be expressed in terms of the current-

current correlation functions as [71, 72],

ρs =
Ds

4πe2
=

1

4
[ΛL − ΛT ], (2.8)

where Ds is the superfluid weight, and

ΛL ≡ lim
qx→0

Λxx(qx, qy = 0, ωn = 0), (2.9)

and

ΛT ≡ lim
qy→0

Λxx(qx = 0, qy, ωn = 0), (2.10)

are, respectively, the limiting longitudinal and transverse responses, with

Λxx(q, ωn) =
∑
ℓ

∫ β

0

dτ eiq·ℓeiωnτΛxx(ℓ, τ), (2.11)

where ωn = 2nπT ;

Λxx(ℓ, τ) = ⟨jx(ℓ, τ)jx(0, 0)⟩, (2.12)

where

jx(ℓ, τ) = eHτ

[
it
∑
σ

(
c
†

ℓ+x̂,σcℓ,σ − c
†

ℓ,σcℓ+x̂,σ

)]
e−Hτ (2.13)

is the x-component of the current density operator; see Ref. [71] and Appendix B.1 for

details.

At the KT transition, the following universal-jump relation involving the helicity mod-

ulus holds [73]:

Tc =
π

2
ρ−s , (2.14)
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Fig. 2.1: (Color online) Pairing correlation function as a function of distance along the
diagonal direction (see inset) on an 18× 18 lattice, for different inverse temperatures, β,
with U/t = −5 and electronic density ⟨n⟩ = 0.5. PBC limits the farthest distance to
La/
√
2, where a is the lattice spacing.

where ρ−s is the value of the helicity modulus just below the critical temperature. We

therefore calculate both ΛL and ΛT by DQMC simulations to obtain ρs through Eq. (2.8).

Tc is then determined by plotting ρs(T ), and looking for the intercept with 2T/π [74, 75,

76, 38]; see below.

For our purposes here, the magnetic properties are probed by the uniform suscep-

tibility. This is obtained through the fluctuation-dissipation theorem, which leads to

χs = β⟨S2⟩, with ⟨S2⟩ being the uniform spin structure factor,

⟨S2⟩ = 1

N

∑
ij

⟨Si · Sj⟩, (2.15)

where Si ≡ (1/2)mi, with the components of the magnetization operator being

mx
i ≡ c†i↑ci↓ + c†i↓ci↑, (2.16a)

my
i ≡ −i

(
c†i↑ci↓ − c†i↓ci↑

)
, (2.16b)

mz
i ≡ ni↑ − ni↓. (2.16c)
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Fig. 2.2: (Color online) (a) Pair structure factor as a function of the inverse of temperature
β, for different lattice sizes, and fixed ⟨n⟩ = 0.5 and U/t = −5. (b) The data collapse
of Ps according to the Kosterlitz-Thouless FSS analysis. Inset: the chi-squared values of
a polynomial fit to the data collapse, for fixed T = 0.152 (in units of t). The curves are
guides to the eye.

Throughout this Chapter our simulations were carried out on L×L square lattices with

periodic boundary conditions (PBC), such that L ≤ 18. Typically our data have been

obtained after 5-10×103 warming-up steps followed by 2−6×105 sweeps for measurements,

depending on the temperature, interaction strength and electronic density.

2.3 Results

2.3.1 Critical temperature

In discussing the critical temperature, we first recall that charge-density wave (CDW)

and singlet superconducting (SS) correlations are degenerate at half filling, thus leading

to a three-component order parameter: by virtue of the Mermin-Wagner theorem, there

is no long-range order at finite temperatures, and Tc = 0 for any U . As one dopes away

from half filling, CDW correlations are suppressed but the two-component SS correlations

remain, so that a Kosterlitz-Thouless (KT) transition at finite temperatures, Tc, takes

place.

Let us then consider the behavior of the pairing correlation functions away from half

filling, as the temperature is varied. Figure 2.1 presents C∆
ij along the diagonal direction
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of the lattice, for fixed ⟨n⟩ = 1/2, and U/t = −5. At high temperatures the steady decay

of C∆
ij reflects the lack of pair coherence along the lattice, as expected. The situation

changes completely at low temperatures, βt ≳ 5, with the correlations now reaching

a finite value at large distances, compatible with long-range order in the ground state.

This long-range behavior is also manifested in the pairing structure factor, Eq. (2.4), as

displayed in Fig. 2.2 (a): Ps stabilizes at low temperatures as a result of the range of

correlations being limited by the finite size of the lattice, but nonetheless experiencing a

steady increase with L.

As mentioned in Sec. 3.2, we may use the FSS ansatz for Ps at finite temperatures,

Eq. (2.6), to determine Tc. Figure 2.2 (b) shows the collapse of the data appearing in

panel (a), in which Tc and A are considered as independent variables, adjusted through

a least squares fit. The inset of Fig. 2.2 (b) illustrates this process, from which, by min-

imizing the χ2 function for a polynomial fit of the data collapse, we are able to find the

most appropriate value for A, while keeping Tc fixed. When this procedure is performed

recursively for Tc and A, we obtain the best data collapse.

The helicity modulus provides an alternative way to estimate the critical temperature,

using Eq. (2.14), as illustrated in Fig. 2.3 for the same filling and U as in Fig. 2.2: the

intersection of ρs for each lattice size with the straight line 2T/π yields estimates for Tc.

We note that the position of the intersections are not too sensitive to L – whether we take

into account the scatter of all intersections shown, or just the data for the largest lattice

size, the final estimate will hardly differ from Tc = 0.150± 0.003 (in units of t), which is

in agreement with the value obtained from the data collapse.

We map out the critical temperature for other values of U and ⟨n⟩, making use of

the weak dependence of the superfluid density with L: in what follows, most of the

results for Tc have been determined from simulations on lattices with linear size L = 14

or 16. Figure 2.4 (a) shows the critical temperature as a function of U/t, for different

fermionic densities, and we note that it displays a maximum, Tmax
c , at some value, Um,
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Fig. 2.3: (Color online) Temperature behavior of the superfluid density, ρs, at fixed ⟨n⟩ =
0.5 and U/t = −5, and for several lattice sizes.

scale ⟨n⟩ U/t = −3 U/t = −4 U/t = −5 U/t = −6 U/t = −8
0.20 0.061± 0.002 0.077± 0.006 0.091± 0.003 0.089± 0.003 0.077± 0.006
0.35 0.067± 0.004 0.106± 0.007 0.130± 0.005 0.128± 0.003 0.11± 0.01

Tc 0.50 0.079± 0.001 0.133± 0.002 0.152± 0.002 0.153± 0.002 0.130± 0.002
0.70 0.105± 0.006 0.149± 0.002 0.164± 0.003 0.161± 0.005 0.139± 0.004
0.87 0.114± 0.003 0.152± 0.002 0.164± 0.003 0.157± 0.001 0.137± 0.002

0.35 0.40± 0.05 0.73± 0.06 1.34± 0.09 1.6± 0.1 2.6± 0.1
Tp 0.50 0.54± 0.03 0.73± 0.03 1.25± 0.09 1.7± 0.2 2.7± 0.1

0.70 0.44± 0.05 0.84± 0.08 1.2± 0.1 1.89± 0.07 2.8± 0.3
0.87 0.50± 0.05 0.76± 0.03 1.4± 0.3 2.0± 0.2 2.8± 0.5

0.35 1.18± 0.07 1.06± 0.06 0.95± 0.05 0.87± 0.04 0.61± 0.06
Td 0.50 1.5± 0.1 1.5± 0.1 1.34± 0.09 1.18± 0.07 1.06± 0.06

0.70 2.4± 0.1 2.22± 0.05 2.13± 0.05 2.13± 0.05 1.96± 0.04
0.87 3.03± 0.09 3.03± 0.09 3.03± 0.09 3.03± 0.09 3.03± 0.09

Table 2.1: Superconducting critical temperature, Tc, pairing temperature, Tp, and de-
generacy temperature, Td, (all in units of t) for different fermionic densities (rows) and
different strengths of attraction (columns).

which depends very weakly on ⟨n⟩ within the range considered here; we will return to

this point below, in connection with the BCS-BEC crossover. It is also instructive to

examine the dependence of Tc with the electronic density, for fixed values of U , with the
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Fig. 2.4: (Color online) Critical temperatures as function of (a) the interaction strength
|U |/t, and (b) the electronic density ⟨n⟩. The curves are guides to the eye.

results shown in Fig. 2.4 (b). We see that for each fixed U , Tc displays a broad maximum

for 0.7 ≲ ⟨n⟩ ≲ 0.9, and it drops sharply to zero at half filling by virtue of the Mermin-

Wagner theorem; accordingly, in three dimensions Tc(⟨n⟩) for fixed U displays a maximum

around ⟨n⟩ ≈ 0.9, but reaches a finite value at ⟨n⟩ = 1 [17]. We also provide the estimates

for the critical temperature in tabular form (see Table 2.1), while the location of the

‘sweet spot’ for Tc is highlighted in Figure 2.5. Our results for Tc are in good agreement

with estimates for Tc using different methods on lattices, and for the specific sets of ⟨n⟩

and U available; see, e.g. Refs. [20, 60, 77, 78].

2.3.2 Pairing temperature

As mentioned in the Introduction, the pairing temperature provides a temperature

scale around which Cooper pairs are formed; the pair-breaking gap is therefore expected to

be related to a gap in spin excitations, which, in turn, may be detected as a downturn in the

uniform magnetic susceptibility, χs, as the temperature is lowered [16, 17, 40, 41, 42, 43].

Accordingly, Fig. 2.6 shows our DQMC data for the temperature dependence of the

uniform susceptibility, χs [see Eq. (2.15)], at quarter filling and for different strengths of

the attractive interaction. We first note that the magnitude of χs decreases with increasing

|U |, following the trend predicted within RPA, χRPA = χ0/(1 + |U |χ0). In addition, for

fixed U we see that χs drops steadily below some temperature, whose location depends on
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Fig. 2.5: (Color online) Finite temperature phase diagram of the attractive Hubbard
model in the square lattice.

U . In line with the idea that this downturn in χs signals the formation of local pairs within

some temperature scale [16, 17, 40, 41, 42, 43], we adopt the position of the maximum in

χs as the pairing scale, Tp(U). As Fig. 2.6 shows, at strong coupling the maxima can be

quite broad, so that their position are determined by inspection of the actual numerical

output for χs, taking into account its error bars; this yields a range of temperatures in

which the maximum lies. This somewhat flexible definition is in line with the fact that

we are dealing with a crossover, hence a temperature scale, not with a sharp transition.

By repeating this procedure for different band fillings, we generate the plots Tp(U, ⟨n⟩)

shown in blue in Figs. 2.7(a)-(d); these data are also displayed in Table 2.1. For comparison

of trends, we also include Tc(U, ⟨n⟩) in each panel of Figs. 2.7(a)-(d). We see that the

difference between Tp and Tc gets smaller as U decreases, which is a manifestation of

the fact that in the BCS regime Cooper pairs are formed and condense at the same

temperature. By contrast, for large |U |, pairs are formed at temperatures much higher

than the condensation temperature: Tp ∼ |U |, while Tc ∼ |U |−1. Whenever comparison
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Fig. 2.6: The uniform spin susceptibility as a function of temperature, for different values
of the on-site attraction, |U |, and at quarter filling, ⟨n⟩ = 0.5, for a linear lattice size
L = 14. The curves are guides to the eye.

is available, our results for Tp follow trends expected from other methods [20, 78].

2.3.3 Degeneracy temperature

At high temperatures, the fugacity of a Fermi gas is small, z ≪ 1, while deep in the

degenerate regime, fully dominated by quantum effects, one has z ≫ 1. We may therefore

define a temperature scale for degeneracy, Td, as the one in which ln z ∼ 1, i.e. µ = kBT .

However, we note that in dealing with tight-binding fermions on a lattice, the bandwidth

is finite and shifted from the continuum parabolic band. Therefore, in order to keep the

analogy with the Fermi gas, one should shift the bottom of the band to zero, i.e. µ→ µ+4t.

Similarly, due to the Hubbard term in the Hamiltonian, the Hartree shift must be taken

into account when defining Td [16] which leads to µ → µ + |U |
[
(⟨n⟩ − 1

]
/2. Thus, the

degeneracy temperature is given by the solution of

µ(T ) = kBT − 4t− |U |
2

[
⟨n⟩ − 1

]
, (2.17)

for fixed ⟨n⟩ and U . For instance, the data points in Fig. 2.8 represent the temperature

dependence of the chemical potential giving rise to ⟨n⟩ = 0.5, for different values of U ,

while the (blue) dashed line is the right-hand side of Eq. (2.17) for fixed |U |/t = 10. Thus,
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Fig. 2.7: Critical (Tc), pairing (Tp), and degeneracy (Td) temperatures (in units of t) as
functions of the interaction strength |U |/t, obtained from DQMC simulations on a lattice
with linear size L = 14, and different band fillings. The curves are guides to the eye.

the degeneracy temperature as a function of |U | for a given ⟨n⟩ is obtained by extracting

the points of intersection between the dashed curves (one for each value of |U |) and the

corresponding µ(T ) curves; the final outcome for this filling is displayed as the (black)

dash-dotted line in Fig. 2.8.

The results for the degeneracy temperature appear in Figs. 2.7(a)-(d), as well as in

Table 2.1. For fixed ⟨n⟩, we see that Td decreases with |U |, while for fixed |U | it increases

with ⟨n⟩. The relative positions between Td and Tp in the different regimes of the pairing

interaction allows us to form an intuitive picture of the mechanisms at play. First, we

note that as the temperature is lowered in the weaker coupling part of the diagrams,

fermionic particles first enter into a degenerate Fermi liquid regime, then they pair up,

and finally condense into a superfluid at lower temperatures. By contrast, in the strong

coupling region the strength of the interaction forces fermions to first pair up forming

bosonic particles before they enter into the degenerate regime at a lower temperature. In

this regime, the effective density of unpaired fermions is smaller than the nominal ⟨n⟩, so
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Fig. 2.8: Each set of data points represents the temperature dependence of the chemical
potential required to keep a constant fermionic density, ⟨n⟩ = 0.5, for a given U . The
(blue) dashed line is the right-hand side of Eq. (2.17) for |U |/t = 10, whose intersection
with the |U |/t = 10 data points determines Td for this particular U . The (black) dash-
dotted line is the locus of the intersections for different values of |U |.

that a smaller temperature is required to make their wave packets overlap. At a given

temperature, the unpaired fermions act mostly as glues mediating the formation of the

superfluid condensate (more on this below).

2.4 Characterization of the BCS-BEC crossover

While there is consensus over the main qualitative differences between the BCS and

BEC regimes, a quantitative characterization is still lacking, especially highlighting quan-

tities accessible through quantum gas microscope measurements in optical lattices. Having

established the different temperature scales, we now discuss some quantities which could

be followed throughout the crossover.

The average double occupancy on a given site is defined as

di = ⟨ni↑ni↓⟩, (2.18)
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Fig. 2.9: (Color online) Histograms of the normalized statistical weight of the double
occupancy, for different values of the attractive interaction U/t, for fixed fermionic density,
⟨n⟩ = 0.5, temperature, T/t = 0.2, and lattice size, L = 14.

.

and ranges from 0 to 1. We note that in the extreme limit of |U | → ∞ and T → 0,

sites would be either doubly occupied by fermions or empty: a distribution of di would

be peaked at both di = 0 and di = 1. In the opposite limit of weak coupling, di should

be strongly peaked at di = 0. Accordingly, Figs. 2.9 and 2.10 follow the evolution of the

double-occupancy distribution with the strength of attraction, at a fixed temperature,

but for different band fillings. For n = 0.5, a peak near di = 1 starts developing at

|U |/t ≈ 4.5± 0.5, and as |U | increases this peak becomes more pronounced while moving

towards di = 1. For n = 0.87, the di = 1 peak starts developing at smaller values of |U |,

namely at |U |/t ≈ 3.5 ± 0.5. The reason for this decrease in |U | must be attributed to

the larger number of fermions available to pair up. This also explains the fact that for a

given |U |, it is more likely to find doubly occupied sites at larger fermionic densities.



24

Fig. 2.10: (Color online) Same as Fig. 2.9, but for density, ⟨n⟩ = 0.87.

Another interesting crossover probe is the density distribution in momentum space,

nk ≡ ⟨c†kσckσ⟩, (2.19)

where, for brevity, the spin index was omitted in nk, since nk↑ = nk↓ in the absence of

a symmetry-breaking magnetic field. The results are displayed in Fig. 2.11 for ⟨n⟩ = 0.5

and for increasing values of |U |/t. We see that while on the weak coupling side of the

crossover the distribution bears some resemblance with one with a Fermi surface, on the

strong coupling side the fermions are distributed way beyond the non-interacting Fermi

surface. One may therefore regard this as a crossover between a Fermi liquid (FL) at

weak coupling and a non-Fermi liquid (NFL) at strong coupling. Interestingly, the NFL

regime seems to appear when the occurrence of double occupancy is significant: this can

be interpreted as indicating that unpaired fermions are also strongly tied to the tightly

bound bosonic quasiparticles, which renders the FL framework inapplicable.

This can be put in a more quantitative way, by calculating the quasi-particle weight,
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Fig. 2.11: Contour plot of momentum distribution for different values of |U |/t. Data are
for density ⟨n⟩ = 0.5, temperature T/t ≈ 0.42, and linear lattice size L = 16. The red
curve is the non-interacting Fermi surface for the same electronic density.

given in a form amenable to DQMC simulations [79, 80, 81, 82, 83],

Z =

(
1− ∂Σ′(ω)

∂ω

∣∣∣∣
ω→0

)−1

≈
(
1− Im [Σ(iωn)]

ωn

∣∣∣∣
ωn→0

)−1

, (2.20)

where Σ′ is the real part of the self-energy, Σ, and ωn = (2n + 1)πT are the Matsubara

frequencies. Here, we obtain the self-energy by performing Σ−1(k, ßωn) = G−1(k, ßωn)−

ßωn−
[
ϵ(k)−µ

]
, with ϵ(k) being the noninteracting dispersion, and G−1(k, ßωn) directly

calculated through a Fourier transform with respect to the imaginary time [79].

Figure 2.12 shows the temperature dependence of the quasiparticle weight for ⟨n⟩ =

0.5. The locus of critical temperatures, Tc(U), for the different values of U/t reminds
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Fig. 2.12: Quasiparticle weight as a function of temperature for different values of |U |/t
at quarter filling. The crosses define the values of z(kF ) at the respective critical temper-
atures, with the dashed line being a guide to the eye.

us that any attempt to identify a FL behavior for T < Tc is doomed to failure, due to

the opening of a superconducting gap. Nonetheless, we may draw some interesting con-

clusions from the behavior at T > Tc(U): the decrease of the quasiparticle weight with

decreasing temperature is steeper at strong coupling than at weak coupling, in line with

the crossover FL-NFL alluded to in relation to Fig. 2.11. Indeed, since the effective quasi-

particle mass m∗ ≃ m/z(kF ), where m is the bare fermionic mass, heavy quasiparticles

are more strongly interacting, hence farther from the FL paradigm than light ones, or

closer to NFL behavior.

2.5 Conclusions

Motivated by experimental attempts to investigate the superfluid transition of ultra-

cold atoms in optical lattices with attractive on-site interactions, we have studied the

region of optimal critical temperatures in terms of strength of interactions and fermionic

density. By means of determinant quantum Monte Carlo simulations (DQMC), we have
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been able to pinpoint a somewhat wide region around |U |/t ≈ 5±1 and ⟨n⟩ ≈ 0.79±0.09

with a critical temperature Tc ≈ 0.16t, which, under the experimental conditions reported

in Ref [27], amounts to Tc ≈ 8.8 nK. We have also examined two other temperature scales,

namely the degeneracy temperature and the pairing temperature. While the degeneracy

temperature describes the region below which quantum effects dominate, the pairing

temperature, Tp, sets the scale for the pair formation, which is believed to be closely

related to the temperature for gapped spin excitations. The fact that Tp(U) does not show

a strong dependence with ⟨n⟩ adds credence to its association with spectral properties. We

have also discussed possible scenarios for a breakdown of Fermi liquid (FL) theory across

the BCS-BEC crossover, through analyses of DQMC data for the distribution of double

occupancy, for the momentum distribution function, and for the quasiparticle weight.

The picture that emerges is that of a FL at weak coupling, which progressively breaks

down when the dominant role played by unpaired fermions becomes that of mediating the

interaction between tightly bound bosonic pairs. The possibility of both BCS-BEC and

FL-NFL crossovers taking place within the same range of interaction strengths, though

appealing, cannot be ascertained at this point.

The contents of this Chapter has already appeared as Ref. [39].
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Chapter 3

Increasing superconducting Tc by
layering in the attractive Hubbard
model

3.1 Introduction

As much as OLE constitute an important experimental setup for studying strongly

correlated phenomena, the current lowest temperatures achieved are still higher than

theoretical predictions for Tc. As discussed in Chapter 2, Tc(⟨n⟩, U) display a maximum

Tc ≈ 0.15t/kB around ⟨n⟩ ≈ 0.87, with kB being the Boltzmann constant, which we

set to unity from now on. This corresponds to a few tens of nanokelvin, which is still

about a third of the current lowest temperatures experimentally accessible in OLE [1, 27].

Hence, it is important to investigate scenarios which could lead to higher Tc’s, closer to

an experimentally accessible range.

As discussed in the Introduction, we may use the BCS mean-field estimate for the

AHM,

TBCS
c = W̃ exp (−1/D(0)|U |) , (3.1)

as a rough guide to increase Tc. Therefore, one possibility to enhance Tc is to increase

D(0), while keeping fixed both the fermionic density and U . For two-dimensional systems

this may be achieved by adding a second layer and adequately tuning the hopping, tz, be-

tween the layers; see below. Note, however, that in two dimensions this is only applicable
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to the doped case, since the degeneracy between charge-density wave and superconduc-

tivity suppresses Tc to zero at half-filling, by virtue of the Mermin-Wagner theorem [84].

Physically, the presence of a second layer offers another hopping channel, thus allowing

pre-formed pairs to be less scattered throughout the lattice. This possibility has been

explored recently by means of DQMC simulations in a metal-superconducting bilayer in

Ref. [85]. We note that this degeneracy at half filling may be broken by considering a

band insulating bilayer with attractive on-site interactions, thus allowing for a finite Tc

[86, 87].

The possibility of a bilayer inducing a behavior different from the monolayer has

been considered in the repulsive Fermi-Hubbard model: it was found that interplane

antiferromagnetic correlations tend to enhance d-wave pairing [88, 89].

Similar arguments apply to a simple cubic lattice, where a tunable tz could benefit

from the fact that Tc ̸= 0 for tz = t even at half filling [17]. By varying tz between 0 and

1, we follow a dimensional crossover between two- and three dimensions. Recent OLE

on Bose-Einstein condensates with Rubidium-87 atoms allowed the study of dynamical

properties crossing over between 2D and 3D behavior [90]; this system can be modeled by a

Bose-Hubbard model with anisotropic hopping. At this point, we note that the minimum

experimentally accessible temperature in OLE is dictated by the cooling protocols used,

e.g. adiabatic cooling and sympathetic cooling [91, 92, 56], and not by the dimensionality

of the optical trap (2D or 3D) [93, 94, 95, 96]. Nonetheless, given that in strong-coupling

the half filled (attractive or repulsive) Hubbard model can be mapped onto a Heisenberg

model with antiferromagnetic exchange coupling J = 4t2/|U |, a mean-field argument leads

to a critical temperature Tc ∼ zJ/2, with z = 2d for d-dimensional hypercubic lattices;

hence, Tc for superconductivity is expected to increase with d. Indeed, QMC simulations

on the three-dimensional anisotropic repulsive Hubbard model at half-filling have found

that a finite hopping between layers can enhance the magnetic structure factor relative to

the 2D case, and produce a slight increase in the critical temperature [97]. In addition, a
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t
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=↓

Fig. 3.1: Fermionic atoms trapped
in a bilayer. Each atom can be in
either an | ↑⟩ state (blue) or a | ↓⟩
state (red). An atom may hop to its
neighboring site at a rate t within a
plane, and tz between planes. When
two atoms in opposite spin states
occupy the same site, the energy is
lowered by |U |.

perturbative cluster approach to the AHM suggests that the order parameter is enhanced

relative to the two-dimensional case [98].

In view of these possibilities, a systematic study of Tc for the anisotropic AHM both

in the bilayer and in three dimensions is of interest. With this in mind, we have used

DQMC simulations to investigate the AHM on these geometries.

The layout of this chapter is as follows. In Section 3.2 we discuss the model and

highlight the main aspects of DQMC, including the quantities used to probe the physical

properties of the system. In Section 3.3 we present estimates for the critical temperature

as a function of interlayer hopping on a square bilayer, followed by a discussion on the

pairing temperature scale. In Section 3.4, we consider the simple cubic lattice with variable

interlayer hopping, tz. In both cases we analyze the superconducting properties at different

band fillings and strengths of the on-site attraction. Finally, in Section 3.5 we present our

conclusions.

3.2 Model and Methodology

We write the anisotropic attractive Hubbard Hamiltonian adjusting the hopping

Hamiltonian in the Hamiltonian (2.1), named here as Ht,tz ,

Ht,tz = −t
∑

⟨i,j⟩∥,σ

(
c†iσcjσ + h.c.

)
− tz

∑
⟨i,j⟩⊥,σ

(
c†iσcjσ + h.c.

)
, (3.2)
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where ⟨i, j⟩∥ represents nearest-neighbor sites within a layer, and t is the intralayer hopping

amplitude; tz is the hopping energy between neighboring sites in adjacent layers ⟨i, j⟩⊥
(see Fig. 3.1).

We have obtained physical quantities of interest through an unbiased DQMC numer-

ical approach [99, 64, 65, 66, 67] (see Appendix A). In order to probe the emergence of

superconductivity, we analyze the s-wave pair correlation functions,

C∆
ij ≡

1

2
⟨b†i bj + H.c.⟩, (3.3)

with b†i ≡ c†i↑c
†
i↓ (bi ≡ ci↓ci↑) corresponding to creation (annihilation) of a pair of fermions

at a given site i. Further, the Fourier transform of C∆
ij at q = 0 defines the s-wave pair

structure factor,

Ps(q = 0) =
1

N

∑
i,j

C∆
ij (3.4)

with N = L × L × Lz being the number of sites of the lattice, where L is the linear

dimension of the 2D layers. For the bilayer, Lz = 2, and for the cubic lattice, Lz = L;

periodic boundary conditions (PBC) are assumed in both cases. One should keep in mind

that in Eq. (3.4) the dependence of Ps on L, U , tz, ⟨n⟩, and β has been omitted, to simplify

the notation.

We obtain the inverse critical temperature, βc ≡ 1/Tc, through the correlation ratio,

Rc(L, β) = 1− Ps(q+ δq)

Ps(q)
, (3.5)

where q = 0, and δq = 2π/L. As highlighted in Appendix B.2, this quantity is a

renormalisation-group invariant at the critical point [100, 101, 102]; that is, crossings of

curves for Rc(L, β) for different system sizes provide estimates for βc, which improve as

L increases.

Magnetic properties are probed by the uniform susceptibility, which is given by fluctuation-

dissipation theorem, χs = β⟨S2⟩, where ⟨S2⟩ was defined in Eqs. (2.15) and (2.16a -

2.16c).
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Fig. 3.2: Density of states (DOS)
for the non-interacting bilayer as a
function of energy, ω = ε − µ(tz),
and interlayer hopping, tz/t; the
Fermi energy for a given electronic
density is located at the origin, for
(a) ⟨n⟩ = 0.87 and (b) ⟨n⟩ = 0.5.
The cyan stars in the main panels
mark D(0), as plotted in the insets
as functions of tz/t.

In what follows, we separate the discussion in two parts: First, we consider a bilayer,

in which case our simulations were carried out for L ≤ 16. Subsequently, we study the

actual dimensional crossover in cubic systems with L ≤ 10. Typically our data have

been obtained after 2 − 4 × 104 warming-up steps, followed by 8 − 16 × 104 sweeps for

measurements, depending on the temperature, interaction strength, and electronic density.

We have performed 10 to 20 realizations for each set of parameters to ensure the best

accuracy for our results.

3.3 The bilayer

3.3.1 Critical temperature

We start the discussion with the non-interacting bilayer. The single-particle energies

are given by

εk = −2t [cos kx + cos ky]± tz , (3.6)
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Fig. 3.3: Correlation ratio for the AHM on a bilayer, as a function of the inverse tem-
perature, β, for isotropic hopping and ⟨n⟩ = 0.87. Different curves are labelled by their
corresponding linear lattice sizes, L.

whose DOS’s are displayed in Fig. 3.2, for different densities and several values of tz/t.

For tz ̸= 0 the DOS may be thought of as two square lattice densities of states, displaced

from each other by 2tz, as it can be seen from the positions of the van Hove singularities

(VHS’s). For instance, the insets of Fig. 3.2 (a) and (b) show the DOS at the Fermi level as

a function tz, for ⟨n⟩ = 0.87 and 0.5, respectively: a substantial increase is found in some

cases. As discussed in Chapter 1, the fine tuning of the VHS’s with a single parameter

opens the possibility of increasing critical temperatures.

Recalling that the global maximum Tc for the single layer lies near ⟨n⟩ = 0.87 [39],

we compare the effect of tz on Tc both for this density and for ⟨n⟩ = 0.5. Similarly,

the maximum Tc over a wide range of densities occurs at U = −5t [39], so that most of

our simulations will be in the range |U |/t = 3 − 5. In this way, starting from the global

maximum Tc one can investigate possible paths in parameter space leading to larger slopes.

A typical behavior of Rc(L, β) is shown in Fig. 3.3 for U = −5t, ⟨n⟩ = 0.87 and tz = t.

We clearly distinguish two regimes of β: one in which Rc decreases with increasing L,
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and another in which Rc increases. The inversion takes place at the common crossing

point, βct ≈ 4.5± 0.1, or Tc/t = 0.217± 0.005; for ⟨n⟩ = 0.5, we get Tc/t ≈ 0.217± 0.009.

These values should be compared with those for the single layer, Tc/t = 0.147 ± 0.004

and Tc/t = 0.126 ± 0.003, respectively, with corresponding increases of 48% and 72%.

Simulations for tz = 0.4t yield Tc/t = 0.185 ± 0.003 and 0.200 ± 0.008, respectively for

⟨n⟩ = 0.87 and 0.5, while for tz = 1.6t, one gets Tc/t = 0.189± 0.007 and 0.208± 0.008.

Figure 3.4 shows these data, and we see that the maximum Tc occurs at tz = t for both

fillings. Note that we have allowed interlayer hoppings to be greater than intralayer ones,

i.e., tz > t, to broaden the search for maximum Tc; while in OLE this would simply

demand adjustments in the relative intensity or frequency of the laser beams, in materials

this could be achieved by changing the pressure from hydrostatic to uniaxial. The decrease

in Tc beyond the isotropic case may be attributed to an effective dimensional reduction,

since hopping along the z direction becomes more favorable than hopping within the

planes, thus restricting particle movement. This, in turn, may increase pair-scattering

effects by lattice sites, thereby lowering the critical temperature. Note that a similar

effect has been observed in a bilayer made up from a superconducting layer and a metallic

layer; see, e.g. Ref. [103].

It is also instructive to compare Tc both with the BCS estimate, Eq. (1.2), and with

a suggested upper bound [104]; see below. At first sight, Fig. 3.4 seems to indicate that

TBCS
c tracks Tc. However, a closer look reveals that TBCS

c does not capture the position of

maximum Tc for either densities. In addition, given that the (non-interacting) bandwidth

varies with tz, if one rescales TBCS
c by W = 8t+2tz, the discrepancies with respect to the

location of maximum Tc/t are significantly enhanced. Therefore, one cannot take TBCS
c

at face value to pinpoint actual maxima.

In order to further understand the enhancement of Tc presented in Fig. 3.4, it is worth

analyzing its upper bounds, T bound
c , as proposed in Ref. [104]; see also Refs. [105, 106].

We start by recalling that the superfluid density (or helicity modulus) may be obtained
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Fig. 3.4: Critical temperature, Tc/t, for the AHM on a bilayer (red diamonds), upper
bound for Tc (up blue triangles) and the BCS estimate (green circles), Eq. (1.2) as a
function of interlayer hopping, tz/t, for different fermionic densities, ⟨n⟩, and fixed U . We
have arbitrarily divided TBCS

c [Eq. (1.2)] by 24 just to lie closer to the other curves. All
lines are guides to the eye.

through [71, 72]

ρs =
Ds

4πe2
=

1

4

[
ΛL − ΛT

]
, (3.7)

which is proportional to the superfluid stiffness Ds. The limiting longitudinal and trans-

verse responses are

ΛL ≡ lim
qx→0

Λxx(qx, qy = 0, ωn = 0) (3.8)

and

ΛT ≡ lim
qy→0

Λxx(qx = 0, qy, ωn = 0), (3.9)

with

Λxx(q, ωn) =
∑
ℓ

∫ β

0

dτ eiq·ℓeiωnτΛxx(ℓ, τ), (3.10)

where ωn = 2nπT is the Matsubara frequency, and

Λxx(ℓ, τ) = ⟨jx(ℓ, τ)jx(0, 0)⟩, (3.11)

where

jx(ℓ, τ) = eHτ

[
it
∑
σ

(
c
†

ℓ+x̂,σcℓ,σ − c
†

ℓ,σcℓ+x̂,σ

)]
e−Hτ (3.12)
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Fig. 3.5: Temperature behavior of the upper bound for the superfluid density, ρ̃s, at fixed
⟨n⟩ = 0.87, U/t = −5 and tz/t = 0.4, and for different lattice sizes. The intercept with
the (dotted) straight line 2T/tπ provides an estimate for T bound

c ; see text.

is the x-component of the current density operator; see Ref. [71] for details.

Further, for a Berezinskii-Kosterlitz-Thouless (BKT) transition, a universal-jump re-

lation involving the helicity modulus holds [73],

Tc =
π

2
ρ−s (3.13)

where ρ−s is the value of the helicity modulus just below the critical temperature. Thus, by

plotting ρs as a function of temperature, the intercept with 2T/π provides an estimate for

Tc, as discussed in Ref. [38]. By the same token, a rigorous upper bound for the superfluid

density (or, equivalently, for the superfluid stiffness) is given by [104]

ρ̃s =
D̃s

4πe2
=

1

4
ΛL, (3.14)

given that ΛT is a positive quantity [72].

Since a bilayer is topologically a two-dimensional system, the above calculational strat-

egy used for a single layer is equally applicable to the present case. Figure 3.5 shows typical

data for ρ̃s(T ) obtained from our DQMC simulations, for fixed ⟨n⟩ and U , and different
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Fig. 3.6: Critical temperature as a function of the magnitude of the attractive interaction
at fixed fermionic density for both the monolayer and the isotropic (i.e., tz = t) bilayer.
Lines are guides to the eye.

system sizes. Since ρ̃s ≥ ρs, and the superfluid density is a monotonically decreasing

function of the temperature, at least near Tc (see Ref. [38]), the intercept of ρ̃s(T ) with

2T/π will take place at some T bound
c ≳ Tc. Figure 3.4 shows our estimates for T bound

c

based on this procedure, from which we see that indeed there is not much room for Tc to

increase any further, in particular for tz ≳ t.

Let us now compare how |U | influences the increase in Tc in both a monolayer and an

isotropic bilayer. Figure 3.6 shows Tc as a function of |U |, for a fixed ⟨n⟩ = 0.87, where

one may notice that the critical temperature increases faster for the bilayer (tz = 1) than

for the monolayer (tz = 0). That is, these two curves act as lower and upper bounds for

Tc(U) when 0 < tz/t < 1. The observed increase in Tc as a function of |U |/t reflects the

fact that the critical temperature has not yet reached its maximum value, Tmax
c , for the

specific band filling considered. This behavior is consistent with results shown in Fig. 2.4,

where for a density ⟨n⟩ = 0.87, Tc increases with |U |/t up to around |U |/t = 5.0, at which

point Tc reaches a maximum, beyond which decreases steadily. It is also interesting to
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Fig. 3.7: Layer-resolved contributions to the s-wave pair structure factor as functions of
the inverse temperature, βt, for different values of tz and on an L = 16 bilayer. Lines
are guides to the eye: full and dashed lines respectively refer to intralayer and interlayer
contributions.

note that for |U |/t = 3, Tc is hardly influenced by the presence of a second layer.
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Fig. 3.8: (a) Finite-size-scaling plot for Ps, Eq. (4.4), for lattices with linear sizes L =
12, 14 and 16. The full and open symbols represent the intra- and inter-layer contributions
to Ps. (b) The intra- (full black symbols) and inter-layer (open red symbols) contributions
to the squared zero temperature gap, |∆0|2, as functions of tz/t. In addition, the total
|∆0|2, as a function of tz/t is show (blue diamonds).

At this point, one may wonder which is the division of labor between intra- and

interlayer superconducting correlations. In order to shed light into this issue, we restrict



39

the sums in the pair structure factor, Eq. (3.4), to sites within the same layer, call it PAA
s ,

and to sites joining the two layers along the z direction, PAB
s , in such way that

Ps = 2PAA
s + PAB

s . (3.15)

Typical data for PAA
s and PAB

s as functions of the inverse temperature are shown in

Fig. 3.7. By extracting similar data for other system sizes, we can plug their limiting

(β →∞) values into the Huse scaling [107],

Ps

L2
= |∆0|2 +

B

L
, L≫ 1, T → 0, (3.16)

to obtain the separate contributions to the superconducting gap at zero temperature

[68, 38]; B is a non-universal constant.

Figure 3.8(a) illustrates the extrapolation to L → ∞ in a scaling plot. Interestingly,

when we plot the separate gaps as functions of tz in Fig. 3.8(b) for fixed U and ⟨n⟩, we

see that the intralayer contribution initially decreases before stabilizing in a value smaller

than that for a monolayer. By contrast, the interlayer contribution rises from zero and

stabilizes at roughly the same value as the one for the monolayer. Equation (4.4) allows us

to add the contributions to the total |∆0|2, and Fig. 3.8(b) shows that the latter displays

a maximum near the isotropic limit, tz = t, similarly to Tc. Thus, the key point is that

the correlations between layers lead to a stronger order parameter than in a monolayer,

which, in turn, results in higher critical temperatures.

3.3.2 Pairing temperature scale

As mentioned in Chapter 1, one of the interesting features of the AHM is the emergence

of a pairing temperature scale above Tc which signals the formation of pairs, but not their

coherence. Our purpose here is to investigate how the addition of another layer affects

the pairing temperature. One manifestation of pair formation is through a gap opening

for spin excitations, hence as a downturn in the uniform magnetic susceptibility χs as the

temperature is lowered [20, 16, 17, 42, 43, 39].
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Fig. 3.9: The uniform spin susceptibility for the bilayer, as a function of temperature
for ⟨n⟩ = 0.87, |U |/t = 5.0, and different values of the interplane hopping tz; the linear
lattice size is L = 16. Dashed lines are guides to the eye, and the vertical lines indicate
the temperatures at which the downturn in χs occurs.
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Fig. 3.10: Critical (Tc) and pairing (Tp) temperatures (in units of t) as functions of tz/t,
obtained from our DQMC simulations for a bilayer with linear size L = 16, and (a)
⟨n⟩ = 0.87; (b)⟨n⟩ = 0.5. Lines are guides to the eye.

Figure 3.9 shows our typical DQMC data for the temperature dependence of the

uniform susceptibility, χs [see Eq. (2.15)], for a bilayer with |U |/t = 5.0 and ⟨n⟩ = 0.87,

for different interplane hoppings; the linear lattice size is kept fixed at L = 16. We note

that, for fixed U , χs drops steadily below some temperature, whose location depends on
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Fig. 3.11: Snapshots of the double occupancy, di, throughout one of the layers. Labels
of horizontal and vertical axes denote site coordinates on an L = 8 layer, for ⟨n⟩ = 0.87,
U/t = −5 and tz = t. The rows show typical distributions at different temperatures. The
calculated double occupancy for each realization appears on top of each panel, and the
color map on the right hand side shows the scale for di.

tz. Following the idea that this drop signals the formation of local pairs within some

temperature scale [16, 17, 42, 43], we adopt the position of the maximum in χs as the

pairing scale, Tp. As Fig. 3.9 shows, for strong couplings the maxima can be quite broad,

so that their position is determined by inspection of the actual numerical output for χs,

taking into account its error bars; this yields a range of temperatures within which the

maximum lies. This somewhat flexible definition is in line with the fact that we are

dealing with a crossover, hence a temperature scale, not with a sharp transition.
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Estimates for Tp as a function of tz are shown in Fig. 3.10 for two different densities;

for comparison, data for Tc(tz) are also shown. We see that the overall tendency of Tp is

to decrease very slowly with tz, while, as mentioned before, Tc displays a broad maximum

around tz = t. From this we may conclude that, to some extent, interlayer hopping favors

pair breaking if they are not part of a condensate, but suppresses pair breaking if in a

condensate.

We have also studied the distribution of doubly occupied sites, through

di ≡ ⟨ni↑ni↓⟩, (3.17)

and its average over the lattice sites of the bilayer,

⟨d⟩ ≡ ⟨n↑n↓⟩ ≡
1

Ns

∑
i

di, (3.18)

with Ns = 2L2. Figure 3.11 displays snapshots of di for ⟨n⟩ = 0.87 and |U |/t = 5.0 for

an L = 8 bilayer with tz = t within three ranges of temperature, namely the metallic

phase, T > Tp, the pseudogap regime, Tc < T < Tp, and the superconducting phase,

T < Tc. As expected, we see that ⟨d⟩ typically increases as the temperature is lowered,

with the boost being more pronounced as the pairs condense into the superconducting

phase. We also see that there is no significant change in the range of values of ⟨d⟩. By

contrast, the distribution of doublons seems to follow a more pronounced checkerboard

pattern in the latter case. In the superconducting phase the checkerboard pattern is even

more pronounced than in the pseudogap phase, in the sense that one finds sites with large

⟨di⟩ surrounded by sites with small ⟨di⟩. One may attribute this to the presence of more

tightly bound pairs.

3.4 The Simple Cubic lattice

Having established the quantitative influence of hopping to another layer on the critical

temperature, it is instructive to compare with the behavior of the AHM on a simple cubic
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lattice, but with a variable hopping along one of the directions, say the z direction, as in

the bilayer. Recalling that now Tc ̸= 0 for tz ̸= 0 at half filling, we will discuss this case,

in addition to ⟨n⟩ = 0.87, which is where the maximum Tc occurs for the two-dimensional

case.

Starting with the non-interacting case, Fig. 3.12 shows the density of states for differ-

ent values of tz/t, and for the two fillings mentioned above. We see how the van Hove

singularity at the two-dimensional particle-hole symmetry point evolves to the typical

three-dimensional DOS. As a consequence, the DOS at the corresponding Fermi energies

monotonically decrease with tz/t; see the insets in each case.

Fig. 3.12: Same as Fig. 3.2, but for a simple cubic lattice: (a) ⟨n⟩ = 1.0 and (b) ⟨n⟩ = 0.87.

Figure 3.13 shows the decay of pairing correlations with the distance for the cubic

lattice at half filling. It is interesting to note that the length scale of decay increases

by two orders of magnitude as the temperature is lowered within the interval shown,

signalling the onset of superconducting long-range order. In order to estimate Tc through
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our QMC simulations, we adopt a procedure similar to that for the bilayer, namely the

crossing of the correlation ratio, Eq. (3.5). Typical results are shown in Fig. 3.14, and by

drawing similar plots for other values of U , tz, and ⟨n⟩ one determines Tc(tz/t) as displayed

in Fig. 3.15. We see that for U = −5t the maximum Tc occurs at tz = t for both fillings;

therefore, in this case varying tz away from the isotropic limit does not lead to higher Tc’s.

By contrast, for U = −8t the maximum Tc occurs at larger values of tz as the filling is

decreased: there is an increase of Tc/t = 0.34±0.01, for tz = t, from Tc/t = 0.40±0.02 for

tz = 2t, which is about 16% over the value for the isotropic case. This may be attributed

to the fact that for stronger couplings the pairs are more strongly bound, hence more

resistant to the suppressing effects of channelling along the z-direction.

0 1 2 3 4

|ri j|/a
√

3

1E-04

1E-03

0.01

0.1

1.0

C
∆ ij

T/t = 0.50
T/t = 0.45
T/t = 0.36
T/t = 0.33

Fig. 3.13: Log-linear plot of the pairing correlation function vs. distance along the diag-
onal of an 8 × 8 × 8 cubic lattice, for different inverse temperatures, βt, for a half-filled
band, isotropic hopping tz/t = 1, and U/t = −8.0. Due to periodic boundary conditions,
the farthest distance is 4a

√
3, with a being the lattice spacing.

Figure 3.15 shows that the maximum increase in Tc as |U | goes from 5t to 8t is of about

50%, reachable when tz > 1.5t. In addition, Fig. 3.15 also shows an interesting feature:

a crossing of the Tc(tz/t) curves for small values of tz. In order to understand this, let

us focus on ⟨n⟩ = 0.87. For the square lattice the maximum Tc occurs for U = −5t [39],
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Fig. 3.14: Correlation ratio as a function of the inverse temperature, βt, for different linear
cubic lattice sizes. The inverse critical temperature is estimated as βct = 2.85± 0.05.
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Fig. 3.15: DQMC estimates for the 3D critical temperature, Tc, as a function of tz/t: (red)
diamonds and (black) pentagons correspond to U = −5t and U = −8t, respectively; scaled
data for TBCS

c , Eq. (1.2), for U = −5t, are shown as (green) circles. We have arbitrarily
divided TBCS

c by 20 just to lie closer to the other curves. The panels correspond to the
densities shown. All lines are guides to the eye.

namely Tc ≈ 0.22t, while for U = −8t, Tc ≈ 0.16t; see data for tz = 0 in Fig. 3.15(b). On

the other hand, for the isotropic simple cubic lattice the maximum Tc occurs for |U |/t ≳ 8,

as it can be inferred from the data for ⟨n⟩ = 0.8 in Ref. [17]. The crossing is therefore

a consequence of the dimensional crossover driven by tz. In other words, the crossing at
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Fig. 3.16: Critical, Tc, and pairing, Tp, temperatures (in units of t) as functions of tz/t,
obtained from our DQMC simulations for a cubic lattice with linear lattice size L = 8, at
(a) half filling and (b) for ⟨n⟩ = 0.87, for |U |/t = 8.0. Dashed lines are guides to the eye.

tz ≈ 0.25t for ⟨n⟩ = 0.87 seems to separate two regimes: one in which interplane pairing

correlations are significantly less relevant than the intraplane ones. Similar arguments

should also account for the crossing at half filling, despite the fact that Tc is suppressed

to zero for tz = 0.

Similarly to what we did for the two-dimensional geometries, we now probe the effec-

tiveness of the BCS estimate for the anisotropic simple cubic lattice. Figure 3.15 compares

the dependence of Tc/t and TBCS
c /W with tz/t, for fixed U = −5t, and for two densities;

W = 8t+4tz is the bandwidth. At half filling, TBCS
c does not satisfy the Mermin-Wagner

theorem for tz = 0, as expected. In addition, one sees that TBCS
c does not track our

DQMC estimates for Tc for both fillings.

Let us now discuss how the pairing temperature is affected by a variable hopping

along the z-direction. Our DQMC data are shown in Fig. 3.16 for fixed U = −8t, and for

different fillings; Tc is also plotted for comparison. We see that Tp decreases much more

steadily with tz than for the bilayer; this leads one to conclude that confinement along

the z-direction favors pair formation, but not necessarily pair condensation. The data

also show that the behavior of Tp with tz is not too dependent on ⟨n⟩ within the range
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considered.

And, finally, Fig. 3.17 compares the effect of anisotropy on Tc for both the bilayer and

the simple cubic lattice. We see that away from half filling Tc is about 30% higher for the

3D lattice.

0.0 0.5 1.0 1.5 2.0
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0.1

0.2

0.3

0.4

T c
/t

〈n〉= 0.87

|U |/t = 5.0

Bilayer
Cubic

Fig. 3.17: Comparison of our DQMC data for Tc on the bilayer and on the simple cubic
lattice.

3.5 Conclusions

In this Chapter we have examined layering as a possible route to increase the super-

conducting critical temperature in the attractive Hubbard model.

In two dimensions, layering consists of stacking two planes with hopping tz between

them; intra-plane hoppings and on-site attraction are the same in both planes. We have

found that by a judicious choice of fillings and on-site attraction, a bilayer can exhibit

critical temperatures between 1.5 and 1.7 times those of the single layer. We have also

established that double occupancy can be used to distinguish between normal (metal-

lic), pre-formed pairs (pseudogap), and superconducting phases through quantum gas

microscope measurements.

For a simple cubic lattice, layering consists of allowing tz to vary with respect to the
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isotropic case, tz = t, but the number of planes along the z direction, Lz, is the same

as the number of sites, Lx = Ly, along the planar directions. We have found a smaller

enhancement of Tc relative to the isotropic case, namely of 1.3 times larger, for some

specific choices of tz, U and ⟨n⟩.

For both geometries, we have found that the BCS estimate roughly tracks the DQMC

Tc’s, although the positions of Tc maxima are not reliable; less serious is the multiplicative

factor of order 20 for both geometries, since the unknown proportionality factor in Eq. (1.2)

could account for it. In addition, since TBCS
c does not follow the Mermin-Wagner theorem

this discrepancy at half-filling in 3D is even more serious for tz ≲ 0.5t. Also, care must be

taken since the BCS estimate for Tc scales with the bandwidth, which, in turn, depends

on tz; this leads to more severe discrepancies in bilayer than in 3D.

We hope our results will stimulate optical lattice experiments to explore this route of

layering to further increase Tc.

This work has been published as Ref. [45].
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Chapter 4

Effects of next-nearest neighbor
hopping on the pairing and critical
temperatures of the attractive Hubbard
model on a square lattice

4.1 Introduction

One of the experimental challenges in the study of the AHM on a square lattice con-

cerns the critical temperature, which is far from the accessible experimental temperature

range. Thus, a natural question is whether we can generate a high superconducting tem-

perature, while having the system strictly two-dimensional. In Chapter 3, we saw that,

based on the BCS argument, Eq. (1.2), we can produce an increase in critical temperature

Tc, by increasing D(0).

Here we examine this possibility by allowing for both nearest, t, and next-nearest-

neighbor (NNN) hopping, t′, so that fermions may also move along the diagonals of

a square lattice. This provides an additional channel for Cooper pairs to move around,

avoiding pair-breaking scattering events by lattice sites. Figure 4.1 shows the non-interacting

density of states for ⟨n⟩ = 0.87 (the density for which Tc in the AHM is maximum over a

range of values of U), for both t′ = 0 and t′ = −0.2t; the corresponding Fermi levels sit

at ω ≡ ε(k)−µ = 0, with the dispersion ε(k) given by Eq. (4.1), and are indicated by the
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Fig. 4.1: Non-interacting density of states as a for t′ = 0 and t′ = −0.2t. The vertical lines
locate the corresponding Fermi energies for ⟨n⟩ = 0.87. The inset shows the electronic
density at which the van Hove singularity occurs, nvHS, as a function of t′/t.

vertical lines. We see that for this filling D(0) is larger for t′ = −0.2t, which, according to

Eq. (1.2), suggests a Tc higher than for t′ = 0. This picture is supported by perturbative

approaches [108] and by early QMC simulations for limited sets of parameters [109, 46],

both showing an enhancement of superconducting pairing correlations for a finite t′. In

addition, Ref. [110] has explored analytically and numerically the effects of an additional

hopping channel on modulation instability and breather dynamics in 2D ultracold atoms,

which is described within the Hubbard model framework. Note, however, that in two

dimensions this is only applicable to the doped case, since the degeneracy between charge

ordering and superconductivity suppresses Tc to zero, by virtue of the Mermin-Wagner

theorem [84]. Further, with second neighbor hopping the non-interacting band can be-

come flatter than for t′ = 0. Indeed, Fig. 4.2 shows the single-particle band,

ε(k) = −2t [cos kx + cos ky]− 4t′ cos kx cos ky, (4.1)

and the flattening for t′ = −0.2t is significant. Flat bands tend to enhance electronic cor-

relations in the presence of interactions, thus giving rise to a more robust superconducting

state [111, 112, 113, 114].
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Fig. 4.2: Band dispersion, Eq. (4.1) for (a) t′/t = 0.0 and (b) t′/t = −0.2. The gray
planes locate the Fermi energy for ⟨n⟩ = 0.87.

From an experimental point of view, we note that a triangular optical lattice has been

set up experimentally by adding an extra pair of counter-propagating laser beams; see

Ref. [115]. Given that the triangular lattice may be thought of as a square lattice with

hopping along one of the diagonals, a possible route to generate NNN hopping on a square

lattice would be to add yet another pair of counter-propagating laser beams, this time

along the other diagonal direction.

In view of these possibilities, a systematic study of the effects of NNN hopping on the

critical temperature of the AHM is of interest. With this in mind, here we use DQMC

simulations to map out how much can Tc be enhanced by second neighbor hopping for

different values of the attractive interaction and band filling. In addition, we also explore

the behavior of the pairing temperature with t′.

Thus, here we report on results from Monte Carlo simulations for AHM with an

additional NNN hopping channel. The layout of this chapter is as follows: In Section 4.2

we discuss the model and highlight the main aspects of DQMC, including the quantities

used to probe the physical properties of the system. In Sec. 4.3 we present our main

results for the critical temperature and for the pairing temperature as functions of the

NNN hopping amplitude. Section 4.4 summarizes our findings.
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−|U |

x̂ + ŷ

x̂− ŷ

t

t ′

= ↑ = ↓

Fig. 4.3: Typical portion of a square
lattice illustrating the model pa-
rameters. Two fermions with op-
posite spins on the same site con-
tribute with −|U | to the total en-
ergy. Fermions hopping between
nearest-neighboring sites (horizon-
tally, x̂, or vertically, ŷ) contribute
with −t (full lines) to the total en-
ergy. Fermions hopping along the
diagonals, x̂±ŷ, contribute with−t′
(dashed lines) to the total energy.

4.2 Model and Methodology

We consider the attractive Hubbard Hamiltonian (2.1) with second-neighbor hop-

ping [108, 109, 116], where the different hopping processes are describes by the tight-

binding Hamiltonian,

Ht,t′ = −t
∑
⟨i,j⟩,σ

(
c†iσcjσ + h.c.

)
− t′

∑
⟨⟨i,j⟩⟩,σ

(
c†iσcjσ + h.c.

)
(4.2)

with,

ti,j =


t, if i, j are nearest neighbors (NN),
t′, if i, j are next-nearest neighbors (NNN)
0, otherwise;

, (4.3)

where ⟨i, j⟩ and ⟨⟨i, j⟩⟩ respectively restrict hoppings between nearest- and next-nearest

neighboring sites on a square lattice, with amplitudes t and t′; ‘h.c.’ stands for hermitian

conjugate of the previous expression. Fig. 4.3 shows a picture of fermions with opposite

spins moving on a square lattice, where red and blue dashed lines correspond to two

non-equivalent NNN hopping direction by symmetries. The on-site double occupancy is

represented by a dashed circle.
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Through DQMC simulations [99, 64, 65, 66, 67], we investigate the finite temperature

properties of this model. In order to probe the emergence of superconductivity, we analyze

the s-wave pair correlation functions [Eq. (2.2)], where the decay of C∆
ij with the distance

rij ≡ |i− j| probes the resilience of pair coherence at a given temperature.

In addition, the Fourier transform of C∆
ij at q = 0 defines the s-wave pair structure

factor, Eq. (2.4), with N = L × L being the number of sites of the lattice, where L is

the linear lattice size; periodic boundary conditions (PBC) are imposed. The finite-size

scaling behavior of Ps is therefore obtained upon integration of C∆
ij over a two-dimensional

system of linear dimension L [68, 38], Eq. (2.6), and so, given that the system displays

long-range order in the ground state, a ‘spin-wave scaling’ holds [107],

Ps

L2
= |∆0|2 +

B

L
, (4.4)

where ∆0 is the superconducting gap function at zero temperature, and B is a |U |-

dependent constant.

We have estimated the critical temperature, Tc, in two different ways: first, we perform

an analysis through the correlation ratio, Eq. (3.5); and then, we use the universal-jump

relation, Eq. (2.14), to obtain the superconducting critical temperature. It is important

to highlight that, since we have an additional next-nearest-neighbor hopping channel, we

rewrite the current density operator, which is taken in Eq. (3.11), as

J(ℓ) =
t

2

∑
δ̂∈{δ̂}
σ

δ̂
(
ic†

ℓ+δ̂,σ
cℓ,σ + H.c.

)

+
t′

2

∑
δ̂′∈{δ̂′}

σ

δ̂′
(
ic†

ℓ+δ̂′,σ
cℓ,σ + H.c.

)
. (4.5)

where
{
δ̂
}

and
{
δ̂′
}

include all unitary displacements for nearest and next-nearest neigh-

bor sites, namely
{
δ̂
}
= {±x̂, ± ŷ} and

{
δ̂
}
= {±x̂± ŷ, − x̂+ ŷ, x̂− ŷ}; see Fig. 4.3.

Thus, we can write

jx(ℓ, τ) = eHτ [J(ℓ) · x̂] e−Hτ , (4.6)
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see Ref. [71] for details.

Gauge invariance requires that the longitudinal part of Λ satisfies the equality [71],

ΛL ≡ lim
qx→0

Λxx(qx, qy = 0, ωn = 0) = −Kx (4.7)

where Kx is the kinetic energy contribution relative to the x direction,

Kx =

〈
−t
∑
σ

(
c†ℓ+x̂,σcℓ,σ + c†ℓ,σcℓ+x̂,σ

)
− t′

∑
σ

(
c†ℓ′+x̂′+ŷ′,σcℓ′,σ + c†ℓ′,σcℓ′+x̂′+ŷ′,σ

)
− t′

∑
σ

(
c†ℓ′+x̂′−ŷ′,σcℓ′,σ + c†ℓ′,σcℓ′+x̂′−ŷ′,σ

)〉
, (4.8)

in which we take into account both NN and NNN contributions.

We will also discuss the behavior of a pairing temperature scale, Tp, which may be

signalled by a gap opening for spin excitations, hence as a downturn in the uniform

magnetic susceptibility χs as the temperature is lowered [20, 16, 17, 42, 43, 39]. We recall

that, the uniform susceptibility is obtained through the fluctuation-dissipation theorem,

where χs = β⟨S2⟩, where ⟨S2⟩ was defined in Eq. (2.15) and (2.16a - 2.16c).

Our simulations were carried out on L× L lattices, with L ≤ 20. Typically our data

have been obtained after 5− 10× 103 warming-up steps, followed by 2− 6× 105 sweeps

for measurements, depending on the temperature, interaction strength, and electronic

density.

4.3 Results and Discussions

4.3.1 Pairing Correlations

Figure 4.4 compares the decay with distance of the pairing correlation function,

Eq. (2.2), for both t′ = 0 and t′ ̸= 0. The behavior is similar in both cases, namely

at high temperatures the fast decay of C∆
ij reflects the lack of pair coherence along the

lattice. The situation changes completely at low temperatures, βt ≳ 6.8, beyond which
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Fig. 4.4: (Color online) Log-linear plot of the decay with diagonal distance of the pairing
correlation function for different temperatures, at fixed U/t = −3, electronic density
⟨n⟩ = 0.87, for (a) t′/t = 0, and (b) t′/t = −0.2.
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Fig. 4.5: (Color online) Pair structure factor Ps as a function of inverse of temperature,
for different lattice sizes. The full symbols correspond to t′/t = 0 results, while the empty
symbols to t′/t = −0.2 ones.

the correlations decay at a much lower rate, consistent with long-range superconduct-

ing order in the ground state. Further, a closer look at the data seems to indicate that

C∆
ij (rij) stabilizes at a slightly larger value for t′ = −0.2t than for t′ = 0. In order to

check this, Figure 4.5(a) shows the s-wave structure factor, Ps [Eq. (2.4)], as a function

of the inverse temperature, βt. We see that all data stabilize at low temperatures, at

values which increase with the system size, consistently with order in the ground state.

In addition, for a given system size, the data for t′ = −0.2t stabilize at larger values than

those for t′ = 0.

This can be cast into a more quantitative basis by performing a finite-size scaling
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Fig. 4.6: (Color online) The correlation ratio Rc as a function of the inverse of temperature,
for different lattice sizes, and fixed (a) t′/t = 0.0, and (b) t′/t = −0.2. In both panels we
have ⟨n⟩ ≈ 0.87, and U/t = −3.

(FSS) analysis of Ps; see Eq. (4.4). The low-temperature stabilized values of Ps at large

β’s, extracted from Fig. 4.5(a), are divided by L2 and plotted in Fig. 4.5(b) as functions

of 1/L. The intercepts with the vertical axis provide estimates for ∆2
0; these, in turn, are

larger for t′ = −0.2t than for t′ = 0, consistently with a more robust pairing. Therefore, if

one assumes the proportionality between ∆0 and Tc, from the BCS theory, we may expect

an increase of Tc when t′ is turned on.

4.3.2 Critical temperature

We first estimate the possible increase of critical temperature, Tc, through the cor-

relation ratio, Rc, Eq. (3.5). Figure 4.6 shows the temperature dependence of Rc(L) for

t′ = 0 [panel (a)] and for t′/t = −0.2 [panel (b)], for three different system sizes. For

sufficiently large system sizes, the curves should cross at a single point, βc. However, for

the sizes considered here these crossings occur at slightly different values of β: while for

t′/t = 0.0 the intersection occurs at βt ≈ 8.0± 0.2 (Tc/t ≈ 0.125± 0.003), for t′/t = −0.2

we estimate βt ≈ 7.5± 0.2 (Tc/t ≈ 0.133± 0.004). That is, Tc for the NNN hopping case

is slightly enhanced with respect to the NN hopping.

In order to obtain a more complete diagram of Tc×t′, we employ a more robust analysis
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Fig. 4.7: Critical temperature as a function of NNN hopping amplitude, for different
values of the attractive interaction, for (a) ⟨n⟩ = 0.87, and (b) ⟨n⟩ = 0.5. The lines
through the points are guides to the eye, and the error bars are smaller than the data
points.

of Tc for an extensive range of t′, |U |/t, ⟨n⟩, using the jump relations in Eq. (2.14). Figure

4.7(a) shows the behavior of the critical temperature as a function of |t′/t|, for different

values of U and fixed ⟨n⟩ = 0.87. For all values of interaction strength we analyzed, there

is an increase in Tc relative to its value for t′ = 0, T 0
c . Interestingly, the maximum Tc

occurs at slightly different values of t′ when varying |U |/t. For the values of U shown, the

maximum critical temperature, Tc(⟨n⟩, |U |/t) = 0.246± 0.003, is reached for |U |/t = 5.0

and t′ = −1.2t. This represents a 50% increase compared with the corresponding T 0
c .

Similar results are obtained at quarter-filling, as shown in Fig. 4.7(b), with a maximum

Tc(⟨n⟩, |U |/t) = 0.232±0.003 at t′ = −1.2t; again an increase of about 50% over the value

for t′ = 0. Overall, we see that Tc increases with |U |, with t′ controlling how much the

increase in Tc is relative to the value when t′ = 0.

At this point, it is instructive to examine the behavior of the non-interacting DOS and
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Fig. 4.8: (a)-(f): Contour map of the single-particle dispersion, εk, for different values
of t′/t; in each panel, the Fermi surface for ⟨n⟩ = 0.87 is shown as a white line. (g)-(l):
corresponding evolution of the density of states; the dashed red vertical lines locate the
corresponding Fermi energies.

Fermi surface for different values of t′. For instance, Figs. 4.8(a)-(f) show the evolution

of the Fermi surface with t′ for ⟨n⟩ = 0.87, where one may notice a change from an

electron-like behavior to a hole-like one as |t′| increases. The corresponding evolution

of the density of states is shown in Figs. 4.8(g)-(l), from which one also notices that for

|t′/t| ≤ 0.5, D(0) is approximately constant, and in the interval 0.7 ≲ |t′/t| ≤ 1.1 D(0)

lies at, or very close to, a van Hove singularity. We can therefore resort to Eq. (1.2) to

explain the slow increase of Tc with t′ in the former interval, and a faster increase in the

latter, as shown in Fig. 4.7(a). Also, this increase above |t′/t| ≈ 0.6 is faster for larger

|U |. Another interesting aspect emerging from Fig. 4.8 is that the bandwidth is constant

up to |t′| = 0.5t, and increases with t′ thereafter, which indicates that care must be taken

when normalizing energies by W .

4.3.3 Pairing Temperature

Unlike conventional superconductors, the high-Tc cuprates display a pseudogap in the

spectrum of spin excitations [117, 118], which is usually associated with the formation of

Cooper pairs below some temperature scale Tp ≳ Tc; these preformed pairs condense into

a superconducting state at Tc [119]. One of the signatures of this behavior is a drop in
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Fig. 4.9: Uniform spin susceptibility as a function of temperature, for different values of
t′, with fixed ⟨n⟩ = 0.87 and |U |/t = 5.0, for a linear lattice size L = 16. The curves
through data points represent polynomial interpolations, and the vertical lines locate the
maxima. The error bars are smaller than data points.

the uniform susceptibility, χs, as the temperature decreases [16, 17, 40, 41, 118, 18, 119,

42, 43, 39]. Therefore, it is also instructive to determine the behavior of Tp as a function

of t′ in our model.

Figure 4.9 exhibits DQMC data for the temperature dependence of the uniform sus-

ceptibility, χs [see Eq. (2.15)], for different values of t′, and for fixed |U |/t = 5.0 and

⟨n⟩ = 0.87. For each t′ we see that χs drops steadily below some temperature. In line

with the idea that this downturn signals the formation of local pairs within some tem-

perature scale [16, 17, 40, 41, 42, 43], we adopt the position of the maximum in χs as

the pairing scale, Tp(t
′). As Fig. 4.9 shows, the maxima can be quite broad, so that their

positions are determined by performing a polynomial fit through the data. The error

bars are estimated as half of the interval between two temperatures around the maxima.

This somewhat flexible definition is consistent with the fact that we are dealing with

a crossover, hence Tp must be regarded as signaling a temperature scale, not a sharp

transition. We repeat this procedure for other values of t′, and collect the estimates for

Tp(t
′) in Fig. 4.10(a), which also includes the corresponding data for Tc from Fig. 4.7(a),
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functions of t′, for fixed |U |/t = 5.0: (a) ⟨n⟩ = 0.87 and (b) ⟨n⟩ = 0.5. Lines are guides
to the eyes.

for comparison. Figure 4.10(b) shows similar plots for ⟨n⟩ = 0.5. It is interesting to note

that increasing t′ causes a decrease in Tp, and an increase in Tc: the NNN hopping channel

tends to suppress pair formation, while favoring their condensation. The merging of Tp

and Tc for large |t′/t| also suggests a route to approach the BCS limit even at moderate

coupling, which, when t′ = 0, occurs at |U/t| ≪ 1.

Further insight into the behavior within this Metal-Superconductor transition, crossing

a preformed-pair region in the process, may be obtained through the interacting DOS,

D(ω). The latter is obtained from data for the imaginary-time Green’s function, G(τ),

extracted from our DQMC simulations, and using the maximum-entropy method [120] to

invert the integral equation,

G(τ) = −
∫

dωD(ω)
e−ωτ

1 + e−βω
. (4.9)

Figure 4.11 shows D(ω) for ⟨n⟩ = 0.87, with fixed U/t = − 5, |t′/t| = 1.0, and linear
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Fig. 4.11: Interacting DOS at different temperatures for fixed ⟨n⟩ = 0.87, |U |/t = 5.0
and |t′/t| = 1, for a 16 × 16 lattice. PG and SC respectively stand for pseudogap and
superconducting phases.

size L = 16. For T/t = 2, the system is in a metallic gapless phase, and D(0) is maximum.

As the temperature is decreased, states tend to be suppressed at the Fermi energy, ω = 0,

which is associated with the pseudogap region. Further decrease in the temperature leads

to a complete depletion of states at ω = 0, when the gap opens and the system becomes

superconducting. This scenario is in line with previous findings for the AHM with t′ = 0

[121].

Let us now investigate what happens to D(ω) around the Fermi energy, εF, at tem-

peratures near Tc. To this end, we examine the electronic density within a very narrow

range, 2∆ around ω = 0, defined as

n0 = lim
∆→0

∫ ∆

−∆

dωD(ω). (4.10)

This quantity must vanish when the system enters the SC phase, due to the opening of

the gap at εF.

In Fig. 4.12(a) we show D(ω) for several values of t′, with |U |/t and ⟨n⟩ kept fixed; the

temperature T/t is constant, chosen to be slightly above the maximum Tc for all values

of t′ considered [see the inset in Fig. 4.12 (b)]. We see that D(0) never vanishes. Most
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Fig. 4.12: (a) Interacting density of states, D(ω), for different values of t′, and fixed
U/t = −5.0, ⟨n⟩ = 0.87. The temperature is kept fixed at T/t = 0.25. (b) Fermionic
density within an energy range 2∆ around ω = 0, n0 [see Eq. (4.10)]. We take 2∆ = 0.2t,
as represented by the shaded area around ω = 0. The inset on panel (b) show the fixed
temperature range (red dashed horizontal line), in relation to the critical temperature
curve (black full line), for density and attractive interaction fixed.

interestingly, Fig. 4.12 (b) shows that n0 first decreases steadily with |t′/t|, signaling a

continuing depletion of the Fermi level. However, this depletion is incomplete, since the

temperature is always higher than Tc, so that n0 never vanishes. Beyond the maximum

Tc, n0 starts increasing, indicating a rise in the occupation of the Fermi level. One may

therefore conclude that n0 at a given temperature measures how far one stands from Tc,

as the remaing parameters are varied.

By contrast, Fig. 4.13 shows the corresponding data at a temperature slightly lower

than the maximum Tc. In this case, we see that D(0) actually vanishes, with a finite



63

-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
ω

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

D
(ω

)

|U |/t = 5.0

〈n〉= 0.87

T/t = 0.22

(a) |t ′/t|= 0.0

|t ′/t|= 0.2

|t ′/t|= 0.4

|t ′/t|= 0.6

|t ′/t|= 0.8

|t ′/t|= 1.0

|t ′/t|= 1.2

|t ′/t|= 1.4

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
|t ′/t|

0.005

0.010

0.015

0.020

0.025

0.030

n 0

(b)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
|t ′/t|

0.1

0.2

0.3
T c
/t

Fig. 4.13: Same as Fig. 4.12, but for T/t = 0.22

superconducting gap opening. Accordingly, n0 now reaches zero, indicating a complete

depletion of the Fermi level. This persists until |t′/t| is such that T ≳ Tc, allowing an

increasing occupation of the Fermi level. This reinforces the role of n0 as a measure of

distance from Tc within the pseudogap region.

4.4 Conclusions

We have investigated how the presence of next-nearest-neighbor hoppings affects some

pairing properties of the attractive Hubbard model on a square lattice. Through quantum

Monte Carlo simulations we have found that an increase in |t′/t| can enhance Tc up to

50% for |U |/t ≲ 5. However, the increase in Tc is not monotonic, since a maximum

value is achieved at some ratio |t′/t| ∼ 1 which depends on both U and the density ⟨n⟩.
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Interestingly, the relative increase, Tc(t
′)/Tc(0), reaches a maximum at |t′/t| ≈ 1.2, with

otherwise the same parameters leading to the maximum Tc(0), namely U = −5t and

⟨n⟩ = 0.87 [39].

We have also examined the influence of t′ on the pairing temperature, Tp, which

defines the region of pre-formed pairs (often associated with a pseudo-gap phase) above

the superconducting phase. It turned out that Tp behaves oppositely to Tc: it decreases

with increasing |t′/t|, thus decreasing the temperature interval in which pre-formed local

pairs exist without coherence. One may conjecture that for sufficiently large |t′/t| the

two temperatures merge, thus restoring the BCS regime even in the presence of a sizeable

on-site coupling. We attribute this to the fact that while next-nearest neighbor hopping

opens new paths for pairs to move, it also hinders pair formation since unpaired fermions

also have more paths to follow.

We have also provided numerical evidence that the pseudogap indeed turns into a

superconducting gap, by examining the evolution of the interacting density of states,

D(ω). At two fixed temperatures, one slightly above and the other slightly below the

maximum Tc, we clearly identify the dip in D(0) vanishing within a finite energy interval

when T < Tc. In this context, we have introduced n0, the density of fermions within a

small interval, ∆, around the Fermi energy. It turned out that n0 at a fixed temperature

provides a measure of the distance from Tc as the remaining parameters are varied.

The contents of this Chapter has already appeared as Ref. [47].
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Chapter 5

The impact of Rashba spin-orbit
coupling in charge-ordered systems

5.1 Introduction

So far in this thesis, we have treated superconductivity from the point of view of

an effective attractive interaction between electrons. However, this attractive interaction

can often occur mediated by lattice vibrations, with the electron-phonon coupling (EPC)

favoring the formation of bound electron pairs with opposite spin and momentum, the

Cooper pairs, which condense into a superconducting ground state.

In the scenario of phonons mediating interactions between fermions, the Holstein model

provides an important framework. This model describe local phonons at each lattice site,

with finite frequency ω0, coupled with itinerant electrons. The EPC can eventually lead

to an ordered and coherent state, such as a superconducting state, for a given electronic

density or strength of EPC. For instance, on a square lattice with a half filled band,

the natural ground state for the Holstein model consists of charge modulation, named

Charge-Density-Wave (CDW) [122]. The occurrence of CDW ordering in real materials

is due to an EPC, which creates instabilities in the metallic system, leading to a ground

state with spatially-modulated charge order [48, 49], a behavior correctly captured by the

Holstein model. In addition, such a state is characterized by a gapped single-particle

charge spectrum and a gapless collective mode formed by phonon excitations.
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Two-dimensional materials such as TMDs compounds have shown CDW ordering and

superconductivity, followed by a strong spin-orbit coupling (SOC), due to the atomic

number of transition metals [50, 51]. However, the interplay between SOC and EPC

remains an open issue in condensed matter physics. Even for the single-excitation case, the

leading effects of the competition between the energy gained from coupling with phonons

(and its quasiparticle formation) and the electronic dispersion from the SOC are subtle,

with the effective polaron mass depending on both EPC and SOC [123, 124, 125, 126].

This delicate balance could have direct implications in the development of novel devices,

particularly in the field of spintronics [127]. The degree of complexity is quite increased in

the many-electron case, due to the inclusion of electronic correlations. As strong electron-

electron interactions introduce many-body effects which may lead to long-range ordered

phases, the SOC changes the Hamiltonian symmetries and, consequently, the electron

dynamics. This fundamental change could lead to unpredictable physical responses or

new phases of matter [128]. Some iridates or pyrochlore materials are prototypes or such

interplay, as they are Mott insulators and also exhibit strong SOC effects. Indeed, these

compounds show a myriad of phases, from Weyl semimetals and topological insulators,

to spin liquid phases [129, 130]. However, while the interplay between SOC and direct

(Coulomb) electron-electron has been vastly scrutinized in the literature [131, 132, 133,

134, 135, 136, 137], the leading effects of SOC on indirect interactions, such as the EPC,

and vice versa, are much less clear.

From the TMDs point of view, this interplay can be explored in some materials, such

as 2H-TaSe2 and 2H-TaS2, which exhibit significant EPC and SOC effects [138, 139, 140].

In the former, both in bulk and single-layer forms, the CDW phase in the ground state

appears to be barely affected by SOC, with the wavevector of this phase remaining al-

most unchanged, whether SOC is present or not [141]. By contrast, in 2H-TaS2, SOC has

a pronounced impact on the EPC strength, suppressing EPC matrix elements. This sup-

pression of EPC by SOC is essential for accurately explaining the superconducting critical
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temperatures observed in this material [142]. Another interesting example is the Pb crys-

tal, which is a conventional (strong coupling) superconductor. For this material, the EPC

strength, calculated from Eliashberg functions, is drastically affected by the inclusion of

SOC, which is essential to replicate the experimentally observed superconducting (SC)

properties [143]. Finally, the interplay between charge order and SOC remains a subject

of ongoing debate even for 1D systems, such as in atomic wire arrays on semiconductor

surfaces [144], or in the quasi-1D material (TaSe4)2I. The latter, in particular, is consid-

ered as a Weyl semimetal [145], exhibiting Rashba-like band splittings, but also undergoes

a CDW phase transition at TCDW = 263 K [146].

As already mentioned, from a theoretical perspective, the Holstein model captures

the essential features of systems in which EPC plays a central role [147] and it has been

extensively studied in the literature, exhibiting a competition between CDW and SC

phases that depends on finely tuned external parameters or the lattice geometry [148, 149,

150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160]. However, the many-body problem of

interacting electron-phonon coupled electrons in the presence of SOC, particularly within

the context of the Holstein Hamiltonian, remains a question much less explored. Indeed,

Ref. [161] employs an unbiased Quantum Monte Carlo (QMC) approach to explore the

emergence of an induced spin-orbit coupling (SOC) when the EPC is spin-dependent, for

a square lattice at half-filled regime. In addition, the antiadiabatic limit has also been

analyzed in Refs. [162, 163, 164] using QMC methods, as further discussed below.

Motivated by these experimental and theoretical results, we further investigate how

a Rashba Spin-Orbit Coupling (RSOC) affects a system with strong EPC, analyzing

it both for the adiabatic and antiadiabatic limits. To this end, we employ different

methods: first, a Mean-Field-Theory (MFT) and a Cluster-Perturbation-Theory (CPT)

are used to extract the information about the spectral quantities; then an unbiased finite-

temperature QMC method is employed to examine charge and pairing correlations for

the two-dimensional Rashba-Holstein model on a half-filled square lattice. As our main
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Fig. 5.1: (a) Sketch of the Holstein model: vibrations of lattice ions, represented by local
dispersionless phonons, mediate an indirect electron-electron interaction. (b) Illustration
of spin splitting due to Rashba spin-orbit coupling in a 2D electron gas, producing spin
textures with opposite chiralities. (c) The electronic dispersion relation along the high-
symmetry points in a square lattice with finite Rashba spin-orbit coupling. (d) Pictorial
representation of four Weyl cones, with two located at the Fermi level (indicated by the
red line). (e) Same as in panel (c), but in the pure Rashba hopping limit where t/α = 0.
(f) Same as in panel (d), but in the pure Rashba hopping limit where t/α = 0.

results, we provide finite temperature and ground state phase diagrams. This Chapter is

organized as follows: in Sec. 5.2 we present the model. In Secs. 5.4 and 5.5, the MFT and

CPT results are present and discuss, while in Sec. 5.6 the DQMC results are presented.

Finally, the main conclusions and further remarks are presented in Section 5.8.

5.2 The Rashba-Holstein Hamiltonian

We consider electrons hopping in a single orbital square lattice. Here, we assume the

system has a broken (z → −z)−symmetry, as occurs in lead chalcogenides monolayers

[165, 166] and in confined electron gases [167, 168, 169, 170], which allows the occurrence

of RSOC. In addition, we use the Holstein model to describe the EPC, which captures

the local interaction of electrons with single-Einstein phonon degrees of freedom [147].
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For the Rashba-Holstein model (RHM), the Hamiltonian reads

H =− t
∑
⟨i,j⟩,σ

(c†i,σcj,σ + h.c.)− µ
∑
i,σ

ni,σ +
∑

i

(
P̂ 2

i

2M
+

Mω2
0

2
X̂2

i

)
− g

∑
i,σ

ni,σ(ai + a†i )− tR
∑
⟨i,j⟩

c†i (
←→α i,j ×←→σ )z cj , (5.1)

where the sums run over a square lattice, with ⟨i, j⟩ denoting nearest neighbors, X̂i =√
ℏ

2Mω0

(ai + a†i ) and P̂i = i

√
ℏMω0

2
(a†i − ai) being the position and momentum opera-

tors, respectively, of a harmonic oscillator in a given site i. Here we use the usual second

quantization formalism, with ci,σ (c†i,σ) being a fermionic operator that annihilates (cre-

ates) an electron with spin σ =↑, ↓ on a given site i; ni,σ = c†i,σci,σ is the fermion number

operator. Similarly, ai (a†i ) is a bosonic operator that annihilates (creates) a phonon with

energy ℏω0 on a given site i. In the last term of Eq. (5.1), ←→α i,j ≡
(
αx

i,j, α
y
i,j, 0

)
is the

displacement tensor αν
i,j ≡ i(δi,j+αν − δi,j−αν ), with αν being unitary translation in the ν

direction, and ←→σ ≡ (σx, σy, σz) are Pauli matrices related to electronic spin. The first

two terms on the right-hand side of Eq. (5.1) correspond to the hopping of the electrons

and their chemical potential, respectively. The third term describes the local harmonic

oscillators, while the fourth represents the EPC, with strength g. Finally, the last term

is the RSOC, with strength tR. We set the energy scale in units of the hopping integral t.

Before proceeding, it is worthy discussing the limit cases. For instance, the occurrence

of long-range order in the pure Holstein model (tR = 0) has been under intense investiga-

tion over the past years, at different lattices and fillings. In particular, in the half-filled

square lattice, there are strong evidences that support the emergence of CDW for any

EPC g > 0, at any frequency ω0 due to instabilities from van Hove singularity (vHs)

and the Fermi surface nesting (FSN) [171, 172, 122], different from the 1D case, which

exhibits a quantum phase transition [173, 174]. In the antiadiabatic limit, the phonon

degree of freedom can be integrated out [175], and the Holstein model is mapped onto

the attractive Hubbard model, with effective dynamic electron-electron interaction being

Ueff(ω) = − g2/ω2
0

1−(ω/ω0)2
. We define g2/ω2

0 ≡ λ, which is the energy scale for the polaron
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formation, and sets the effective attractive interaction strength in this limit. Notice that

the mapping into the attractive Hubbard model leads to a coexistence between CDW and

SC for any |U | > 0, enforced the SU(2) symmetry.

The most relevant effect of the inclusion of a RSOC is the spin-dependent momen-

tum shift, which splits the spin textures, with well-defined chiralities, as illustrated in

Fig. 5.1 (b). It results in a (chiral) splitting of the band structure, shifting the van Hove

singularity away from the half-filling, as depicted in Fig. 5.1 (c). As discussed below, such

a shift preserves the Fermi surface nesting, creating particle-hole instabilities [135, 176].

Figure 5.1 (c) also provides another interesting issue: the occurrence of four Weyl cones;

two at the Fermi level [(π, 0) and (0, π)], and two others above and below the Fermi level

[at (π, π) and (0, 0), respectively], as illustrated in Fig. 5.1 (d). The position of the Weyl

cones may change depending on the ratio tR/t, with all cones being at the Fermi level in

the limit case of t/tR = 0 (pure Rashba), where a Weyl semimetal (WSM) emerges; see,

e.g., Figs. 5.1 (e) and (f).

As mentioned in the Introduction, there are only a few recent unbiased studies avail-

able on two-dimensional strongly interacting systems in the presence of SOC. Reference

[162] showed that the critical temperatures of the attractive Hubbard model is drastically

enhanced by the inclusion of a RSOC, while Refs. [163, 164] investigate how the symmetry

of Cooper pair is affected by the RSOC. Both references analyzed the antiadiabatic limit

(i.e. for the attractive Hubbard model), and away from the WSM case. In what follows,

we investigate this problem in the ground state, by performing analyses through both

MFT and CPT approaches.

5.3 Symmetries

Interesting insights can be extracted from this analysis of Hamiltonian (5.1). For

instance, at vanishing chemical potential, µ = 0, the Hamiltonian is invariant under
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combined particle-hole symmetry

P−1tRc
†
i,σP = tRe

ii·Qci,σ (5.2)

and canonical transformation

X̂i → −X̂i, P̂i → −P̂i. (5.3)

Here Q = (π, π)/a corresponds to the antiferromagnetic wave vector. As a consequence,

µ = 0 corresponds to half-band filling, ⟨ni⟩ = 1. In the absence of interactions, the energy

bands read:

E±(k) = ϵ(k)± |V(k)| (5.4)

with ϵ(k) = −2t (cos(k · ax) + cos(k · ay)), and V(k) = 2tR (− sin(k · ay), sin(k · ax), 0).

For the antiferromagnetic wave Q and at half-band filling, µ = 0, the nesting condition

is satisfied:

(E±(k)− µ) = − (E∓(k+Q)− µ) . (5.5)

Thereby, in addition to the Cooper instability in e.g. the singlet s-wave channel we observe

an antiferromagnetic instability in the particle-hole channel. Owing to the attractive

retarded nature of the interaction one will expect charge density wave order to dominate

[177].

The t = 0 point is special in the sense that the dispersion relation in the vicinity of

the chemical potential becomes that of Dirac fermions.

E(k) = ±
√

sin2(k · ax) + sin2(k · ay) (5.6)

Expanding around the four time reversal momenta K = (0, 0), (π, π), (0, π), and (π, 0)

yields the following Dirac Hamiltonian

H0,tR = vF
∑
p

c†p,τ,µ,σ
(
pxδµ,µ′τ zτ,τ ′σ

y
σ,σ′ − pyµ

z
µ,µ′τ zτ,τ ′σ

x
σ,σ′

)
cp,τ ′,µ′,σ′

≡ vF
∑
p

c†p (pxτ
zσy − pyµ

zτ zσx) cp , (5.7)
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where the Pauli matrices τ tR , µtR and σtR act on the τ , µ and σ indices. While σ denotes

the spin index, the four eigenstates of τ zµz encode the four Dirac points. Specifically

K = (0, 0) ↔ τ = 1, µ = 1, K = (0, π) ↔ τ = 1, µ = −1, K = (π, π) ↔ τ = −1, µ = 1

and K = (π, 0) ↔ τ = −1, µ = −1. In the last line we have suppressed the indices to

lighten the notation. p measures momentum from the Dirac points and the Fermi velocity

is given by 2tRa with a the lattice constant. While on the lattice, spin-orbit symmetry is

discrete, it becomes continuous in the continuum limit with generators (τxσz, τ yσz, τ z) of

SU(2).

In the absence of hopping matrix element the Dirac cones are pinned to the chem-

ical potential. In the continuum approximation, the hopping term acts as Dirac cone

dependent chemical potential. In particular:

H0,t = −4t
∑
p

c†pτ
z

(
µz + 1

2

)
cp. (5.8)

To account for superconducting as well as charge density wave mass terms, we adopt

a Bogoliubov basis:

η†p,µ,τ,σ,ν =

{
c† p,µ,τ,σ ν = 1

c−p,µ,τ,σ ν = −1 (5.9)

In this Bogoliubov basis, the Rashba Hamiltonian reads:

H0,tR = vF
∑
p

η†p (pxτ
zσyνz − pyτ

zµzσx) ηp. (5.10)

As apparent, the s-wave superconducting order parameter ∆ and the charge density order

Φ from a triplet of anti-commuting mass terms:

M = (Im∆,Re∆,Φ) = (νxσy, νyσy, νzτx) . (5.11)

The three matrices Γi,j =
i
2
[Mi,Mj] commute with the Hamiltonian and generate SO(3)

rotations between CDW and superconducting orders. Hence provided that the interaction

possesses the same symmetry, we expect degenerate superconducting and CDW fluctu-

ations. We will see that this is indeed the case in the anti-adiabatic limit, where the

Holstein interaction reduces to an attractive Hubbard-U term.
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The Hubbard interaction term satisfies SO(4) symmetry corresponding to SU(2)-spin

and SU(2)-η transformations that rotate superconducting states onto CDW orders [178].

The spin symmetry is clearly broken by the Rashba spin-orbit coupling but at t = 0 SU(2)-

η symmetry is present both in the interaction term as well as is the Dirac Hamiltonian.

Hence the appropriate Hamiltonian for this state reads:

H = H0,tR − U

∫
V

d2x
3∑

i=1

(
c†xMicx

)2 (5.12)

This Hamiltonain has SO(3) symmetry which renders degenerate SSC and CDW states.

At finite phonon frequencies, the instantaneous Hubbard term gives way to a retarded

interaction. This breaks the SO(3) symmetry and at half-filling we expect the charge

density wave state to be favored [177].

5.4 Mean-field theory

We start by discussing the mean-field approach to the Rashba-Holstein Hamiltonian.

In this section, we parametrize the hopping terms as t = t̃ cos θ and tR =
√
2t̃ sin θ. Within

this, the limiting cases of no RSOC (tR/t = 0) and pure RSOC (tR/t → ∞) correspond

to θ = 0 and π/2, respectively, with t̃ setting the energy scale. In what follows, we define

ω0/t̃ = 1 while varying t, tR, and g.

Before proceeding, another change in the notation is also recommended: we rewrite

the phonon creation and annihilation operators in Eq. (5.1) in terms of position and

momentum ones. For instance, by considering the pure Holstein model (tR = 0), its

Hamiltonian is

HH =− t
∑
⟨i,j⟩,σ

(c†i,σcj,σ + h.c.)− µ
∑
i,σ

ni,σ − g

√
2Mω0

ℏ
∑
i,σ

ni,σX̂i

+
∑

i

(
P̂ 2

i

2M
+

Mω2
0

2
X̂2

i

)
, (5.13)

where, here, we define the mass of the harmonic oscillators (M) and the lattice constant

as unities.
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Within a static mean-field approach, we assume that the kinetic energy of lattice vi-

brations is negligible if compared with potential energy (P̂ 2
i /2M ≪ Mω2

0X̂
2
i /2), i.e., we

deal with a permanent distortion that breaks the translation symmetry of the lattice.

This assumption corresponds to the adiabatic regime [179, 180], i.e. ω0 → 0 while keeping

Mω2
0 ≡ k finite. In this regime, the Hamiltonian is a quadratic form for electron cre-

ation/annihilation operators, therefore its ground state is exact by a mean-field approach,

assuming that our ansatz is correct.

We then approximate the position operator by its expectation value, assuming the

ansatz X̂i → ⟨Xi⟩ = X0 + cos(Q · i)X1, with Q = (π, π). Notice that other ansatz

involving arbitrary wavevectors Q = (qx, qy) can be explored, even in incommensurate

cases [181]. However, owing to the four-fold rotational symmetry inherent to the square

lattice, along with the nesting properties and the commensurate filling, it is expected

that the (π, π) configuration is the one that most significantly reduces the internal energy.

Therefore, the MFT Holstein Hamiltonian becomes

HH =− t
∑
⟨i,j⟩,σ

(c†i,σcj,σ + H.c.)− µ
∑
i,σ

ni,σ − g

√
2Mω0

ℏ
∑
i,σ

ni,σ
[
X0 +X1 cos(Q · i)

]
+

NMω2
0

2

(
X2

0 +X2
1

)
, (5.14)

where N is the number of lattice sites.

The inclusion of the RSOC term changes the electron dispersion, and the eventual

mean-field Hamiltonian in reciprocal space reads

HMF =
∑
k,σ

(εk − µ′)c†kσckσ +
∑
k,σ,σ′

(V̂k)σσ′c†kσckσ′ − g

√
Mω0

2ℏ
X1

∑
k,σ

(c†k+Qσckσ + H.c.)

+
NMω2

0

2

(
X2

0 +X2
1

)
, (5.15)

with εk = −2t(cos kx+cos ky), V̂k ≡ 2tR(σx sin ky−σy sin kx), and µ′ = µ+g
√
2Mω0/ℏX0.

In a basis of Nambu spinors Φ†
k = (c†k↑, c

†
k↓, c

†
k+Q↑, c

†
k+Q↓), we obtain a quadratic form
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Fig. 5.2: The mean-field result for the density of states of the Rashba-Holstein model
for EPC (a) g/t̃ = 0.2, and (b) g/t̃ = 0.8, and its electronic dispersion in (c) and (d),
respectively. The results are for fixed RSOC tR/t =

√
2, with the color codes indicating

the chiral spin-texture polarization of bands.

representation of HMF ,

HMF =
1

2

∑
k

Φ†
kĤkΦk +

NMω2
0

2

(
X2

0 +X2
1

)
(5.16)

where

Ĥk =


εk − µ′ (V̂k)↑↓ −∆X 0

(V̂k)↓↑ εk − µ′ 0 −∆X

−∆X 0 εk+Q − µ′ (V̂k+Q)↑↓
0 −∆X (V̂k+Q)↑↓ εk+Q − µ′

 (5.17)

with ∆X = g
√
2Mω0/ℏX1. Notice that we added X0 to the chemical potential µ′, since

this field shifts the energy level, while the X1 field modulates the electronic distribution,

therefore being proportional to the amplitude of the CDW order parameter. Indeed, if

we define ⟨ni⟩ = n+cos(Q · i)δn, from Eq. (5.14) one obtains δn = ω0

√
Mℏω0

2
X1

g
, which is

our MFT order parameter.

The parameters X0(1) are determined self-consistently by minimizing the Helmholtz

free energy, through the diagonalization of Eq. (5.16). We use the minimization solutions
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Fig. 5.3: Left panel: The behavior of the ground state mean-field parameter X1 (propor-
tional to the CDW order parameter) as a function of the EPC g, for different values of
RSOC tR’s. Right panel: Contour plot of the MFT internal energy as a function of the
CDW wavevectors qx and qy, for fixed g/t̃ = 2 and θ = π/2, at the ground state.

to describe the ground state properties of the system, such as the DOS and the electron

dispersion, e.g., as displayed in Fig. 5.2 for small and large values of EPC, while keeping

tR/t =
√
2 [tan(θ) = 1] fixed. When g/t̃ = 0.2, the mean-field solution leads to a negligible

CDW order parameter (as discussed later), and the system resembles a Rashba metal.

This is presented in Figs. 5.2 (a) and (c), where the RSOC splits the electronic spectra

into two branches with well-defined chiralities, ⟨←→σ ⟩.(k × ẑ)/|k| = ±1 for right-handed

and left-handed. Such a split shifts the energy levels and, consequently, the van Hove

singularities, leading to a reduction in the DOS at the half-filling, as shown in Fig. 5.2 (a).

On the other hand, for larger EPC, the mean-field solution leads to a robust charge

modulation, creating a charge gap at the half-filling, as displayed in Figs. 5.2 (b) and (d),

for g/t̃ = 0.8.

To further emphasize the effects of the RSOC on the CDW phase, Fig. 5.3 (upper

panel) displays the behavior of δn as a function of g/t̃, for different values of θ, in the

ground state. If one fixes a value for g/t̃ and increases θ [i.e., any vertical line in Fig. 5.3

(upper panel)], it is clear that the main effect of the RSOC is to reduce the charge

modulation. Notice also that, as displayed in Fig. 5.3 (upper panel), δn exhibits an
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asymptotic behavior for any 0 ≤ θ < π
2
, which is a consequence of the FSN at the

half-filling, despite the absence of the vHs. Therefore, within the MFT, one obtains a

CDW ground state, except when θ = π/2 (i.e., tR/t → ∞), where a WSM may emerge.

For the latter, as displayed in Fig. 5.3 (upper panel), there is a quantum critical point

from a WSM to a staggered CDW phase at gc/t̃ ≈ 1.05.

At this point, we have to recall that, for θ = π/2, the Dirac cones are nested for

both Q = (π, π) and Q = (0, π) wavevectors, which could lead to striped phases. Indeed,

in the Rashba-Hubbard model, a (0, π)-striped antiferromagnetic phase emerges around

θ = π/2 [176]. Therefore, it is worth investigating the stabilization of the CDW order for

different wavevectors Q = (qx, qy). The contour plot of Fig. 5.3 (lower panel) displays the

internal energy for different wavevectors, for fixed g/t̃ = 2 and θ = π/2 1. It is clear from

the figure that the (π, π) mode is the most stable one. The same analysis for other values

of θ and g/t̃ also leads to the staggered CDW phase as being more stable than the striped

ones, by contrast to the Rashba-Hubbard model.

As depicted in Fig. 5.3 (upper panel), the CDW order parameter exhibits two regimes

for any 0 ≤ θ < π/2: a strong and a weak one (exponentially small). To facilitate the

following discussion, here we define the former as the CDW phase and the latter as the

weak-CDW (wCDW) one, although both denote the same charge-ordered state. In prac-

tice, we delineate the crossover between the CDW and wCDW phases using a threshold

(δn = 10−3) for the order parameter. This distinction is crucial because the wCDW re-

gion is susceptible to exponentially small perturbations found in real compounds, whether

external (e.g., temperature effects) or intrinsic (due to slight next-nearest neighbor hop-

pings). For instance, in the presence of small temperature fluctuations, the CDW-wCDW

crossover would approximately mark the critical region between the CDW and the Rashba

1At this point we have to caution the reader that the block-diagonal subspace represented in Eq. (5.17)
is exact for Q = (π, π) or (0, π). However, for any Q = (qx, qy) different from those, one may not easily
block-diagonalized it, and Eq. (5.17) becomes equivalent to a quasidegenerate perturbation theory (see,
e.g., the discussion in Ref. [181])
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Fig. 5.4: The ground-state MFT phase diagram of the Rashba-Holstein model in the half-
filled square lattice. The blue heatmap indicates the amplitude of charge modulation in
the CDW phase. The black dashed line corresponds to the CDW-wCDW crossover, while
the red vertical line denotes the Weyl semimetal phase in θ = π/2.

metal phases. Furthermore, the wCDW phase is also unstable against the enhancement

of competing tendencies, such as superconductivity. Since our static mean-field analysis

only permits the investigation of CDW phases and fails to capture long-range correlations,

the existence of this wCDW phase may be an artifact of the mean-field solution.

Repeating similar analyses as those of Fig. 5.3, we are able to present the mean-field

phase diagram of the Rashba-Holstein model at half-filling, as shown in Fig. 5.4. Here, the

CDW-wCDW crossover is denoted by the dashed black curve, while the color-map scheme

describes the amplitude of the charge modulation, δn. Interestingly, the CDW-wCDW

crossover is pushed for larger values of g/t̃ as the tR/t ratio increases, until it reaches the

pure Rashba model (θ/π = 0.5), where a true quantum critical phase transition takes

place at gc/t̃ = 1.05, from a Weyl semimetal to a CDW state. In Fig. 5.4, the Weyl

semimetal phase is depicted as the vertical red solid line at θ/π = 0.5. These results are

in line with our previous discussion, that the RSOC tends to suppress the CDW phase,
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maybe leading to a Rashba metal one.

Despite being obtained by a static mean-field approach, the phase diagram of Fig. 5.4

is expected to provide the correct transition lines when ω0 → 0. However, ω0/t̃ = 1 is

clearly away from this limit, which may require less biased methodologies to investigate

the Hamiltonian properties, as discussed in the next Section.

5.5 Cluster Perturbation Theory

Now, we use the cluster perturbation theory, which is a convenient technique to extract

spectral weights and the electronic DOS of a correlated system. Briefly speaking, the CPT

consists of partitioning an infinite lattice into clusters of finite size where the Hamilto-

nian is exactly solved, while coupling the clusters by perturbation theory approaches. A

pedagogical introduction to this method can be found in Ref. [182, 183, 184], and a more

detailed discussion in the Appendix C.

This method enable us write a CPT Green’s functions, GCPT(k, ω), which approxi-

mates the behavior of the infinite lattice starting from the Green’s function of the finite-

sized cluster. By incorporating the leading-order interaction terms, GCPT(k, ω) provides

a framework to calculate the spectral weight

A0(k, ω) = −
1

2π
Im[GCPT(k, ω)], (5.18)

and the DOS

D(ω) =
1

N

∑
k

A0(k, ω). (5.19)

In what follows, we use the DOS to identify the transition from a gapped CDW phase to a

Rashba metal, from a gapped CDW phase to an ungapped one. However, it is important

to note that our results are constrained by the resolution of the methodology, making it

challenging to detect tiny gaps. As previously discussed, a metallic phase is inherently

unstable under any external interaction, except when t/tR = 0. Therefore, the term

’Rashba metal ’ used hereafter is equivalent to a wCDW.
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Fig. 5.5: The ground state energy of the Holstein model for g/t = 1.5, in a 2×2 plaquette,
as a function of the cutoff number of phonons per site Np. The dark green squares (purple
circles) symbols denote the ground state energies for the case with (without) a shift to
symmetrize the electron-phonon term.

At this point, it is worth discussing a few technical issues about our CPT implementa-

tion. Due to the phonon degrees of freedom, the Hilbert space is infinite, which demands

a cutoff in the total number of phonons to perform the exact diagonalization procedure.

Among the different ways of establishing this cutoff, we have defined a maximum limit,

Np, for the number of phonons per site. Its value is determined through a systematic

analysis of the ground state energy Eg as a function of Np, as displayed in Fig. 5.5, for

fixed g/t = 1.5 and ω0/t = 1, in a 2×2 plaquette. Notice that Eg(Np) goes asymptotically

to the limit Np → ∞, so the error from the cut-off may be disregarded for a given value

of Np. However, the electron-phonon term described in Eq. (5.1) requires a substantial

number of phonons to attain the correct ground state, as evidenced by the behavior of

the purple circle symbols in Fig. 5.5. To circumvent this difficulty and keep Np as small as

possible, we perform a shift in the phonon operators ai →
(
ai + g⟨n⟩

)
, with ⟨n⟩ being the

average electron density. We emphasize that such a shift is equivalent to a change in the
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Fig. 5.6: The DOS of the Rashba-Holstein model for EPC (a) g/t = 1.2 and (b) g/t = 1.5,
for different values of RSOC tR.

origin of the phonon position operators X̂i to deal just with excitations around its mean

value. This drastically reduces the number of required phonons, as shown by the behavior

of the dark green square symbols in Fig. 5.5. Despite this improvement, the greater the

EPC, the larger the values of Np, therefore we limit our analyses to intermediate coupling

strengths for clusters of 2× 2 sites.

In what follows, we use the CPT method to discuss the effects of the RSOC on the

spectral properties of our charge-ordered system at the half-filling, for fixed ω0/t = 1,

without the parametrization of the hopping terms. Figure 5.6 (a) displays the behavior

of D(ω) for g/t = 1.2 and different values of tR. When tR = 0, the system has a large

charge gap around ω = 0, in line with our expectation of a CDW phase for the Holstein

model in the half-filled square lattice. Interestingly, the size of the gap remains nearly

unchanged for tR/t ≲ 0.5, which shows that the CDW phase is robust against spin-orbit

perturbations up to this value. However, for larger RSOC, the charge gap drastically

decreases, until D(ω ≈ 0) exhibits a peak instead of a gap for tR/t ≈ 1.25. This specific

change in the behavior of D(ω) around ω ≈ 0 (and tR/t ≈ 1.25) is a clear indication of

the occurrence of a transition from the CDW phase to a Rashba metal.

A very similar behavior occurs for different values of g, as displayed in Fig. 5.6 (b), for

g/t = 1.5. The main difference between this case and the previous one is the need for a

larger RSOC to destroy the charge gap. In view of this, here we define as critical points
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Fig. 5.7: The ground-state CPT phase diagram of the Rashba-Holstein model in the half-
filled square lattice. The red (dashed and solid) lines are just guides to the eye, while the
black dashed curve is the CDW-wCDW crossover from the MFT solution.

the values of tR at which D(ω) exhibits a peak instead of a gap at the half-filling. These

CPT critical points are presented as red star symbols in the phase diagram of Fig. 5.7,

with the red (dashed and solid) lines being just guides to the eye. The dashed black

curve denotes the CDW-wCDW crossover from the MFT solution, which is important to

compare both methodologies, as discussed below.

In order to further emphasize the phase transitions, we extract the charge gap directly

from Fig. 5.6 by defining the CDW order parameter, ∆CDW, as the energy difference

between the two peaks away from ω = 0. The behavior of ∆CDW as a function of tR is

displayed in Fig. 5.8, for g/t = 1.2 (red diamond symbols) and 1.5 (blue triangle symbols),

from which one may notice that the gap closing is consistent with a second order phase

transition. In particular, the suppression of the CDW phase seems to occur at tR(c) =

1.1± 0.1 for g/t = 1.2, and at tR(c) = 2.1± 0.1 for g/t = 1.5.

There are clear differences between the CPT and MFT results, which may be un-

derstood through two key remarks. First, and foremost, the CPT method takes into
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Fig. 5.8: The CDW charge gap, ∆CDW as a function of the RSOC, tR/t, for fixed ω0/t = 1.

account the effects of short-range electronic correlations, while the MFT deals with local

ones. That is, the MFT (CDW-wCDW crossover) line exhibits the points where there

are strong on-site correlations, while the CPT provides insights when these correlations

become long-ranged. Therefore, the region enclosed between the MFT and CPT lines in

Fig. 5.4 defines a correlated Rashba metal, i.e. metallic (from CPT) but with strong on-

site correlations (from MFT approach). As a second remark, we recall that the mean-field

solution is exact at the ground state when ω0 → 0, thus the MFT line in Fig. 5.4 can also

be interpreted as as the boundary of the adiabatic limit. That is, if one reduces ω0, the

CPT transition line must be pushed into the MFT ones. Then, it provides the behavior

of the critical points when ω0 changes.

Last, but not least, we recall that the SOC has been investigated in different contexts

of strongly correlated systems, in particular for those involving electron-electron interac-

tions. Then, it is imperative to compare these cases with ours, highlighting both their

similarities and differences. For instance, for the repulsive Hubbard model in the half-

filled square lattice, the inclusion of the RSOC leads to the emergence of novel magnetic
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phases, which may include spiral and striped ones; away from the half-filling, ferromag-

netism may appear [185, 186, 134, 187, 135, 188, 176]. This occurs due to the spin-flip

term in the RSOC, which disfavors the staggered antiferromagnetic ground state of the

half-filling, suppressing the charge gap, while keeping gapless spin excitations. Due to the

spin dependence in the interaction term in the Hubbard model, the CPT spectral prop-

erties for this case exhibit a clear dependence of the chiral bands and DOS as a function

of the Hubbard interaction strength U [186]. It is substantially different from our present

study, since the interaction term in the Rashba-Holstein model is not spin-dependent,

with the spin and charge gaps emerging/disappearing together. Furthermore, noteworthy

changes manifest in the attractive Hubbard model when subjected to the RSOC. This

model exhibits s-wave superconductivity for any filling [38, 68, 39], whose critical tem-

peratures are significantly increased with the inclusion of the RSOC [162, 163, 189]. This

enhancement results from the suppression of charge-charge correlations, in line with our

findings for the Rashba-Holstein model. Given that the antiadiabatic regime (ω0 → ∞)

of the Holstein one can be mapped onto the attractive Hubbard model, we anticipate the

emergence of superconductivity in our scenario, coexisting or not with a CDW phase.

However, achieving this would require the application of unbiased methodologies, such as

quantum Monte Carlo methods, which is discuss in the next section.

5.6 Determinant Quantum Monte Carlo Approach

To simplify the discussion, in this section we will rewrite the Hamiltonian (5.1) in a

symmetric form,

H = −t
∑
⟨i,j⟩,σ

(
c†i,σcj,σ +H.c.

)
− µ

∑
i,σ

ni,σ − α
∑
i,σ,σ′

[(
ic†i,σ[σ̂

x]σ,σ′ci+ŷ,σ′ − ic†i,σ[σ̂
y]σ,σ′ci+x̂,σ′

)
+H.c.

]
+
∑
i

(
P̂ 2
i

2M
+

Mω2
0

2
X̂2

i

)
− g

∑
i,σ

(
ni,σ − 1

)
X̂i, (5.20)
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where sums run over a two-dimensional square lattice under periodic boundary condi-

tions, with ⟨i, j⟩ denoting nearest neighbors sites. Note that here, we have rewritten the

third term of the initial Hamiltonian (5.1), which describes the spin-orbit contribution,

of strength α now, with [σ̂γ]σ,σ′ defining the elements of Pauli matrices (γ = x, y and z).

To perform a DQMC simulation, the Hamiltonian (5.20) can be written as H =

Hk + Hph + Hel−ph, with terms on the right-hand side of the equality corresponding

to the kinetic energy electrons (which includes the chemical potential and the RSOC

contributions), the bare phonons energy, and the electron-phonon coupling, respectively.

Therefore, the Trotter-Suzuki decomposition leads to the partition function

Z = Tr
[
· · · e−∆τHke−∆τHphe−∆τHel−ph · · ·

]
,

where the trace is performed over both bosonic and fermionic degrees of freedom. Using

the HO’s positions and the creation and annihilation operators as basis for the states,

the bosonic trace leads to the inclusion of a bare phonons action, while the fermionic one

leads to a single determinant. Notice that, due to the spin-flip terms of the RSOC, the

fermionic weights cannot be rewritten as a product of up and down determinants. That

is, the partition function becomes

Z =

∫
d{xi,l}e−∆τSB [det (I +BLτBLτ−1 · · · )] ,

with Bl = e[−∆τHk]e[−∆τHel−ph({xi,l})] being the products of the exponential of the matrix

representation of the kinetic and electron-phonon terms, respectively, at a given time

slice l. Here, {xi,l} denotes the set of auxiliary (phonon) fields in real and imaginary-time

coordinates, with the integral (i.e., the bosonic trace)
∫
d{xi,l} being performed by Monte

Carlo methods. Finally, the exponential e−∆τSB is the bare phonon action

SB =
ω2
0

2

∑
i

Lτ∑
l=1

[
1

ω2
0∆τ 2

(xi,l − xi,l+1)
2 + x2

i,l

]
,

obtained from free phonon contribution in the partition function, i.e. e−∆τHph . Therefore,
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Fig. 5.9: The change-density wave structure factor, SCDW (Q), as a function of the inverse
of temperature (β) for different values system sizes and fixed (a) α = 0.2, (b) α = 0.6,
(c) α = 0.8 and (d) α = 1.0. The phonon frequency is ω0/t = 1 and the electron-phonon
coupling is given by λ/t = 2. Here, and in all subsequent figures, when not shown, error
bars are smaller than symbol size.

e−∆τSBdet (I +BLτBLτ−1 · · · ) is used as our statistical weight throughout the Monte Carlo

sampling. This approach does not suffer from the infamous minus-sign problem.

To examine the effects of the electron-phonon coupling and the possible emergence

of long-range order, we investigate charge-charge correlations, ⟨ninj⟩, and their Fourier

transform, the charge structure factor,

SCDW(q) =
1

L2

∑
i,j

ei(i−j)·q⟨ninj⟩, (5.21)

with L being the linear size of the system. The peak of SCDW(q) defines the leading

wavevector Q in which the system may exhibit charge order. At this point, we should

warn that, to compute the correlation functions, one has to include spin-flip terms in the
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Fig. 5.10: (a) Finite-size scaling of the ground-state staggered CDW structure factor for
different RSOC, α, and fixed ω0 = 1 and λ/t = 2. (b) The CDW order parameter, δCDW ,
as a function of α, for the same parameters of the previous panel. The red curve is just
a guide to the eye.

Wick’s decomposition. For instance,

⟨ni,σnj,σ̄⟩ = ⟨c†i,σci,σc†j,σ̄cj,σ̄⟩

= ⟨c†i,σci,σ⟩⟨c†j,σ̄cj,σ̄⟩+ ⟨c†i,σcj,σ̄⟩⟨ci,σc†j,σ̄⟩

= (1−Gσ,σ
i,i )(1−Gσ̄,σ̄

j,j )−Gσ,σ̄
i,j G

σ̄,σ
j,i , (5.22)

in which Gσ,σ̄
i,j ≡ ⟨ci,σc†j,σ̄⟩ is the equal-time Green’s function, with σ̄ = −σ.

Given this, we determine the quantum critical points, as well as the finite temperature

ones by the charge correlation ratio, which we remind the reader can be written as,

RCDW = 1− SCDW(Q− δq)
SCDW(Q)

(5.23)

where Q = (π, π) and δq = 2π
L

.
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5.7 DQMC Results and discussion

We begin our analysis by considering the case of fixed ω0/t = 1 and EPC λ/t = 2,

while varying the RSOC parameter, α. We recall that the pure Holstein model has been

extensively examined for this set of parameters, showing CDW order below a critical

temperature Tc = 0.174(2) [190]. The leading effects of the Rashba coupling on this

charge order are illustrated in Fig. 5.9, where we show the behavior of the staggered CDW

structure factor as a function of the inverse temperature, β = 1/T , for different values of

α and system sizes. As the temperature decreases, the behavior of SCDW(Q) changes from

being weakly dependent on the system size at high temperatures to strongly dependent at

low temperatures. This transition occurs approximately at the critical Tc(α). However,

as we are dealing with finite system sizes, at very low temperatures the correlation length

becomes larger than L, resulting in plateaus in SCDW(Q), as shown in Fig. 5.9. Therefore,

the reduction of the strength of the SCDW(Q) plateuaus as α increases provides a clear

evidence that Rashba coupling weakens the CDW phase. Moreover, as discussed in detail

below, the energy scale at which SCDW(Q) begins to increase is shifted to larger values

of β, suggesting that the Rashba coupling not only affects the order parameter but also

pushes the critical temperature to lower values.

To obtain the CDW order parameter, δCDW, we assume that the low-T plateaus of

SCDW(Q) provide a good estimate of the ground state response. Therefore, we extrapolate
SCDW(Q)

L2 as a function of 1/L to capture its behavior in the thermodynamic limit. That

is, we employ the FSS [107]

SCDW(Q)

L2
= δ2CDW +

A

L
+O(1/L2) , (5.24)

where A is a constant obtained from fitting the QMC data. This finite-size scaling analysis

is shown in Fig. 5.10 (a) for different values of RSOC. The error bar for δ2CDW comes from

the linear fitting.

In line with the previous discussion, Fig. 5.10 (a) demonstrates that, in the thermo-
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Fig. 5.11: The ground state phase diagram of the Rashba-Holstein model for fixed ω0 = 1.
The solid red line is just a crossover between a robust CDW (magenta region) and a weak
CDW (write region) one.

dynamic limit, SCDW(Q)/L2 is significantly impacted by the RSOC, leading to nearly

vanishing values for α/t ≈ 1.3 . These results allow us to present the CDW order pa-

rameter as a function of α/t, as shown in Fig. 5.10 (b). Notice that, for small values of

RSOC, the CDW response remains similar to that of the pure Holstein model, but, as α

increases, the order parameter is suppressed. At this point, an important remark should

be made: although Fig. 5.10 suggests a zero order parameter at α ≈ 1.3, we expect an

asymptotic approach to zero instead. This expectation is based on the instability of the

particle-hole channel from the nesting of the Fermi surface in the noninteracting regime,

as discussed in Sec. 5.3. Indeed, weak coupling (mean-field) results, presented in Ref. [52],

exhibit asymptotic behavior for the CDW order parameter in the RHM. However, such

a very small order parameter response is particularly challenging to capture using QMC

methods, since it demands very low temperatures.

Then, the ground state of the Rashba-Holstein model is expected to always manifest

as a CDW, for any α ≥ 0. However, the strength of its order parameter (which is

proportional to the charge gap at the Fermi level) depends on the RSOC, becoming

exponentially small for large values of α. Therefore, for practical purposes, it is useful to

identify the crossover region where the system goes from a strong CDW regime to a weak

CDW (wCDW) one. Here, this crossover is identified as the point where the extrapolation
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Fig. 5.12: The CDW correlation ratio RCDW (β) as a function of the inverse temperature
(β=1/T), for fixed (a) α = 0.2 and (b) α = 1.2, and different lattice sizes. (c) The
extrapolation of the crossings of the RCDW (β), between L and L + ∆L system sizes,
Tc(L,L+∆L). Here, we fixed ∆L = 4. (d) The extrapolated critical temperatures of the
Rashba-Holstein model for fixed ω0/t = 1. The red curve is just a guide to the eye.

of SCDW(Q)/L2 vanishes, e.g. for λ/t = 2 and ω0 = 1, it is α ≈ 1.25±0.05. Identifying this

crossover is important, particularly because the region with such an exponentially small

order parameter is unstable to even small perturbations, such as thermal fluctuations or

further neighbor hopping terms (which break the nesting of the Fermi surface), which can

lead to the occurrence of a plain Rashba metal.

By repeating the same procedure outlined in Fig. 5.10, but for other values of EPC,

one obtains the phase diagram of Fig. 5.11. Here, as already mentioned, the QMC points

corresponds to the vanishing δCDW in the thermodynamic limit, and determines the CDW-

wCDW crossover. However, for a fixed low temperature (e.g., β/t = 40), this crossover

line becomes a second order transition belonging to the two-dimensional Ising universality

class, from a CDW phase to a Rashba metal.

It is also important to examine the finite temperature behavior, particularly to identify
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Fig. 5.13: (a) The CDW correlation ratio, RCDW (λ), as a function of λ in the limit of
the pure Rashba hopping, and fixed ω0/α = 2, β = L, and α = 1. (b) The extrapolation
of the crossings of the RCDW (β), between L and L + ∆L system sizes. Here, we fixed
∆L = 4. (c) The phase diagram of the Rashba-Holstein model in the limit of a pure
Rashba hopping. The coexistence between CDW and SC occurs only at the limit of
ω0 →∞.

the critical temperature for the emergence of CDW, as determined by the crossings of the

correlation ratio, Eq. (5.23). Figure 5.12 shows the behavior of RCDW as a function of β for

different lattice sizes, and fixed (a) α/t = 0.2 and (b) α/t = 1.2. In all cases, the behavior

is similar: RCDW → 0 as β → 0, and RCDW → 1 as β → ∞. However, it is the crossing

points for different system sizes that determine the critical value βc. For α/t = 0.2, these

crossings occur around β ≈ 5.4, while for α/t = 1.2, they occur at larger values of β, as

expected. A more precise estimate of Tc can be obtained by extrapolating these crossings

to the thermodynamic limit. This is done by determining the crossing points between

RCDW(L) and RCDW(L − ∆L), with ∆L = 4 – defining this as Tc(L,L − ∆L) – and

then extrapolating to 1/L → 0, as illustrated in Fig. 5.12 (c). The results for Tc in the
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Fig. 5.14: The (a) CDW and (b) SC correlation ratios as functions of |U |, in the limit of
the attractive Hubbard model, for the case of a pure Rashba hopping. (c) The extrapola-
tions to the thermodynamic limit of the

√
SCDW/L2, which leads to the order parameter

presented in panel (d). The critical point is at |Uc| = 5.0± 0.5).

thermodynamic limit are presented in Fig. 5.12 (d), where one may notice that the larger

α, the lower Tc. An asymptotic behavior is also expected for Tc; however, for α/t ≳ 1.2,

achieving this would require βt≫ 20, which is computationally costly.

A similar asymptotic behavior is expected to occur for a different set of parameters, as

long as instabilities in the particle-hole channel persist. However, this situation changes

in the limit of the pure Rashba model, i.e., when t/α = 0. As discussed earlier, in this

limit there are four Weyl cones at (0, 0), (π, 0), (0, π), and (π, π) for the non-interacting

half-filled case. Similar to the honeycomb lattice, this vanishing density of states requires

sufficiently strong electronic interactions to lead to a quantum phase transition [191, 192,

193]. Indeed, a semimetal-CDW quantum critical point (QCP) occurs for the Holstein

and Hubbard-Holstein models in the half-filled honeycomb lattice [151, 152, 157], thus we

expect an analogous behavior in this limit of the pure Rashba coupling.

We proceed by projecting onto the ground state, assuming Lorentz invariance and

defining β ∝ Lz, where z = 1 is the dynamic critical exponent at the QCP [193, 194, 195].
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As before, the critical point is determined by the crossing of RCDW for different lattice

sizes, as shown in Fig. 5.13 (a). In this case, we have fixed β = L and ω0/α = 2, while

varying λ, with clear crossings around λ/α ≈ 2.62. Following procedure as that to

determining the critical temperatures, we extrapolate the crossings for the critical λc to

the thermodynamic limit, as presented in Fig. 5.13 (b), thereby determining the QCP.

We repeated this analysis for other values of ω0 [see Fig. 5.13 (b)], which allowed us to

construct the ground state phase diagram of the Rashba-Holstein model in the limit of

the Weyl semimetal cones (i.e. a pure Rashba hopping), depicted in Fig. 5.13 (c). Notice

that, even for high frequency (e.g., ω/α = 16) the ground state is either a staggered CDW

or a WSM one, with no enhancement of SC or striped CDW phases.

In the adiabatic limit (ω0 → 0), the Holstein model can be solved using a mean-field

approach, as it corresponds to permanent (static) distortions in the lattice. In contrast,

in the antiadiabatic limit (ω0 → ∞), the indirect interaction between electrons becomes

instantaneous, and by integrating out the phonons, one obtains the attractive Hubbard

model with |U | = λ. Both limits have been previously investigated in the presence

of RSOC, as discussed in Refs. [162, 163, 164, 45]. Despite this, the attractive Hubbard

model with a pure Rashba hopping (i.e. t/α = 0) has never been explored in the literature.

Therefore, to complete the phase diagram in Fig. 5.13 (c), it is necessary to examine the

emergence of CDW and/or SC in the limit of ω0 →∞.

In view of this, we employ the same ground state projection (i.e., β ∝ Lz) for the

attractive Hubbard model with pure Rashba hopping. Figures 5.14 (a) and (b) show the

results for RCDW and RSC as functions of |U |, respectively. Here, RSC is defined similarly

to Eq. (5.23), but it refers to the pairing structure factor with Q = 0, instead of the

staggered one. Notice that both CDW and SC responses are identical within error bars.

As discussed in Sec. 5.3, although the SU(2) symmetry is broken in the presence of RSOC,

in the limit of a pure Rashba hopping (i.e. t = 0), the SU(2)−η symmetry is recovered in

the attractive Hubbard model. Therefore, the degeneracy presented in Figs. 5.14 (a) and
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Fig. 5.15: (a) Staggered CDW structure factor and (b) homogeneous pair structure factor
as functions of the electron-phonon coupling parameter, λ, for fixed ω0/α = 16 and
different lattice sizes. Panels (c) and (d) present the corresponding quantities for the
attractive Hubbard model, and as functions of |U |. Both cases are in the limit of a pure
Rashba hopping.

(b) are imposed by symmetry. Given this, we identify the QCP at |Uc| ≈ 5, as shown in

Fig. 5.14 (c), with the CDW (and SC) order parameters displayed in Fig. 5.14 (d).

Finally, the previous results naturally prompt the question of whether the coexistence

between CDW and SC occurs only in the limit ω0 →∞ (symmetry-imposed), or if it can

also manifest at finite frequency values (not symmetry-imposed). To address this issue, we

fix ω0/α = 16 and β = L, while varying λ. The results are displayed in Fig. 5.15, for the

response of (a) the staggered CDW structure factor and (b) the homogeneous s-wave SC

structure factor, Ssc. While the former shows significant enhancement for λ ≳ 4.5, con-

sistent with a charge ordered ground state, the latter exhibits only weak size dependence

as λ increases, indicating the absence of SC long-range order. This should be compared

to the case of the attractive Hubbard model, shown in Figs. 5.15 (c) and (d), for SCDW

and Ssc, respectively. In stark contrast, both the CDW and SC structure factors exhibit

significant finite-size dependence, suggesting their coexistence in this regime. Therefore,

if CDW and SC coexist for finite ω0, it likely occurs at very large frequency values or very



95

small temperatures.

5.8 Conclusions

In this chapter, we have studied the impact of the Rashba spin-orbit coupling to

a charge-ordered system, such as the Holstein model. To this end, we investigated the

Rashba-Holstein model using two methodologies: (i) a static mean-field approach, and (ii)

the cluster perturbation theory – the latter provides the spectral functions of an infinite

system with short-range correlations, i.e. beyond a Hartree-Fock approximation. Given

this, our main findings are summarized in the phase diagrams of Figs. 5.4 and 5.7, which

present the MFT and CPT results, respectively. From these, one notices that the RSOC

is harmful to the CDW phase, which could be understood from the diminishing DOS

at the half-filling when tR increases, from a weak coupling point-of-view; or by a large

energetic price to pay to avoid spin-flip processes (within the CDW phase), from a strong

coupling point-of-view. Furthermore, as shown in Figs. 5.6 and 5.8, the transition from the

CDW phase to a correlated Rashba metal seems to be continuous (within the resolution

of the CPT method), with the transition line being pushed to larger values of tR when

ω0 → 0. Even though the critical phenomena properties (such as critical exponents) are

beyond the scope of this work, our phase diagram g× tR provides accurate critical points,

which could be used as a first step towards less biased analyses, and whose fundamental

properties may shed light into the growing class of Rashba materials [165, 166, 196].

These results are published as Ref. [52].

By seeking to go beyond MFT and CPT approaches, we employed unbiased finite-

temperature Quantum Monte Carlo simulations. Within this methodology, we determined

the behavior of the ground state order parameter as a function of RSOC [as shown in

Fig. 5.10 (c)], which allowed us to construct the phase diagram in Fig. 5.11. Our results

suggest that, due to instabilities in the particle-hole channel, the Rashba metal is unstable,

and the emergence of a CDW phase is expected for any RSOC, although the CDW phase
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remains relatively weak when α ≫ t. Additionally, we present the finite-temperature

phase diagram in Fig. 5.12 (d), where similar asymptotic behavior is also expected at

large values of RSOC.

However, the features of the model change drastically in the limit of a pure Rashba

hopping, i.e., when t/α = 0. In this limit, four Weyl cones appear at half-filling, and

quantum phase transitions are expected to occur at strong interactions. Specifically, we

demonstrated that the CDW phase emerges for a finite quantum critical coupling λc, for

a given phonon frequency. By varying ω0, the critical λc also changes, leading to the

phase diagram shown in Fig. 5.13. At finite phonon frequencies, we expect this transition

to belong to the Ising Gross-Neveu universality class with Nf = 8 two component Dirac

cones [197, 198]. In the antiadiabatic limit where 1/ω0 → 0 the interaction corresponds

to the attractive Hubbard model, with |U | = λ. In this limit, and as described in Sec. 5.3

we expect an emergent SU(2)η symmetry the ties SC and CDW orders together. In this

limit the transitions for the WSM to the massive phase corresponds to a SU(2) Gross-

Neveu transtion with Nf = 8 two component Dirac cones. This corresponds to the same

universality class as that of the Hubbard model on the honeycomb lattice [193, 194].

These findings provide a step forward in understanding the interplay between SC and

CDW phases in systems with spin-orbit coupling, and we hope they could shed light on

the nature of these compounds.

These results are are available as Ref. [53].
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Chapter 6

Conclusions

In the course of this work, we explored superconducting phase transitions in various

scenarios, employing the attractive Hubbard model (AHM) to describe the dynamics of

fermion pairing on a square lattice.

Initially, through Determinant Quantum Monte Carlo (DQMC) simulations, we have

mapped the relevant temperature scales of the attractive Hubbard model on a square

lattice for various band fillings, ⟨n⟩, and interaction strengths, |U |/t. We have identified

an optimal critical temperature region within the parameter range |U |/t ≈ 5 ± 1 and

⟨n⟩ ≈ 0.79 ± 0.09, with a critical temperature Tc ≈ 0.16t, corresponding to Tc ≈ 8.8

nK, under experimental conditions reported in Ref. [27]. Additionally, we examined two

other temperature scales: the degeneracy temperature, which marks the onset of quan-

tum effects, and the pairing temperature, Tp, associated with the formation of pairs and

gapped spin excitations. In addition, we discussed potential scenarios for the breakdown

of Fermi liquid (FL) theory across the BCS-BEC crossover, analyzing double occupancy,

momentum distribution functions, and quasiparticle weight. The findings suggest an FL

at weak coupling that progressively transitions into a non-Fermi liquid (NFL) as unpaired

fermions mediate interactions between tightly bound bosonic pairs.

However, since Tc for the square lattice remains much smaller than the experimentally

accessible temperature ranges, we have explored two different routes to increase the critical

superconducting temperature to one closer to the experimentally accessible ranges. The
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first approach involved introducing an additional hopping degree of freedom, tz, which

connects superconducting layers. For a bilayer system, DQMC simulations shows an

increase of critical temperatures between 1.5 and 1.7 times those of a single layer, under

optimal conditions of fillings and on-site attraction. In addition, the effects of tz over Tp

and a pre-formed pairs region were discussed, where measurements of double occupancy

via quantum gas microscopes were proposed to distinguish between metallic, pseudogap,

and superconducting phases. This analysis was repeated for a simple cubic lattice, we

varied tz with respect to the isotropic case (tz = t) while maintaining the same number

of sites along all directions. A moderate Tc enhancement of 1.3 times the isotropic case

was observed for suitable choices of tz, U , and ⟨n⟩.

An alternative route considered second-neighbor hopping contributions, t′/t < 0, on

a square lattice was also explored. DQMC results have indicated a 50% Tc increase

compared to the t′ = 0 limit for appropriate fillings and on-site attraction values. The

effects of t′ over the pairing temperature, Tp, and a suppression of the pseudogap region

were also discussed, with the effects on the interacting DOS being shown as an alternative

guide to the Metal-Pseudogap-Superconductor transition.

In the final part of this work, we explored the effects of Rashba spin-orbit coupling

(RSOC), tR, on systems with charge ordering due to electron-phonon interactions on a

square lattice. Using the Holstein model framework, we examined the Rashba-Holstein

Hamiltonian through various methodologies, including Mean Field theory and Cluster

Perturbation Theory (CPT). We observed that RSOC weakens the charge density wave

(CDW) phase. This behavior was attributed to diminished DOS at half-filling for in-

creased tR in the weak coupling regime and the high energetic cost of avoiding spin-flip

processes in the strong coupling regime. Our phase diagram, g × tR, pinpointed critical

points for the transition from the CDW phase to a correlated Rashba metal, with the

transition line shifting to larger tR values as ω0 → 0.

We further employed finite-temperature Quantum Monte Carlo simulations on the
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effective Rashba-Holstein Hamiltonian. The study of the ground state order parameter

as a function of RSOC, revealed that the Rashba metal is unstable due to particle-hole

channel instabilities, leading to a CDW phase even for strong RSOC, although the CDW

phase weakens as α≫ t. Additionally, we mapped the finite-temperature phase diagram,

observing the asymptotic behavior for large RSOC values. In the pure Rashba hopping

limit (t/α = 0), we identified the emergence of four Weyl cones at half-filling and predicted

quantum phase transitions at strong interactions. Specifically, we demonstrated that

the CDW phase emerges at a finite quantum critical coupling λc, varying with phonon

frequency ω0.

In summary, this work has significantly deepened our understanding of superconduct-

ing transitions and the interplay of charge and spin degrees of freedom in systems with

spin-orbit coupling. By suggesting novel mechanisms to enhance Tc and elucidating the

role of Rashba coupling in correlated materials, we hope to inspire future experimental

and theoretical investigations into these fascinating systems. Furthermore, there are is-

sues that still need to be explored, such as a combination of the effects of layering and

second neighbor hopping yet an another route to increase Tc. In addition, what happens in

the Rashba-Holstein model for band fillings far from the half-filling is another interesting

question to explore.
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Appendix A

Determinant Quantum Monte Carlo

In this Appendix we present a brief explanation about the Determinant Quantum

Monte Carlo (DQMC) method, with the technical details (e.g. Green’s functions updates,

matrix product stabilization, ...) being left to the references herein.

The Method: The DQMC [99, 64, 65, 66] is a numerically exact technique in which all

sources of error, statistical (from finite sampling) and systematic (from the discretization

of the inverse temperature β) can be removed to the desired degree of accuracy. The

basic idea of the method is the use of the Trotter-Suzuki decomposition to separate the

exponentials of the one-body and two-body pieces, K̂ and P̂ respectively, in the partition

function, Z = Tr e−βĤ = Tr
[(
e−∆τ(K̂+P̂)

)M] ≈ Tr
[
e−∆τK̂e−∆τ P̂e−∆τK̂e−∆τ P̂ · · ·

]
. Here

M = β/∆τ is the number of incremental time evolution operators. This decomposition

has an error proportional to (∆τ)2 and is exact in the limit ∆τ → 0.

For Attractive Hubbard Hamiltonian, the resulting isolation of e−∆τ P̂ allows for the

performance of a discrete Hubbard-Stratonovich (HS) transformation, 1

e|U |∆τn̂↑n̂↓ =
1

2
e

|U|∆τ
2

n̂
∑
s=±1

esλm̂

=
1

2

∑
s=±1

∏
σ=↑,↓

e

(
sλ+

|U|∆τ
2

)(
n̂σ−1/2

)
(A.1)

where n̂ = n̂↑ + n̂↓ and m̂ = n̂↑ − n̂↓ are, respectively, the electron density and local

magnetization operators, while λ = cosh−1(e
|U|∆τ

2 ). In words, one can rewrite the partition
1To this end, one should use, e.g., the identity n̂↑n̂↓ = 1

2

(
n̂2 − n̂

)
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function in quadratic (single body) form, but with the cost of introducing discrete HS

auxiliary fields si(l) with components on each of the space and imaginary time lattice

coordinates.

Thus, we may replace the on-site interaction on site of the space-time lattice by Eq.

A.1, leading to the sought form in which only bilinear terms appear in the exponential.

For the repulsive case we can write the partition function as,

Z =

(
1

2

)LdM

Tr
{s}

1∏
M=l

∏
σ=↑,↓

e−∆τKe−∆τVσ(l) , (A.2)

where the traces are over Ising fields and over fermion occupancies on every site, d is the

lattice dimension, L is the linear lattice size. The product from l = M to 1 simply reflects

the fact that earlier ‘times’ appear to the right. The time-slice index l appears through

the HS field si(l) for each site i, in

V i
σ(l) =

1

∆τ
λσsi(l) +

(
µ− U

2

)
, (A.3)

which are the elements of the N ×N diagonal matrix Vσ(l), with N the number of sites.

With some algebra (see, e.g. Ref. [67]), one can integrated out the fermions and obtain

Z ∼
∑
{si(l)}

∏
σ

det

[
I +Bσ(M)Bσ(M − 1) · · ·Bσ(1)

]
∼Tr

{s}
ρ({s}), (A.4)

where we have define,

Bσ(l) ≡ e−∆τKe−∆τVσ(l) , (A.5)

and the "density matrix", ρ({s}), corresponds to the product of the determinants above.

Here the identity matrix I and the matrices Bσ(l) have the dimension of the spatial lattice

size N , with the latter being the product of the exponential of the kinetic energy matrix

and a diagonal matrix Vσ whose entries depend on λ, si(l), σ and the on-site energy U .
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Then, one can measure physical quantities by sampling the HS fields with ordinary Monte

Carlo techniques, where the acceptance or rejection depends on the ratio

r =
detO↑({s}′)× detO↓({s}′)
detO↑({s})× detO↓({s}) , (A.6)

with Oσ = I + Bσ(M)Bσ(M − 1) · · ·Bσ(1), and {s} and {s}′ being the HS field configu-

rations before and after a change proposal, respectively.

Now, we must discuss the calculation of average values. For two operators A and B,

their equal-‘time’ correlation function is

⟨AB⟩ = 1

ZTr{s}
T r

[
AB

∏
σ

∏
l

Bσ(l)

]
, (A.7)

where, T r is fermionic trace. We can define the fermionic average for a given configuration

of HS field as,

⟨AB⟩{s} =
1

ρ({s})T r
[
AB

∏
σ,l

Bσ(l)

]
. (A.8)

In this formulation, the two-bodies correlation function becomes,

⟨AB⟩ = 1

ZTr{s}
⟨AB⟩{s}ρ({s}) . (A.9)

The Eq. (A.9) can be used to obtain the average of the fermionic Green’s function,

which player a central role in this method. If we take A ≡ ciσ and B ≡ c†jσ, the single

particle Green’s function, for a given HS field {s}, can be write as,

Gij,σ ≡ ⟨ciσc†jσ⟩{s} =
[
( 1 +Bσ(M)Bσ(M − 1) · · ·Bσ(1) )

−1
]
ij

(A.10)

Thus, for a fixed HS configuration the single particle Green’s function are used to obtain

the average of more than two fermionic operator, through the Wick’s theorem [199]. For

example,

⟨c†αcβc†γcδ⟩{s} = ⟨c†αcβ⟩{s}⟨c†γcδ⟩{s} + ⟨c†αcδ⟩{s}⟨cβc†γ⟩{s}

= (1−Gβα){s} (1−Gδγ){s} + (1−Gδα){s} (Gβγ){s} (A.11)
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where the subscribe index are a combination of sites i and spins σ =↑, ↓, and we are

considering a system with up and down spin channels factorize, which limit the fermionic

combination of the operators to case in Eq. (A.11).

The extension of this idea to the case of unequal-time correlation functions is straight-

forward. We start define the operators A in the Heisenberg picture, as

A(l) ≡ A(t) = exp
(
tĤ
)
A exp

(
−tĤ

)
, t = l∆τ , (A.12)

so that the initial time is set to t = ∆τ with this discretization, and A†(l) ̸= [A(l)]†. So,

the unequal-time Green’s function, for l1 > l2 is write as,

Gσ
ij(l1, l2) ≡ ⟨ci(l1)c†j(l2)⟩{s} = [Bσ(l1)Bσ(l1 − 1) · · ·Bσ(l2 + 1)gσ(l2 + 1)]ij (A.13)

where,

gσ(l) = [1 +Bσ(l − 1)Bσ(l − 2) · · ·Bσ(1)Bσ(M) · · ·Bσ(l)]
−1 (A.14)

The minus-sign problem: Although this is not a problem that occurs in the attractive

form of the Hubbard model, it is instructive to discuss it here.

The DQMC is exact method, however its low temperature application is restricted

to systems with particle-hole (PHS) or other symmetries [200]. For instance, when PHS

holds, one can show [67] that detO↑ ∼ detO↓, which guarantees positive “Boltzmann

weights". When this symmetry is broken, e.g. away from half-filling, the product of

determinants in Eq. (A.4) may be negative, giving rise the infamous minus-sign problem

[201, 202]. Since one cannot work with negative “Boltzmann weights", p(c) = detO↑detO↓,

it constrains the use of DQMC. However, one can naively suggest that the p(c) should

be taken in absolute value, paying the price of multiplying by the sign of the product of

determinants, i.e. p(c) = |p(c)| × sign(c). On the one hand, it circumvents the negative

probabilities, on the other hand it includes noise in the measurements, since

⟨A⟩ =
∑

c |p(c)|sign(c)A(c)∑
c |p(c)|sign(c)

=
⟨A× sign⟩
⟨sign⟩ , (A.15)
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for a given quantity A; these averages become meaningless when ⟨sign⟩ ≪ 1. In summary,

the eventual consequence of the minus-sign problem is to introduce strong fluctuations on

the measurements, making the simulations more demanding, sometimes impractical. It

is worth mentioning that such problem has not been circumvent until present time, and

still is the main obstacle to a wider use of DQMC.
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Appendix B

Quantities of interest

B.1 Superfluid weight

Let us consider a generic Hamiltonian as,

Ĥ = Ĥk + ĤU , (B.1)

where ĤU is a arbitrary interaction, which can have, for instance, an onsite, or extended

Hubbard form or involve an electron-photon coupling. This one, eventually can lead

to a superconductor states, for example. In addition, Ĥk is a general single particle

Hamiltonian for a multiband model, read as,

Ĥk =
∑
iαjβσ

tαβ (ri − rj) c
†
iασcjβσ . (B.2)

In this case, tαβ (riα − rjβ) is the fermionic hopping matrix element, which connects the

orbital β in unit cell j to the orbital α in unit cell i with i, j cycling through all unit

cells.

We are interested in the current response to a vector potential applied in the x̂ direc-

tion, Ax(r, t). In particular, we want to analyze the system in the long-wavelength limit

q→ 0, where Ax(r, t) very slowly varies. This assumption, of an infinitesimally small vec-

tor potential Ax(r), ensures that we are probing the system’s intrinsic properties rather

than introducing artificial finite-size effects. In other words, we are probing the system’s

bulk behavior, rather than small-scale fluctuations that might appear at finite q.
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Let us, without loss of generality, change the notation for a generalized coordinates,

where R = (riα + rjβ) /2 and r = (riα − rjβ), we can rewrite the equation (B.2) as,

Ĥk =
∑
rαβσ

tαβ (r) c
†
iασcjβσ . (B.3)

The vector potential Ax enters in a tight-binding Hamiltonian by the so-called Peierls

substitution, where the gauge-invariance requires transform the creation (annihilation)

operator of an electron at a site as,

c†iασ → c†iασ exp
(
−i e

ℏc
A(riα)

)
, (B.4)

where A(ri) generates the gauge transformation of the vector potential Ax(ri)→ Ax(ri)+

∇A(ri). Thus, using the Eq. (B.4) and (B.3), the hopping picks up the Peierls phase, as,

Ĥk → Ĥk =
∑
rαβσ

tαβ (r) exp
(
−i e

ℏc
(A(riα)−A(rjβ))

)
c†iασcjβσ , (B.5)

Or, in an integral way

Ĥk(Ax) =
∑
rαβσ

tαβ (r) exp

(
−i e

ℏc

(∫ rjβ

riα

dr′Ax(r
′)

))
c†iασcjβσ . (B.6)

Thus, we assume that the vector potential varies slowly over the hopping distance,

which enable us expand Ax(r
′) around the midpoint R as

Ax(r
′) = Ax(R) + (r′ −R)∇Ax(R) +O(|r′ −R|2) , (B.7)

where we will neglect higher order terms of R, contained in O. So, substituting the Taylor

expansion, Eq. (B.7), into the integral of the Eq. (B.6), we can write,∫ rjβ

riα

dr′Ax(r
′) ≈

∫ rjβ

riα

dr′ [Ax(R) + (r′ −R)∇Ax(R)]

=

∫ rjβ

riα

dr′ [Ax(R)] +

∫ rjβ

riα

dr′ [(r′ −R)∇Ax(R)] (B.8)

where, since r′ − R is symmetric around the midpoint, the second integral in the right

side of the Eq. (B.8) vanishes in the first-order approximation. The integral can be
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approximated for, ∫ rjβ

riα

dr′Ax(r
′) ≈ Ax(R) · (rjβ − riα)

or, ∫ rjβ

riα

dr′Ax(r
′) ≈ Ax(R) · r (B.9)

Thus, in the long-wavelength limit, the phase accumulated by an electron hopping from

site i to j is effectively determined by the vector potential at the midpoint of the hopping

path.

Using the Eq. (B.9), we can rewrite Eq. (B.6) as,

Ĥk(Ax) =
∑

Rrαβσ

tαβ (r) exp
(
−i e

ℏ
Ax(R) · r

)
c†iασcjβσ , (B.10)

where, for simplicity, we have take c = 1.

Within linear response theory, we can further Taylor expand the exponential, retaining

terms which are linear (paramagnetic) and quadratic (diamagnetic) in A,

exp
(
−i e

ℏ
Ax(R) · r

)
≈ 1− i

e

ℏ
Ax(R) · r− e2

2ℏ2
(Ax(R) · r)2 +O(A3

x) . (B.11)

Of the Eq. (B.11) into Eq. (B.10), we can write,

Ĥk(Ax) ≈
∑

Rrαβσ

tαβ (r)

(
1− i

e

ℏ
Ax(R) · r− e2

2ℏ2
(Ax(R) · r)2

)
c†iασcjβσ

= Ĥk −
∑

Rrαβσ

tαβ (r)

[
i
e

ℏ
(Ax(R) · r) c†iασcjβσ +

e2

2ℏ2
(Ax(R) · r)2 c†iασcjβσ

]
,

(B.12)

where the first and second terms into the sum, in the right side of the Eq. (B.12), are

relations to paramagnetic (P) and diamagnetic (D) current contribution, respectively, as

will become clear below.

In what follows, the current density operator is obtained from the Hamiltonian as,

jx(r) =
δĤk(Ax)

δAx

(B.13)
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Thus, differentiating the Hamiltonian, we have,

jx(r) = i
e

ℏ
∑
iαjβσ

(riα − rjβ)x tαβ (riαjβ) c
†
iασcjβσ

+
e2

ℏ2
∑
iαjβσ

(riα − rjβ)
2
x tαβ (riαjβ)Ax(Riαjβ)c

†
iασcjβσ . (B.14)

Applying a Fourier transform to operators, we have,

c†iα =
1√
V

∑
k

exp (−ik · riα) c†kα (B.15)

Where V is the volume of the system. So, Eq. (B.14) is rewrite as,

jx(q) = i
e

V ℏ
∑

k1k2iαjβσ

(riα − rjβ)x tαβ (riαjβ) exp [−i (k1 − k2) · riαjβ] c†k1ασ
ck2βσ

+
e2

V ℏ2
∑

k1k2iαjβσ

(riα − rjβ)
2
x tαβ (riαjβ)Ax(Riαjβ) exp [−i (k1 − k2) · riαjβ] c†k1ασ

ck2βσ

(B.16)

Remind that we can rewrite the sum over site index as sum over r, and so, the Fourier

transform of hopping matrix element is tαβ(k) =
∑

r tαβ(r)e
−ik·r. Thus, make k = k1+k2

2

and q = k1 − k2, the Eq. (B.16) becomes,

jx(q) =
e

V ℏ
∑
kαβσ

∂tαβ(k)

∂kx
c†k+q/2,ασck−q/2,βσ +

e2

V ℏ2
∑
kαβσ

∂2tαβ(k)

∂k2
x

Ax(q)c
†
k,ασck,βσ (B.17)

or, in a formal way as,

jx(q) = jPx (q) + jDx (q) (B.18)

where, the P and D index indicate the Paramagnetic and Diamagnetic current contribu-

tion, with jPx and jDx are the first and second terms, in the right side, of the Eq. (B.17).

Let us use the standard linear response theory and Kubo formula to write the response

of the current to an external vector potential must be write as,

⟨jx⟩ (q, ω) =
∫

dt′χjxjx(q, t− t′)Ax(q, t
′) . (B.19)
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Where, for a imaginary time notation and taking the static long-wavelength limit, the Eq.

(B.19) can be read as,

⟨jx⟩ (q, ω = 0) =
−4e2
ℏ

ρsAx(q, ω = 0) , (B.20)

with, ρs the superfluid stiffness, which is associated with the free-energy cost of distorting

the phase of the SC order parameter |∆|eiϕ via the Boltzmann factor exp
(
−ρs

∫
dr|∇θ|2/2kBT

)
.

This quantity can be defined as

ρs = ρ̃− ℏ2

4e2
ΛT

xx(q→ 0, ω = 0) , (B.21)

where ρ̃ is proportional to longitudinal current response, due to diamagnetic current con-

tribution, and ΛT
xx(q→ 0, ω = 0) the transverse paramagnetic current-current correlation

function, where

Λxx(q→ 0, ωn = 0) = lim
q→0

∑
r

∫ β

0

dτ eiq·reiωnτΛxx(r, τ) . (B.22)

where ωn = 2nπT are the Matsubara frequencies, β = 1/kBT and

Λxx(r, τ) = ⟨jx(r, τ)jx(0, 0)⟩ , (B.23)

is the current-current correlation function.

The analysis of the general form of each term in right-hand side of Eq. (B.21) is

more complicated; see Ref. [104] for more details. Thus, let us take the simple case of a

square lattice system, for instance, for the single-band limit, which enable us write, up to

constant factors, an analogous expression to Eq. (2.8),

ρs =
1

4Ω

∑
kσ

∂2ε(k)

∂k2
x

n(k)− 1

4
ΛT

xx(q→ 0, ω = 0) , (B.24)

where, n(k) = ⟨c†kσckσ⟩, Ω is the lattice area, and for a square lattice with nearest-neighbor

hopping only, ε(k) = −2t (cos kx + cos ky). Thus, we must rewrite the Eq. (B.24) as

ρs =
1

4

[
⟨−Kx⟩ − ΛT

xx(q→ 0, ω = 0)
]
, (B.25)
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where ⟨−Kx⟩ is proportional to the kinetic energy in the x̂ direction, represents the

diamagnetic part of the response.

The parallel between Eq. (2.8) and Eq. (B.25) is complete, noting the fact that

ΛL ≡ lim
qx→0

Λxx(qx, qy = 0, ωn = 0) = ⟨−Kx⟩, (B.26)

and

ΛT
xx(q→ 0, ω = 0)→ ΛT

xx ≡ lim
qy→0

Λxx(qx = 0, qy, ωn = 0). (B.27)

See the Ref. [203, 71] for more details.

B.2 Correlation Ratio

In the context of continuous phase transitions, several quantities display singular

behavior in the thermodynamic limit at a critical temperature, Tc, characterized by critical

exponents. For instance, a generic quantity usually diverges as X ∼ |T − Tc|−x, where

x is the associated critical exponent; in particular, the correlation length behaves as

ξ ∼ |T − Tc|−ν . However, in systems with finite linear sizes, L, these divergences are

rounded, and their limit as L → ∞ is described quite generically by a finite-size scaling

(FSS) theory [204, 205, 206], which is based on the fact that the two important length

scales are ξ and L, so that X follows a scaling ansatz,

X(L, T ) = Lx/νF(L/ξ), T → Tc, L→∞. (B.28)

In particular, at T = Tc we see that L−x/νX(L, Tc) is size-invariant, and could be used

to determine Tc, if x and ν were known, which is not usually the case. However, we

may use instead a dimensionless quantity, Y (L, T ), related to X (so that y = 0) with

which we can estimate Tc without the previous knowledge of x and ν. The quest for such

quantity begins with the structure factor associated with the relevant order parameter:

in the thermodynamic limit, it diverges at a characteristic ordering wavevector, q, as the

critical temperature is approached, i.e., the peak gets narrower and larger. Thus, with
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a structure factor, S(q), we may form a dimensionless quantity, the so-called correlation

ratio, Rc, which is scale (or size-) invariant at the critical point,

Rc(L, β) = 1− S(q+ δq)

S(q)
, (B.29)

where q + δq is a point in reciprocal space close to q. Equation (B.29) therefore follows

the FSS ansatz, Eq. (B.28), with x = 0, and can then be used to estimate Tc from plots of

Rc(β) for different L’s. For the case at hand, we use the uniform, q = 0, s-wave pairing

structure factor, Ps(q), to calculate Rc(L, β).
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Appendix C

Cluster Perturbation Theory - CPT

The CPT method is based in partition an original lattice γ into an infinite number

of finite clusters formed by L sites. This corresponds to forming a superlattice Γ with L

sites in its basis [184, 207]. Within this approach, one can decompose the Hamiltonian of

the system as

H = Hcluster + T , (C.1)

where

Hcluster =
∑
α,β

tα,βc
†
αcβ +HU,loc, (C.2)

accounts for the terms of the Hamiltonian that act inside each cluster (intracluster terms),

and

T =
∑
α,β

Vα,βc
†
αcβ (C.3)

is the term that connects different clusters of the superlattice (intercluster terms). In Eq.

(C.2) tα,β are one-particle matrix-elements of intracluster term. HU,loc is the term respon-

sible for the many-body nature of the problem. To permit the application of the CPT

method it is necessary that HU,loc involve only on-site bosonic and fermionic operators,

i.e., it must be a local interaction term. Two examples of such terms are the Hubbard

electron-electron interaction and the Holstein electron-phonon coupling, the latter being
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the object of study in the present work. Once we constrain ourselves to local interactions,

the intercluster term (Eq. C.3) involves only one-particle operators with matrix elements

Vα,β. With this, one can write the Green function of Hamiltonian as

G(ω)−1 = G′(ω)−1 −V, (C.4)

where, G(ω) is the Green function of the complete Hamiltonian, G′(ω) is the exact Green

function of the intra-cluster term. The cluster superlattice has a reduced Brillouin zone.

One can connect any wavevector k of the original Brillouin zone to a wavevector k̃ in the

reduced one by k = k̃+K where K is an element of the reciprocal superlattice. Eq. (C.4)

in the reduced Brillouin zone is given by

G(k̃, ω)−1 = G′(ω)−1 −V(k̃). (C.5)

One can calculate the CPT Green function by

GCPT(k, ω) =
1

L

∑
a,b

e−ik(ra−rb)Ga,b(k̃, ω) (C.6)

where ra(b) is the position of sites inside the cluster. The CPT Green function takes into

account the leading order in the interaction term and allows the evaluation of the variety

spectral quantities. Here, we focus on spectral weight, which is read as

A0(k, ω) = −
1

2π
Im[GCPT(k, ω)], (C.7)

from which one can compute the density of states (DOS)

N(ω) =
1

N

∑
k

A0(k, ω). (C.8)

We used the DOS in the main text study of the transition from Rashba metal to the

gapped CDW phase induced by EPC.

In Eqs. (C.1-C.8), we assume spinless Fermions. In the Holstein-Rashba model, the

RSOC generates a spin texture, turning necessary to adapt these equations by including



114

additional spin indexes on Eqs. (C.1-C.5). The intercluster hopping matrix for Holstein-

Rashba Hamiltonian [Eq. (5.1)] is given by,

V (k̃) = (e−2ik̃x)(tσz + itRσy)⊗∆x

+ (e−2ik̃y)(tσz − itRσx)⊗∆y + h.c. (C.9)

where ∆x and ∆x denotes the x̂ and ŷ unitary translation operators in the cluster. In

the presence of RSOC, the CPT Green function becomes a matrix with dimension 2 with

each matrix element [GCPT(k, ω)]σ,σ′ given by Eq. (C.6). Also, one includes an additional

trace over spin indices in Eqs. (C.7, C.8). We can also define a spin-polarized spectral

weight

Aµ(ω,k) = −
1

2π
Im (Tr[GCPT(k, ω) · σµ]) , (C.10)

where µ = x, y, z. This function gives information on spin-polarized electronic excitation

spectra.

In the results presented in the main text, we used 2 × 2 clusters (L = 4). The

unconstrained size of bosonic Hilbert space turns necessary the use of a cut-off in the

number of phonons per site. To reach the convergence of our results, we used a cutoff on

the phonon number that varies from 10 to 16 depending on the value of EPC. The study

of larger clusters using this method is computationally demanding. As discussed in the

main text, the cluster size should not affect the position of critical points on the CPT

phase diagram but should affect the pair correlation functions.



115

Bibliography

[1] Thomas Hartke, Botond Oreg, Carter Turnbaugh, Ningyuan Jia, and Martin Zwier-

lein. Direct observation of nonlocal fermion pairing in an attractive Fermi-Hubbard

gas. Science, 381(6653):82–86, 2023.

[2] I. Bloch, J. Dalibard, and W. Zwerger. Many-body physics with ultracold gases.

Rev. Mod. Phys., 80:885, Jul 2008.

[3] J. Bardeen, L. N. Cooper, and J. R. Schrieffer. Theory of superconductivity. Phys.

Rev., 108:1175–1204, Dec 1957.

[4] Leon N. Cooper. Bound Electron Pairs in a Degenerate Fermi Gas. Phys. Rev.,

104:1189–1190, Nov 1956.

[5] J. G. Bednorz and K. A. Müller. Possible high-Tc superconductivity in the BaLaCuO

system. Zeitschrift für Physik B Condensed Matter, 64(2):189–193, Jun 1986.

[6] A.S. Alexandrov and P.P. Edwards. High-Tc cuprates: a new electronic state of

matter? Physica C: Superconductivity, 331(2):97–112, 2000.

[7] Kyle M. Shen and J.C. Seamus Davis. Cuprate high-Tc superconductors. Materials

Today, 11(9):14–21, 2008.

[8] Dale R Harshman, Anthony T Fiory, and John D Dow. Theory of high-Tc su-

perconductivity: transition temperature. Journal of Physics: Condensed Matter,

23(29):295701, jul 2011.



116

[9] Zuo-Dong Yu, Yuan Zhou, Wei-Guo Yin, Hai-Qing Lin, and Chang-De Gong. Phase

competition and anomalous thermal evolution in high-temperature superconductors.

Phys. Rev. B, 96:045110, Jul 2017.

[10] Yuan Cao, Valla Fatemi, Shiang Fang, Kenji Watanabe, Takashi Taniguchi,

Efthimios Kaxiras, and Pablo Jarillo-Herrero. Unconventional superconductivity

in magic-angle graphene superlattices. Nature, 556(7699):43–50, Apr 2018.

[11] Myungchul Oh, Kevin P. Nuckolls, Dillon Wong, Ryan L. Lee, Xiaomeng Liu, Kenji

Watanabe, Takashi Taniguchi, and Ali Yazdani. Evidence for unconventional su-

perconductivity in twisted bilayer graphene. Nature, 600(7888):240–245, Dec 2021.

[12] Aaron Chew, Yijie Wang, B. Andrei Bernevig, and Zhi-Da Song. Higher-order

topological superconductivity in twisted bilayer graphene. Phys. Rev. B, 107:094512,

Mar 2023.

[13] Maryam Khosravian, Elena Bascones, and Jose L Lado. Moiré-enabled topological

superconductivity in twisted bilayer graphene. 2D Materials, 11(3):035012, apr

2024.

[14] Hualei Sun, Mengwu Huo, Xunwu Hu, Jingyuan Li, Zengjia Liu, Yifeng Han,

Lingyun Tang, Zhongquan Mao, Pengtao Yang, Bosen Wang, Jinguang Cheng,

Dao-Xin Yao, Guang-Ming Zhang, and Meng Wang. Signatures of superconductiv-

ity near 80 k in a nickelate under high pressure. Nature, 621(7979):493–498, Sep

2023.

[15] Matthias Hepting. Nickelates join the club of high-temperature superconductors.

Nature, 621(7979):475–476, September 2023.



117

[16] Mohit Randeria, Nandini Trivedi, Adriana Moreo, and Richard T. Scalettar. Pairing

and spin gap in the normal state of short coherence length superconductors. Phys.

Rev. Lett., 69:2001–2004, Sep 1992.

[17] Raimundo R. dos Santos. Spin gap and superconductivity in the three-dimensional

attractive Hubbard model. Phys. Rev. B, 50:635–638, Jul 1994.

[18] Thereza Paiva, Richard Scalettar, Mohit Randeria, and Nandini Trivedi. Fermions

in 2d optical lattices: Temperature and entropy scales for observing antiferromag-

netism and superfluidity. Phys. Rev. Lett., 104:066406, Feb 2010.

[19] John A. Wilson. Developments in the negative-U modelling of the cuprate HTSC

systems. Journal of Physics: Condensed Matter, 13(50):R945–R977, nov 2001.

[20] R. Micnas, J. Ranninger, and S. Robaszkiewicz. Superconductivity in narrow-band

systems with local nonretarded attractive interactions. Rev. Mod. Phys., 62:113–

171, Jan 1990.

[21] Mohit Randeria. Bose–Einstein Condensation, chapter Crossover from BCS The-

ory to Bose-Einstein Condensation, pages 355–392. Cambridge University Press,

Cambridge, 1995.

[22] Qijin Chen, Jelena Stajic, Shina Tan, and K. Levin. BCS-BEC crossover: From high

temperature superconductors to ultracold superfluids. Physics Reports, 412(1):1 –

88, 2005.

[23] Mohit Randeria and Edward Taylor. Crossover from Bardeen-Cooper-Schrieffer to

Bose-Einstein condensation and the unitary Fermi gas. Annual Review of Condensed

Matter Physics, 5(1):209–232, 2014.

[24] Agnieszka Górecka, Benoît Grémaud, and Christian Miniatura. Synthetic magnetic

fluxes on the honeycomb lattice. Phys. Rev. A, 84:023604, Aug 2011.



118

[25] Gyu-Boong Jo, Jennie Guzman, Claire K. Thomas, Pavan Hosur, Ashvin Vish-

wanath, and Dan M. Stamper-Kurn. Ultracold atoms in a tunable optical kagome

lattice. Phys. Rev. Lett., 108:045305, Jan 2012.

[26] Jin-Yu Liu, Guang-Quan Luo, Xiao-Qiong Wang, Andreas Hemmerich, and Zhi-

Fang Xu. Experimental realization of a high precision tunable hexagonal optical

lattice. Opt. Express, 30(25):44375–44384, Dec 2022.

[27] Debayan Mitra, Peter T. Brown, Elmer Guardado-Sanchez, Stanimir S. Kondov,

Trithep Devakul, David A. Huse, Peter Schauss, and Waseem S. Bakr. Quantum

gas microscopy of an attractive Fermi-Hubbard system. Nature Physics, 14(2):173–

177, 2018.

[28] Herman Feshbach. Unified theory of nuclear reactions. Annals of Physics, 5(4):357–

390, 1958.

[29] Cheng Chin, Rudolf Grimm, Paul Julienne, and Eite Tiesinga. Feshbach resonances

in ultracold gases. Rev. Mod. Phys., 82:1225–1286, Apr 2010.

[30] T. P. Billam, A. L. Marchant, S. L. Cornish, S. A. Gardiner, and N. G. Parker.

Bright Solitary Matter Waves: Formation, Stability and Interactions, pages 403–

455. Springer Berlin Heidelberg, Berlin, Heidelberg, 2013.

[31] M. Houbiers, H. T. C. Stoof, W. I. McAlexander, and R. G. Hulet. Elastic and in-

elastic collisions of 6Li atoms in magnetic and optical traps. Phys. Rev. A, 57:R1497–

R1500, Mar 1998.

[32] J Hecker Denschlag, J E Simsarian, H Häffner, C McKenzie, A Browaeys, D Cho,

K Helmerson, S L Rolston, and W D Phillips. A bose-einstein condensate in

an optical lattice. Journal of Physics B: Atomic, Molecular and Optical Physics,

35(14):3095, jul 2002.



119

[33] Oliver Morsch and Markus Oberthaler. Dynamics of Bose-Einstein condensates in

optical lattices. Rev. Mod. Phys., 78:179–215, Feb 2006.

[34] W. Hofstetter, J. I. Cirac, P. Zoller, E. Demler, and M. D. Lukin. High-temperature

superfluidity of fermionic atoms in optical lattices. Phys. Rev. Lett., 89:220407, Nov

2002.

[35] Ehud Altman and Assa Auerbach. Oscillating superfluidity of bosons in optical

lattices. Phys. Rev. Lett., 89:250404, Dec 2002.

[36] J. K. Chin, D. E. Miller, Y. Liu, C. Stan, W. Setiawan, C. Sanner, K. Xu, and

W. Ketterle. Evidence for superfluidity of ultracold fermions in an optical lattice.

Nature, 443(7114):961–964, Oct 2006.

[37] C.A. Regal and D.S. Jin. Experimental Realization of the BCS-BEC Crossover with

a Fermi Gas of Atoms. volume 54 of Advances In Atomic, Molecular, and Optical

Physics, pages 1–79. Academic Press, 2007.

[38] Thereza Paiva, Raimundo R. dos Santos, R. T. Scalettar, and P. J. H. Denteneer.

Critical temperature for the two-dimensional attractive Hubbard model. Phys. Rev.

B, 69:184501, May 2004.

[39] Rodrigo A. Fontenele, Natanael C. Costa, Raimundo R. dos Santos, and Thereza

Paiva. Two-dimensional attractive Hubbard model and the BCS-BEC crossover.

Phys. Rev. B, 105:184502, May 2022.

[40] Piotr Magierski, Gabriel Wlazłowski, Aurel Bulgac, and Joaquín E. Drut. Finite-

Temperature Pairing Gap of a Unitary Fermi Gas by Quantum Monte Carlo Cal-

culations. Phys. Rev. Lett., 103:210403, Nov 2009.

[41] Piotr Magierski, Gabriel Wlazłowski, and Aurel Bulgac. Onset of a Pseudogap

regime in Ultracold Fermi Gases. Phys. Rev. Lett., 107:145304, Sep 2011.



120

[42] Gabriel Wlazłowski, Piotr Magierski, Joaquín E. Drut, Aurel Bulgac, and Ken-

neth J. Roche. Cooper Pairing Above the Critical Temperature in a Unitary Fermi

Gas. Phys. Rev. Lett., 110:090401, Feb 2013.

[43] Hiroyuki Tajima, Takashi Kashimura, Ryo Hanai, Ryota Watanabe, and Yoji

Ohashi. Uniform spin susceptibility and spin-gap phenomenon in the BCS-BEC-

crossover regime of an ultracold Fermi gas. Phys. Rev. A, 89:033617, Mar 2014.

[44] B. L. Kang, M. Z. Shi, S. J. Li, H. H. Wang, Q. Zhang, D. Zhao, J. Li, D. W. Song,

L. X. Zheng, L. P. Nie, T. Wu, and X. H. Chen. Preformed cooper pairs in layered

FeSe-Based Superconductors. Phys. Rev. Lett., 125:097003, Aug 2020.

[45] Rodrigo A. Fontenele, Natanael C. Costa, Thereza Paiva, and Raimundo R. dos

Santos. Increasing superconducting Tc by layering in the attractive Hubbard model.

Phys. Rev. A, 110:053315, Nov 2024.

[46] Rodrigo Alves Fontenele, Nathan Vasconcelos, Natanael Carvalho Costa, Thereza

Paiva, and Raimundo Rocha dos Santos. Second-Neighbor Hopping Effects in the

Two-Dimensional Attractive Hubbard Model. Condensed Matter, 8(1), 2023.

[47] Rodrigo A. Fontenele, Natanael C. Costa, Thereza Paiva, and Raimundo R. dos

Santos. Effects of next-nearest neighbor hopping on the pairing and critical tem-

peratures of the attractive Hubbard model on a square lattice. arXiv:2503.06753,

2025.

[48] G. Grüner. The dynamics of charge-density waves. Rev. Mod. Phys., 60:1129–1181,

Oct 1988.
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