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Resumo

The extended Hubbard model on a honeycomb

lattice

Welberth Kennedy Pereira da Silva

Orientador: Raimundo Rocha dos Santos

Coorientador: Sebastião dos Anjos Sousa-Júnior

Resumo da Dissertação de Mestrado apresentada ao Programa de Pós-
Graduação em F́ısica do Instituto de F́ısica da Universidade Federal do Rio de
Janeiro - UFRJ, como parte dos requisitos necessários à obtenção do t́ıtulo de
Mestre em Ciências (F́ısica).

Estudamos o diagrama de fases do modelo de Hubbard estendido sob uma rede favo

de mel (honeycomb) semi-preenchida por meio de simulações de Monte Carlo quântico

determinantal. No modelo de Hubbard repulsivo, à temperatura nula, a transição de fase

para um estado antiferromagnético ocorre apenas para um valor suficientemente forte do

acoplamento local, U . No entanto, a inclusão de uma interação estendida repulsiva, V ,

entre férmions que ocupam orbitais de primeiros vizinhos induz uma fase com ordenamento

de carga. Para interações atrativas, também identificamos uma fase supercondutora e

um estado de separação de fase. Constrúımos um diagrama de fases completo e, para

isto, calculamos os fatores de estrutura associados a diferentes ordenamentos, combinados

com medidas de dupla ocupação e da média do sinal dos determinantes fermiônicos.

Mostramos que a fase semimetálica forma uma região da qual as fases ordenadas são

exclúıdas, impedindo a estabilização de uma fase supercondutora com simetria onda-d,

ou seja, apenas o emparelhamento do tipo onda-s é permitido.
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Abstract

The extended Hubbard model on a honeycomb

lattice

Welberth Kennedy Pereira da Silva

Orientador: Raimundo Rocha dos Santos

Coorientador: Sebastião dos Anjos Sousa-Júnior

Abstract da Dissertação de Mestrado apresentada ao Programa de Pós-
Graduação em F́ısica do Instituto de F́ısica da Universidade Federal do Rio de
Janeiro - UFRJ, como parte dos requisitos necessários à obtenção do t́ıtulo de
Mestre em Ciências (F́ısica).

We investigate the phase diagram of the extended Hubbard model on a half-filled

honeycomb lattice through determinant quantum Monte Carlo simulations. At zero tem-

perature, the repulsive Hubbard model undergoes a transition to an antiferromagnetic

state only for sufficiently strong on-site coupling, U . However, the inclusion of a re-

pulsive extended interaction, V , between fermions in nearest-neighbor orbitals induces a

charge-ordered phase. For attractive interactions, we also identify superconducting and

phase-separated phases. We have determined a complete phase diagram with the aid of

structure factors associated with various orderings, combined with measurements of dou-

ble occupancy and the average sign of fermionic determinants. We have established that

the semi-metallic phase forms a zone from which ordered phases are excluded, prevent-

ing the stabilization of a superconducting phase with d-wave symmetry, i.e., only s-wave

pairing is allowed.
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Introduction

The Hubbard model, proposed by J. Hubbard in 1963 [7], provides one of the simplest

ways to study electronic correlations in solids. The model expresses the competition be-

tween itinerancy (electron hopping through lattice sites) and localization (due to Coulomb

repulsion). Although the model was initially simplified to include only on-site interac-

tions, for mathematical convenience, Hubbard’s original formulation already considered

the possibility of weaker extended interactions, including nearest-neighbor interactions.

The competition between interactions in itinerant fermionic systems usually gives rise

to a multitude of interesting phases [8]. For instance, while magnetic correlations arise

from Coulomb repulsion between electrons, coupling with phonon degrees of freedom may

induce charge and pairing correlations. From a theoretical perspective, the Extended

Hubbard Model (EHM) is one of the simplest models describing emergent magnetic,

charge, and superconducting orders in electronic systems. Indeed, while a repulsive on-

site interaction, U > 0, favors the formation of magnetic moments and their effective

coupling, the presence of a repulsive nearest-neighbor interaction, V > 0, enhances charge

correlations, thus favoring arrangements of doubly occupied sites.

Investigations about the pairing mechanisms of unconventional superconductivity in

cuprates suggest that, although in Hubbard’s original paper both local and extended

interactions are Coulombic (U, V > 0), antiferromagnetic fluctuations mediate an effec-

tive interaction which is repulsive locally and attractive in nearest-neighbors sites [9, 10].

Indeed, on a half-filled square lattice, an attractive V < 0 gives rise to a d-wave super-

conducting state within a range of values of U > 0 [11, 12, 13, 14, 2]; upon doping, this
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model is expected to have strong bearings on high-Tc superconductivity in the cuprates

[15]. This model has recently been realized in contexts such as the quasi-one-dimensional

cuprate Ba2−xSrxCuO3+δ [16], ultracold atoms in optical lattices [17, 18], and in few-

dopant quantum dot systems [19].

Phases emerging from competing interactions are often sensitive to the underlying

lattice geometry. A simple example is provided by the half-filled Hubbard model (HM)

on a kagome lattice with anisotropic hopping: a crossover between kagome and Lieb lat-

tices involves phases such as ferromagnetic insulating, paramagnetic metallic, and Mott

insulating [20, 21]. The recent discovery of correlated insulating phases and supercon-

ductivity in magic-angle twisted bilayer graphene (TBG) [22, 23] has spawned renewed

interest in the study of strongly correlated phenomena on a honeycomb (HC) lattice.

Indeed, while electron-electron interactions had previously been invoked to explain the

occurrence of a strain-driven semimetal-insulator transition in graphene [24, 25, 26], a

recent study pointed towards the potential control of electron-electron interaction in

graphene through proximity screening [27]. In addition, some transition-metal dichalco-

genides (TMD) with low-dimensional hexagonal-like lattice geometries have been found to

exhibit charge-density wave and superconducting phases [28, 29]. A Hubbard-like model

for magic-angle TBG has been proposed [30], whose low-energy properties are strongly

influenced by electron-electron (e-e) interactions, thus opening the possibility of novel

many-body effects [31]. Further, recent matrix Random Phase Approximation (RPA)

calculations suggest that the superconducting phase in the magic angle TBG is strongly

influenced by local and extended e-e interactions [32]. Finally, we stress that the proper-

ties of the HM on the HC lattice are quite different from those on the square lattice: the

former displays a semimetallic-antiferromagnetic (SM-AFM) transition at a finite value

of U [33, 34, 6]; that is, the system goes from a gapless Dirac SM to an insulating mag-

netically ordered phase with a characteristic Mott gap.

In view of the above, a thorough study of the EHM on a HC lattice is certainly of
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interest. We note that the studies so far [5, 35, 36] have been mean-field–based and

focused on the first quadrant of the U -V parameter space, namely U, V > 0. The picture

that emerged at half filling is that in addition to the AFM and SM phases, already

present in the HM, a finite V > 0 induces the appearance of a charge-density wave

(CDW) phase for V ≳ U/3; upon doping, superconducting phases may be stabilized [35].

One should have in mind that similar half-filling physics occurs in the Hubbard-Holstein

model [37], as a result of enhanced charge correlations caused by the electron-phonon

coupling. For completeness, we mention that several variants of the EHM on a HC lattice

have also predicted the appearance of CDW phases [38, 5, 39, 40], as well as bond-ordered

phases [41], and non-trivial topological properties [42].

Our purpose here is to explore the full parameter space of the half-filled EHM on a

honeycomb lattice through determinant quantum Monte Carlo (DQMC) simulations. We

will focus on the nature of the emerging phases, and on an accurate determination of the

different phase boundaries. The extended Hubbard model is described by the Hamiltonian

H = −t
∑
⟨i,j⟩

(c†iσcjσ +H.c.)− µ
∑
i,σ

ni,σ + U
∑
i

ni↑ni↓ + V
∑
⟨i,j⟩

ninj, (1)

with c†i,σ(ci,σ) being the creation (annihilation) operator for an electron with spin σ(=↑, ↓)

on site i. Here, the sums run over sites of a two-dimensional honeycomb lattice with

periodic boundary conditions and ⟨i, j⟩ denotes nearest-neighbor sites only. The first term

in Eq. (1) describes fermionic hopping, the second controls the band filling through the

chemical potential, µ, with ni,σ ≡ c†i,σci,σ. The third and fourth terms describe on-site and

extended interactions, with strengths U and V , respectively. A schematic representation

of the model is depicted in Fig. 1.
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Fig. 1: A portion of the HC lattice with linear lattice size L = 3. Sites on each of the
two sublattices are represented as (orange) filled and empty circles; primitive vectors are
denoted by a⃗1 and a⃗2. Hoppings (−t) are only allowed between nearest-neighbor (NN)
sites, while U and V represent on-site and NN couplings. Periodic boundary conditions
are assumed, as indicated by the dashed lines crossing the diamond contour.

The layout of this dissertation is as follows. In Chapter 1 we derive the Hubbard

model and present some results for one- and two-dimensional EHM. In Chapter 2 we

highlight the determinant quantum Monte Carlo method and some strategies to study

phase transitions. Chapter 3 presents the results for the ground-state of the EHM on a

honeycomb lattice. Finally, Chapter 4 summarizes our findings.
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Chapter 1

The Hubbard Model

1.1 Models for electron correlations in narrow energy

bands

We know from quantum mechanics that the physical properties of a many-particle sys-

tem are fully described by the many-body wave function. Surprisingly, many important

properties of condensed matter systems can be satisfactorily explained without accounting

for interactions between electrons. However, some properties like magnetism in transition

metals or superconductivity in cuprates are strongly dependent on the collective behavior

of these particles. The strong correlation between electrons introduces extra complex-

ity, making the theoretical description of these phenomena challenging, especially when

accounting for all aspects of a real crystal. Therefore, a simpler model of a solid that

accounts for the electronic interaction is very useful for describing strongly correlated

phenomena in materials.

In view of the above, electrons in the conduction band of conventional metals are

weakly interacting, so that the properties of these metals can be adequately described for

a free electron gas model. However, materials such as transition metals and rare-earth

have partly filled d and f narrow bands in addition to their conduction bands. Because

of this, the correlation phenomena have a greater contribution than the effects of the

conduction band in determining the properties of these materials.
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In 1963 John Hubbard proposed a model to describe electron correlations in narrow

energy bands of 3d−transition metals [7]. In a d-band the electron charge density is con-

centrated close to the nuclei of the solid and sparse between the atoms; with this we can

think of the electron as being on a particular atom. Indeed, these electrons exhibit char-

acteristics of both the ordinary band model and the atomic model. For example, the large

contribution of d-electrons to the specific heat at low temperatures is well explained by a

band theory, while the spin-wave phenomena in ferromagnetic metals can be understood

with an atomic model. Therefore, a theory of correlation effects in narrow d-bands should

primarily focus on achieving a detailed understanding of the balance between band-like

and atomic-like behavior. In a few words, the Hubbard model encompasses the inter-

play between itinerancy and localization of electrons. In what follows, we present a short

derivation of the Hubbard Hamiltonian highlighting the main approximations assumed.

Although the real case of interest was 3d-transition metals, for reasons of mathematical

simplicity, the s-band case was considered. The Hamiltonian for an electron in a solid

can be written as

H =
∑
i

[
1

2m
P 2
i + V (ri)

]
+

1

2

∑
i̸=j

e2

|ri − rj|
, (1.1)

where V (ri) is the potential energy of electron-ion interaction and the last term concerns

the electron-electron (e-e) interaction. Let the one-electron term be represented by h(ri)

and vi,j ≡ e2/|ri − rj|. Then Eq.(1.1) can be expressed in second quantized form as

H =
∑
νµ

⟨ν|h|µ⟩c†νcµ +
1

2

∑
µναβ

⟨µν|vi,j|αβ⟩c†νc†µcαcβ, (1.2)

with c†ν(cν) being the creation (annihilation) operators for fermions. We now choose a

basis of Bloch states, ψk(r), to represent Eq.(1.2). In this basis, the Hamiltonian is

expressed as

H =
∑
kσ

εkc
†
kck +

1

2

∑
k1k2k′

1k
′
2

∑
σσ′

⟨k1k2|
1

r
|k′

1k
′
2⟩c†k1σ

c†k2σ′ck′
2σ

′ck′
1σ
, (1.3)
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where εk = ⟨ψk|h|ψk⟩, σ = {↑, ↓} is the spin label and the k sums run over the first

Brillouin zone.

It is convenient to transform the Hamiltonian of Eq.(1.3) by introducing the Wannier

functions,

ϕ(r−Ri) =
1√
N

∑
k

ψk(r)e
−ik·Ri . (1.4)

We have the corresponding relation to the creation (annihilation) operators

c†iσ =
1√
N

∑
k

c†kσe
−ik·Ri , ciσ =

1√
N

∑
k

ckσe
ik·Ri . (1.5)

With this, the transformed Hamiltonian reads

H =
∑
ij

∑
σ

Tijc
†
iσcjσ +

1

2

∑
ijlm

∑
σσ′

⟨ij|1
r
|lm⟩c†iσc†jσ′cmσ′clσ, (1.6)

where,

Tij =
1

N

∑
k

εke
ik·(Ri−Rj) (1.7)

and

⟨ij|1
r
|lm⟩ = e2

∫
ϕ∗(r−Ri)ϕ

∗(r−Rj)ϕ(r−Rl)ϕ(r−Rm)

|r′ − r| drdr′. (1.8)

With the Hamiltonian expressed in the form of Eq. (1.6), the main approximation

can be made. Since one is considering a narrow band, the Wannier functions will closely

resemble atomic s-orbitals. Furthermore, if we assume a small bandwidth, these s-orbitals

must form an atomic shell with a radius smaller than the interatomic distance. With this,

we can see through Eq.(1.8) that the on-site interaction, namely U ≡ ⟨ii|1/r|ii⟩, will be

greater in magnitude than other integrals. This suggests that, in a first approximation,

all other possible integrals can be neglected. With this approximation, Eq.(1.6) turns into

the Hubbard model Hamiltonian

H =
∑
ij

∑
σ

Tijc
†
iσcjσ +

U

2

∑
i

ni↑ni↓, (1.9)

where, niσ = c†iσciσ is the number operator.
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The largest term of Eq.(1.8) neglected in the Hubbard model represents the nearest-

neighbor interactions, V ≡ ⟨ij|1/r|ij⟩; this term allows for accounting the effects of non-

local electronic correlations. This improvement in the first approximation gives rise to

the extended Hubbard model, whose Hamiltonian reads

H =
∑
ij

∑
σ

Tijc
†
iσcjσ +

U

2

∑
i

ni↑ni↓ +
V

2

∑
ij

∑
σ

niσnjσ. (1.10)

For the sake of comparison, in 3d-transition metals the ratio between the order of mag-

nitude of local and extended interactions is V/U = 0.3, which suggests that the inclusion

of the extended interactions term is quite appreciable.

Although Hubbard models were initially proposed for studying 3d-transition metals,

over the years, they have been employed to describe a wide range of phenomena in con-

densed matter physics. Examples include high-temperature superconductivity in cuprates

[9], the emergence of various strongly correlated phases in twisted bilayer graphene sys-

tems [30, 31], and in the context of topological phase transitions [43].

1.2 Attractive electron-electron interactions

In the previous section we presented the motivations and formulation of the on-site

and extended Hubbard models. As discussed above, initially both local and nearest-

neighbor electron-electron interactions on the Hamiltonian are Coulombic (repulsive),

i.e., U, V > 0 in Eq.(1.10). However, alternative versions of both models with effective

local and/or nearest-neighbor attraction have been largely employed to explore correlation

effects [44, 9, 10, 45].

In the context of narrow energy bands, two electrons can effectively interact with each

other attractively, leading to the formation of local pairs. The simplest mechanism for the

formation of these pairs comes from the electron-lattice interaction, which favors the for-

mation of polarons. Two polarons interact attractively through the induced deformation

of the lattice and form a local pair if this attraction overcomes the Coulomb repulsion.
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This effective attraction can lead to phases such as superconductivity and charge-density

wave, found in a vast list of materials [44]. This mechanism is well featured setting an

attractive on-site interaction (U < 0) on the extended Hubbard Hamiltonian. Further-

more, the attractive Hubbard model was also employed to study phenomena such as

the BCS-BEC crossover [45] and mechanisms to increase the critical temperature of the

superconducting phase [46, 47].

Cuprates are well-known materials for exhibiting superconductivity with higher critical

temperatures compared to conventional superconductors [48]. Unlike BCS superconduc-

tors [49], these materials exhibit strong e-e interactions and an unconventional d-wave

pairing symmetry. Another common feature of cuprates is the antiferromagnetic (AFM)

order in the undoped regime, with the superconducting state emerging when the system

is doped with holes. This suggests that spin fluctuations may play an important role in

the formation of pairs. However, the exact mechanism behind the pairing remains un-

known. In this context, the Hubbard model and its variants provide the simplest way to

describe several properties of these materials, thus making it reasonable to examine the

pairing interactions within these models. In this case the pairing interaction is given by

the irreducible particle-particle four-point vertex [10]. As discussed in Ref.[10], the AFM

spin fluctuations lead to a spatially non-local pairing interaction, characterized by on-site

repulsion (U > 0) and nearest-neighbor attraction (V < 0).

1.3 Extended Hubbard model

1.3.1 Extended Hubbard model at half-filling

The extended Hubbard model (EHM) is a straightforward approach to describe the

effects of competition between local and non-local electronic correlations. While the

Coulomb on-site repulsion favors the formation and coupling of magnetic moments, the

nearest-neighbor repulsion increases charge correlations, leading to charge ordered phases.

Furthermore, if one allows for effective attractive interactions, superconducting and phase
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Fig. 1.1: Ground state phase diagram for the half-filled extended Hubbard model in one
dimension. Figure extracted from Ref.[1]

separated states may be stabilized. In view of this, the EHM is expected to exhibit a rich

phase diagram, especially when considering positive and negative values for U and V .

Therefore, it is important to investigate the EHM phase diagrams and how it is influenced

by different electronic structures and band fillings.

The ground state phase diagram for the half-filled EHM in one dimension is already

known [50], as summarized in Fig 1.1. On-site repulsion favors a spin-density wave phase,

while the first-neighbor repulsion induces a charge-density wave; the boundary between

these phases is near the U = 2V line. The system also exhibits a bond-ordered wave

(BOW) phase; see Fig 1.1. For V < 0 the superconducting (SC) phases appear for both

repulsive or attractive on-site interaction. Furthermore, strong nearest-neighbor attrac-

tion induces a phase separated (PS) phase. This state is characterized by a superposition

of empty and fully doubly occupied system; see Fig.1.1.

It is interesting to analyze what happens when t = 0, namely the atomic limit. For a

bipartite lattice, the CDW and AFM states, depicted for a square lattice in Fig.1.2, have

energies

Eafm =
z

2
NV and Ecdw =

1

2
NU, (1.11)

where N is the number of sites and z is the coordination number; z = 4 for the square
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lattice. The boundary between these phases is obtained by equating the energies, Eafm =

Ecdw. We then obtain the strong coupling boundary line V = U/4, for the square lattice.

Interestingly, this line also defines the region within which the complex field transforma-

tion of DQMC remains valid. Further details on this can be found in Appendix A.

a) AFM b) CDW

Fig. 1.2: Square lattice with (a) antiferromagnetic and (b) charge-density wave arrange-
ments.

Beyond the atomic limit, an accurate ground state phase diagram was recently pro-

posed for a half-filled square lattice [2]; see Fig 1.3. Similarly to the one-dimensional case,

here on-site repulsion induces an antiferromagnetic phase (AFM), while nearest-neighbor

repulsion favors the CDW state. For the V < 0 half-plane, s- and d-wave superconducting

phases emerge. We notice that the s-wave state only appears in the U < 0 region, while

the d-wave phase is stabilized in both U < 0 and U > 0 sectors. Finally, there is a PS

state for the range of U considered and sufficiently strong nearest-neighbor attraction.
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Fig. 1.3: Ground state phase diagram for the half-filled extended Hubbard model on a
square lattice. The dashed line represents the strong coupling boundary line. Figure
extracted from Ref.[2]

1.3.2 Extended Hubbard model at quarter-filling

Although the previous analysis provides valuable insights about the competition of

local and extended interactions, one expects that away from half-filling new phenomena

may arise. As mentioned before, for several cuprates, which are antiferromagnetic at half-

filling, the superconducting phase only emerges when the system is doped with holes. In

this way, the analysis of the EHM for different fillings is certainly of interest. In what

follows, some properties of the quarter-filled (n = 0.5) EHM are presented.

For the one-dimensional model, the ground state phase diagram has been investigated

using renormalization group (RG) techniques, for U, V > 0 [51, 3]. The diagram in Fig.1.4

is quite different from the half-filled case, the main differences being the absence of the

SDW phase and the emergence of metallic and superconducting phases; a SC phase is

predicted to emerge in the region V ≫ U . Another difference observed is the substantial

increase in the values of U and V necessary to stabilize the CDW/insulator phase (cyan

area).
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Fig. 1.4: Ground state phase diagram for the one-dimensional quarter-filled extended
Hubbard model. Figure adapted from Ref.[3]

Inspired by the similarities between the one- and two-dimensional cases at half-filling,

one may expect the emergence of corresponding phases for the square lattice at n = 0.5.

As an example, the lack of a perfectly nested Fermi surface at this band filling may lead

to the emergence of a metallic phase.

The ground state of the EHM on a quarter-filled square lattice was recently inves-

tigated through Lanczos exact diagonalization (LED) and DQMC [4]. Results for the

charge and s-wave pairing structure factors provided invaluable insights about the phase

diagram. Figure 1.5 (a) displays a contour plot of the charge structure factor, Scdw, as

a function of U and V . For strong on-site and first-neighbor interactions, the increased

Scdw region suggests the stabilization of the CDW phase. Additionally, DQMC results

for critical points, obtained by tracking the maximum derivative of Scdw, are depicted

in magenta diamonds. Figure 1.5 (b) shows an analogous plot for the pairing structure

factor, Ps. For weak U and strong V an increased Ps region is formed, indicating that a

superconducting phase could emerge. Blue diamonds represent DQMC results for critical
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points obtained through the analysis of the average sign of fermionic determinants, ⟨s⟩;

more on this in Sec. 2.4. We note that the phase boundaries obtained through ⟨s⟩ do not

quite agree with the boundaries obtained from the correlation functions.

Despite these promising results, the confirmation of these phases requires a thor-

ough finite size scaling (FSS) analysis. However, this demands additional calculations for

larger systems, which is currently intractable with LED due to computational limitations;

DQMC simulations are also hindered by a severe minus-sign problem.

Fig. 1.5: Lanczos exact diagonalization (contour plot) and DQMC (markers) results for
the (a) charge and (b) pairing structure factors. Figure adapted from Ref.[4]

The above discussion illustrates the richness of phenomena displayed by the EHM in

general. In particular, investigation of the extended Hubbard model in different geometries

should lead to unexpected behaviors. For instance, the lack of perfect nesting and of a van

Hove singularity on a half-filled HC lattice may drastically influence the phase diagram.

With this in mind, here we use DQMC to obtain the phase diagram of the EHM on a HC

lattice at half-filling.
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Chapter 2

Determinant Quantum Monte Carlo

The Determinant Quantum Monte Carlo (DQMC) method [52, 53, 54, 55, 56, 57, 58]

is a powerful tool for studying both zero and finite temperature properties of several

strongly correlated system models. In this chapter, we present a discussion focused on

the main aspects of the method applied to fermionic Hamiltonians. In Sec. 2.1 we present

a detailed discussion about the formulation of the method, focusing on the key steps,

applied to the Hubbard model. In Sec. 2.2 we adapt these ideas to the extended Hubbard

model. In Sec. 2.3 we discuss correlation ratios and how they can be used to estimate

quantum critical points. Finally, in Sec. 2.4 we discuss the origin and consequences of

the ”minus-sign problem”, as well as the recent observation that this problem can also

provide information about phase transitions.

2.1 On-site interaction: the Hubbard model

For simplicity we start our discussion by considering the Hubbard model,

H = HK +HI = −t
∑
⟨i,j⟩

(c†iσcjσ +H.c.)− µ
∑
iσ

ni,σ + U
∑
i

ni↑ni↓. (2.1)

In order to calculate the partition function we need to compute the Boltzmann operator,

e−β(HK+HI). Since the kinetic and interaction terms do not commute, we perform a Suzuki-
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Trotter decomposition to separate the operator as a product of exponentials

e−β(HK+HI) ≈
(
e−∆τHKe−∆τHI

)Nτ
+O

(
∆τ 2

)
, (2.2)

where ∆τ = β/Nτ .

The Suzuki-Trotter decomposition introduces a new dimension to the system, the

imaginary time axis. Notice that the inverse temperature, β, is divided into Nτ discrete

intervals (time-slices). Furthermore, such decomposition leads to an error of O (∆τ 2), and

the choice ∆τ = 0.1 typically leads to errors smaller than statistical ones, allowing us to

neglect Trotter errors.

While the kinetic term can be easily diagonalized by using a spinor basis and then

performing a similarity transformation, the same is not valid for the interaction (quartic)

term. Therefore, this term needs to be carefully treated in a many-body context. The

quartic term in the exponential of the interaction part is expressed in a quadratic form

by applying a discrete Hubbard-Stratonovich (HS) transformation [53, 11],

e−∆τUni↑ni↓ =


1
2

∑
sν=±1 e

[αsν(ni↑−ni↓)−∆τU
2

(ni↑+ni↓)] for U > 0

1
2

∑
sν=±1 e

[αsν(ni↑+ni↓−1)−∆τU
2

(ni↑+ni↓)] for U < 0

(2.3)

where coshα = e∆τ |U |2.

The HS transformation breaks the interaction term for each time-slice in a sum of

non-interacting terms, introducing Ising fields, sν = ±1, and leading to a convenient form

in which there are only bilinear terms in the exponential. Notice that this approach allows

us to map a d-dimensional quantum system into a d + 1 classical system. Working on a

honeycomb lattice with periodic boundary conditions with N sites, the HS transformation

produces N ×Nτ Ising fields. As an example, the partition function for the repulsive case

(U > 0) becomes

Z =

(
1

2

)NNτ

Tr
{s}

Tr
{n}

1∏
ℓ=Nτ

∏
σ=↑,↓

e−∆τ
∑

i,j c
†
iσKijcjσe−∆τ

∑
i c

†
iσV

σ
i (ℓ)ciσ , (2.4)
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where Tr{s} and Tr{n} are the traces over the HS fields and the fermionic degrees of

freedom, respectively, and ℓ labels the time-slices. The HS fields acquire two indices

labeling its space-time position sν → sν(i, l). Finally, Ki,j are the elements of the hopping

matrix, K̂, and

V σ
i (ℓ) =

1

∆τ
ασsν(i, ℓ) +

(
µ− U

2

)
(2.5)

are the elements of a diagonal matrix V̂
σ
(ℓ).

With this bilinear form of the exponential, the fermionic degrees of freedom can be

traced out of Eq. (2.4),

Z =

(
1

2

)NNτ

Tr
{s}

detO↑({s}) · detO↓({s}), (2.6)

with

Oσ({s}) = I+ Bσ
Nτ
Bσ

Nτ−1 · · ·Bσ
1 , (2.7)

and

Bσ
ℓ ≡ e−∆τK̂e−∆τV̂

σ
(ℓ). (2.8)

We can also compute the single-particle equal-time Green’s function

Gσ(τ, τ) = I− [I+ Bσ(τ, 0)Bσ(β, 0)]−1 . (2.9)

The partition function is then expressed as a trace over HS fields of a product of

fermionic determinants. If this quantity were positive, we could use it as a statistical

weight to perform importance sampling. However, the product of fermionic determinants

is not a positive-definite quantity, giving rise to the minus-sign problem, which we will

discuss in Sec. 2.4.

Since the number of auxiliary fields grows with 2NNτ we have to perform Monte Carlo

importance sampling over {s} to calculate the partition function. The sampling over the

HS fields consists of sweeps over the sites trying to make a flip, sν → s′ν , on a generic

site, i, of a generic time slice, ℓ. Let {s} and {s′} be the HS fields configurations, we then
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write the ratio of statistical weights as

r′ =
detO↑

{s′} · detO
↓
{s′}

detO↑
{s} · detO

↓
{s}

. (2.10)

The decision of whether a proposed change is accepted is made using the Metropolis or

heat-bath algorithms [56, 59, 60].

Another advantage of this approach is that all average values are expressed in terms

of Green’s functions. The standard definition of the matrix elements of the single-particle

equal-time Green’s function is

Gσ
ij ≡ ⟨ciσc†jσ⟩ = δji − ⟨c†jσciσ⟩. (2.11)

As an example, the occupation is given by

n =
1

NNτ

∑
i,ℓ

∑
σ

⟨c†iσ(ℓ)ciσ(ℓ)⟩ =
1

NNτ

∑
i,ℓ

∑
σ

⟨1−Gσ
ii(ℓ)⟩{s}, (2.12)

with the average in the second equality being performed over the HS fields. In this

approach the fermions only couple with the HS fields, so that Wick’s theorem [61] is still

valid for a fixed HS fields configuration, and then we can use it to express any two-particle

Green’s function in terms of the single-particle Green’s function,

⟨c†i1ci2c†i3ci4⟩ = ⟨c†i1ci2⟩⟨c†i3ci4⟩+ ⟨c†i1ci4⟩⟨c†i2ci3⟩; (2.13)

with this, we are able to calculate several equal-time correlation functions.

2.2 Nearest neighbor interaction: the extended Hub-

bard model

The previous section presented an overview of the DQMC applied to on-site interac-

tions. Now we extend these ideas to the Extended Hubbard Model (EHM), which addi-

tionally considers nearest-neighbor interactions with strength V . The EHM Hamiltonian

reads

H = −t
∑
⟨i,j⟩

(c†iσcjσ +H.c.)− µ
∑
i,σ

ni,σ + U
∑
i

ni↑ni↓ + V
∑
⟨i,j⟩

ninj, (2.14)
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The first difference relative to the on-site case comes from the Hubbard-Stratonovich

transformation, specifically in the number of HS fields. The on-site term has only one

product of density operators, then we have to perform just one HS transformation,

Eq.(2.3), introducing one auxiliary field, s0(i, ℓ), for each site i and time-slice ℓ. Since the

extended interaction term is expanded as

V
∑
⟨i,j⟩

ninj = V
∑
⟨i,j⟩

(ni↑nj↑ + ni↑nj↓ + ni↓nj↑ + ni↓nj↑), (2.15)

we have to perform one HS transformation for each product of density operators, which, in

turn, introduces four additional auxiliary fields for each bond connecting nearest-neighbor

sites i and j, namely s1(i, j, ℓ), s2(i, j, ℓ), s3(i, j, ℓ), s4(i, j, ℓ). A schematic representation

of the HS fields on a honeycomb lattice is depicted in Fig. 2.1

S1 S2 S3 S4

S0

Fig. 2.1: Portion of a honeycomb lattice with the HS fields for the local (s0) and nearest-
neighbor (sν) interactions.

For a honeycomb lattice with periodic boundary conditions and N = 2(L × L) sites,

with L being the linear size of the lattice, we have 3 × L2 bonds. Thus the extended

interaction term produces 12 × L2 × Nτ auxiliary fields. The on-site term produces 2 ×

L2 ×Nτ additional auxiliary fields. Then the partition function of the system is written

as

Z =

(
1

2

)14L2Nτ

Tr
{sν}

detO↑({s0, s1, s2, s3, s4}) · detO↓({s0, s1, s2, s3, s4}), (2.16)
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with

Oσ({s0, s1, s2, s3, s4}) = I+ Bσ
Nτ
Bσ

Nτ−1 · · ·Bσ
1 , (2.17)

and

Bσ
ℓ ≡ e−∆τK̂e−∆τÛ

σ
(ℓ)e−∆τV̂

σ
(ℓ). (2.18)

Finally, we can also compute the single-particle equal-time Green’s function

Gσ(τ, τ) = I− [I+ Bσ(τ, 0)Bσ(β, 0)]−1 , (2.19)

through which we calculate all relevant physical quantities. As in the on-site case, since

we have 214L
2Nτ auxiliary fields, we perform Monte Carlo importance sampling over

{s0, s1, s2, s3, s4}, to analyze the ground state properties of the extended Hubbard model

on a honeycomb lattice.

In order to investigate the occurrence of different ordered phases, we examine the

staggered charge structure factor,

Scdw(q)=
1

N

∑
ri,rj

e−iq·(ri−rj)⟨(nA,ri−nB,ri)(nA,rj−nB,rj)⟩, (2.20)

and the antiferromagnetic structure factor,

Safm(q)=
1

N

∑
ri,rj

e−iq·(ri−rj)⟨(Sz
A,ri

−Sz
B,ri

)(Sz
A,rj

−Sz
B,rj

)⟩, (2.21)

where nλ,ri = nλ,ri↑+nλ,ri↓, and S
z
λ,ri

= nλ,ri↑−nλ,ri↓. Here λ = A,B labels the sublattices,

while ri is the unit cell position of a given site i. We also examine superconducting

correlations through the pairing structure factor,

Sβ
sc(q) =

1

N

∑
i,j

e−iq·(ri−rj)⟨(∆β
A,i +∆β

B,i)(∆
β†
A,j +∆β†

B,j)⟩, (2.22)

with

∆β
λ,i =

∑
a

fβ(a)ci↓ci+a↑, (2.23)

where fβ(a) is the form factor for a given pair-wave symmetry, β = s, s∗, d, d∗, p, p∗, f [62,

63, 64].
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It is important to stress that when we use the present approach to the EHM, even

with particle-hole symmetry, it suffers from the infamous minus-sign problem. We resort

to two strategies to ensure our analysis when the problem becomes severe. The first is the

use of the average sign of fermionic determinants as a locator of quantum critical points,

which we will discuss in Sec. 2.4. Alternatively, we use a second approach, which resorts

to a complex HS fields (CHSF) transformation, which allows for sign-free calculations.

We present the details of this approach in Appendix A, where we show that it is only

applicable for |V | ≤ |U |/z, where z is the coordination number.

2.3 Correlation ratios

Phase boundaries and associated critical exponents may also be determined through

the correlation ratio [65, 66, 67, 68, 69],

Rγ(L, V ) = 1− Sγ(q+ δq)

Sγ(q)
, (2.24)

where q = (0, 0), δq is chosen as its nearest- or next-nearest–neighbor reciprocal wave

vector, and γ denotes “cdw”, “afm” or “sc”. On the HC reciprocal lattice, the two

nonequivalent nearest neighbors of q = (0, 0) are δ
(0,1)
q = b̂2/L and δ

(1,1)
q = (b̂1 + b̂2)/L,

where b̂1 and b̂2 are the reciprocal lattice basis vectors, as depicted in Fig. 2.2.

Near the critical point and for sufficiently large system sizes, the correlation ratio obeys

a finite-size scaling (FSS) form [70, 71, 72], which, by virtue of being a dimensionless

quantity, may be written as

Rγ(L, V ) = F [(V − Vc)L
1/ν ], (2.25)

where F is an unknown function of its argument and ν is the correlation length critical

exponent. Therefore, F(0) is a constant independent of L at the critical point, so that

plots of Rγ(V ) for different L’s should cross at Vc, thus providing estimates for the critical

point; these, in turn, should converge towards the exact value as L→ ∞.
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a)

a1

a2

Real space honeycomb lattice
b)

(1,0)
q

(1,1)
q

First Brillouin zone

Fig. 2.2: (a) A portion of the real space honeycomb lattice. Sites on each of the two
sublattices are represented as turquoise and blue circles; primitive vectors are denoted by
a1 and a2. (b) First Brillouin zone of the honeycomb lattice. Nearest-neighbor vectors of

q = (0, 0), namely δ
(1,0)
q and δ

(1,1)
q , are represented by green and indigo arrows.

And, finally, we take β = L to project the ground state, assuming Lorentz invariance

at the QCP’s [34, 6, 73]. In the next chapter, we use the correlation ratios associated with

various ordered phases to locate the boundaries of different quantum phase transitions.

2.4 The minus-sign problem

As discussed before, the statistical weight of each HS configuration is expressed as a

product of fermionic determinants

W{s} = detO↑({s}) · detO↓({s}). (2.26)

This product is not a positive definite quantity, unless a symmetry exists that ensures

a positive value of W{s}. An example of such a case is the repulsive Hubbard model at

half-filling. It can be shown [56] that applying a particle-hole symmetry,

c†i,σ → diσ = (−1)ic†iσ, ciσ → d†iσ = (−1)iciσ, (2.27)
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and evaluating the fermionic determinant at half-filling, µ = U/2, we get

detO↑({s}) = e−α
∑

i,ℓ sν(i,ℓ)detO↓({s}). (2.28)

Therefore,

W{s} = detO↑({s}) · detO↓({s}) > 0, for n = 1, U ≥ 0, (2.29)

and can be used as a statistical weight.

However, in most cases W{s} becomes negative for some configurations. To illustrate

how to deal with this, let us rewrite the partition function as a sum over configurations

c ≡ {s},

Z =

(
1

2

)NNτ

Tr
{s}

detO↑({s}) · detO↓({s}) =
∑
c

W (c). (2.30)

If we define W (c) ≡ h(c)|W (c)|, with h(c) = ±1, we can rewrite the average value of any

quantity A as follows

⟨A⟩W =

∑
cW (c)A(c)∑

cW (c)
=

∑
c h(c)|W (c)|A(c)∑

c h(c)|W (c)|

=
[
∑

c h(c)|W (c)|A(c)] /∑c |W (c)|
[
∑

c h(c)|W (c)|] /∑c |W (c)|

=

∑
cW

′(c) [h(c)A(c)]∑
cW

′(c) [h(c)]
≡ ⟨hA⟩W ′

⟨h⟩W ′
, (2.31)

where W ′(c) ≡ |W (c)|. Therefore, we can use the absolute value as the statistical weight,

at the cost of having to divide the averages by the average sign of the product of the

fermionic determinants, ⟨sign⟩ ≡ ⟨h⟩W ′ . Whenever ⟨sign⟩ ∼ 1 the estimate of any physi-

cal quantity can be reliably obtained. On the other hand, small values of ⟨sign⟩ introduce

strong fluctuations in ⟨A⟩W , thus demanding much longer simulations to reduce fluctua-

tions. It is important to mention that ⟨sign⟩ < 0.1 typically leads to a computational cost

that renders the simulations impractical. However, recent works have presented numerical

evidence that the values of ⟨sign⟩ can be used to track the location of quantum critical

points and to estimate the associated critical exponents [74, 75]. Throughout the end of

this section, we will discuss how ⟨sign⟩ may provide information about phase transitions.
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A phase transition can be characterized by the non-analytic behavior of a specific

response function at the critical point. The two-dimensional Ising model provides the

simplest example, as the thermal transition to a magnetically ordered phase is accompa-

nied by a divergence in the magnetic susceptibility, exposing the non-analytic behavior

of the free energy. Since various observables can be derived from the free energy and

the partition function, any non-analyticity in these two quantities is manifested in their

derivatives, thus giving information through the response functions.

From Eq. (2.31) we can write ⟨sign⟩ as

⟨sign⟩ =
∑

cW (c)∑
c |W (c)| =

ZW

ZW ′
. (2.32)

Since the free energy per particle is defined by f = (βN)−1 lnZ, the former expression

can be rewritten as

⟨sign⟩ = e−βN(fW−fW ′ ). (2.33)

Notice that
∑

cW (c) ≤ ∑
c |W (c)|, so that Eq. (2.33) implies ZW ≤ ZW ′ , and then

(fW − fW ′) ≥ 0. With this, it becomes clear from Eq. (2.33) that ⟨sign⟩ decreases with

the number of sites and the inverse temperature. Equation (2.33) also shows that ⟨sign⟩

is a composite function of the partition function. In this way, we can expect that a non-

analytic behavior of the partition function at any point of parameter space may manifest

in ⟨sign⟩, signaling a phase transition.
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Chapter 3

The extended Hubbard model on a
honeycomb lattice

In this chapter, we discuss the ground state properties of the extended Hubbard model

on a half-filled honeycomb lattice. We employ the RHSF and CHSF determinant quantum

Monte Carlo approaches to calculate correlation functions and correlation ratios, as well

as the double occupancy and the average fermionic sign. With this, we construct the

complete U×V phase diagram, determining the emerging phases and their corresponding

phase boundaries.

3.1 SM-AFM transition (U > 0)

We start our analysis with the semimetal-antiferromagnetic (SM-AFM) transition. On

a half-filled square lattice the HM exhibits AFM order in the ground state for any value

of U > 0, due to a nested Fermi surface and a van Hove singularity. By contrast, on a

half-filled HC lattice, which lacks these properties (the Fermi surface consists of isolated

points), the ground state remains semimetallic until a transition to an AFM phase occurs

at (U/t)c ≈ 3.85 [34, 6]. Since nearest-neighbor repulsion, V > 0, favors charge ordering,

one expects that (U/t)c increases with increasing V .
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Fig. 3.1: (a) AFM correlation ratio, R
(0,1)
afm , at fixed V as a function of U/t, for different

linear system sizes, L. (b) Contour plot of the cost function, C, used to fit R
(0,1)
afm to a FSS

form, Eq. (2.25). The white star locates its minimum, which in turn determines the best
fit to the correlation length exponent, ν, and Uc. (c) The resulting FSS data collapse,
with fitted ν and Uc; the latter is indicated in (a) by the dashed vertical line.

In order to investigate AFM order in the presence of a finite V , we resort to complex

Hubbard-Stratonovich fields to overcome the sign problem for |V | ≤ |U |/3, as described in

Appendix A. Results for the AFM correlation ratio with δ
(0,1)
q are depicted in Fig. 3.1(a):

for each pair of successive L’s, Rafm cross at slightly different values of U . A closer look

at the data in Fig. 3.1(a) reveals that for L < 12 the crossing points display some size

dependence, unlike the data for L ≥ 12; more on this below. We should mention that

the situation is similar for δ
(1,1)
q , with the crossing points spanning across a slightly wider

range of values; nonetheless, data for the largest L’s provide estimates very close to those
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obtained from δ
(0,1)
q . A precise estimate of Uc can be obtained by invoking the FSS form,

Eq. (2.25), to plot the data in Fig. 3.1(a), but now as a function of (U − Uc)L
1/ν , with

the values of Uc and ν being determined from the minimization of the cost function, C

[76]; see Fig. 3.1(b). The resulting data collapse for V/t = 0.8 is shown in Fig. 3.1(c),

which yields Uc/t = 4.18± 0.02 and ν = 1.1± 0.1. This value of Uc practically coincides

with the crossing points of R
(0,1)
afm for L ≥ 12. The estimate for ν is consistent with the

ground state SM-AFM transition for both the HM and the EHM on a half-filled HC

lattice belonging to the universality class of the Gross-Neveu model [77, 78, 34, 73, 6, 79].

This correspondence also leads to a dynamical critical exponent z = 1 [80]. Given that

z = s/ν, with s being the gap exponent [80, 81, 82], we may expect s = 1. We have

carried out similar analyses of the crossing points for other combinations of U and V to

obtain the whole SM-AFM critical line drawn through the (blue) pentagons in Fig. 3.6.

3.2 CDW transitions

In addition to antiferromagnetism, the EHM is expected to display CDW order above

some critical curve Vc(U) > 0, whose shape we will now determine. From the outset,

we note that the search for CDW order should extend beyond the sign-free region, so

that for |V | > |U |/3 we use real HS fields and monitor the behavior of ⟨sign⟩. Figures

3.2 (a)-3.2 (c) show typical plots for Rcdw as a function of V for increasing values of U ≥ 0;

in each panel, data for different system sizes are displayed, whose crossing points provide

estimates for the critical values of V . We note that, although these points lie outside the

sign-free region, the calculated averages for U/t ≤ 2 are not degraded, as indicated by

the small error bars. To reinforce the accuracy of our estimates, in Fig. 3.2 (d) we show

the double occupancy, ⟨D⟩ ≡ ⟨ni↑ni↓⟩ as a function of V , for the same U as in Fig. 3.2 (c);

being a local quantity, ⟨D⟩ is less sensitive to both noisy ⟨sign⟩ and system size. The

transition to a CDW state may take place around ⟨D⟩ = 0.25, the non-interacting value

[83, 84, 37], which in this case occurs at Vc/t = 0.925± 0.025 (error estimated by the grid
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of values of V used). In addition, Fig. 3.2 (e) shows that while ⟨sign⟩ dips, the ⟨D⟩ data

in Fig. 3.2 (d) do not degrade, and the dip in ⟨sign⟩ sharpens very close to the estimated

critical point [74, 75, 2].
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Fig. 3.2: (a)-(c) Charge-density wave correlation ratio for different system linear sizes, L,
as a function of V/t, for fixed U . (d) Double occupancy for U/t = 2, where the dashed
horizontal line indicates the non-interacting value, ⟨D⟩ = 0.25; see text. (e) Average
sign of the product of fermionic determinants for U/t = 2. (f) FSS plots of the crossing
points (filled squares) in (a)-(c) using sizes L and L − ∆L, with ∆L = 6, leading to
the extrapolated values (empty squares) Vc/t = 0.50 ± 0.02, Vc/t = 0.67 ± 0.02 and
Vc/t = 0.92± 0.02, respectively.

A third and thorough determination of the existence of CDW critical points is given

by the crossings of its correlation ratio [37], provided in Figs. 3.2 (a)-3.2 (c). By defining



29

Vc(L,L − ∆L) as the crossing of Rcdw(L) and Rcdw(L − ∆L), with ∆L = 6, one may

extrapolate such crossings to the thermodynamic limit, as displayed in Fig. 3.2 (f). We

have performed similar analyses in the second quadrant, U < 0, V > 0, and we note that

Vc for CDW vanishes at U/t = −3.85; more on this below. The points we have obtained

for U/t < 3 appear as (red) squares in Fig. 3.6.
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Fig. 3.3: Double occupancy as a function of V for (a) U/t = 4, (b) U/t = 5 and (c)
U/t = 6. The dashed horizontal lines correspond to ⟨D⟩ = 0.25. Average determinant
sign and a function of V for (d) U/t = 4, (e) U/t = 5 and (f) U/t = 6. As the system
enters the CDW phase, ⟨sign⟩ rises sharply.

For V > U/3, ⟨sign⟩ decreases as U is increased beyond U/t = 2; this leads to noisy

correlation ratios, to the point of precluding finite-size scaling analyses of critical points.

However, as discussed above, ⟨D⟩ is less sensitive to both ⟨sign⟩ and L, so that data for

L ≤ 6 in this region can still provide reliable estimates for Vc, especially since ⟨D⟩ ≲ 0.25

in the AFM state. Figures 3.3 (a)-(c) show the double occupancy for different values of U ,

from which we see that ⟨D⟩ crosses 0.25 at points which hardly depend on L. A totally

independent analysis of the transition is provided by the recent observation that a sharp

decrease of ⟨sign⟩, calculated with real HS fields, can be used to locate quantum critical
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points [74, 75, 85]; this behavior of ⟨sign⟩ at critical points follows from the non-analiticity

of the calculated partition function itself [74, 75]. Indeed, Figures 3.3 (d)-(f) display ⟨sign⟩

for the same values of U as in the upper panels: the points where ⟨sign⟩ changes abruptly

reproduce with very good accuracy those where ⟨D⟩ = 0.25. The CDW critical points

thus obtained appear as (orange) triangles in Fig. 3.6.

3.3 SM-SC transition

Another consequence of the HC lattice being bipartite is that the HM is particle-hole

symmetric; therefore, under a spin-down particle-hole transformation with V = 0, the

AFM phase at half filling is mapped onto a half-filled U < 0 HM in which CDW and

superconductivity are degenerate [86, 87, 88]. Thus, s-wave superconductivity occurs at

the mirrored region, i.e., for U/t ≲ −3.85 when V = 0.
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Fig. 3.4: (a) SC correlation ratio as a function of U for V/t = −0.2; (b) same as (a), but
for V/t = −0.4; (c) FSS plot of the crossing points (filled squares) in (a) using sizes L and
L − ∆, with ∆L = 6, leading to the extrapolated (L → ∞) value Uc/t = −3.67 ± 0.05
(empty square), indicated by the vertical dashed line in (a); (d) same as (c), but for the
data in (b), leading to the extrapolated value Uc/t = −3.39± 0.02 respectively.
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For any positive (negative) value of V , this degeneracy is broken and the system

stabilizes a CDW (superconducting, SC) state. More specifically, when V < 0 we expect

an enhancement of pair formation, which, in turn, leads to smaller critical values of |U |

needed to induce the SC transition. In order to investigate the superconducting phase

boundary Uc(V ), we resort to complex HS fields for |V | ≤ |U |/3, and consider lattices up

to L = 18. Figures 3.4 (a) and 3.4 (b) show the s-wave Rsc as a function of U for different

fixed values of V . Similarly to the previous CDW case, we determine the SC critical Uc

by examining the crossings of Rsc for L and L−∆L, with ∆L = 6 to decrease finite-size

effects [37]; the data for Uc thus obtained are then extrapolated to L → ∞, as shown

in Figs. 3.4 (c) and 3.4 (d). We have used the same procedure for other values of V (not

shown) to obtain the critical curve shown as (purple) circles in Fig. 3.6.

We have calculated several other possible pairing structure factors, described by dif-

ferent form factors; see, e.g., Refs. [35, 62, 63]. However, we have found no evidence for

dominance of any pairing symmetry apart from s-wave; see Ref. [2] for similar analyses.

This is in marked contrast with what happens for the square lattice, in which case d-wave

pairing is stabilized near the non-interacting region [2]. We again attribute this difference

to the ‘exclusion’ of all ordered phases due to the lack of nesting and van-Hove singularity

for the half-filled HC lattice.

3.4 Phase separation

For sufficiently strong nearest neighbor attraction, V < 0, and over a wide range of

values of U , fermions tend to form clusters of doubly occupied nearest neighbor sites.

This has a high degeneracy, and is known as a phase separated (PS) phase; it also occurs

on the square lattice [2]. As discussed in Refs. [89, 2], one of the features of the PS

state is the divergence of the compressibility, due to strong fluctuations in the electronic

density, as displayed in Fig. 3.5 (a); it is also manifest in the double occupancy, shown in

Fig. 3.5 (c). Since the PS ground state is formed by linear combinations of states with
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n = 0 and n = 2, the staggered CDW structure factor drops to zero within the PS region,

as shown in Fig.3.5 (b). Interestingly, ⟨sign⟩ also indicates the PS transition through a

sharp minimum near V/t ∼ −0.95, for U = 0. By collecting data for different values of

U , we map out the whole PS boundary represented by (green) hexagons in Fig. 3.6.
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Fig. 3.5: (a) Average density, (b) CDW structure factor (c) double occupancy, and (d)
average sign of fermionic determinants, as functions of V/t. All data shown are for U = 0.

3.5 Ground state phase diagram

Our findings for the ground state properties of the EHM on a half-filled HC lattice are

summarized in the phase diagram of Fig. 3.6. We recall that the HM (i.e., V = 0) on the

same lattice displays three phases, tunable through the strength and sign of the on-site

interaction: s-wave superconducting coexisting with CDW order, for U/t ≲ −3.85; semi-

metallic for −3.85 ≲ Uc ≲ 3.85; and antiferromagnetic for Uc ≳ 3.85. That is, the absence

of nesting and a van Hove singularity at half filling prevents the formation of CDW+SC

and AFM states; for comparison, we note that for the square lattice, any U > 0 gives rise

to an AFM state, while any U < 0 gives rise to the degenerate SC and CDW states [2].

This also occurs when a nearest-neighbor repulsion is added: a purely CDW state is only
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formed for any V > 0 above the SC state; for U ≳ −3.85 the CDW state is only formed

above a critical curve Vc(U). We also note that increasing V requires larger values of U

to stabilize the AFM state; at the same time, for sufficiently large U , a direct transition

between AFM and CDW takes place, without the need to go through an intermediate

SM phase; through the current accuracy of our data, we may expect this to occur for

U/t ≳ 6. For the square lattice, when U < 0 a CDW state is formed for any V > 0, and

above some critical curve. Interestingly, for both lattices the critical curve for U/t ≫ 1

is very close to the strong coupling prediction for the AFM-CDW transition, Vc = U/z,

where z is the coordination number, which, in addition, corresponds to the boundary of

the sign-free region for both lattices, even in the small U region.
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Fig. 3.6: Ground state phase diagram for the Extended Hubbard model on a half-filled
honeycomb lattice. Filled symbols are estimates for critical points obtained through our
DQMC simulations: (orange) triangles represent results from double occupancy, while
(red) squares, (blue) pentagons, and (purple) circles are derived from correlation ratio
data. The PS transition points, shown in (green) hexagons, are determined from density,
charge structure factor, double occupancy, and ⟨sign⟩. Empty symbols are critical point
estimates from DCA (diamonds, Ref. [5]), and from QMC (stars, Ref. [6]). The |V | ≤
|U |/3 region (shaded) yields sign-free simulations. Lines through data points are guides
to the eye.

The ‘exclusion’ of all ordered phases near the non-interacting region also occurs in the
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V < 0 half-plane, being bounded below by a PS region. In the U < 0 region, the s-wave

superconducting phase extends to V < 0, with |Uc(V )/t| decreasing slightly from −3.85;

see the (purple) circles in Fig. 3.6. However, no change in the symmetry of the paired

state was observed: superconductivity is simply suppressed as U is increased, again in

marked contrast with the square lattice [2]. Similarly to what happens in the V > 0

half-plane, the AFM and PS boundaries seem to merge near (U, V ) ≈ (4.2,−2.0).

As mentioned before, all previous studies concentrated on the first quadrant [5, 35,

36]. Results from Dynamical Cluster Approximation [5] for the SM-CDW and SM-AFM

transitions are included in Fig. 3.6 for comparison; those from Ref. [35] are very close to

the former. The agreement with our estimates is very good, although our SM-AFM line

is slightly displaced towards larger values of U .

The content of this chapter is part of Ref. [90].
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Chapter 4

Concluding remarks

We have studied the extended Hubbard model on a half-filled honeycomb lattice

through determinant quantum Monte Carlo simulations, with the aid of structure factors

characterizing the possible ordered phases. The ‘minus-sign problem’ in the region |V | ≤

|U |/3 was avoided with the use of complex Hubbard-Stratonovich auxiliary fields; when

necessary, in other regions we have additionally used the double occupancy, and the actual

average sign of the product of fermionic determinants. Employing careful extrapolations

towards zero temperature and to the thermodynamic limit (with the aid of finite-size

scaling) we have proposed a ground state phase diagram covering the whole (U, V ) plane,

including the hitherto unexplored domains of attractive interactions, U < 0 and/or V < 0.

We have established that the lack of nesting and of a van Hove singularity at half-

filling produces an ‘exclusion’ region around the non-interacting limit, U = V = 0, in

which no ordered phase is stabilized; this exclusion region corresponds to a semi-metallic

(SM) phase, due to the presence of Dirac cones. Nonetheless, ordered phases may be

stabilized beyond critical boundaries. For instance, in the V > 0 region we have obtained

the critical line running across U < 0 and U > 0, above which a charge density wave state

may be found.

Interestingly, while for the square lattice one finds two distinct superconducting regions

in the V < 0 half-plane, namely s- and d-wave pairing states, here only s-wave can be

stabilized, and restricted to the U, V < 0 quadrant; we have examined the behavior
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of other pairing states, but found that they were suppressed as T → 0 for any set of

parameters. For sufficiently strong V < 0 the system exhibits phase separation.

In the U > 0 half-plane, one finds an antiferromagnetic (AFM) critical line, which

asymptotically (V ≈ U/3 with U/t ≳ 6) meets the charge density wave (CDW) line

when V > 0; in this U, V > 0 region, our phase diagram is similar to the one for the

Hubbard-Holstein model on a honeycomb lattice [37], thus illustrating a qualitative simi-

larity between the effects of extended electronic interaction and electron-phonon coupling

on the properties of honeycomb-based compounds. Still in this U > 0 half-plane, but

with V < 0, the AFM boundary meets the PS phase. By extending the analysis to both

repulsive and attractive interactions, our results help to bridge a gap in the literature

regarding the phase diagram of the Hubbard model on the honeycomb lattice.
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Appendix A

Complex Hubbard-Stratonovich
fields

As discussed in Sec. (2.1), in order to express the (quartic) interaction terms in a

quadratic form we employ a Hubbard-Stratonovich transformation. In Eq. (2.3) we defined

a real Hubbard-Stratonovich fields (RHSF) transformation. When one uses RHSF for

the EHM on a bipartite lattice, even with particle-hole symmetry we suffer from the

minus-sign problem. Now we present a complex Hubbard-Stratonovich fields (CHSF)

transformation which rises as an alternative to alleviate the minus-sign problem [91, 13, 2].

To start our discussion let us rewrite the interaction terms in Eq. (2.14) as

HI =
g

2

∑
⟨i,j⟩

[(ni − 1) + a(nj − 1)]2 =
g

2

∑
⟨i,j⟩

Γ2
i,j (A.1)

with, a = V/g and g = 2U/(z + za2). To ensure the correspondence between Eq. (2.14)

and Eq. (A.1), a must to be a real solution of the equation

2V a2 − 4Ua

z
+ 2V = 0, (A.2)

where z is the coordination number, z = 3 for the honeycomb lattice. This requirement

is only satisfied if

|V | ≤ |U |
z
. (A.3)

Therefore, the calculations with CHSF approach are restricted to this range of interaction

parameters.
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Now we can perform the HS transformation directly

e−∆τgΓ2
i,j/2 =

∑
ν=±1,±2

η(ν)eλν
√
−g∆τΓi,j +O(∆τ 4), (A.4)

where, η(±1) = (1 +
√
6/3)/4, η(±2) = (1 −

√
6/3)/4, λ±1 = ±

√
3−

√
6 and λ±2 =

±
√

3 +
√
6. This transformation introduces and error of O(∆τ 4), which is negligible

when compared with the Trotter error O(∆τ 2).

This transformation constrains the relation between up- and down-determinant to only

two possible cases. If g < 0 the argument of the exponential is real, then the determinants

are real and equal. If g > 0 the argument of the exponential is purely imaginary, but

if there is particle symmetry, the determinants are complex conjugate of each other. In

both cases, the product of determinants is a positive definite quantity. Notice that when

working with RSHF, there are five fields, each of which can be in two possible states. In

contrast, working with CHSF, there is only one field, which can be in four states.
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