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Resumo

Thermodynamic, magnetic and transport properties

of strongly correlated systems

Andressa Raquel Medeiros Teixeira da Silva

Orientadora: Thereza Cristina de Lacerda Paiva

Resumo da Tese de Doutorado apresentada ao Programa de Pós-Graduação
em F́ısica do Instituto de F́ısica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessários à obtenção do t́ıtulo de Doutora
em Ciências (F́ısica).

Recentemente, tem havido interesse em estudar as diversas propriedades de sistemas

fortemente correlacionados. A presença de frustração, por exemplo, pode afetar o mag-

netismo do sistema devido à alta degenerescência do estado fundamental. Sistemas com

geometrias espećıficas podem ser desenvolvidas por meio de engenharia de vacâncias, ob-

tendo sistemas com resposta magnética mais intensa para um determinado regime de in-

terações. Também é posśıvel estudar o efeito de perturbações dependentes do tempo para

obtenção de diferentes propriedades. É interessante notar que as propriedades quânticas

de sistemas interagentes podem ser percebidas a temperaturas finitas, permitindo analisar

efeitos de emaranhamento nessa situação.

Neste trabalho estudamos a hamiltoniana de Hubbard por meio de simulações numéricas,

em especial por Monte Carlo quântico determinantal, com objetivo de entender os efeitos

da interação eletrônica sobre correlações magnéticas e propriedades de transporte.

Primeiramente, analisamos a rede kagome, conhecida por possuir frustração. Observa-

mos a transição entre um metal paramagnético e um isolante de Mott em U/t = 6.5±0.5,
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e descobrimos ser posśıvel resfriar adiabaticamente nosso sistema para entropias menores

que s ≈ ln 2.

Também estudamos o emaranhamento de um śıtio com o restante da rede em temper-

aturas finitas como uma forma de sinalizar transições de Mott. Para isso, estudamos a

hamiltoniana de Hubbard em três geometrias bidimensionais diferentes cujas transições

de Mott são conhecidas e analisamos a relação entre o emaranhamento de um śıtio e a

interação de Hubbard e a densidade eletrônica. Encontramos que o emaranhamento e suas

derivadas quanto a U e quanto a n nos permitem estimar de forma razoável a transição

de Mott.

Um outro tema abordado foi o estudo de um semimetal de linhas nodais, criado por

meio de engenharia de vacânicas a partir de uma rede honeycomb. Identificamos que o

sistema se torna um isolante magnético para qualquer U/t > 0, e possui magnetismo não

homogêneo dentro da célula unitária, diferente da rede pristina.

Finalmente, investigamos como utilizar fotoirradiação para obter supercondutividade

em uma rede bicamada. Observamos que é posśıvel introduzir um potencial vetor nas

hamiltonianas de Hubbard e tJ que pode ser ajustado de modo a sair do estado funda-

mental e atingir um estado com maior resposta supercondutora.

Palavras-chave: Sistemas fortemente correlacionados, Magnetismo, Método de Monte

Carlo, Modelo de Hubbard.
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Abstract

Thermodynamic, magnetic and transport properties

of strongly correlated systems

Andressa Raquel Medeiros Teixeira da Silva

Orientadora: Thereza Cristina de Lacerda Paiva

Abstract da Tese de Doutorado apresentada ao Programa de Pós-Graduação
em F́ısica do Instituto de F́ısica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessários à obtenção do t́ıtulo de Doutora
em Ciências (F́ısica).

Recently, there has been increasing interested in studying several properties of strongly

correlated systems. The presence of frustration, for instance, can affect the magnetism

of the system due to the high degeneracy of the ground state. Systems with specific

geometries can be designed through vacancy engineering, obtaining systems with a more

intense magnetic response for a given regime of interactions. It is also possible to study

the effect of time-dependent perturbations to obtain different properties. It is relevant

to note that the quantum properties of interacting systems can be perceived at finite

temperatures, allowing the analysis of entanglement effects in this situation.

In this thesis we study the Hubbard Hamiltonian through numerical simulations,

specifically through determinant quantum Monte Carlo, with the aim of understanding

the effects of electronic interaction on magnetic correlations and transport properties.

We firstly analyze the kagome lattice, which is known to have frustration. We find a

transition between a paramagnetic metal and a Mott insulator at U/t = 6.5 ± 0.5, and

find that it is possible to adiabatically cool our system to entropies smaller than s ≈ ln 2.
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We then investigate the entanglement between a site with the rest of the lattice at

finite temperatures as a means to signal Mott transitions. To do this, we study the Hub-

bard Hamiltonian in three different two-dimensional geometries whose Mott transitions

are known and analyze the relation between the single-site entanglement with the Hub-

bard interaction and with the electronic density. We find that the entanglement and its

derivatives with respect to U and with respect to n allow us to reasonably estimate the

Mott transition.

Another topic addressed was the study of a nodal line semimetal, created through

vacancy engineering from a honeycomb network. We identified that this system becomes

a magnetic insulator for any U/t > 0, and has inhomogeneous magnetism within the unit

cell, different from the pristine network.

Finally, we investigated how to use photoirradiation to enhance superconductivity in

a bilayer. We observed that it is possible to introduce a vector potential in the bilayer

Hubbard and t-J models that can be fine-tuned to leave the ground state and access a

state with a higher superconducting response.

Keywords: Strongly correlated systems, Magnetism, Monte Carlo method, Hubbard

model.
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Chapter 1

Introduction

Magnetic frustration is a central issue in Condensed Matter Physics, with a great

experimental effort being devoted, over the past decades, to understand its effects. Its

origin can be attributed to geometry and the kind of interactions considered, that prevent

a single minimum energy state to be obtained. For instance, antiferromagnetically coupled

Ising spins in a triangular geometry exhibit frustration, since it is not possible to find a

single arrangement of spins that minimizes all interactions. This causes degeneracy in

the ground state of these systems, which can lead to a myriad of correlated phases at

low temperatures. Among the many geometries leading to frustration, the kagome lattice

has gained much attention recently due to the possibility of the occurrence of a quantum

spin liquid (QSL) state. The experimental realization of this geometry is found, e.g., in

herbertsmithite compounds [10, 11] like the one in Fig. 1.1, exhibiting strong evidences

for the occurrence of QSL, although its nature is still under debate [12, 13, 1].

The electronic properties of the kagome lattice have also been investigated by the

manipulation of atoms and molecules on given substrates [14, 15], although the tuning

of the interaction strength remains a challenge. The advent of optical lattices has raised

great expectations for unveiling fundamental properties of strongly correlated systems, in

particular those with frustration. Within this context, optical lattices for the kagome ge-

ometry were recently realized for bosonic atoms [16, 17, 18], and one expects that fermionic

ones could be realized in the near future. In spite of the experimental effort, manipulating
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Figure 1.1: Crystal structure of herbertsmithite ZnCu3(OH)6Cl2. In the left the view
when looking down along the c axis. On the right is a side view of the crystal structure.
From [1].

these many-body states is an arduous task, therefore providing information that could

guide experiments is clearly in order.

It is also interesting to note that by setting one of the diagonal hoppings of the kagome

lattice as t′ = 0, one ends up with the so-called Lieb lattice (or decorated square lattice or

CuO2 lattice). Like the kagome lattice, the Lieb lattice also displays a flat tight-binding

band, located at the particle-hole symmetry point. With on-site repulsion, the Lieb lattice

at half filling is not frustrated, but is a ferrimagnetic insulator for all U > 0. A question

that then arises is how the ferrimagnetic insulator at t′ = 0 evolves to either a Mott

insulator or a paramagnetic metal as t′ → t.

On the subject of detecting and characterizing quantum phases of matter, it has been

established that entanglement can be especially useful in correlated many-body and cold-

atoms systems, entanglement [19, 20, 21, 22, 23, 24, 25, 26]. For the particular case of the

one-dimensional (1D) Hubbard model, bipartite entanglement has been used to explore

quantum phase transitions at T = 0, such as metal-insulator transitions [27, 28, 29, 30, 31,

32] and superfluid-insulator transitions [33], including in disordered systems [34, 35] and

conventional superfluid to exotic superfluid transitions in spin-imbalanced systems [36,

37]. The restriction to zero temperature arises from the von Neumann entropy, which is
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a proper measure of bipartite entanglement only for pure states.

In contrast, in two-dimensional fermionic systems, entanglement has been less ex-

plored since numerical techniques often employed on 1D systems start facing limitations.

Going beyond the computation of free-fermionic systems in either Hermitian [38] or non-

Hermitian settings [39], the work by Grover [40] pioneered a method to study the Rényi

entanglement entropy (REE) in auxiliary-field quantum Monte Carlo methods [41, 42].

Challenges associated with the statistical convergence of the estimator in the importance

sampling in the simulations gave rise to improved approaches [43, 44], and for the search

of additional schemes where one could compute it reliably [45, 46], where, for example,

it can now be established the subleading corrections to the area law in the REE within

determinant quantum Monte Carlo (DQMC) for interacting fermions in the honeycomb

lattice [47].

The study of band degeneracies in crystals continues to yield interesting physics.

Semimetals are materials whose band degeneracies occur at points – nodal point semimet-

als – or along lines – nodal line semimetals (NLSMs) – in the Brillouin zone of otherwise

gapped bands [48, 49]. The lower dimensionality of the Fermi surface of semimetals

underpins a wide range of phenomena: from fundamental aspects involving topological

charges [50], Fermi arcs [51], and chiral anomaly [52], to technological applications, no-

tably for topological quantum computing [49] and for designs of quantum devices based

on proximity effects [53].

Band degeneracies fall into two categories. A symmetry-enforced band degeneracy

owes its existence solely to some set of crystal symmetries which must include at least one

nonsymmorphic symmetry [54]. Accidental band degeneracies of one- or two-dimensional

crystals require a combination of symmetries and tuning a microscopic parameter of the

material. In three dimensions, the availability of sufficiently many tunable parameters

leads to accidental band degeneracies even without symmetries [48], the nodes of Weyl

semimetals being the most prominent instance.
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Symmetry-enforced band degeneracies have been intensively investigated in the field of

topological semimetals [55, 56, 57]. Symmetry-enforced NLSMs, in particular, have been

predicted in various three-dimensional (3D) groups [58, 59]. We note that the presence

of nonsymmorphic symmetries in the compounds falling in those groups is related to the

presence of more than one type of atom in their unit cell.

Coming to 2D materials, hexagonal lattices [60], honeycomb-Kagome lattices [61],

and PbFCl-type structures [62] have been reported to realize accidental NLSMs. These

proposals suffer from accidental nodal lines being particularly fragile to perturbations in

2D, especially to spin-orbit coupling (SOC), which essentially prevents their utility in

proximity-effect based devices. As an alternative to solid-state realizations, NLSMs have

recently been reported in experiments of ultracold fermions in optical lattices [63], which

offer an unprecedented possibility of engineering nodal lines and fine-tune correlations.

Despite the significant effort to understand the topological properties of semimetals,

the role of electron-electron (e-e) interactions in these materials is less clear. Electronic

correlations on NLSMs have been recently probed in ZrSiSe, showing a reduction of the

Fermi velocity and a strong suppression of the Drude spectral weight due to short-range

interaction effects [64]. Similar results have been obtained from angle-resolved photoelec-

tron spectroscopy, which revealed a light-induced quasiparticle renormalization due to

strong e-e interactions [65]. Other NLSM candidates also exhibit correlated properties,

such as magnetism in HoSbTe [66] and A2B3 (A = Ti-Ni) [67], or superconductivity [68].

Theoretically, e-e interactions in NLSMs have been examined in connection to the emer-

gence of phases with broken symmetry [69, 70, 71, 72, 73] and as corrections to physical

quantities [74, 75].

Inspired by the myriad of possible effects present in strongly interacting systems, in this

thesis we investigate thermodynamic, magnetic and transport properties of these systems.

To investigate these phenomena, we study interacting Hamiltonians primarily through

quantum Monte Carlo simulations. In Chapter 2 we introduce the Hubbard Hamiltonian,
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explaining how it can be obtained from a generic Hamiltonian that contemplates electronic

interactions, and the determinant quantum Monte Carlo, where we describe the procedure

used to map an interacting Hamiltonian into a noninteracting one and how to obtain the

quantities of interest from the Green’s functions. In Chapter 3 we study the Hubbard

model on a kagome lattice and obtain a value for a Mott-insulator transition and also

discuss the possibility of adiabatically cooling the system. In Chapter 4 we attempt to

utilize von Neumann entropy in order to locate the presence of a phase transition in

the system previously described. In Chapter 5 we study the magnetic properties of the

Hubbard model on a depleted honeycomb lattice and how these depletions affect the

density of states in the noninteracting limit. In Chapter 6 we present the preliminary

investigations about the effects of a time-dependent excitation on the bilayer Hubbard

and t-J models. The last Chapter contains our concluding remarks.

Before closing this chapter it is important to mention that Refs. [76, 77, 78] are related

to this thesis, and the contents of Chapter 6 will be submitted for publication soon. I

have also contributed to Ref. [2] that is not part of this thesis.
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Chapter 2

Determinant quantum Monte Carlo

In this Chapter we discuss details Hubbard model [79] used throughout this the-

sis to investigate interacting fermions subject to a repulsive onsite interaction. We will

also discuss the implementation of the Determinant Quantum Monte Carlo (DQMC)

method [41, 80, 81, 82, 83, 84, 85]. This method is efficient to investigate the properties

of interacting Hamiltonians, such as the one just mentioned, at finite temperatures, which

will be done in the following Chapters.

2.1 On-site interactions

The Hubbard model was developed in 1963 [79] to investigate ferromagnetism in metallic

systems. In these systems electrons tend to be localized so that electron-electron inter-

actions cannot be dismissed. Systems with this characteristics are said to be strongly

correlated. The Hubbard model has been vastly used to study phenomena such as metal-

insulating transitions, magnetism and non-conventional superconductivity.

To obtain the Hubbard Hamiltonian, we firstly consider a generic Hamiltonian that

contemplates e-e interactions,

H =
∑
σ

∫
d3rψ†

σ(r)

[
−∇2

2m
+ Uion(r)

]
ψσ(r)

+
∑
σ,σ′

∫
d3r

∫
d3r′ψ†

σ(r)ψ
†
σ′(r

′)Vee(r− r′)ψσ′(r′)ψσ(r), (2.1)
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with Vee(r − r′) ∝ 1
|r−r′| being the Coulomb interaction between electrons (ℏ = 1) in a

lattice. Throughout this thesis we will employ the second quantization formalism, where

the creation operators are defined as

c†iασ =

∫
d3rϕiα(r)ψ

†
σ(r), (2.2)

with ϕiα being the Wannier function of a given state and α represents the electronic

orbitals. Its inverse relation is then

ψ†
σ(r) =

∑
i,α

ϕ∗
iα(r)c

†
iασ. (2.3)

Since c†iασ and ciασ are fermionic operators, they obey anticommutation relations,

{cjασ, c†lβσ} = δjlδαβδσσ′ , {cjασ, clβσ} = {c†jασ, c†lβσ} = 0. (2.4)

Therefore, Eq. (2.1) can be rewritten in the Wannier basis as

H =
∑
ijασ

tαijc
†
iασcjασ +

∑
ijmn

∑
αβµν

∑
σσ′

υijmnc
†
iασc

†
jβσ′cnνσ′cmµσ, (2.5)

with the hopping between electrons being

tαij =

∫
ϕ∗
iα(r)

[
− 1

2m
∇2 + Uion(r)

]
ϕjα(r), (2.6)

and the Coulomb interaction being

υαβµνijmn =

∫
d3r

∫
d3r′ϕ∗

iα(r)ϕ
∗
jβ(r

′)Vee(r− r′)ϕmµ(r)ϕnν(r
′). (2.7)

If we assume a single orbital per site, the indexes α, β, µ and ν and their respective sums

can be disregarded, resulting in

H =
∑
ijσ

tijc
†
iσciσ +

∑
ijmn

∑
σσ′

υijmnc
†
iσc

†
jσ′cnσ′cmσ. (2.8)

Finally, we are able to simplify Eq. (2.8), considering only onsite interactions and nearest-

neighbor hoppings, resulting in

H = −t
∑
⟨ij⟩

∑
σ

(
c†iσcjσ + c†jσciσ

)
+ U

∑
i

ni↑ni↓, (2.9)



8

with t = −tij representing the hopping amplitude between electrons and U = viiii rep-

resenting onsite repulsion. To study this system in the grand-canonical ensemble, it is

necessary to include a term that tunes the electronic density. If we include the term

Hµ = −µ∑iσ niσ to Eq. (2.9), we finally reach the Hubbard Hamiltonian

H = −t
∑
⟨i,j⟩,σ

(
c†iσcjσ +H.c.

)
− µ

∑
i,σ

ni,σ + U
∑
i

ni,↑ni,↓ . (2.10)

The sums run over the lattice sites, with ⟨i, j⟩ denoting nearest-neighbor sites under

periodic boundary conditions. Long-range interaction terms υijij ̸= 0 may be included,

but in this thesis we will focus on Eq. (2.10). Throughout this thesis the energy scale is

defined in terms of the hopping and we set t = 1 unless otherwise mentioned.

2.2 Determinant quantum Monte Carlo

We now turn to the implementation of the DQMC method. Considering the Hubbard

Hamiltonian found at the end of section 2.1. Its kinetic part is given by

HK = −t
∑
⟨i,j⟩,σ

(
c†iσcjσ +H.c.

)
− µ

∑
i,σ

ni,σ , (2.11)

and its potential part is

HU = U
∑
i

ni,↑ni,↓ . (2.12)

While Eq. (2.11) can be easily diagonalized via a Fourier transform, the same is not

true for Eq. (2.12), that is quartic due the density-density interaction. To diagonalize

HU we first must separate the kinetic and interaction parts of the Hubbard Hamiltonian,

which we do by performing a Trotter-Suzuki decomposition on the partition function

e−βH =
[
e−∆τ (HK+HP )

]Lτ ≈
(
e−∆τ HKe−∆τ HU

)Lτ
+O(∆τ 2). (2.13)

This allows us to separate the exponentials of the single- and two-body terms, increas-

ing the dimension of the system by one. The additional dimension corresponds to the
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imaginary-time coordinate Lτ = β/∆τ , discretized by the inverse temperature β ≡

1/(kBT ) where kB is the Boltzmann constant. The decomposition introduces an error

proportional to (∆τ)2, being exact in the limit ∆τ → 0. To ensure the statistical errors

from the Trotter-Suzuki decomposition are negligible when compared to the Monte Carlo

ones, we set t∆τ ≤ 0.1 throughout this thesis.

After decoupling the exponentials, we are left with the many-particle operator e−∆τ HU ,

which can be rewritten from a quartic form into a quadratic one by performing a Hubbard-

Stratonovich transformation [80]. For the repulsive case, we have that the argument of

the interaction exponential can be written as

e−∆τ Uni↑ni↓ =
1

2

∑
s=±1

e−
1
4
∆τUeαs(n↑−n↓) , (2.14)

with coshα = exp{(∆τU/2)}. The repulsive Coulomb interaction is replaced by dis-

crete auxiliary fields s(i, τ) coupled to the magnetization. We are then able to write the

partition function as

Z ∝
∑
s

∏
σ

detOσ(s) , (2.15)

with

Oσ(s) = 1 +Bσ(Lτ )B
σ(Lτ − 1) · · ·Bσ(1) , (2.16)

and

Bσ(l) ≡ e−∆τHKe−∆τHU . (2.17)

The weight P (s) of each configuration of auxiliary field is defined as

P (s) = det
[
O↑O↓]. (2.18)

The Green’s functions can be computed by [86]

Gσ
i,j ≡

1

22NLτ

∑
s

[Oσ]−1
i,j

∏
σ

Oσ(s) , (2.19)

which can then be used to calculate the physical quantities of interest.
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Among the physical quantities that will be calculated in the following Chapters, we

have the occupation, that can be obtained from the Green’s functions as

n =
∑
i

∑
σ

⟨c†i,σci,σ⟩ =
∑
i

∑
σ

(1−Gσ
i,i). (2.20)

2.3 Minus sign problem

Defining the statistical weight as the product of determinants P (s) can lead to problems

since P (s) is not positive definite. To avoid using a negative probability when computing a

certain observable O, we can discard the negative sign by taking the absolute value |P (s)|

and multiplying it by its sign s. We then reweigh the average value of the observable by

the average value of the determinant sign ⟨s⟩

⟨O⟩ =
∑

s |P (s)| × s×O∑
s |P (s)| × s

=
⟨s×O⟩
⟨s⟩ . (2.21)

When ⟨s⟩ ≈ 1, the quantities of interest can be obtained with no issues. However, in

systems without particle-hole symmetry, ⟨s⟩ decreases rapidly in regimes with high values

of U , low temperatures or for large sizes, introducing large fluctuations in the average

calculations.

This phenomenon is known as the minus-sign problem. To reliably obtain the desired

averages in regimes where ⟨s⟩ → 0, it is necessary to perform a high amount of Monte

Carlo steps (⩾ 105) to overcome the fluctuations. Although the sign problem limits the

application of DQMC simulations, recent works [87, 88, 89] provide numerical evidence

that the average of the determinant sign can be used to detect quantum critical points

and their critical temperatures and/or exponents.

An example of system where this problem arises is the repulsive Hubbard model on

the kagome lattice, which is the main topic of Chapter 3 and is also briefly seen in Chap-

ter 4. This lattice can be divided in three sublattices, where the sites of each sublattice

only interact with those belonging to the other two sublattices. As a consequence, the
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kagome lattice has no particle-hole symmetry at any filling, thus displaying the minus-sign

problem. In Fig. 2.1 we see how the average sign ⟨sign⟩ decreases as the temperature is
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 U / t  =  6
 U / t  =  7

Figure 2.1: The average fermionic sign as a function of the temperature, for different
values of U/t.

lowered. For higher U/t this decrease is more pronounced, limiting investigations as will

be further discussed in Chapter 3.
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Chapter 3

Repulsive Hubbard model on the
kagome lattice

3.1 Introduction

From a theoretical point of view, the ground state properties of the Heisenberg model

in the kagome lattice was extensively examined, with the nature of its QSL phase (gapped

or gapless) being a matter under debate [90, 91]. However, this picture is less clear for

the half-filled Hubbard model: many studies, using different techniques, agree on the

occurrence of a Mott transition from a finite value of interaction, although controversies

on the critical value remain. For instance, by using Variational Cluster Approximation

(VCA), Yamada et al [92] examined the occurrence of a metal-to-insulator (MIT) transi-

tion as the interaction strength increases, finding a critical point at Uc/t ≈ 5, while Higa

et al [93] suggested that such a transition should occur at Uc/t = 6.8. Similarly, Ohashi

et al [94] found this Mott transition around Uc/t = 8.22, using cellular dynamical mean

field theory (CDMFT), while Variational Monte Carlo studies, conducted by Kuratani et

al [95], exhibits Uc/t ≈ 11. The lack of a consensus about Uc on these studies may be due

to the particularities of their implementations, i.e. due to the way their biased input is

added, and how it improves their ground states.

Unbiased methodologies are usually limited by technical issues, as the fermionic minus-

sign problem for quantum Monte Carlo (QMC) approaches, or by dimensionality for
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DMRG. Early attempts to perform finite temperature determinant QMC (DQMC) simu-

lations were conducted by Bulut et al [96], without a clear evidence for a Mott transition.

Recently, by combining dynamical vertex approximation, dynamical mean-field theory,

and DQMC, Kaufmann et al [97] further examined how the magnetic correlation evolves

in the kagome lattice, and proposed a critical point within a range of Uc/t = [7, 9]. On

the other hand, DMRG results [98] provide evidence for two critical points, one for a

translational symmetry broken insulator, and the other one to a QSL, at Uc1/t ≈ 5.4 and

Uc2/t ≈ 7.9, respectively. Away from half-filling, physical responses are even less clear,

with the enhancement of unconventional pairing correlations [99].

Despite these recent advances, much of the thermodynamic properties of the Hubbard

model in the half-filled kagome lattice is unknown. Knowing the many different energy

scales of the system would be particularly important to cold atoms experiments.

A B

C

Figure 3.1: The kagome lattice. The highlighted triangle describes the unit cell with its
A, B and C basis sites.

In this Chapter we study the repulsive Hubbard model on the kagome lattice, shown

in Fig. 3.1. We perform a tour de force using the DQMC method to examine the thermo-

dynamic, magnetic and transport properties of such a frustrated system. These analyses

allow us to show the critical point within some accuracy, as well as unveiling hints about

the ground state properties [100].
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3.2 The repulsive Hubbard model

We investigate the thermodynamic properties of the repulsive Hubbard model Eq. (2.10)

on the half-filled kagome lattice by performing determinant quantumMonte Carlo (DQMC)

simulations, as discussed in Chapter 2. Here, we choose t∆τ ≤ 0.05, so that the error

from the Trotter-Suzuki decomposition is negligible compared to that from the Monte

Carlo sampling.

The kagome lattice is non-bipartite and has no particle-hole symmetry (PHS) for any

filling, which may lead to a severe sign problem depending on the system size, temperature

scale, and interaction strength, as discussed in Chapter 2. To further illustrate it, we

replicate Fig. 3.2, previously shown in Chapter 2, that shows the average sign as a function

of temperature T/t at half-filling on the kagome lattice, for the different U/t values, and

for fixed linear size L = 6, i.e. N = 6× 6× 3 sites. Notice that the sign decreases as the

temperature is lowered, and it is strongly suppressed as U/t increases (this behavior is

more accentuated for larger system sizes). Therefore, the following results are obtained

for L = 6, keeping ⟨sign⟩ ≳ 0.05, which, for some cases, demand simulations up to 5×106

Monte Carlo sweeps for measurements. Similarly, unless otherwise indicated, the following

results for the noninteracting case (U/t = 0) are obtained in the thermodynamic limit.
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Figure 3.2: The average fermionic sign as a function of the temperature, for different
values of U/t.

Another important feature of the kagome lattice is that, due to the absence of the
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PHS, half-filling is not at µ = 0. Therefore, one needs to vary the chemical potential

in order to find which µ leads to ⟨n⟩ = 1. Figure 3.3 shows how the chemical potential

leading to a half-filled band at different U/t changes with temperature.
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Figure 3.3: The chemical potential that leads to the half-filling of the system as a function
of the temperature, and for different values of interaction strengths.

3.3 Results

3.3.1 Thermodynamic properties

We start our analysis by discussing the thermodynamic properties of the system. First,

we investigate the internal energy density,

e(β, U) =
1

N
⟨H⟩, (3.1)

which is shown in Fig. 3.4 (a). Given this, one is able to obtain the entropy per site (in

units of the Boltzmann constant, kB) by [101]

s(β, U) = ln 4 + βe(β, U)−
∫ β

0

e(β′, U)dβ′, (3.2)

which is shown in Fig. 3.4 (b). We obtain s(T → ∞) ≡ ln 4 for all U/t, while it decreases

and goes toward zero when T is reduced. However, the way s(T ) → 0 depends on the

value of U/t. For instance, for U/t = 3, the entropy approaches zero in close similarity to

the non-interacting case, while for U/t = 7 it decays slowly at low temperatures, directly

affecting the specific heat, as discussed latter.
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Figure 3.4: The (a) total energy, and (b) entropy as functions of the temperature, for
different values of U/t. When not shown, error bars are smaller than symbol size.

Interestingly, the entropy curves for different values of the interaction strength cross

around s ≈ ln 2. This crossing has also been observed for the square [102, 103, 104, 105]

and honeycomb lattices, [104, 105, 106] and is closely connected with the possibility of

adiabatical cooling in the system. That is, for entropies greater than s ≈ ln 2, Fig. 3.4 (b)

shows that increasing U/t (at fixed entropy) pushes the temperature up. On the other

hand, below s ≈ ln 2, increasing U/t at fixed entropy actually cools the system. At this

point, we recall that this change of behavior should occur around an energy scale where

the entropy of a Fermi liquid state becomes lower then the limit of the Heisenberg model

(i.e., of localized spin-1/2). At high temperatures, the latter exhibits weakly interacting

spins, which, in turn, leads to a crossing of entropies around s ≈ ln 2.

The adiabatic cooling/heating of the systems is shown in Fig. 3.5, which is con-

structed by selecting fixed values of entropy in Fig. 3.4 (b), and gathering the temper-

ature for each U/t value. A comparison between the isentropic curves on the square [107],

honeycomb[104] and kagome lattices is also presented and shows that, for low values of s,

adiabatic cooling on the kagome lattice is at least as effective as in the honeycomb lattice.

Further evidence of it is present below when investigating the behavior of the double

occupancy at lower temperatures. In particular, for s = 0.4 it is possible to decrease the

temperature in half by decreasing U/t within the limit investigated.
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eycomb (open symbols), and square (crossed symbols) lattices.

Figures 3.6 (a) and (b) display the behavior of the specific heat,

c(T ) =
1

N

d⟨H⟩
dT

, (3.3)

for U/t = 3 and 6, respectively. The data points correspond to the differentiation of

the raw QMC results in Fig. 3.4 (a), while the solid lines are obtained by differentiating a

nonlinear fit of the energy; we use an exponential fit of the energy by the function efit(T ) =

a0 +
∑M

n=1 an exp(−βn∆), with a cut-off in M = 6. Figure 3.6 (c) presents the specific

heat from the exponential fit, for all values of U/t examined. For the noninteracting case,

one notices the occurrence of a single peak around T/t ≈ 1, which is pushed up to higher

temperatures as U/t increases. Such a high-temperature broad peak is due to single-

particle excitations and is closely related to the formation of local moments [102]. When

the temperature is reduced a soft shoulder appears for all U > 0, but without a large

second peak, as displayed in Fig. 3.6 (c). The occurrence of such low-temperature peak is

usually due to low-lying collective spin-wave excitations, with the double-peak structure

indicating strong spin-spin correlations [102]. Interestingly, by employing a cellular DMFT
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Figure 3.6: The specific heat as function of temperature for different values of U/t. The
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the raw DQMC energy values and the differentiation of the exponential fit performed for
U/t = 3 and U/t = 6, respectively. (c) The specific heat obtained from the exponential
fit. When not shown, error bars are smaller than symbol size.

approach, Udagawa and Motome [108] obtained a small second peak for the specific heat

at low temperatures, which they suggested is related to spin chirality degrees of freedom.

In view of these issues, we further investigate the magnetic properties of the Hubbard

model in the kagome lattice in the next subsection.

3.3.2 Magnetic properties

Now, we turn our attention to the magnetic properties of the system, starting our analysis

with the double occupancy,

D =
1

3L2

〈∑
i,α

ni↑ni↓

〉
. (3.4)

The double occupation and the local moment are connected by D = 1
2
[⟨n⟩ − ⟨m2⟩], there-

fore for fixed n, increasing the local moment reduces the double occupancy. Figure 3.7 (a)

displays D as a function of temperature, for different values of U/t, where one can notice

that D has a sharp decrease for 1 < T/t < 10 with a minimum (for all values of U ) around

T/t ≲ 1. This minimum suggests a competition between localization and delocalization

of the fermions. As depicted in Fig. 3.7 (b), when T → 0 we find ∂D
∂T

< 0 for all U/t; a

feature consistent with a metallic behavior. For U/t = 7, this minimum is shallow, while

having a large local moment, which suggests an insulating or a bad metallic behavior. At
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this point it is worth mentioning that metallic or insulating behavior is closely connected

with of adiabatic cooling features. Indeed, since
(
∂D
∂T

)
N,U

= −
(
∂S
∂U

)
N,T

, when
(
∂S
∂U

)
N,T

> 0

– in the adiabatic cooling region –, then
(
∂D
∂T

)
N,U

< 0, which is consistent with a Fermi

liquid at lower temperatures.
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Figure 3.7: (a) Double occupancy and (b) its derivative as functions of the temperature
for different U/t. The derivatives were smoothed through the usual methods. When not
shown, error bars are smaller than the symbol size.

We proceed probing nonlocal spin-spin correlation functions

cαγ(i− j) =
1

3
⟨S⃗i,α · S⃗j,γ⟩, (3.5)

with S⃗i,α = (Sx
i,α, S

y
i,α, S

z
i,α) being the spin operator of a fermion in given unit cell i, and site

index α = A, B, and C. We first explore the nearest neighbors case c(1), when |i− j| = a

(lattice parameter), i.e., the spin-spin correlations between the pairs of sites that form

a triangle (see Fig. 3.1). Figure 3.8 (a), shows c(1) averaged over all the combinations

of near-neighbor pairs in the lattice. c(1) is negative and increases in magnitude as U/t

increases, i.e. there are strong spin-spin correlations along the sides of the triangle.

On the other hand, spin correlations for longer distances are suppressed, as displayed in

Fig. 3.8 (b) for next-nearest neighbors [c(2), when |i−j| = 2a], presenting values one order

of magnitude smaller than those of c(1). For U/t ≤ 4, and at low temperatures, i.e. below

the energy scale for local moment formation (T/t ≲ 2), c(2) is reduced to values very

close to those of the non-interacting case, in line with a non-magnetic state. Interestingly,
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Figure 3.8: The spin-spin correlation between (a) nearest neighbors, (b) next-nearest
neighbors and (c) the homogeneous magnetic susceptibility as functions of temperature
for different values of U/t. When not shown, error bars are smaller than the symbol size.

for larger values of U , as for U/t ≥ 5, c(2) exhibits ferromagnetic correlations at high

temperatures, and the effects of frustration (antiferromagnetic correlations) only set in

for lower T/t. Finally, Fig. 3.8 (c) displays the homogeneous susceptibility as a function

of temperature. For U/t ≲ 5, χ(T ) has a response similar to the non-interacting case,

therefore being consistent with a metallic Pauli paramagnetic state, while for U/t ≳ 6 it

has a monotonically increasing behavior as T decreases (within the temperature range we

have analyzed). However, this increase in χ(T ) with decreasing T for large interaction

strengths is not enough to define the nature of the spin excitations. The minus-sign

problem prevents us from reaching the very low temperatures required to determine if

excitations are gapped or gapless.

3.3.3 Transport properties

Lastly, we now investigate the transport properties of the system, starting with the kinetic

energy. Figure 3.9 displays the kinetic energy per site, ⟨K̂⟩ = − t
N

〈∑
⟨i,j⟩,σ

(
c†iσcjσ+H.c.

)〉
,

as a function of temperature for different values of interaction. Since fermionic localization

is favored in an insulating state, ⟨K̂⟩ has to be reduced as a function of temperature as

U increases, a feature noticed in Fig. 3.9. However, within the temperature scale we

investigated, we did not find ∂
∂T

⟨K̂⟩ < 0, therefore, different from the analysis of the

potential energy, the behavior of the kinetic energy cannot provide clues on the emergence
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of an insulating phase.
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Figure 3.9: The average of the kinetic energy term as a function of the temperature for
different values of U/t. When not shown, error bars are smaller than the symbol size.

In view of this, other quantities should be investigated to identify the metal-to-

insulator transition. Among them, we proceed to examine the fermionic compressibility,

κ =
1

n2

∂n

∂µ
, (3.6)

with n = 1
N

〈∑
i,σ niσ

〉
, displayed in Fig. 3.10 (a). Notice that, due to the rotation symme-

try, the three orbitals are equivalent, as well as their individual compressibilities. When

dealing with any degree of anisotropy (of hopping or interaction), it is possible that some

orbitals could be insulating while others exhibit metallic features, as an orbital-selective

Mott phase. However, this is beyond the scope of this study.

For a metallic phase, κ assumes finite values, as presented in Fig. 3.10 (a) for the non-

interacting case (U = 0). For the interacting case, in particular for U/t ≲ 5, the system

becomes less compressible, but the trend of κ is still consistent with a metallic phase.

Otherwise, for an insulator state, a single-particle gap at the Fermi level of the density-

of-states (DOS) is formed, leading to a plateau in n(µ) as the temperature is reduced,

i.e. to κ → 0. This behavior can be seen for U/t ≳ 6, where κ has a maximum in a
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high-temperature scale, followed by an exponential suppression at lower temperatures, as

depicted in Fig. 3.10 (a). In other words, there is a clear evidence to a metal-to-insulator

transition from the behavior of the compressibility.
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Figure 3.10: (a) The electronic compressibility as a function of the temperature, for
different values of U/t. (b) The electronic compressibility for U/t = 8.5. Within the
insulating state, ρ(µ) shows a plateau, which translates as an exponential decay in κ(T ).
In order to find the charge gap ∆c we fit the low-temperature data using κ ∝ exp
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Figure 3.11: The charge gap, obtained through the compressibility data, as a function of
U/t. When not shown, error bars are smaller than the symbol size.

We further investigate this change in the compressibility for U/t ≳ 6 by recalling that,

within an insulating state, κ ∝ exp
(−∆c

kBT

)
, with ∆c being the charge/single-particle gap

(kB ≡ 1). Then, we obtain ∆c by an exponential fit of the low-temperature data of κ for

U/t ≥ 6.5, as displayed in Fig. 3.10 (b). Assuming a second-order phase transition, and
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performing an extrapolation by a polynomial or a power law function for U/t ≥ 7.0, we

obtain the critical point at Uc/t = 6.5± 0.1, as shown by the black solid line in Fig. 3.11.

Notice that the exponential fitting is not adequate when ∆c ≪ T , which may lead to

misleading results. Therefore, it is safe to disregard the point U/t = 6.5 when analysing

the extrapolation.

At this point, some remarks are required. First, as the charge gap is formed at high

temperature for U/t ≥ 7, then we expect that our analysis for ∆c in Fig. 3.10 (b) has little

finite-size effects. Second, we have to recall that, in some circumstances, κ may exhibit

unconventional behavior in multi-orbital systems, with the charge gap opening only for

a few orbitals, while others remain metallic. However, such an orbital selective Mott

transition does not occur in the Hubbard model on the kagome lattice; we have verified

that the all orbitals are metallic or insulators.

The previous analysis of κ indirectly points out to a suppression of the spectral weight

around the Fermi level. Given this, it is important to directly probe the density-of-states

(DOS) as a complementary study. In order to avoid complex methodologies for numerical

analytical continuations, here we examine the DOS only at the Fermi level, which is

obtained through [109]

N(ω = 0) ≈ β

π
G(|i− j| = 0, τ = β/2). (3.7)

Figure 3.12 (a) displays N(ω = 0) as a function of temperature for different values of U/t.

Notice that N(ω = 0) exhibits a finite value for U/t ≲ 5 at low-temperatures, consistent

with a metallic state. By contrast, for U/t ≳ 6, the trend of the DOS has a significant

change, being reduced exponentially, as expected for an insulator. In particular, within

the range of temperatures examined, the behavior change occurs at U/t ≈ 6.5, in very

good agreement with the results for the compressibility.

Finally, as further evidence of a metal-to-insulator transition, we examine the dc con-
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Figure 3.12: (a) The density-of-states at Fermi level, and (b) the dc conductivity as
functions of the temperature, for different values of U/t. When not shown, error bars are
smaller than the symbol size.

ductivity,

σdc =
β2

π
Λxx(q = 0, τ = β/2), (3.8)

in which

Λxx(q, τ) = ⟨jx(q, τ)jx(−q, 0)⟩, (3.9)

with jx(q, τ) being the Fourier transform of the unequal-time current-current correlation

functions

jx(i, τ) = eτH

[
it
∑
σ

(
c†i+xσciσ − c†iσci+xσ

)]
e−τH; (3.10)

see, e.g., Refs.[110, 111, 112]. Figure 3.12 (b) exhibits the results for σdc as a function

of temperature for different values of U/t. Similarly to the previous analyses, a metallic

behavior, i.e. ∂σdc/∂T < 0, occurs only for U/t ≲ 6.5. For interaction strength larger

than that, the behavior is consistent with an insulator.

In summary, the analyses of the compressibility, the DOS at the Fermi level, and the dc

conductivity provide strong evidence for a metal-to-insulator transition at Uc/t = 6.5±0.5.

3.3.4 Finite-size effects

In this subsection, we investigate finite-size effects. To this end, we perform simulations

for a N = 10× 10 lattice (i.e., with 300 sites), fixing U/t = 6, while varying temperature.
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Figure 3.13: Comparison between results obtained for 6 × 6 (filled squares) and 10 × 10
(open circles) lattices for (a) the total energy, (b) the kinetic energy, (c) the double
occupancy, (d) nearest and (e) next-nearest-neighbors spin-spin correlation functions,
and (f) homogeneous susceptibility as functions of the temperature, at U/t = 6. When
not shown, error bars are smaller than symbol size.

Figure 3.13 displays (a) the total energy, (b) the kinetic energy, (c) the double occupancy,

and (d) nearest neighbors spin-spin correlation functions for this system size, comparing it

with our previous results for N = 6×6. Notice that, for these quantities, finite-size effects

may be disregarded within the range of temperature examined. Indeed, short-ranged

quantities must suffer much less from finite-size effects than long-ranged quantities, as

structure factors or susceptibilities. Concerning the latter, NNN spin correlation functions

and the homogeneous magnetic susceptibility exhibit a small dependence on the lattice

size at low temperatures, as shown in Figs. 3.13 (e) and (f), respectively. However, these

minor dependencies do not affect the main results discussed in the previous subsections.
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Figure 3.14: Different energy scales for the Hubbard model on the kagome lattice, for
several values of U/t.

3.4 Temperaure scales

Our work presents a detailed finite-temperature analyses for the Hubbard model in the

kagome lattice, allowing us to provide different energy scales of the system. To this

end, Fig. 3.14 presents [i] the minima of the double occupancy TD
min, as well as the high-

temperature maxima for [ii] the specific heat peak T c
max, [iii] the magnetic susceptibility

T χ
max, [iv] the compressibility T κ

max, [v] the DOS at Fermi level TN
max, and [vi] the dc

conductivity T σ
max. Together, Figs. 3.5 and 3.14 provide a broad description of the model,

that can be relevant to future cold atom experiments.

The contents presented up until this section appear in Ref. [76].

3.5 Lieb-Kagome

We have examined the Hubbard model on a kagome lattice with hopping anisotropy,

allowing us to continuously interpolate between the unfrustrated Lieb lattice and the

fully frustrated kagome lattice. This interpolation is achieved by varying the hopping

amplitude, 0 ⩽ t′ ⩽ 1, along one of the diagonals of the kagome lattice, as shown in

Fig. 3.15

In order to understand the magnetism we investigated the spin-spin correlation func-
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a
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c

Figure 3.15: The kagome lattice, with basis sites a, b and c. By adjusting the hopping
between sites b and c so that t′ = 0, one reaches the Lieb lattice. From Ref. [2]

tions. In the Lieb limit (t′/t = 0), the local moment differed between sites, being more

intense in sites b and c than on sites a, reflecting that hoppings are more likely to involve

sites a than the other two. This difference vanishes in the kagome limit (t′/t = 1), as

expected. The NN spin-spin correlation functions change sign as t′/t increase, going from

positive when t′/t = 0 to negative as t′/t → 1, as can be seen in Fig. 3.16. This is an

indication of the transition from the ferrimagnetic behavior seen in the Lieb lattice to

the antiferromagnetic one expected in the kagome limit. We use this change in sign to

mark the boundary for the ferrimagnetic state in the phase diagram shown in Fig. 3.18,

whose points are denoted by UF
c /t. The error in this estimate is provided by the grid of

t′/t values we used (∆t′ = 0.2). These analyses were corroborated by an analysis of the

uniform susceptibility.

The electronic compressibility was investigated through an analysis similar to the one

described in Subsection 3.3.3. In Fig. 3.17 (a)-(d) is the electronic compressibility for all

t′ investigated. Here it can be seen that κ decays exponentially in the low-temperature

regime, similarly to what was observed in Subsection 3.3.3. This allows us to obtain the

charge gap ∆c, shown in Fig. 3.17 (e), which we then use to mark the boundary of the

metallic region in the phase diagram in Fig. 3.18, whose points are denoted by UM
c /t.

The contents of this section appear in Ref. [2], which is not a part of this thesis.
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Figure 3.16: Correlations between spins on nearest neighbor b-c sites (left panels), and
spins on next-nearest b-b sites along dashed t′-lines (right panels), as functions of t′/t.
Panels (a)-(e) [(f)-(j)] show data for increasing values of U/t, and the curves in each panel
correspond to different inverse temperatures, βt. From Ref. [2]

3.6 Conclusions

We have investigated the repulsive Hubbard model’s thermodynamic, magnetic, and trans-

port properties on the isotropic and anisotropic kagome lattice through unbiased DQMC

simulations.

Starting from the investigation of the thermodynamic properties of the isotropic case,

we examined the entropy for different interaction strengths and the behavior of the isen-

tropic curves as a function of U/t. We have found that adiabatical cooling is possible for

entropies smaller than s ≈ ln 2. In addition, we examined the specific heat: in contrast

to what is seen in the Hubbard model at the square or honeycomb lattices, the low-

temperature peak seems to be suppressed in the kagome lattice for all U/t. This suggests

the absence of collective spin-wave excitations as temperature is reduced, i.e. the absence
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Figure 3.17: Panels (a)-(d): Compressibility as a function of temperature (we set the
Boltzmann constant kB = 1), for fixed values of t′/t, and different values of U/t. (e) gap
estimates from fittings to κ ∝ exp{(−β∆c)}, using the low temperature data of panels
(a)-(d); see text. The lines are parabolic fits to the curves. From Ref. [2].

of magnetic long-range order in the ground state.

In view of this, we investigated the spin-spin correlation functions, in particular the

local moment, nearest (NN), and next-nearest neighbors (NNN). We obtained well-formed

local moments, with strong short-range NN correlations functions, while the NNN (and

farther) ones are strongly suppressed, further evidencing the absence of magnetic long-

range order. Despite this, the homogeneous magnetic susceptibility χ(T ) still increases

as temperature is reduced, being enhanced for larger values of U/t. However, we are not

able to conclude whether the nature of the spin excitations is gapped or gapless since

the sign problem prevents us from reaching lower temperatures. Furthermore, it is worth

mentioning that identifying whether a spin liquid state emerges or not is challenging, and

beyond the scope of this work.

Finally, we probed the metal-to-insulator transition. In particular, the behavior of the

compressibility provides a clear distinction between metallic and insulating states. There-
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Figure 3.18: Phase diagram of the Hubbard model on the anisotropic kagome lattice at
half-filling. From Ref. [2].

fore, we investigated the behavior κ(T ) for different values of U/t, being able to identify

the critical point around Uc/t ≈ 6.5. As complementary analyses, we also examined the

DOS at the Fermi level, as well as the current-current correlation functions, leading to

results in line with those from the compressibility. Together, these analyses provide clear

evidence for a Mott transition at Uc/t = 6.5± 0.5.

In the anisotropic case, we found that a metal-insulator transition takes place at a

certain UM
c /t(t

′/t), which increases monotonically with t′/t, from UM
c /t(0) = 0.0. We also

found that by increasing the frustration, mediated by t′/t, the system transitions between

a ferrimagnetic phase and a Mott phase.
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Chapter 4

Single-site von Neumann entropy as
a marker for quantum phase
transitions at non-zero temperatures

4.1 Introduction

Entanglement, a key property of quantum mechanics, is considered a fundamental

asset for quantum information processes such as computation and communication, thus

crucial for the development of quantum technologies [113, 114, 115, 116]. Condensed

matter systems are particularly promising for quantum technology devices due to their

inherent quantum fluctuations [117, 118, 119, 120].

Aside from its application in characterizing quantum phases, another important fea-

ture of entanglement is that it has been associated with the magnetic susceptibility [121,

122, 123, 37], a thermodynamic observable that could thus be used for estimating entangle-

ment experimentally, as in spin chains systems formed by the compounds Na2CU5Si4O14 [121]

and Cu(NO3)2 × 2.5H2O [122]. In the context of quantum phase transitions, studies in

homogeneous one-dimensional Hubbard chains at zero temperature have shown that the

entanglement entropy is directly connected to the susceptibility [123] and that there are

regimes at which this relation is linear and universal [37], suggesting that entanglement

could be estimated experimentally via magnetic susceptibility measurements.

Here, we investigate whether the von Neumann entropy at T ̸= 0 can still define bi-
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partite entanglement and/or be used to identify and characterize Mott metal-insulator

transitions (MITs) in two-dimensional lattices. That is, if signatures of the T = 0 quan-

tum phase transition can be recognized at finite temperatures, while also analyzing the

connection between entanglement and magnetic susceptibility at T ̸= 0. We consider the

Hubbard model on the honeycomb and kagome lattices, and the ionic Hubbard model on

the square lattice, using DQMC to calculate the single-site entanglement at half-filling in

all cases. Our results reveal that obtaining the transition points previously encountered

in the literature for all the lattices is possible. Our findings thus demonstrate that the

entanglement entropy signals quantum phase transitions to a Mott state, even at finite

temperatures (T ̸= 0). Additionally, for all the geometries studied, we find regimes at

which entanglement and susceptibility are linearly related: this could then be used to

estimate entanglement in experiments via susceptibility measurements.

4.2 Model and Methodology

4.2.1 Ionic Hubbard model

In this Chapter we study the Hubbard model, presented in Chapter 2, on the honeycomb

and kagome lattices shown in Fig. 4.1 (a) and (b), respectively.

We also investigate the ionic Hubbard model on a square lattice; its Hamiltonian reads:

Ĥionic = Ĥ +∆
∑
i

(−1)in̂i , (4.1)

which differs from Eq. (2.10) by adding a term that differentiates the two sublattices of

the square lattice [shown in green and blue in Fig. 4.1 (c)], by adding (subtracting) an

onsite energy ∆ to even (odd) sites.
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(a)

L

(b)

L

(c)

L

Figure 4.1: Schematic representation of the honeycomb (a), kagome (b), and square (c)
lattices used, with N = 2L2, 3L2 and L2 sites, respectively (L = 3 here). The latter
exhibits a breaking of sublattice symmetry associated with the ionic Hubbard model,
identified by the different colors.

4.2.2 Single-site entanglement

Among the various entanglement measures [124], the von Neumann entropy [125], part of

the general class of Renyi entropies [126, 127], stands out as an efficient tool to quantify

the entanglement of bipartite pure states. One particular approach to the von Neumann

entropy is the single-site entanglement, which has been extensively explored in the one-

dimensional Hubbard model [123, 21, 22, 128, 33, 129, 130, 36, 131, 132]. In this case,

the calculated entanglement is between a single site and the rest of the system. This

measure is particularly relevant when it is possible to control and detect single particles

in quantum systems, such as in cold atoms [133, 134]. For a single site i, the entanglement

with the remaining N − 1 sites is then [34, 37]

Si = − 1

log2 d
Tr[ρi log2 ρi] (4.2)

where ρi = Tr{N−i}ρ is the reduced density matrix, ρ is the ground state’s total density

matrix [21], d is the Hilbert space dimension and 1/ log2 d is the normalization factor.

As we are considering a single site, the local Hilbert space has d = 4, considering the

four possibilities |↑⟩, |↓⟩, |↑↓⟩, and |0⟩. In particular, Si can be rewritten in terms of the
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occupation probabilities [22, 123, 135, 36] as

Si = − 1

log2 d
[ωi,↑ log2 ωi,↑ + ωi,↓ log2 ωi,↓ + ωi,↑↓ log2 ωi,↑↓ + ωi,0 log2 ωi,0], (4.3)

where the single occupation probability, owing to the SU(2) symmetry of the studied

models, is the same for spin up and spin down and is given by ωi,↑ = ωi,↓ = ⟨n̂i⟩/2−ωi,↑↓,

where ωi,↑↓ = ⟨n̂i,↑n̂i,↓⟩ is the double occupancy probability at site i, and ωi,0 = 1−⟨n̂i⟩+

ωi,↑↓ is the empty occupation probability. It is interesting to note that ⟨n̂i,↑n̂i,↓⟩ and ⟨n̂i⟩

can be easily obtained from DQMC simulations.

Notice that Si is zero whenever one of the probabilities is one (with the remaining

being zero), i.e., when the reduced system is in a pure state. For the Hubbard model,

this occurs in the vacuum state n ≡ ∑
i⟨n̂i⟩ = 0 (thus ωi,0 = 1) or at full-filling n = 2

(ωi,↑↓ = 1). The maximum entanglement, Si = 1, occurs for the maximally mixed reduced

system. This is the case when all four probabilities are equivalent, ωi = 1/4, which occurs

at n = 1 and U = 0 [136]. At half-filling, in the presence of repulsive interactions (U > 0),

the single occupation probabilities reach ω↑ = ω↓ = 0.5 as U → ∞, and the double and

empty probabilities tend to zero, leading to Si = 0.5. This remaining entanglement is

then attributed to spin degrees of freedom.

To improve statistics in our calculations, we consider the average over all sites S ≡
1
N

∑N
i Si, [37, 124] for the honeycomb and kagome lattices, thus obtaining a global mea-

sure representing the whole system. For the ionic Hubbard model on a square lattice,

separate averages are performed in the two sublattices. The presence of a quantum criti-

cal point at T = 0 produces a cone of fluctuations that can still be perceived at low enough

temperatures, suggesting that obtaining a signature of a quantum phase transition as a

proxy at finite temperatures of S might be possible.

4.2.3 Systems

We calculate the average single-site entanglement S for the Hubbard model in honeycomb

and kagome lattices and for the ionic Hubbard model in the square lattice. These systems
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have been previously studied and present correlation-driven quantum phase transitions.

The repulsive Hubbard model in the honeycomb lattice [Fig. 4.1(a)] is known to display

a quantum phase transition from a paramagnetic semimetal to an antiferromagnetic Mott

insulator at half-filling [106, 5, 137] at Uc/t ≈ 3.8. This bipartite geometry allows the

possibility of particle-hole symmetry (PHS), which ensures that the behavior of quantities

that depend on the electronic density is mirrored around the half-filling. Thus, it is

sufficient to restrict the analysis to either above or below this point. We perform DQMC

simulations on a honeycomb lattice of linear size L = 9 (N = 2 × 9 × 9 sites) unless

otherwise specified.

The absence of bipartite symmetry in the kagome lattice [Fig. 4.1(b)] leads to a de-

coupling between the onset of insulating behavior and magnetic ordering with increasing

interactions. The existence of an MIT in the kagome Hubbard model has been exten-

sively investigated. Besides the discussion presented in Chapter 3, it is important to re-

port that on small-radius cylinder geometries, where the density-matrix renormalization

group (DMRG) method is especially suitable, characterization of the onset of insulating

behavior was established at Uc/t ≃ 5.4 [98]. Owing to the absence of PHS for any filling

in the kagome lattice, which, as mentioned in Chapters 2 and 3, leads to the minus-sign

problem and limits the temperatures that can be accessed within DQMC, here, we focus

the DQMC simulations on a kagome lattice of size L = 6 (N = 3× 6× 6 sites).

The Hubbard model on a square lattice has a quantum phase transition at half-filling

from a metallic paramagnet to an antiferromagnetic insulator as soon as the interactions

are turned on. The transition is driven by the instability caused by the van Hove sin-

gularity and also by the presence of nesting [42, 138]. As finite-size effects are stronger

for smaller U , and the gap is exponentially small in this regime, observing the transi-

tion through entanglement for the Hubbard model on a square lattice, where Uc = 0, is

challenging.

Therefore, to study the phase transition in the square lattice we turn our attention to
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the ionic Hubbard model, where two phase transitions, driven by the on-site interaction

U at a finite ∆ [139, 140, 141, 142] take place. The presence of ∆ at weak interactions

(U/t ≤ ∆) drives the system into a band insulating phase (BI). As U increases, a metallic

phase is found on a 2D square lattice [140, 143], whereas at large U values, the system

becomes a Mott insulator (MI) [144]. Although the exact value of U where the Mott

transition takes place is not well established, it is known that for ∆/t = 0.5 at half-filling,

the system undergoes a band-insulator-to-metal transition at U/t = 2.0 [140, 141, 89].

Thus we perform DQMC simulations for a half-filled ionic square lattice with ∆ = 0.5

[Fig. 4.1(c)] of linear size L = 10 (N = 10× 10 sites).

In what follows, we calculate the single-site entanglement, in particular investigating

how it varies with the electronic density n, in Sec. 4.3.1, and with the Hubbard interaction

U/t, in Sec. 4.3.2. The goal is to find regimes of parameters where indications of phase

transitions emerge and compare the critical points obtained in previous studies. Thus, we

aim to identify the reliability of the entanglement entropy calculated at T > 0 as a probe

for quantum phase transitions in two dimensions.

4.3 Results

4.3.1 Single-site entanglement as a function of the electronic
density

We start by investigating the dependence of the entanglement entropy S with the elec-

tronic density n at T/t = 0.5, in Fig. 4.2. The non-interacting limit shows a maximum of

S = 1 at n = 1, consistent with the expectation that, at this regime, the system is metallic

and each state has equal probability, i.e., ωi = 1/4, leading to maximum entanglement.

As U/t increases, the entanglement starts to decrease, and the curve eventually changes

into two maxima with a dip at n = 1. The appearance of a dip at half-filling signals a

transition from the physics of itinerant electrons to that of localized moments, and it is in-

terpreted as a marker of a Mott phase with increasing U/t [135, 37]. In the opposite limit,
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Figure 4.2: Single-site entanglement S as a function of the electronic density n for different
values of U/t at T/t = 0.5, for the (a) honeycomb and (b) kagome lattices.

U → ∞, the average single-site entanglement reaches the minimum S = 0.5 at n = 1, as

charge degrees of freedom are frozen and only spin degrees of freedom remain [31]. It is

worth pointing out that the two resulting domes in the curves for high U/t are symmet-

ric around n = 1 for the honeycomb lattice, but not for the kagome lattice, due to the

presence or absence of PHS in these systems.
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Figure 4.3: The derivative of the single-site entanglement with respect to n as a function
of U/t for the (a) honeycomb and (b) kagome lattices and different temperatures. Here,
the derivative is performed by varying the density near half-filling. The grey dashed lines
indicate the Uc for these lattices.

To monitor the temperature effects in our results, we investigate the derivative ∂S/∂n

around half-filling for different T ’s as shown in Fig. 4.3. We perform the derivative by

varying the density around n = 1, for both geometries. For lower values of T/t, ∂S/∂n = 0

for U < Uc whereas ∂S/∂n ̸= 0 for U > Uc. This is consistent with the fact that
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in a metallic phase, there are no significant changes in the non-local correlations when

adding/subtracting a particle to/from the system, while in the insulating phase, quantum

correlations become more susceptible to the addition/subtraction of particles [22]. This

change in regimes happens when U/t is increased beyond the critical values Uc indicating

that ∂S/∂n can signal the MIT. However, when T/t increases, the entanglement entropy

response becomes less evident, suggesting that for T/t ≳ 1 the thermal fluctuations are

intense enough to wash away the effects of the quantum phase transition.

4.3.2 Single-site entanglement as a function of interaction strength
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Figure 4.4: Average single-site entanglement S as a function of on-site interaction U/t for
(a) honeycomb, (b) kagome, and (c) ionic square lattices, contrasting different tempera-
tures at half-filling (n = 1). The decrease of S at large U reflects the localizing tendency
of the electrons in this regime. Panels (d), (e), and (f) show the corresponding derivatives
with respect to the interaction strength. The minima signal a finite-T proxy of the onset
of insulating behavior – its temperature dependence is shown in the insets. The lines
correspond to linear fits from which the critical values at T = 0 (Uc/t) are extracted,
resulting in Uc/t = 4.5(2) for the honeycomb lattice, Uc/t = 6.3(4) for the kagome lattice,
and Uc/t = 5.2(3) for the ionic square lattice, depicted by the star markers in the corre-
sponding insets.

Focusing on half-filling where the Mott transition occurs, we now investigate the Hub-
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bard interaction U effects on S. Figure 4.4 shows that the honeycomb [Fig. 4.4(a)] and

kagome lattices [Fig. 4.4(b)] display similar behavior, where the entanglement is maxi-

mum in the non-interacting regime while decaying monotonically with increasing U/t.

This happens as a consequence of the zero and double occupancies, ωi,0 and ωi,↑↓, de-

creasing while the single occupancies, ωi,σ, increase and indicate a localizing tendency of

the electrons. In contrast, S displays a non-monotonic behavior for the ionic Hubbard

model, increasing with U until U/t ≃ 2 and then decreasing as the Hubbard correlation

further increases – it directly derives from a competition between ∆ and U . In particular,

this model presents a phase transition from a band insulator to a metal for ∆/t = 0.5

at U/t ≃ 2 [143, 89], in agreement with the maxima observed at low temperatures in

Fig. 4.4(c).
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Figure 4.5: Single-site entanglement as a function of U/t for the ionic square lattice for a
4× 4 lattice and a temperature range 0.04 < T/t < 0.06 – the peak at U/t ≃ 2, sharper
at lower T s, gives the location of the band-insulator-to-correlated-metal transition.

As this peak is not present for the other cases examined, we further explore its behavior

at T ≃ t/20, shown in Fig. 4.5 for a 4 × 4 lattice. The peak turns sharper at this low-

temperature limit, indicating that the band insulator-to-metal transition is signaled by

the single-site von Neumann entropy rather than its derivative. Notably, in such a small

lattice size, it has been noted that this is a first-order phase transition, i.e., associated with
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energy level crossing [88]. The metallic state survives the increased interactions until the

screened Coulomb repulsion leads to the gap reopening, when a second phase transition

is observed, from a correlated metal to a Mott insulator.

Focusing on a quantitative description of the onset of the Mott regime, we investi-

gate the behavior of ∂S/∂U in Fig. 4.4 for the different lattices. For the honeycomb

[Fig. 4.4 (d)] and ionic square lattices [Fig. 4.4 (f)], we verify that ∂S/∂U present minima

at Umin,S(T ) that slowly move towards smaller values of U/t as the temperature decreases.

On the other hand, for the kagome lattice [Fig. 4.4 (e)], all minima are located at similar

values of U/t for all T/t. To obtain an estimate for the critical value of the interaction

strength Uc at which the Mott transition takes place, we extrapolate the minima positions

to T → 0, assuming a linear dependence – see insets in Fig. 4.4. Notice that the minima

in ∂S/∂U are better defined for the lower temperatures examined and flatten as the tem-

perature increases, disappearing for T/t ≳ 2. Remarkably, the critical values obtained

from the T → 0 extrapolation are in agreement to those previously found for the Mott

transition for all three lattices [106, 5, 137, 76, 143, 89] as, confirming that the average

single-site entanglement is a good indicator of quantum phase transitions even at finite

temperature for T/t ≲ 1.
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Figure 4.6: (a) Average single-site entanglement and (b) its derivative with respect to U/t
as functions of U/t for different system sizes for the kagome lattice at T/t = 0.5.

Since these results are extracted at fixed system sizes, we now probe the potential

influence of finite-size effects. Indeed, focusing on the kagome lattice, Fig. 4.6 shows that
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the single-site entanglement and its derivative at T/t = 0.5 exhibit quantitatively minor

finite-size effects for the analyzed range of number of sites, thus showing the robustness

of the computed values of Uc to trigger the MI regime.

4.3.3 Susceptibility and entanglement

In this section, we analyze the relation between the single-site entanglement S and the

ferromagnetic spin susceptibility χ(q = 0), obtained through the relation [42]

χ(q = 0) = −β 1

N

∑
i,j

⟨(n̂i↑ − n̂i↓)(n̂j↑ − n̂j↓)⟩ . (4.4)

Focusing on half-filling, we report the χ vs. S relation in Fig. 4.7 for the honeycomb,

kagome and ionic square lattices, at T/t = 0.50 and T/t = 1.00. The on-site interaction

parametrizes the plot, and increases from right to left (see colorbars). While the single-site

entanglement decreases as U/t increases (which was expected due to the behavior observed

in Figs. 4.2 and 4.4), the susceptibility increases with U/t. These might be connected

with the enhancement of local moment formation and short-range spin-spin correlation

functions which are a consequence of the decrease of empty and double occupancies (ωi,0

and ωi,↑↓, respectively) [42, 145].
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Figure 4.7: Ferromagnetic susceptibility as a function of single-site entanglement for differ-
ent temperatures. The blue hexagons represent the honeycomb lattice, the pink triangles
represent the kagome lattice and the green squares represent the square lattice. The lines
are linear fits within a range of large U values, see text.
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An interesting feature in Fig. 4.7 is the linear dependence between the susceptibility

and S, similar to that observed in one-dimensional superfluid Hubbard chains [37]. The

linear behavior is well established for higher values of χ, with the maximal value of χmax

being equivalent to Umax/t = 8.0 (lightest points in Fig. 4.7), and starts from a certain

χmin, with corresponding Umin/t. To understand the relation of this linear behavior with

U/t, we performed linear fits where we set the maximal value to be χmax and varied χmin

from lowest to highest, thus obtaining linear fits for the interval [Umin/t, Umax/t], with vary-

ing Umin/t. From these fits, we obtained the reduced χ2, χ2
red = χ2/degrees of freedom,

which we plotted against Umin/t in Fig. 4.8. For the T/t = 0.50 of the honeycomb lattice

the reduced χ2 decreases with U/t for U/t < 4, developing a plateau for U/t ≥ 4. This

change of behavior happens near the critical value for the honeycomb lattice, which may

suggest a connection between the linear behavior of χ when parametrized by U/t and the

transition to the Mott phase. For T/t = 1.00, however, the plateau only develops for

U ≥ 6.

0 . 0 2 . 0 4 . 0 6 . 00 . 0 0 1

0 . 0 1

0 . 1

1

1 0

1 0 0

1 0 0 0
 T / t  =  1 . 0 0
 T / t  =  0 . 5 0

χ2 red

U m i n / t
Figure 4.8: Reduced χ2 for the linear fits of the susceptibility featured in Fig. 4.7. Each
point is obtained by performing the linear fit within the (U,Umax) range.

4.4 Conclusions

In this Chapter, we study the behavior of the single-site entanglement entropy in two-

dimensional systems at finite temperatures. Our goal was to explore the relation between
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the single-site entanglement entropy and the critical interaction strengths for the onset of

a Mott Insulator in the Hubbard model on the honeycomb and kagome lattices. For the

ionic Hubbard model on the square lattice, we found that S signals both the Mott and

the band insulator to metal transition.

When analyzing the dependency of the single-site entanglement with the electronic

density, we see a change in the behavior of S, going from a one- to a two-peaked structure

with increasing U/t at half-filling. This change of behavior can be observed at tempera-

tures T/t = 1.00, and is caused by fluctuations produced by the quantum phase points at

T = 0.

The dependency of the single-site entanglement with the onsite interaction signals

a metal-to-band-insulator transition for the ionic Hubbard model on the square lattice,

providing a critical value Uc in accordance with previous results [143, 89]. The derivative

∂S/∂U presents minima for all systems analyzed at temperatures T/t ≲ 1.00, which, when

extrapolated to the T → 0 limit, allow us to find values of Uc/t that agree with previous

works. Combined with the previous findings, these results show that the single-site entan-

glement can be employed to estimate quantum phase transitions at finite temperatures.

We also examined the connection between entanglement and magnetic susceptibility.

We found that the parametrized magnetic susceptibility has a linear dependence with

the single-site entanglement for all systems, similar to one-dimensional Hubbard chains.

While a linear relation between the magnetic susceptibility and the entanglement is not

sufficient to quantitatively determine the latter, from an experimental point of view, it is

still possible to estimate how entangled is a certain system based on the linearity between

these quantities.

The contents of this Chapter appear in Ref. [77], and have been submitted for publi-

cation.
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Chapter 5

Interacting fermions in a
symmetry-protected nodal-line
semimetal

5.1 Introduction

In recent papers authored by M. Malard and collaborators [146, 147, 3], the following idea

was advanced: Vacancy engineering can produce a 2D monoatomic, and yet symmetry-

enforced, nodal line semimetals (NLSMs) by turning a symmorphic crystal into a non-

symmorphic one. In Fig. 5.1 (a) we have the lattice structure of borophene with 10 atoms

in its unit cell. Due to vacancy engineering, this material displays symmetry-enforced and

accidental nodal lines, shown in Fig. 5.1 (c) and (d), respectively. In symmorphic crystals

the accidental nodal lines should disappear when subject to spin-orbit coupling (SOC),

however, the opposite happens for this nonsymmorphic one. When Rashba SOC with

strength λ = 0.1eV is applied to B10, the accidental nodal lines become even stronger

than when not subject to any perturbations, as can be seen in Fig. 5.1 (d).

In Refs. [146, 147, 3], one of the structures investigated therein is obtained by de-

pleting 1/5 of the sites of a honeycomb lattice, as depicted in Fig. 5.2 (a), wielding a

nonsymmorphic glide-plane symmetry, see Fig. 5.2 (b). Glide-plane, inversion, and time-

reversal symmetries enforce nodal lines in the BZ of the depleted structure [3]. For short,

let us call the so-obtained 2D vacancy-engineered symmetry-enforced NLSM a nonsym-



45

(b) (c)

(d)

(a)

Figure 5.1: (a) Lattice structure of borophene B10. Its unit cell is defined by primitive vec-

tors a⃗ and b⃗, and the red and blue lines show the reflection and glide planes, respectively.
This geometry is obtained by periodically removing sites from the pristine borophene.
(b) Band structure of B10 without Rashba spin-coupling. The symmetry-enforced nodal
lines along the X-V direction are highlighted in black. (c) On the left (right) is the contour
plot of the symmetry-enforced nodal lines shown in (b) without (with) Rashba spin-orbit
coupling. (d) On the left (right) is the contour plot of the accidental nodal lines within a
2.0 eV energy window about the Fermi energy without (with) Rashba spin-orbit coupling.
Adapted from Ref. [3].

morphic holey graphene. We note that the proposed mechanism does not rely on chemical

composition. Hence, Fig. 5.2 (a) could, in principle, represent any material that realizes a

honeycomb lattice in its vacancy-free form, such as silicene, germanene, and borophene,

besides graphene. For graphene, similar lattice-engineering methods have been reported

using defects [148] and by manipulating single atoms on a substrate [149].

In this Chapter, we employ a mean-field approach and an unbiased determinant quan-

tum Monte Carlo (DQMC) simulation to investigate e-e interactions in the nonsymmor-

phic holey graphene of Fig. 5.2 (a). We are particularly interested in the possibility that

interactions drive symmetry-breaking instabilities, gapping out the nodal lines. The codi-

mension of the nodal line plays a crucial role in this analysis. In three dimensions, nodal

lines (codimension p = 2) lead to a vanishing density of states [150], which implies that

short-range interactions are perturbatively irrelevant in the renormalization-group sense.

On the other hand, a nodal line in two dimensions (codimension p = 1) generates a finite

density of states. In the particular case of the model for nonsymmorphic holey graphene
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(b)

Figure 5.2: (a) The honeycomb lattice with depletions. The highlighted rectangle is the
unit cell and the basis sites are numbered. (b) The glide plane is depicted by the red
dashed line.

with uniform hopping parameters, we find that the spectrum exhibits a crossing between

a symmetry-enforced and an accidental nodal line, which gives rise to a van Hove sin-

gularity at the Fermi level. We will show that this effect leads to an instability towards

an antiferromagnetically ordered state for arbitrarily weak e-e interactions. By contrast,

for the Dirac semimetal in the half-filled pristine honeycomb lattice, the transition to an

antiferromagnetic (AFM) Mott insulator requires a finite interaction strength Uc = 3.8

(in units of the hopping amplitude) [106, 151, 5].

5.2 The repulsive Hubbard model

We investigate the properties of interacting fermions on a nodal-line semimetal system

created by engineering the lattice presented in Fig. 5.2 (a). In order to facilitate the

following discussions, we assume single s-orbitals with a Hubbard on-site interaction, while

keeping the hopping integrals only between nearest neighbor (NN) sites, as discussed in

Chapter 2. Our Hamiltonian in the Hubbard Hamiltonian given by (2.10). Here, we define

the notation i = α + r, with α denoting the position of the α-th orbital (α = 0, . . . , 9),
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and r the position of the unit cell. To preserve the glide symmetry and, consequently,

the nodal lines, one must impose that the following pairs of orbitals are equivalent (see

Fig. 5.2): (s0,s5), (s1,s8), (s2,s7), (s3,s6), and (s4,s9). Similarly, the equivalent hopping

integrals tαα′ are: t01 = t58, t12 = t78, t23 = t67, t14 = t89, t45 = t90, and t56 = t03. If

we impose spatial inversion in addition to glide symmetry, we are left with three sets of

equivalent orbitals: (s0,s1,s5,s8), (s2,s3,s6,s7), and (s4,s9).

We investigate the properties of this Hamiltonian using a mean-field approach and

unbiased determinant quantum Monte Carlo (DQMC) simulations [41, 42, 81]. We also

use linear spin-wave theory (LSWT) to probe the ground state magnetic properties of the

strong-coupling limit, U → ∞, as the system can be mapped onto the Heisenberg model

at half-filling.

On the other hand, the mean-field approach performs an approximation in the inter-

action term by breaking the symmetry of the Hamiltonian. For the Hubbard model, the

SU(2) symmetry can be broken along the z -component of the spin, so the interacting

term may be approximated as

Uni,↑ni,↓ ≈ U
∑
σ

[⟨ni⟩
2

− σ⟨mi⟩
]
c†iσciσ − U

[⟨ni⟩2
4

− ⟨mi⟩2
]

(5.1)

with ⟨ni⟩ = ⟨c†i↑ci↑ + c†i↓ci↓⟩ being the average number of electrons on site i, while ⟨mi⟩ =

⟨Sz
i ⟩ = 1

2
⟨c†i↑ci↑ − c†i↓ci↓⟩ its magnetization. Since the lattice is bipartite, we assume an

AFM state in which the sign of ⟨mi⟩ alternates between even and odd sublattices (i.e.,

between even and odd values of α), in a way that the spatial dependence of ⟨ni⟩ and

⟨mi⟩ preserves translational symmetry. Further details of our mean-field approach are

discussed later.
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5.3 Results

5.3.1 Vacancy-engineered nodal-line semimetal: the non-interacting
limit

As discussed earlier, a NLSM may be created by engineering a lattice with periodic

depletions that give rise to glide, point inversion, and time reversal symmetries [3]. For

example, it is achieved by engineering a honeycomb lattice depleted with 1/5, as shown

in Fig. 5.2 (a), with the shaded area defining the unit cell, while the numbers are the site

labels. As shown in Fig. 5.2 (b), this structure has a glide symmetry, with the vertical

dashed (red) line representing the glide plane. In this subsection, we discuss the non-

interacting properties of this NLSM, i.e., we set U = 0, leaving the interaction effects to

the next subsections.

En
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(a) (b)
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0.0

0.2
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Figure 5.3: (a) Side and (b) top view of the dispersion relation focusing on the two bands
closer to the Fermi level (E = 0) at half filling. The bands cross at the Fermi level (darker
color), forming the nodal lines along kx = 0 and ky = π. The energy scale is expressed in
units of t = 1.

The Fourier transform of the non-interacting Hamiltonian leads to a block-diagonal

10× 10 matrix that can be diagonalized numerically. Due to the particle-hole symmetry,

the nodal lines appear at zero energy, coinciding with the Fermi level at half filling. Figure

5.3 (a) displays the two bands that cross the Fermi level and touch along the nodal lines

presented in Fig. 5.3 (b). Interestingly, there are two nodal lines: one at ky = π and
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another at kx = 0. As discussed in Refs. [146, 147, 3], the former is symmetry-enforced,

while the latter is accidental.

Although the results presented in Fig. 5.3 were obtained by fixing ti,j = t, we can test

the stability of the nodal lines by considering inhomogeneous hopping while preserving

the glide symmetry. For example, when we set t23 = t67 ̸= t [See Fig. 5.4 (a)-(b)], the

(horizontal) nodal line at ky = π is maintained, while the (vertical) nodal line at kx = 0 is

destroyed. We illustrate this feature by fixing ky = 0 and varying kx, or by fixing kx = π

and varying ky, as shown in Figs. 5.4 (a) and (b), respectively. In fact, any difference

among the pairs of hopping integrals (t01,t58), (t12,t78), (t23,t67) and (t56,t03) is enough to

gap out the accidental nodal line at kx = 0 while the symmetry-enforced one at ky = π is

unremovable.

Interestingly, unlike the previous case, changing the values of (t14,t89) and (t45,t90) does

not destroy the accidental nodal line at kx = 0. This behavior is shown in Fig. 5.4 (c)-(d)

for the case of changing (t14,t89), where one may notice the presence of both nodal lines for

different values of (t14,t89), with the crossing bands collapsing into a twofold degenerate

flat band when t14 = t89 → 0. To understand the formation of these flat bands, we note

that for t14 = t89 = 0 the system reduces to a set of decoupled chains, as illustrated in

Fig. 5.4 (e). The fact that the chains are bipartite and have an odd number of sites per

unit cell implies compact localized states, thus flat bands [152, 153]. Therefore, we expect

that in the half-filled ground state, the limiting case t14 = t89 → 0 would favor magnetism

for any U/t > 0, as provided by Lieb’s theorem [153].

Examining the local density of states (LDOS) in the noninteracting case is also im-

portant. Taking the time Fourier transform and performing an analytical continuation of

the single-particle Green’s function (see, e.g. Refs. [154, 155] for details), we obtain the

spectral functions

Aα
σ(k, ω) = − 1

π
ImGα

σ(k, ω + i0+), (5.2)
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Figure 5.4: Energy dispersion for fixed ky = 0 [panels (a) and (c)] and kx = π [panels (b)
and (d)]. The nodal-line at kx = 0 is gapped out whenever t23 = t67 ̸= 1.0, but remains
unaffected when t14 = t89 ̸= 1.0, where t = 1.0 is the value of the hopping parameter
for the other glide-related pairs. Expectedly, the nodal-line at ky = π is not destroyed
for when changing the value of any of the glide-related pairs. (e) Different arrangement
of the depleted honeycomb lattice, which shows the decoupling into two separate lattices
when t14 = t89 → 0 (dashed lines).

with α = 0, . . . , 9 denoting the different orbitals. Given this, the LDOS is defined as

Nα(ω) =
∑
k,σ

Aα
σ(k, ω). (5.3)

Figure 5.5 displays the LDOS for all orbitals, divided into three categories: [i] panels (a)-

(b), for (s0, s5) and (s1, s8); [ii] panels (c)-(d), for (s2, s7) and (s3, s6); [iii] panels (e)-(f),

for (s4, s9). Notice that this division is directly related to the coordination number z of

the orbitals. The panels on the left [i.e., (a), (c), and (e)] display data for homogeneous

hopping, ti,j = 1, while those in the right [i.e., (b), (d), and (f)] have t14 = t89 = 0.5.
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Figure 5.5: Local density of states for orbitals sites s0, s5, s1 and s8 (a)-(b), s2, s7, s3 and
s6 (c)-(d), and s4 and s9 (e)-(f). The panels on the left display the LDOS for homogeneous
hoppings (tij = 1.0) and the panels on the right display data for t14 = t89 = 0.5. The
van Hove singularities present in the homogeneous case [panels (a) and (c)] persist when
hopping anisotropy in t14 = t89 is introduced [panels (b) and (d)]. For s4 and s9, the van
Hove singularity at ω = 0 is weak in both the isotropic and anisotropic scenarios [panels
(e) and (f).]

Figure 5.5 clearly shows a well-formed van Hove singularity at ω = 0 in the LDOS of

orbitals (s0,s5), (s1,s8), (s2,s7) and (s3,s6), even in the presence of anisotropy introduced

in t14 = t89. Meanwhile, the peak at ω = 0 for (s4, s9) is rather weak already for the

isotropic case.

We can show that the van Hove singularity at the Fermi level is due to the crossing

of the accidental and symmetry-enforced nodal lines at the momentum k = (0, π). Ex-

panding the dispersion of the two low-energy bands in the vicinity of the crossing point,

we obtain the form ε±(p) ≈ ±c|pxpy|, where p = (kx, ky − π) with |p| ≪ 1 and c is a
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constant of the order of the bandwidth. We then have

∑
α

Nα(ω) ∼
∫
d2p δ(ω ∓ c|pxpy|) ∼ ln

(
cΛ2

|ω|

)
, (5.4)

where Λ is an ultraviolet momentum cutoff of order unity. Thus, the LDOS diverges

logarithmically for ω → 0. As a consequence, the Stoner criterion strongly suggests that

the system is unstable against interactions in this case. On the other hand, if glide-

symmetry-preserving perturbations gap out the accidental nodal line, we expect the low-

energy density of states to be finite and inversely proportional to the velocity of the linear

dispersion around the remaining symmetry-enforced nodal line. To verify this statement,

we consider a glide-symmetry-preserving anisotropy that acts on any pair of glide-related

hopping parameters other than t14 = t89 (by that excluding the special anisotropic case

for which, as seen before, the accidental nodal line and the van Hove singularity at the

Fermi level remain). In Fig. 5.6, we show the LDOS for two cases in which we vary a

pair of hopping integrals, either (t23,t67) or (t01,t58). In both cases, we can see a finite

LDOS at the Fermi level, thus confirming that a glide-symmetry-preserving anisotropy

that destroys the accidental nodal line also removes the van Hove singularity at the Fermi

level.

5.3.2 Mean-field approach

We now discuss the mean-field solution of the interacting (U/t ̸= 0) Hamiltonian in

Eq. (2.10). Since the unit cell has multiple orbitals, we need to define average values for

the local density and local magnetization, i.e. ⟨nrα⟩ = ⟨c†rα↑crα↑ + c†rα↓crα↓⟩ and ⟨mrα⟩ =
1
2
⟨c†rα↑crα↑ − c†rα↓crα↓⟩, respectively. In addition, as the lattice is bipartite, at half-filling

we expect the emergence of staggered magnetism with no charge order. Thus, in our

mean-field approach we set ⟨nrα⟩ = n = 1, while ⟨mrα⟩ = mα > 0 for α even, and
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Figure 5.6: Local density of states for orbitals s0, s5, s1 and s8 (a)-(b), s2, s7, s3 and s6
(c)-(d), and s4 and s9 (e)-(f). The panels on the left display the LDOS with t23 = t67 = 0.5
and the panels on the right t01 = t58 = 0.5. The LDOS becomes finite in panels (a)-(d)
when hopping anisotropies t23 = t67 and t01 = t58 are introduced, resembling the behavior
in Fig. 5.5 (e) and (f). The inset in panel (f) shows the LDOS for sites s4 and s9 near
ω = 0.

⟨mrα⟩ = mα < 0 for α odd. As a result, the mean-field Hamiltonian reads

HMF = −t
∑

⟨rα,r′α′⟩,σ

(
c†rασcr′α′σ +H.c.

)
− µ

∑
rα,σ

nrασ

− U
∑
rα,σ

σ mα c
†
rασcrασ +N U

∑
α

(
m2

α +
1

4

)
, (5.5)

with ⟨rα, r′α′⟩ denoting NN sites, and N being the number of unit cells.

The mean-field Hamiltonian can be diagonalized in Fourier space using a ten-component

spinor, leading to the bands En
k,σ, with n = 0, . . . , 9. The corresponding Helmholtz free
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energy is

F = − 1

β

∑
n,k,σ

ln
(
1 + e−βEn

k,σ
)
+ const., (5.6)

where β = 1/kBT . We are then able to determine the effective fields by self-consistently

minimizing the Helmholtz free energy,
〈

∂F
∂mα

〉
= 0. The resulting nonlinear coupled equa-

tions are solved numerically with standard library routine packages, using the Hellmann-

Feynman theorem. Note that the term proportional to mα in Eq. (5.5) breaks the glide

symmetry in the mean-field Hamiltonian by attributing an opposite magnetization to

glide-related sites. However, we assume that the magnetic phase preserves the product

of glide symmetry and spin flip, which implies that pairs of sites connected by the glide

symmetry must have opposite magnetization; for instance, m0 = −m5, m1 = −m8, and

so on. This condition guarantees that the ground state has zero net magnetization and

reduces the number of effective fields by half.

0 2 4 6 8 1 00 . 0

0 . 1

0 . 2

0 . 3

0 . 4

0 . 5

m α

U

 s 0  -  s 5
 s 1  -  s 8
 s 2  -  s 7
 s 3  -  s 6
 s 4  -  s 9

Figure 5.7: Magnetic order parameter as a function of the Hubbard interaction U/t at
half-filling.

Figure 5.7 displays the ground state results for the mean-field magnetic order parame-

ters mα as a function of the interaction strength U/t, for homogeneous hopping integrals.

Three remarks are in order. First, as expected, there are three distinct responses for the

magnetic order parameters, due to the three kinds of LDOS discussed in the previous

subsection. Note that the spontaneous magnetization is weaker on sites with coordina-
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tion number z = 3, corresponding to orbitals (s0, s1, s5, s8), than on sites with only two

nearest neighbors. Second, our mean-field approach shows magnetism for any U/t > 0,

putting the nonsymmorphic holey graphene in stark contrast to its pristine counterpart

whose critical e-e interaction is known to be Uc/t = 3.8 [151, 106, 5]. The found magnetic

order of nonsymmorphic holey graphene at arbitrarily weak e-e interaction is similar to

the behavior of the Hubbard model on a square lattice, where the van Hove singularity

is due to the nesting of the Fermi surface at half-filling, rather than the crossing of nodal

lines as in our case.

As a third remark, we verified that the mean-field results are independent of the choice

of spin direction used to break the SU(2) symmetry. In particular, we obtained identical

results when ⟨Sx
i ⟩ ̸= 0. Furthermore, we observed that any net staggered magnetization

breaks the glide symmetry and is sufficient to open a gap at half-filling, while a ferro-

magnetic solution preserves the glide symmetry and, hence, the symmetry-enforced nodal

line. However, it is important to emphasize that the ferromagnetic state is not the ground

state of the system at this filling. We conclude that, although the lattice with staggered

magnetization has a kind of “modified glide symmetry”, defined by the crystalline glide

plane times a spin flip, this new symmetry does not ensure the survival of the nodal line

enforced by the glide symmetry in the non-interacting model.

5.3.3 Linear spin wave theory

Since the mean-field solution discussed in the previous subsection is expected to be valid

in the limit U → 0, it is worthwhile to consider the strong-coupling limit, U → ∞. At

half-filling, the system can be mapped onto the Heisenberg model, whose ground-state

magnetic properties can be analyzed using linear spin-wave theory (LSWT).

The Heisenberg model on the depleted honeycomb lattice is given by

Hs =
∑
⟨i,j⟩

Ji,jSi · Sj, (5.7)
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where Ji,j = 4t2i,j/U is the exchange coupling and Si is the spin-S operator at site i. We

shall keep S as a free parameter and set S = 1/2 at the end. Assuming uniform hopping

integrals, we set Ji,j = J = 4t2/U for all nearest-neighbor bonds.

The classical spin configuration corresponds to a Néel state on this bipartite lattice.

To describe the spin excitations, we use the Holstein-Primakoff transformation with Sz
i =

(−1)α(S − a†iai ), where α = 0, 1, . . . , 9 is the orbital index of site i and ai is a boson

annihilation operator. Within LSWT, the quadratic boson Hamiltonian to order S has

the form

Hs ≈ Ecl +
JS

2

∑
i

zia
†
iai + JS

∑
⟨i,j⟩

(aiaj + a†ia
†
j), (5.8)

where zi = zα is the coordination number of site i with orbital index α and Ecl = −12NJS2

is the energy of the classical Néel state for N unit cells.

Taking a Fourier transform, we define the vectorX(k) = (a0(k), . . . , a9(k), a
†
0(−k), . . . , a†9(−k))

and rewrite the Hamiltonian in the form

Hs ≈ Ecl −NJSTr(A) +
JS

2

∑
k

X†(k)H(k)X(k), (5.9)

where

H(k) =

(
A B(k)

B∗(−k) A

)
. (5.10)

Here A is a 10× 10 diagonal matrix with nonzero elements given by Aαα = zα and B(k)

stems from the Fourier transform of the nearest-neighbor-coupling terms in Eq. (5.8). We

diagonalize the Hamiltonian in the standard way [156] using a Bogoliubov transformation

X(k) = Q(k)Y(k), where Y(k) is the new vector of bosonic operators and the matrix

Q(k) obeys

Q†(k)gQ(k) = g, (5.11)

Q†(k)H(k)Q(k) = Λ(k), (5.12)

where g = diag(1, . . . , 1,−1, . . . ,−1) andΛ(k) = diag(ω0(k), . . . , ω9(k), ω0(−k), . . . , ω9(−k)).

The functions ωλ(k), with λ = 0, . . . , 9, correspond to the dispersion relations of the
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magnon bands. The quantum correction to the magnetization in each sublattice can be

calculated from the matrix Q(k) as

∆Sα =
1

2N

∑
k

19∑
λ=10

[
|Qα,λ(k)|2 + |Qα+10,λ(k)|2

]
− 1

2
. (5.13)
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Figure 5.8: Dispersion relation of magnons for the Heisenberg model on the depleted
honeycomb lattice.

In Fig. 5.8 we show the magnon dispersion along high-symmetry directions in the

Brillouin zone. We obtain five twofold degenerate bands. The lowest band is gapless with

linear dispersion around the Γ point, as expected from Goldstone modes associated with

the spontaneous breaking of SU(2) symmetry. The absence of zero-energy flat bands

in the magnon spectrum indicates that the antiferromagnetic state is stable. Indeed,

by calculating the quantum corrections to the magnetization, we find that the order

parameter remains finite and respects the symmetry that combines spatial inversion and

a spin flip, as well as the composition of glide plane and spin flip. The order parameters

mα = S −∆Sα for each sublattice are (setting S = 1/2)

m0 = m1 = m5 = m8 = 0.124,

m2 = m3 = m6 = m7 = 0.140,

m4 = m9 = 0.199. (5.14)

The average antiferromagnetic order parameter is m = 1
10

∑
αmα = 0.146. Note that the

order parameter is smaller on the sites with coordination number z = 3, in agreement

with the mean-field result. Comparing with the result m = 0.242 from LSWT for the
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pristine honeycomb lattice [157], we conclude that the creation of vacancies leads to weaker

antiferromagnetic order in the strong-coupling limit.

The calculations presented in this subsection were performed by Rodrigo G. Pereira,

who collaborated on Ref. [78].

5.3.4 Quantum Monte Carlo

After discussing the weak- and strong-coupling limits in the previous subsections, we now

turn our attention to the Hubbard model at intermediate interaction strengths. This

analysis is performed using unbiased DQMC simulations, with up to 104 Monte Carlo

sweeps for thermalization and 105 for measurements. To this end, we start with the mean

double occupancy,

D =
1

10N

∑
r,α

〈
nr,α↑nr,α↓

〉
=

1

10

∑
α

Dα , (5.15)

which is the average over all orbitals, with N being the number of unit cells. Figure 5.9

displays the behavior of D as a function of temperature for different values of U/t. The

mean double occupancy is suppressed as U/t increases, with the appearance of a mini-

mum for sufficiently large interaction strength values. As suppression of D is expected

for interacting systems (since electrons avoid sitting in the same orbital), its minimum is

directly related to the emergence of unusual (bad) metallic properties [158]. In addition,

there are many suggestions that the sign change of ∂D/∂T is a key feature of the occur-

rence of anomalies in the Seebeck coefficient, which, in turn, leads to a reconstruction of

the Fermi surface [159, 160]. Finally, for ∂D
∂T

< 0, the system can be adiabatically cooled

by increasing the Hubbard interaction [161, 162, 107, 163, 164, 76], a condition relevant

to the establishment of this geometry in cold-atom experiments. In summary, although

beyond the scope of this thesis, all of these features (bad metallicity, anomalous Seebeck

effect, and adiabatic cooling) are likely to occur in our interacting NLSM.

The double occupancy is directly related to the local-moment formation, since Dα =

1
2
[⟨nα⟩ − ⟨m2

α⟩], with ⟨m2
α⟩ = ⟨(nα↑ − nα↓)

2⟩. Therefore, a decrease in Dα implies an
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Figure 5.9: Double occupancy as function of T/t for different U/t considering a N = 4×4
lattice (i.e. 160 sites).

increase in ⟨m2
α⟩, once ⟨nα⟩ = 1 at half filling. Given this, the behavior of the orbital

local moments ⟨m2
α⟩ as a function of temperature is similar to that presented in Fig. 5.9,

for the mean double occupancy, but showing maxima instead of minima.
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Figure 5.10: (a) Local moment, (b) spin-spin correlation function for nearest neighbors
at β = 24 as a function of U/t for a depleted honeycomb lattice of size N = 4 × 4 (160
sites).

To further investigate the magnetic properties, we examine the local moments as a

function of U/t, at a low temperature (β = 24 is low enough to provide results close to

the ground state ones), as displayed in Fig. 5.10 (a). We notice that ⟨m2
α⟩ are well-formed

and exhibit a non-uniform spatial response, with the local moment at orbitals (s0, s5) and

(s1, s8) being smaller than at other ones. Longer distances spin-spin correlation functions,
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given by

c(i− j) = ⟨(ni↑ − ni↓)(nj↑ − nj↓)⟩ = 4⟨Sz
i S

z
j ⟩ ,

may also be analyzed, where we keep the notation i = α + r. Figure 5.10 (b) illustrates

the behavior of c(i − j) as a function of U/t for each pair of orbitals corresponding to

their NN sites, where |i − j| = 1. In fact, the quantity c(1) represents the average value

of c(i − j) over all NN sites. Notice that the non-uniform feature for the correlation

functions remains, i.e. orbitals (s0, s5) and (s1, s8) display weaker spin-spin correlations,

in agreement with the mean-field results in Fig. 5.7.

0 2 4 6 8 10 12

-0.2

0.0

0 2 4 6 8 10 12
-0.4

-0.2
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0.2

R

zigzag

U/t = 3
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 j)

(b)

     Depleted          Honeycomb
 N = 4x4      N = 9x9

(a)

c(
i -

 j)

R

U/t = 5 R

Figure 5.11: Spatial dependence of the spin-spin correlation functions for (a) U/t = 3 and
(b) U/t = 5 at β = 24 for a depleted honeycomb lattice of size N = 4× 4 (squares) and
a pristine lattice of size N = 9 × 9 (stars). The origin is set on site s0 and r runs along
the sites in the zigzag direction (see inset).

It is also worth comparing the magnetic properties of the depleted lattice with those

of the pristine honeycomb one. To this end, we analyze the spin-spin correlation func-

tions between a reference orbital s0 and the i-th site/orbital along the zigzag direction.

Specifically, following our definition of i ≡ (r, α), the sites we examine are (r, α) =

(0, 0), (0, 1), (0, 4), (0, 5), (0, 8), (0, 9), (ŷ, 0), (ŷ, 1), . . . (see, e.g., Fig. 5.2). Figure

5.11 shows the spin-spin correlation functions c(Ri), with Ri being the Hamming dis-

tance, for (a) U/t = 3 and (b) U/t = 5, while fixed β = 24. In the latter case, both the
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depleted and pristine honeycomb lattices display similar behavior. However, for U/t = 3,

the cα,γ(Ri) response of the depleted lattice is significantly stronger than that of the hon-

eycomb lattice. We recall that the Hubbard model in the honeycomb lattice has an AFM

critical point at Uc/t = 3.8, therefore the results of Fig. 5.11 (a) suggest that site depletion

enhances magnetic correlations, at least for weak and intermediate interaction strengths.

This phenomenon has indeed been observed in the honeycomb lattice with a single deple-

tion, and, in our case, it suggests the emergence of magnetism below the critical U/t of

the pristine lattice [165].

The emergence of magnetism in the Hubbard model on depleted bipartite lattices is,

in many cases, related to Lieb’s theorem, which ensures the occurrence of ferrimagnetism

when the number of sites in one sublattice exceeds that of the other sublattice [153, 166].

However, in the case we are considering, both sublattices have an equal number of sites.

As a result, Lieb’s theorem only ensures that the total spin is zero, leaving the possibility

of magnetic ordering as an open issue.

A thorough determination of long-range order is given by the AFM spin structure

factor,

SAFM =
1

10

1

N

∑
i,j

c(i− j)(−1)|i−j| =
1

10

1

N

∑
i,j

4⟨Sz
i S

z
j ⟩(−1)|i−j| , (5.16)

which is proportional to the square of the order parameter in the thermodynamic limit.

Figure 5.12 shows SAFM as a function of the inverse of temperature, for fixed (a) U/t =

2.5, (b) U/t = 3.0 and (c) U/t = 3.5, and different system sizes N . In all cases, the

following behavior is observed: at high temperatures (low β), SAFM is independent of

the lattice size, indicating that the system exhibits only short-range correlations. As the

temperature decreases (higher β), the spin correlation length becomes comparable to the

system size, leading SAFM to develop a plateau, whose value depends on N . The lattice

size dependence of such a plateau is an important hint of long-range order.

Once the structure factor no longer changes as the temperature is lowered, one can
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Figure 5.12: Antiferromagnetic structure factor as a function of β for (a) U/t = 2.5,
(b) U/t = 3 and (c) U/t = 3.5. At lower temperatures, the structure factor stabilizes,
allowing for extrapolations to the thermodynamic limit [4], as illustrated in panel (d).
When not shown, error bars are smaller than symbol size.

normalize the low-temperature results by the lattice size using the linear spin-wave scaling

by Huse [4], in which

SAFM/N = A+B/
√
N +O(1/N)

where A = 4m2
AFM , and with mAFM being the ground-state AFM order parameter in the

thermodynamic limit. The constant 4 in A = 4m2
AFM arises from our definition of the

structure factor SAFM in Eq. (5.16), which has the same multiplicative factor applied to

⟨Sz
i S

z
j ⟩. This allows us to understand the behavior of the system at the thermodynamic

limit (1/N → 0 and T = 0 limit). The extrapolations, shown in Fig. 5.12 (d), are finite

in the 1/N → 0 limit, indicating that the system remains magnetic even for U/t = 2.5,

in stark contrast to the pristine honeycomb lattice, which becomes magnetic only for

U/t ≥ 3.8 [151, 106, 5].
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Figure 5.13: Antiferromagnetic order parameter as a function of U/t (blue circle sym-
bols). The points were obtained at the thermodynamic limit from the data displayed in
Fig. 5.12 (d), as detailed on the text. The solid line is a guide to the eye. The green
hexagon symbols represent DQMC values for the honeycomb lattice (Ref. [5]), while the
black square and diamond symbols are QMC results for the square lattice (Refs. [6] and
[7] respectively). The horizontal lines denote the Heisenberg limit for the square (black
dashed-dotted line; Ref. [8]), pristine honeycomb (green dashed line; Ref. [9]), and de-
pleted honeycomb lattices (blue short dashed line; the value used here was the average
AFM order parameter found in Sec. 5.3.3 of this Chapter).

The AFM order parameter mAFM , obtained in Fig. 5.12 (d), is displayed in Fig. 5.13

(blue open circle symbols), along with the values of mAFM for the pristine honeycomb

lattice presented in Ref. [5] (green open hexagon symbols). Notice that the strong-coupling

limit for the depleted lattice (horizontal blue short-dashed line) is nearly achieved at

U/t = 4. In contrast, larger values of U/t are required to approach the strong coupling

limit for the pristine honeycomb lattice (horizontal green dashed line). This difference in

behavior can be attributed to instabilities associated with the van Hove singularity, which

enhances the local moment formation as a function of U/t, effectively freezing the charge

degrees of freedom. A similar feature is observed for the square lattice [6, 7], as illustrated
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in Fig. 5.13. However, the magnetization for the Heisenberg model on the depleted lattice

is smaller than that of the square and pristine honeycomb lattices due to the reduced

coordination number. In light of these results, along with the MFT and LSWT results,

we conclude that AFM order is likely present for any interaction strength in the depleted

lattice.
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Figure 5.14: Extrapolation of the structure factor for individual orbitals as a function of
inverse system size for (a) U/t = 2.5 and (b) U/t = 3.

We finish the analysis of the magnetic properties by examining the main orbital con-

tributions to the AFM order. To this end, notice that Eq. (5.16) may be written as

SAFM = 4
1

10

1

N

∑
r,r′

∑
α,γ

(−1)α+γ⟨Sz
r,αS

z
r′,γ⟩ . (5.17)

Among the 55 possible orbital combinations, we focus on those where α = γ, which

represents the contribution of individual orbitals to the global order parameter. We then

define

Sα =
1

N

∑
r,r′

⟨Sz
r,αS

z
r′,α⟩. (5.18)

Notice that the spin-spin correlations for orbitals on the same sublattice are ferromag-

netic; thus, Sα > 0. Figure 5.14 presents the behavior of Sα, averaged over equivalent

orbitals, for (a) U/t = 2.5 and (b) U/t = 3, as a function of the system size at low temper-

ature (i.e. for large values of β, where the structure factor has stabilized as in Fig. 5.12).
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An important remark must be made here: There is a noticeable difference between the

contributions from the orbitals (s4, s9) and the others. Interestingly, these orbitals have

the highest responses at the mean-field solution and in the LSWT approach.

Now, we turn our attention to the electronic compressibility κ = 1
n2

∂n
∂µ
, with n =

1
N

〈∑
i,σ niσ

〉
. In order to perform the derivative ∂n

∂µ
, we vary the chemical potential µ

by ∆µ = 0.05, thus changing the density n. The result is displayed in Fig. 5.15 (a) as a

function of temperature. In a metallic phase, κ has finite values, but for an insulator we

have κ→ 0 because n(µ) exhibits a plateau as T → 0.
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Figure 5.15: (a) Electronic compressibility as a function of T/t for different values of U/t
and a depleted honeycomb lattice of size N = 4 × 4. (b) Comparison of κ for different
lattice sizes and U/t = 2.0. For U/t = 2, the compressibility displays a double-peaked
structure due to finite size effects, as can be seen in the N = 4 × 4 curve. A careful
analysis with system size shows that the peak at T/t ≈ 0.083 disappears as the system
size increases. Therefore, the peak at T/t = 0.625 is the actual low-temperature peak for
U/t = 2.0.

These features are present in our interacting NLSM, as displayed in Fig. 5.15 (a), with

κ → 0 for any U/t > 0 at low temperatures. That is, as the temperature is lowered,

the system enters an insulating phase with strong short-range spin correlations, which

eventually give rise to long-range AFM order in the ground state. It is important to note

that the curve for U/t = 2.0 in Fig. 5.15 (a) has two peaks, the first at T/t = 0.625 and

the second at T/t = 0.083. However, in Fig. 5.15 (b) it is possible to see that κ depends
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Figure 5.16: Temperature scale T ∗ defined by the low-temperature maxima for the com-
pressibility (open stars) and mean-field Néel temperature (solid line).

on the system size for temperatures lower than T/t < 0.2, implying that the peak at

T/t = 0.083 is actually a finite size effect and should disappear as N → ∞. Therefore, in

Fig. 5.16 we have considered the peak at T/t = 0.625.

The temperature scale for the onset of the insulating phase, denoted as T ∗, is presented

in Fig. 5.16. It corresponds to the temperature of the lowest peak in the compressibility.

Within a mean-field approach, long-range order occurs at the same temperature as the

metal-insulator transition. Therefore, it is important to compare the mean-field Néel

temperature with the T ∗ from QMC, as presented in Fig. 5.16. Interestingly, these energy

scales are similar, indicating that the mean-field approach successfully captures short-

range effects.

5.4 Conclusions

In this Chapter, we investigate the interacting properties of the repulsive Hubbard model

on a nonsymmorphic depleted honeycomb lattice which, in the noninteracting regime,
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exhibits symmetry-enforced and accidental nodal lines for the isotropic lattice and for a

special anisotropic one. The crossing of the nodal lines leads to a van Hove singularity at

zero energy in the local density of states, making the system unstable to interactions at

half-filling. Generic anisotropy gaps the accidental nodal line, thus removing the associ-

ated van Hove singularity.

In the interacting case (U/t > 0), we analyze the model using three different ap-

proaches: mean-field theory (MFT), linear spin wave theory (LSWT), and determinant

quantum Monte Carlo (DQMC) simulations. This allows us to examine the weak, strong,

and intermediate coupling limits, respectively.

Within the mean-field approach, we observe that the system becomes magnetic and

opens a gap in the spectrum for any U/t > 0, which can be attributed to the presence of

the van Hove singularity in the noninteracting regime. Moreover, the magnetism is inho-

mogeneous within the unit cell, with orbitals s4 and s9 exhibiting the largest responses.

The onset of an inhomogeneous magnetic order for arbitrarily weak e-e interaction in

nonsymmorphic holey graphene is to be contrasted with the magnetization of the pristine

honeycomb lattice, which is homogeneous and requires U/t > 3.8.

In the opposite limit, as U/t→ ∞, our LSWT analysis for the Heisenberg model yields

a global antiferromagnetic order parameter mAFM ≈ 0.146, which is significantly smaller

than the value for the pristine honeycomb lattice, mAFM ≈ 0.258 [9]. This reduction is

attributed to the smaller effective coordination number in the former case. Nevertheless,

in agreement with the previous MFT solution, the magnetic responses exhibit inhomo-

geneities, with the largest contributions again arising from orbitals s4 and s9.

For the intermediary regime of e-e interactions, we employed QMC simulations to in-

vestigate the isotropic lattice. We started by analyzing double occupancy, which exhibits

a change in the sign of ∂D/∂T as a function of temperature. This behavior is crucial

for identifying bad metalicity, anomalies in the Seebeck coefficient, and adiabatic cooling.

Additionally, our analysis of the spin-spin correlation functions reveals an inhomogeneous
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magnetic response, consistent with both the MFT and LSWT limits, and stronger cor-

relations than that of the pristine honeycomb lattice in the weakly interacting regime.

Consistent with the MFT result, we obtain a staggered antiferromagnetic order for any

U/t > 0 also in the intermediary e-e interaction regime, a stark contrast to the Hubbard

model on the honeycomb lattice. It is important to notice that the MFT results are valid

in the U → 0 limit, where the antiferromagnetic order parameter becomes exponentially

small. Outside this limit, MFT overestimates the order parameter, which renders a quan-

titative comparison of our DQMC and MFT results impossible. For large values of U/t,

the QMC order parameter agrees with the LSWT results, valid in the strongly interacting

regime.

Finally, our analysis of the electronic compressibility shows insulating behavior at

low temperatures with long-range antiferromagnetic order and metal-insulator transition

occurring simultaneously. This collection of results demonstrates that vacancy engineering

can qualitatively change the magnetic phase transition of a crystal and substantially alter

the magnetization and spin correlations in the magnetic phase, thus providing a practical

mechanism for designing quantum materials with tailored magnetic characteristics.

The contents of this chapter appear in Ref. [78].
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Chapter 6

Photoinduced enhancement of
superconductivity in the bilayer
Hubbard and t-J models

6.1 Introduction

Cuprates are compounds with high appeal due to exhibiting high temperature super-

conductivity. However, the critical temperature Tc from which superconductivity is sup-

pressed is still lower than ambient temperature, limiting applications. This has motivated

investigations on ways to raise Tc [167]. Among these, experiments involving photoirradi-

ation have been attracting attention [168].

These experiments utilize laser pulses to excite the vibrational modes of the oxygen

atoms of the cuprates, facilitating tunneling between the layers of the material [169].These

experiments can be modeled and studied from a theoretical approach, allowing to better

understand the mechanisms that enhance tunneling [170, 171].

With this in mind, in this Chapter we investigate how to use photoirradiation to

induce superconductivity in a cuprate. To model the tunneling seen in experiments with

YBa2Cu3O6+δ we consider the bilayer Hubbard and t-J models (Fig. 6.1).
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Figure 6.1: Bilayer square lattice with N = 16 sites (8 sites per layer).

6.2 The repulsive Hubbard model and the t-J model

In this chapter we will analyze the bilayer Hubbard and t-J models through exact diag-

onalization calculations. The Hubbard Hamiltonian is shown in Eq. (2.10). To introduce

hopping between bilayers, we define ti,j = t (t⊥) as the hopping amplitude in (between)

layers, and set the interlayer hopping to t⊥ = 0.1t. The time is measured in terms of t−1

and ℏ = 1. As the interaction strength increases, the energetic cost for two electrons to

occupy the same orbital is extremely high. In the strongly correlated limit (U ≫ t) we

have the t-J model

HtJ = −
∑
⟨i,j⟩,σ

(
ti,jc

†
iσcjσ +H.c.

)
+
∑
i

Ji,j

(
Ŝi · Ŝj −

1

4
ninj

)
, (6.1)

where Ji,j = J (J⊥) is the exchange between electrons that belong to the same (different)

layer and −1
4
ninj is included to account for the absence of double occupancy in this model.

We focus on the U ≫ t limit, where Ji,j ≈ 4ti,j
2/U . In our simulations, we define the

interlayer exchange as J⊥ = 0.01J [172]. We focus on the doped case, with n = 0.875 for

the system with N = 16 sites and n = 0.9 for the system with N = 20 sites.

To mimic the photoirradiation performed experimentally with the use of a laser beam,

we perform a Peierls substitution on the hopping amplitude t in Eqs. (??) and (6.1)

ti,jĉ
†
i,σ ĉj,σ +H.c.→ ti,je

iA(t)·(ri−rj)ĉ†i,σ ĉj,σ +H.c., (6.2)



71

where A(t) is the spatially uniform vector potential. To mimic an ultrafast photoirradi-

ation, we chose A(t) as

A(t) = A0e
−(t−t0)/2t2d cos [ω0(t− t0) + φ]ez, (6.3)

that is, an oscillatory Gaussian centered at t0, with width td, frequency ω0, amplitude A0

and polarized in the z-direction.

The simulations are performed with the time-dependent Lanczos method [173, 174],

with the time evolution being obtained through |Ψ(t + dt)⟩ = e−i ˆH(t)dt|Ψ(t)⟩ with dt

being a sufficiently small time step. The initial states Ψ(t → −∞)⟩ are the ground state

of Eqs. (2.10) and (6.1) and the wave function |Ψ(t)⟩ and the quantities of interest are

evaluated at each instant dt, allowing to monitor how the properties of the system evolve

in time.

Since the t-J model does not allow double occupancy, its Hilbert space is smaller than

that of the Hubbard model leading to faster simulations. Therefore, here we study the

bilayer Hubbard and t-J models on a lattice with N = 16 sites and periodic boundary

conditions. We set our parameters in such a way that we can compare the results of both

models.

6.3 Equilibrium results

To understand how the photoirradiation affects our systems we divide our analysis in two

parts: firstly we observe the properties of the system without perturbations. In particular,

we investigate the d-wave pairing structure factor

Pd =
1

N

∑
i,dr

⟨∆̂(d)
i ∆̂

(d) †
i+dr⟩, (6.4)

where ∆̂
(d)
i = (ĉi+x̂,σ + f(d)ĉi+ŷ,σ) ĉi,σ, with f(d) = +1. We analyze Pd across the low-

lying spectrum, to understand where superconductivity is more likely to be enhanced

by the photoirradiation. In Fig. 6.2 we have the eigenstates expectation values of the
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Figure 6.2: d-wave structure factor in the ground state and the first few excited states for
the (a) Hubbard and (b) t-J models. The green arrows indicate the ground state.

d-wave structure factor. To compare the results for the Hubbard and the t-J models we

set U/t = 20.0 and J/t = 0.2. For both models the energy scale is similar, showing that

for the parameters chosen, however, the configuration of the low-lying spectrum is not

identical. For the Hubbard case, there is a group of excited states with energy gap of

Eα − E0 ≃ 0.05t with d-wave pairing Pd ≃ 0.27, while for the ground state Pd ≃ 0.16.

For the t-J case, there are three groups of states with higher Pd. The ones closest to the

ground state have Pd ≃ 0.24 and energy gap Eα−E0 ≃ 0.025t. To understand how likely

these states are to contribute to the dynamics at a certain time t, it is relevant to see how

they couple to the current operator

Ĵ =
∑
⟨i,j⟩,σ

(−iti,jĉ†i,σ ĉj,σ +H.c.). (6.5)

In the systems we are trying to simulate, the pump is applied on the ẑ direction, in order to

enhance tunneling between layers. With this in mind, we focus on the z component of Ĵ ,

in particular, on the overlaps |⟨α|Jz|0⟩|2, displayed in Fig. 6.3. The overlaps |⟨α|Jz|0⟩|2,

with α being an excited state, suggest that for the bilayer Hubbard and t-J models the

ground state is the most influent in the dynamics. While this result does not exclude the

possibility for different α states to participate in the dynamics, being accessed after the
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Figure 6.3: Overlaps of the current operator Jz between the ground and the α excited
states for the (a) Hubbard and (b) t-J models. The green arrows indicate the ground
state.

introduction of the pump, it indicates that the transition from the ground state to a given

α state may require a fine-tuned perturbation to happen.

6.4 Out of equilibrium results

Now we add a time-dependent external field that can be adjusted to allow transitions

between the ground and excited states. The pump used must be time constrained to

prevent the system to continuously absorb energy. To find the optimal pump parameters

that enhance superconductivity, we can adjust the amplitude, width and frequency of the

pump. To do so, we associate td and ω0 through td = 32π
ω0

and then vary (A0, ω0). If

we consider t = 0.36 eV [175], we have that a pump of A0 = 1.0 corresponds to a pump

fluence of ∼ 10 mJ and a frequency of ω0 = 0.05 corresponds to ∼ 0.02 eV or ∼ 20 THz, in

agreement with the parameters employed in photoirradiation experiments [168, 176, 177].

We begin our analysis by the bilayer t-J model. Firstly, we explore (A0, ω0) and observe

how the d-wave pairing changes in time by taking ∆Pd = Pd(tmax) − Pd(tmin), seen in

Fig. 6.4. Here we see small islands of (A0, ω0) that enhance Pd. If we analyze the region
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Figure 6.4: Contour plot of the enhancement of d-wave structure factor as a function of
the amplitude and frequency of the pump for the t-J model with J = 0.2, J⊥ = 0.002,
t = 1.0 and t⊥ = 0.1.

.

where the enhancement of Pd is more pronounced, we see that the energy given to the

system is much higher than that of the states considered in the time evolution, meaning

that the pulse is not targeting the desired states as intended. In Fig. 6.5 (a) we have

the variation of Pd in time, given by ∆Pd = Pd(tmax) − Pd(tmin), for a set of parameters

(A0, ω0). In Fig. 6.5 (c) we see an increase in Pd that coincides with the decrease of the

overlap of the wave function |ψ⟩ with the ground state (|⟨0|ψ(t)⟩|2) and the increase of its

overlap with state |α = 21⟩. This implies that the pulse with parameters A0 = 9.0 and

ω0 = 0.4 was able to target state |α = 21⟩.

Due to constraints on the simulations times, it is not feasible to increase the size

of the Hubbard bilayer. However, the t-J model allows to achieve larger lattices sizes.

Fig. 6.6 displays d-wave structure factor. When comparing the d-wave structure factor

for the bilayers with N = 16 [Fig. 6.6 (a)] and N = 20 sites [Fig. 6.6 (b)], we see that the

low lying spectrum is completely different between. It is noteworthy that for the smaller

system, the ground state has Pd = 0, while, for the larger one, Pd ≃ 0.85.
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Figure 6.5: (a) Contour plot of ∆Pd, for different A0 and ω0. (b) Schematics of the pulse
amplitude, (c) d-wave structure factor and (d) dynamics of the overlaps |⟨α|ψ(t)⟩|2 as a
function of t for A0 = 9.0 and ω0 = 0.4.

6.5 Conclusions

In this Chapter we have presented the current results for the bilayer Hubbard and t-

J models under photoirradiation. Our goal was to enhance d-wave superconductivity

dynamically. We studied the underdoped regime, with n = 0.875 with small hopping

between layers, where we noticed an increase in the pairing after allowing the system to

evolve after applying a perturbation. While the presence of excited states with higher

d-wave pairing than the ground state is promising, targeting these excited states has

proven to be a difficult task. This might be connected with the fact that for the groups of

parameters observed the low-lying spectrum of the system in equilibrium have very similar

energies. Analysis of the overlaps of the target and ground states with the current operator

show that, in first order, the target states are not likely influenced by the dynamics.

Indeed, while the pump disturbs the system enough to slightly enhance superconduc-

tivity, the energy injected is not applied in an orderly fashion to successfully access the

desired states while maintaining the increase in Pd after the system is allowed to relax.

Simulation costs limit increasing the size of the system for the bilayer Hubbard model,
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but it is feasible for the bilayer t-J model. Preliminary analysis show that the low-lying

spectrum of this model is greatly impacted by the difference in size. This work is in

progress and will be prepared for publication when finished.
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Chapter 7

Concluding remarks

In this thesis we investigated properties of the Hubbard model on different geometries

through tight-binding and mean-field calculations, exact diagonalization and quantum

Monte Carlo simulations. We were able to contribute towards a better understanding

of the Hubbard model on the kagome lattice, we also proposed an approximation to the

single-site entaglement at finite temperatures as a proxy to identify quantum phase transi-

tions. We then investigated how vacancy-engineering a nonsymmorphic geometry affects

magnetis and finally studied the possibility of targeting states with a time-dependent

perturbation to enhance superconductivity.

Firstly, we analyzed the properties of the repulsive Hubbard model on a kagome lat-

tice. Through DQMC simulations it was established that it is possible to adiabatically

cool this system by increasing U/t. There are evidences for the absence of collective spin-

wave excitations in the ground state, supported by the suppression of the low-temperature

peak, that is consistent for all U/t observed. This is further evidenced by the spin-spin

correlation functions that although are very intense between nearest neighbors, decrease

rapidly for greater distances. We also observe that the homogeneous magnetic suscepti-

bility displays a behavior consistent with a metallic state for lower U/t. However, we are

unable to confirm whether this changes for higher U/t since the sign problem prevents

us from exploring the low-temperature limit in this case. We have contributed towards

the discussion about the metal-to-insulator transition for this system. By analyzing three
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different quantities, namely the electronic compressibility, density of states at the Fermi

level and current-current correlation functions, we gathered solid evidence for a Mott

transition at Uc/t = 6.5± 0.5.

Still on the subject of Mott transitions and motivated by the cone of fluctuations

produced by quantum critical points at T = 0 we have investigated the possibility of

computing single-site entanglement at finite temperatures. We employed DQMC to obtain

the single-site entanglement for the Hubbard model on the honeycomb and kagome lattices

and for the ionic Hubbard model on the square lattice aiming to identify its reliability in

identifying quantum phase transitions for these two-dimensional systems. Our findings

suggest that the single-site entanglement is efficient to signal the critical Hubbard U at

which Mott and band-insulator-to-metal transitions happen, and the filling at which Mott

transition happens. This analysis provide satisfactory results for temperatures T ≤ 1.0.

We also investigated the properties of a nonsymmorphic depleted honeycomb lat-

tice vacancy-engineered from a pristine honeycomb lattice. We observed the presence of

symmetry-enforced and accidental nodal lines for the depleted lattice and established that

their crossing leads to a van Hove singularity in the local density of states, making the

system unstable to interactions at half-filling. This is corroborated by mean-field theory

calculations showing that the system becomes magnetic for any U/t > 0, in direct contrast

with the pristine honeycomb lattice. The removal of sites of the lattice resulted in inhomo-

geneous magnetism within the unit cell, with stronger responses for orbitals with smaller

coordination number, which is also at odds with the pristine honeycomb lattice, that has

homogeneous magnetization and undergoes a Mott transition for U/t > 3.8. The inhomo-

geneity is consistent in the weak, strong and intermediate coupling limits, as can be seen

through mean-field theory, linear spin wave theory and DQMC simulations, respectively.

By employing these different techniques we are able to have a good understanding of

the antiferromagnetic order parameter in all interacting limits. The depleted lattice also

shows insulating behavior at low-temperatures with long-range antiferromagnetic order
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and metal-insulator transition occurring simultaneously.

And finally, we investigated the introduction of time-dependant perturbations in the

bilayer Hubbard and t-J models. Our preliminary findings suggest the possibility to

increase d-wave pairing and enhance superconductivity by applying a fine-tuned pertur-

bation that allows us to target certain states of our system.
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on Triangular and Kagomé Lattices”, Phys. Rev. Lett. 95, 037001 (2005). 13

[97] J. Kaufmann, K. Steiner, R. T. Scalettar, K. Held, O. Janson, “How correlations

change the magnetic structure factor of the kagome Hubbard model”, Phys. Rev. B

104, 165127 (2021). 13

[98] R.-Y. Sun, Z. Zhu, “Metal-insulator transition and intermediate phases in the

kagome lattice Hubbard model”, Phys. Rev. B 104, L121118 (2021). 13, 35

[99] C. Wen, et al., “Superconducting pairing symmetry in the kagome-lattice Hubbard

model”, Phys. Rev. B 105, 075118 (2022). 13

[100] A. J. Kim, F. Simkovic, E. Kozik, “Spin and Charge Correlations across the Metal-

to-Insulator Crossover in the Half-Filled 2D Hubbard Model”, Phys. Rev. Lett. 124,

117602 (2020). 13
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