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Resunco

Estabelecenos caracterizagoes completas da rogao de caos Mi-Worke para operadores de
composi¢ao com peso sobre os espagos Co(X) e LP(u) (I < p < 00). Como couwsequércia, apre-
sewtamos caracterizagoes simeples para o caos Mi-Worke de operadores de deslocamento come
pesos sobre ¢q e sobre (° (1 < p < 00) que complementam resultados previamente corwbecidos.
Hamebéme investiganos a rocao de caos Mi-Yorke para operadores de desiocamento com pesos
sobre espacos de Wrécket de sequércias. Como aplicagoes, obtemos caracterizacoes do caos
Ni-Worke para operadores de deslocamento com pesos sobre espagos de sequércias de IKothe

que dependen: apenas dos elementos da matriz de Kothe e dos pesos do operador.

Palarras-chave: divamica livear, caos Mi-Worke, operadores de composicao com peso, opera-

dores de deslocamento com pesos.



A bstract

We establisk complete characterizatiorns of the notior of Mi-Norke chaos for weighted cone-
positior operators ow Cy(X) spaces arnd ow L”(u) spaces (I < p < 00). 4s a couwsequence,
we obtain simple characterizations of the Ni-Worke chaotic weighted shifts ow ¢y apd ow £
(I < p < ) that complement previously kvown results. We also investigate the votiow of
Ni-Yorke chaos for weighted shifts ow Wréchet sequerce spaces. 4s applications, we obtain
ckaracterizations of the Mi-Worke chaotic weighted shkifts ov K 6the sequence spaces depending

only on the entries of the K6the matrin avd the weights of the shift.

K eywords: livear dywamics, Ni-Vorke chaos, weighted compositior operators, weighted shifts.
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Ckapter 1
| ”troductior

Whe goal of this work is to establisk complete characterizatiorns of the concept of Mi-Vorke
ckaos for weighted compositior operators or certaiw specific Bavack spaces. AMore precisely,
we are interested iv studying the chaotic bekavior iw the sewse of M arvd Worke for operators

of the form
Cuwr(p) = (pof) w

orv Cy(X), where X is a locally compact Bausdorff space, and ow LP(u), with p € [i,00),
where (X,9, 1) is a positive measure space. 4s relevawt applications, we will obtaiv simple
ckaracterizations of Ni-Worke chaos for weighted skifts (uvilateral avd bilateral) o the classical
Bawack spaces ¢y ard (7, whick complemernt previously krowr results. 4 dditiovally, we will
study tke rotiow of Mi-Worke cbaos for weighted shifts ow Wréchet sequence spaces. Whe main

results iv this work appeared iw the paper [11].

Whe interest in the topic addressed i this work arises from the fact that the area of livear
dyrvamics kas seew a sigrificant development iv recent decades and kas relevavt covrections
with other bravckes of dywamics, suck as topological dywamics, for example. Regardivg the
specific type of chaotic bekavior addressed i this work, it is noteworthy because the concept
of “chaos” was first mentioned in matbematical texts in the article publisked by Miew-Wier M
avd James 4. Yorke iw 1975, evtitled “Period Whree Implies Chaos” (see [26]). v particular,
we owe these two mathematiciaws the defivition of “Ni-Worke chaos”, whick we will explore
throughout thkis work. Wor readers interested in livear dyramics, we recommend the books
[1, 22] avd the more recent articles [2, 7, 9, 10, 12, 20|, where many additional references caw

be fourd.



Regarding composition operators, they vaturally arise in many diferewt contents (avalytic,
measure-theoretic, topological, etc.) and, therefore, they actually coustitute a family of classes
of operators. Wbey play a wvery importart role iv operator theory ard its applications. Whe
dyrvamics of suck operators bas been iwvestigated by several authors iv different settings (see,
for iestauvce, [4, 5, 13, 15, 17, 18, 19, 21, 23, 32]). e particular, a detailed study of Wi-Worke

ckaos for compositiow operators ow LP(u) spaces was developed in [8].

As for the structure of this work, some prerequisites iv 4 rvalysis and CGereral Mopology
will be assumed. Otkers, cousidered importart for a good understanding of the text, suck as
the notiors of irregular ard semi-irregular vectors ard results related to Ni-Worke ckaos for

operators orw Wrécket spaces, will be preserted e Chapter 2.

Iz Chapter 3, we will present a complete characterization of Mi-Worke ckaos for operators

Cu,r or Co(X) spaces (Hheorem 3.6) and the applicatious to weighted skifts on co.

Iz Chapter 4, we will provide a complete characterization of Mi-Worke ckaos for operators
Cu,s or LP(p) spaces (Wheorem 4.8). 4s a cowsequence, we will obtaie simple characteriza-
tions of the chaotic bekavior of the Ni-Worke type for weighted skifts ow 7. It is also worth
mentioning that, ie the case of LP(1) spaces, our resuits gereralize previous resuits from [8] iw

the uvweighted case, and we were strouvgly motivated by this previous work.

Winally, in Chapter 5, we will ture our attertion to the study of NMi-Worke chaos for weighted
skifts ow Wrécket sequence spaces. 4 trickotomy (HWheorem 5.2) will be obtaived as ove of the
mair resuits of this chapter, complemernting the study of Mi-Worke ckaos for livear operators
developed in [6]. 4s applications, we will obtaiuv characterizatious for the Wi-Worke chaos of
weighted skifts on £ 6the sequence spaces, whick bave a computational character, that is, they
depend ouly ou the ewtries of the Ko6the matric avd the weights of the skift (Wkeorems 5.11
and 5.12). 4dditiovally, at the end of Chapter 5, we will presewt examples of IK6the spaces and
use Mbeorem 5.11 to demonstrate that a specific weighted skift on a particular K6the space is

Ni-Worke chkaotic but vot kypercyclic.



Clkapter 2
Prelingizaries

I this chapter, we will presewt some defivitions anvd basic resuits that are prerequisites for
urderstavding the main theorems of this work awd their resultinvg corollaries. Whroughout this

ckapter, K dewotes eitker the field R of real pumbers or tke field C of complex rumbers.

2.7 "Mopology ard furctioral aralysis

Civer a set X, recall that a topology ov X is a collection 7 of subsets of X havieg the

following properties:

e Jand X arein T;
e the unior of the elements of avy subcollection of 7 is in T;

e the intersection of the elements of avy fivite subcollectior of 7 is iw 7.

I this case, the pair (X, 7) is called a topological space and the elements of T are called the
oven sets of X. If V is ar oper set of X, ther X \ V is called a closed set of X. In our coutext,
throughout this work, giver z € X and U an element of 7 suck that x € U, we will say that

U is a neighborhood of x.

Ewxanmeples of topological spaces ard their properties car be fourd iw detail iw [29] awd will

ot be presented here.



Whe vext proposition will be useful, iw Chapter 3. But first, we will veed the following
definition ard lemmea.
Defiwitior 2.7. Let X be a topological space. 4n indeved family {An},c; of subsets of X is
said to be a locally fivite family in X if every a € X has a neighborhood that intersects A, for

only finitely many values of «.

Nemma 2.2. Let {Ay},c; be a locally finite family in a topological space X. Then,

U=

acd acJ

Proof. Net A := U Ay Ifz e U Aq, then z € Ag, for some B € J. Hhbus, every veigkborkood
acJ acJ

V of x i X is suck that V N Ag # &. Mherefore, V' N (U Aa> # &, for all veighborkood V'
acJ
of x, whence it follows that z € U Ay = A
acJ

Couversely, let y € A. Net U be a veighborkood of y that intersects ovly fivitely neawy

k k
clements of {Aq}, o/, say Aq, ..., Aq,. We assert that y € UA_% ledeed, if y ¢ UTO%’ then

= =1

k
W :=U\ UA_m would be a weighborkood of y that does vot ivtersect anvy of the A,’s and

=1

thus does ot ivtersect A. Whis would contradict the statement that y € A. O]

Propositior 2.3. Let {Ay},c; be a locally finite family in a topological space X. If A, is
closed for all a« € J, then A = U Ay 1s closed.

aeJ

Proof. Siuce A, is closed, we bave that A, = A, (o € J). Weuce, by Nemwrea 2.2

A=JAa=J b= 4=1

acJ acd acJ

O

Iz the vent subsections, we will provide otker defivitions avd results that will be useful

later.



2.7.1  Nocally compact I8 ausdor# spaces

Net X be a topological space. Recall that X is a @ ausdorff space if, for eack pair of distinct
points a and b iw X, there emist veighborkoods U ard V of a ard b, respectively, suck that

unv =a.

Recall also that a collectior C of subsets of a topological space X is said to be a covering of
X if the union of the elemernts of C is equal to X. Whis covering is called arv open covering of
X if its elements are oper subsets of X. 4 topological space X is said to be compact if every

oper covering C of X admits a finite subcovering.

Definition 2.4. Let X be a topological space. We say that X is a locally compact Bausdor
space if it is a M ausdorff space and given x € X and given a neighborhood V of x, there is a

neighborhood U of x such that U is compact and U C V.

Example 2.5. Hhe real live R endowed with standard topology is a locally compact I8ausdorf
space. ludeed, giver a € R arvd a veighborbood V of a, there exists € > 0 suck that (a —e,a+
€ €

g) C V. Rence, U := <a — 30 + 5) satisfies:

(i) U is a weigkborkood of a;

(i) U is compact iv R;

(i) U C (a—e,a+e)CV.

2.7.2 Baire categories

If X is a topological space ard A is a subset of X, we defive the interior of A (ivt(A)) as
the umion of all opeuw subsets of X that are contaived iw A. Whus, sayivg that A has empty
interior is the same as saying that A contaivs ro oper subset of X beyond the empty set.
Equivalently, we car say that if every poivt of A is a accumulatior poiet’ of X \ A, ther A

kas emepty ivterior, whick means that the complement of A is dewse? iv X.

"Wet B be a subset of a topological space A and x € M. We say tvat z is a accumulation point of B if, for

every meighborvood V of z, we have BN (V \ {z}) # @.

24 set 4 is dense im M if 4 = M.



Definitionr 2.6. Let X be a topological space and A be a subset of X. We say that:

(a) A is a vowkere devse set if A has empty interior.

(b) A is a set of the first category if A is the union of a countable family of nowhere dense

sets.
(c) A s a set of the second category if A is not a set of the first category.

(d) A is a residual set if X \ A is a set of the first category.

Propositior 2.7. For every topological space X, the following statements are equivalent:

(i) Every countable intersection of dense open sets in X is a dense set in X;

(11) Every countable union of closed sets with empty interior in X is a set with empty interior
m X;

(111) Every non-empty oven set in X is a set of the second category in X ;

(iv) Every residual set in X is a dense set in X .

Remark 2.8. Net X be a topological space. Whe following properties are true avd caw be
found iw [30]:

(a) awy closed set A C X whose interior is empty is of the first category iv X;

(b) if f: X — X is a bomeomorphism and A C X, thew A and f(A) bave the same category
i X.

Defirzitior 2.9. 4 topological space X is a Baire space if X satisfies the equivalent conditions

of Proposition 2.7.

Tkeorem 2.10. [Baire] Every completely metrizable space (that is, admitting a complete met-

ric compatible with the topology) and every locally compact & ausdorff space are Baire spaces.



ke proof of Baire’s Wheorem car be fourd iw [30] awd we wor’t do it kere. 4 curious
fact is that the term “category” was ivtroduced by Rewé-Bouis Baire (1874-1932) tkrough thke

formaulation giver by item (i1) of Proposition 2.7 (cf. [29]).

Defiwitior 2.77. 4 subset A of a topological space X is called a set Gg(or a Gs-set®) if A

can be written as a countable intersection of open sets in X.

Propositior 2.72. If X is a Baire space and A C X, then A is a residual set in X if and

only if A contains a dense Gs-set in X.

Whe proof of Propositiow 2.12 falls outside the meain topic of this text avd caw be found in
[29].

Exameple 2.7.3. Botk sets Q and R\ Q are dewse iv R. Bowever, Q is vot a residual set iv R
(iw fact, Q is of the first category iv R) and R\ Q is a residual set iv R.

[utuitively, a residual set iw a Baire space X is commonly seerw as a set that contains the
“topological majority of poiets” of X. Iu this seuse, the Example 2.13 tells us that most real

rumbers are irrational.

2.7.3 UGrysokr’s lemerea

Net X be a topological space. Giver a map ¢ : X — K, we dewote by supp ¢ its support,
that is,

supp ¢ = {z € X : ¢(z) # 0}.

We devote by C.(X) tke collection of all covtivuous maps ¢ : X — K whick bave compact

support.

Went, we will present the versiow of Urysobu’s Nemma that will be used later in this work,
whose proof will be omitted kere as it falls outside the scope of this text, but car be fourd in
[31].

3Wve wotation “ (5”7 comaes froma Cerman, where “C” stamds for “gebiet”, which im this comtent meams

“openm set”, amd “§” is from “durcuschmitt”, which means “intersection” (see [29], p.194).



Nemenea 2.74. [Urysobu’s lemmal Suppose X is a locally compact & ausdorff space. 1fV is an
open subset of X and K CV is compact, then there is f € C.(X) such that

f(X)ycioi], f=1em K and suppf CV.

2.7..4 Bawrack-Steivkaus Wkeorere

Before stativg the versiow of the Bavack-Steivkaus Wheorem that we will use, we will recall
some useful defivitions, whick car be fourd iw [30]. Recall that a topological vector space X is

a vector space endowed with a topology 7 in whick two corditions are satisfied:

(1) every point of X is a closed set, ard

(2) the vector space operatiouws are contivuous with respect to 7.

Next, we state av important resuit regarding the topology of topological vector spaces,

whick will be used later and caw be fourd in [30].

Mkeorem 2.15. If B is a local base for a topological vector space X, then every member of B

contains the closure of some member of B.

Recall that a topological vector space X is aw F-space if its topology is ieduced by a

complete irvariant metric d. 4 metric on X is said to be invariant if

dlx+z,y+2)=d(z,y), Va,yzelX.

¥hroughout this subsectior, couvsider X and Y be topoiogical vector spaces over K and £

a collection of contivruous livear mappirgs from X to Y.

Definzitior 2.76. 4 subset E C X is said to be bounded if for each neighborhood V of 0 in
X, there exists a real number t > 0 such that E C sV, for all s > t.

Defivitior 2.717. 4 set V C X is said to be balavced if aV C V for every a € K, with
la] < 1.



Definitior 2.78. We say that a map T : X — Y is uwiformly contivuous if for every neigh-
borhood W of 0 in Y, there corresponds a neighborhood V of 0 in X such that

y—zxzeV=>Te-TyecW.

Defizitior 2.79. We say that L is equicontivuous if for every neighborhood W of 0 in Y,
there is a neighborhood V of 0 in X such that T(V) C W, for all T € L.

Remark 2.20. Iu the case whkere X and Y are wormed spaces, £ beirg equicortiruous is

equivalent to sup || 7| < oo.
TeL

Whe vext theorem will be useful for the proof of the Barvach-Steinkaus Wheorem that we

will see below, ard its proof car be found in [30].

Tkeorem 2.27. Suppose L equicontinuous. If E is a bounded subset of X, then Y has a
bounded subset F' such that T(E) C F, for all T € L.

Proof. Net E a bourded subset of X and F':= U T(E) CY. Net W be a veighborkood of 0

TeL
iw Y. Siece L is equicortivuous, there is a veigkborkood V of 0 iw X suck tkat T(V) C W,

for all T € L. Siuce E is bounded, F C tV, for all sufhicievtly large t. Wor these t,
T(E) CTV)=tT(V)CtW, foral Te€L,

whevce F' C tW. Whus, F is bourded. O

Hhkeorem 2.22 (Bawvack-Steivbaus). Suppose L is the collection mentioned above and B is
the set of all v € X such that
L(z):={T(x):T e L}

is bounded in Y. If B is of the second category in X, then B = X and L is equicontinuous.

Proof. Net 2B be the collectior of all balarced neighborkoods of 0 iw Y arwd pick aw element

W of 8. Since B is a local base* for Y and additior is cortiruous iv Y, there exists V € B

Y15 A is a topological space and x € M, a local base at x is a collection B(z) of meighborvoods off x with
the property that every meighborvood of x comtains some element of B(x). By a local base for M, we mean a
local base at 0. Wor instamce, in the case whwere Al is a metric space, the collection B(z):= {B(x;r);r > 0} of

all opem balls cemtered at x with radius r is a local base at x.



suck that V +V C W. By Wheorem 2.15, there exists U € B suchk that

U+UCV+VCW.

E:=()T7(0).

TeL
If x € B, theu tkere exists n € N suck that T'(x) € nU for all T € L. Sivce U C U, we bave
tbat T(z) € nU, whkence x € nT"(U), for all T € L. Whus, x € nE. Hkerefore,

o
Bc |JnE.
n=i
Siece B is of the second category by bypothesis, it follows that nFE is of the second category
ie X for some n € N. Sirece

reX—nreX

is a bomeomorphism, E is itself of the second category in X (by Remark 2.8-(b)). But E
is closed because eack T is contivuous. By item (a) of Remark 2.8, E' does wot have empty
ivterior, bence there ewists = € int(E). Wherefore, there exists a veighborkood V of 0 iw X

suck that V C x — E. Rence,
TVYCT(x—E)=T(x)-T(E)cU-UCcCW,

for all T € L. Mhis proves that L is equicortivuous. Net us prove that X C B. Net x be
an arbitrary element of X. By Wheorem 2.21, there is a bourded subset J of Y suck that
T(z) € J, for all T € L. lu particular, L(xz) C J. Sivce J is bourded, we kave that L£(z) is
bounded inw Y. Wherefore, x € B, whick implies X C B. O

We krow that continuous livear maps are bourded. By Wheoren 2.21, we see that equicor-
tiruous collectionws exhibit the bourdedress property in a uwviform mawvrer. Wor this reason,

the Bavack-Steivkaus Wheorem is aiso widely kvown as the “uwifornme bourdeduess privciple”.



-
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2.2 Barack ard Wrécket Spaces

Recall that a Banach space is a vector space X over K ervdowed with a worm, usually

deroted by ||-||, wkose topology is iwduced by the metric
d(z,y) = [z —yll (2,y € X),

e whick X is complete.

Iz this sectior, we will recall the definition of a Wrécket space ard presewt some ewamples.

Defirition 2.23. We say that X is a locally cowver space (NCS) if X is a topological vector

space that possesses a local base whose elements are convex.

Recall that a seminorm or a vector space X is a fuectioral p : X — R suck that

(S1) plazx) = |a|p(x), Va e K e Vx € X;
(52) plz+y) <plx)+p(y), Vo,yeX.

Note that the corditions for a furctioral p to be a semivorm exciude the equivalence “x =
0 < p(0) =07. Wowever, settivg o = 0 1w (S1), we bave that p(0) = 0. In particular, every

ROrIR IS & SEIMRIROrme.

Defivitior 2.24. 4 family P of seminorms on a vector space X is separativg if, for each
x # 0 in X, there exists p € P such that p(z) # 0.

A important fact about separating families of semivorms is that if P is suck a family
or a vector space X, ther the topology ieduced by P makes X a locally corvex space. Whe
converse of this fact is also true: if X is a NCS, thew there ewists a separating family of
semivorms that induces its topology. Whke proof of these facts caw be fourd in [30] auvd it
is beyord the mainw focus of this work. IRowever, suck results are importawt for proving the
following characterization of metrizability for locally corvex spaces, whick car also be fourd
I [30]



TMkeorem 2.25. Let X be a locally convex space. Then X is metrizable if and only if there

exists a sequence (Pn)nen Of seminorms that generates the tovology of X. In this case,

oo

d(w,y) =Y gpmin{i,p(z =)} (vy € X) (2.1)

15 an invariant metric that induces the topology of X.
Witk the above resuilt, we car fivally defive the concept of a Wrécket space.

Defizitior 2.26. We say that X is a Wrécket space if X is a locally convexr metrizable space

such that the metric (2.1) is complete.

Remark 2.27. lv Defivitior 2.26, it is possible to prove that the completeness of the metric d
does not depend on the choice of the sequence (py,)nen Of seminorms that ieduces the topology
of X. lu particular, if X is a Wrécket space, we car ckoose (p,)nen to be ivcreasieg’®. Moreover,

tke following facts are true:

4

1) If (pn)nen is increasing and ivduces the topology of X, thew every subsequence (py, )ken

also irduces the topology of X.

2) If (pn)nen iwduces the topology of X, thew (a,pn)neny also iwduces it, provided that

(an)nen is a sequence of nor-zero scalars.

We also hkigklight that every Barvachk space car be seer as a Wrécket space: it is evough to

take (pn)nen as the coustawt sequence (||-||)nen, where ||-|| is the vorm of the Bawvack space.

Example 2.28. Net () be a rorv-empty oper subset of K" and defive

C(Q):={f:Q—=K: fis coutivuous}.

Mote that C'(Q) is a vector space over K. Wor eack n € N, cousider

K, = {x € B(0;n) : d(z,Q°) > ‘4} :
n

where B(0;n) is the closed ball centered at 0 witk radius n ie K”. Wbe following facts are true:

5MWve sequence of semainormas (D, )nen s increasing i v (z) < pa(z)... < pu(x) < .oy Vo € M.



i) K, is compact for all n € N;
oo
i) Q= U K,;
n=i
i) K, Cint(K,4;) for all n € N.

If we cousider the separatieg sequence of seminorns® given by

pu(f) = sup{|f(z) : z € Ku},

4

we bave that p; < p, < ... <p, <...aed thesets V,, = {f eC(Q):pu(f) < ‘ﬁ}’ with n € N,

forme a local base for C'(Q2) cousisting of balarced cowvex wveighborboods. Siuce the metric
iwduced by the sequence (p,)nen is compiete (cf. [30]), it follows that C'(Q2) is a Wrécket space.
Example 2.29. If Q C C, it is possible to prove that

H(Q):={f:Q— C: fis kolomorphic}

is a closed subspace of C'(Q) and, therefore, it is complete with respect to the metric ieduced
by C(Q). Hhus, H(Q) is also a Wrécket space. In particular, if Q = C, then

H(C)={f:C— C: fis eutire}
is a Wrécket space.

Remark 2.30. Whe spaces C(Q) and H(Q) are vot vormable (cf. [30], p.34). lence, they are

rot Barack spaces.

6Tve topology induced by the family of semaimormas defined in example (2.28) is called twe topology of uniform

convergence on the compact subsets of €.



2.3 M-Norke Ckaos

I this sectior, we will study tke corcept of Mi-Worke ckaos for bourded livear operators
or Wréchet (and Bawack) spaces. Whroughout this section, X dewotes aw arbitrary ivfivite-
dimensiorval Wréchet space, endowed with the metriciv (2.1), and 7' : X — X will be a bourded
livear operator, urless otherwise specified. 41l defivitions anvd results regarding Mi-Worke ckaos

for livear operators on Wréchet spaces stated iw this section caw be found iw [6].

Defiwitior 2.37. & pair (x,y) € X x X is called a Ni-Yorke pair for T if

i ief d(T"x, T"y) =0 and livesupd(T"z, T"y) > 0.
n—oo n—oo

Defivitior 2.32. 4 subset ¥ C X is said to be a scrambled set for T if (z,y) € W x W is a

Li-Worke pair for T, whenever x # y.

Defivitior 2.33. We say that T is Ni-Worke ckaotic if there exists an uncountable scrambled
set for T.

Definitior 2.34. We say that T is deusely (respectively genverically ) Mi-Worke chaotic if there

exists an uncountable dense (respectively residual) scrambled set for T.

Defivitior 2.35. 4 vector v € X is said to be an irregular vector for T if the sequence

(T™x),,cn @5 unbounded and it has a subsequence converging to zero.

Whe following votiow of irregularity is somewhbat weaker but will be very useful throughkout

this work.

Defizitior 2.36. 4 vector x € X 1is said to be a semi-irregular vector for T if the sequence
(IT™x),.en does not converges to zero, but it has a subsequence converging to zero.

We observe that Definvitions 2.31, 2.32, 2.33, 2.34, 2.35 ard 2.36 kold for a Bavack space
(X, ||]]) instead of a Wrécket space (X,d). Ie particular, for a Bavack space (X, |]|), we say
that x € X is aw irregular vector for T if

lineinf | T"z|| =0 aed lioesup || T"z|| = oo,
n—oo n—oo



and we say that © € X is a semi-irreqular vector for T if

e inf [|[T"z|| =0 awd limesup ||T"z| > 0.
n—00 n—00

It is worth voting that the votions of irregular and semi-irregular vectors apply onrly to
ivfinite-dineensional spaces, siece ar application of the Jordaw forme implies that there are no

semi-irregular vectors for operators ow finite-dinersiorval spaces.

The vext theorem, whose proof caw be fourd iw [6], provides aw equivalence betweer the
existence of av irregular (semi-irregular) vector and Ni-Worke ckaos for livear operators ow aw
arbitrary ipfivite-dinzensioval Wrécket spaces. In all subsequent results, L(X) devotes the set

of all bounded livear operators T : X — X.

Tikeoreme 2.37. Let X be an infinite-dimensional Fréchet space. If T € L(X), then the

following assertions are equivalent:
(i) T is Li-Worke chaotic.
(11) T admits a Li-Worke pair.
(1) T admits a semi-irreqular vector.
(iv) T admits an irreqular vector.
Ment, we will state some results from [6] that will be equally useful later on.

Propositior 2.38. Let T' € L(X). The set of all vectors v € X such that (I"™x), .y has a

subsequence converging to zero is a Ggs-set in X.

Corollary 2.39. Let T € L(X). If the set of all points x € X such that (T"x), .y has a

subsequence converging to zero is dense in X, then it is residual in X.

Propositior 2.40. Let T € L(X). If T has a vector with unbounded orbit, then T has a

residual set of vectors with unbounded orbits.

Recall that tke orbit of a vector x € X ueder T € L(X) is giver by tke set {z, Tz, T?x, T3z, ...}.



Tkeorem 2.41. If T € L(X), then every neighborhood of a semi-irreqular vector for T con-

tains an irreqular vector for T.

Tikeoreme 2.42. dssume X separable. If T € L(X), then the following assertions are equiva-

lent:

(i) T is densely Li-Worke chaotic;
(i1) T admits a dense set of semi-irreqular vectors;
(1) T admits a dense set of irreqular vectors;

(iv) T admits a residual set of irreqular vectors.

2.3.7. WNi-Vorke ckaos criterion

Iz order to iwtroduce awotber useful characterization for Ni-Worke chaos iw the context
of linear operators ow Wréchet spaces, we present here the Ni-Worke Chaos Criteriow (W CC),
defived in [6], whick provides a rvecessary and sufficient condition for a bourded livear operator

to be Mi-Yorke ckaotic.

Definitior 2.43 (WCC). Let T € L(X). We say that T satisfies the Ni-Worke ckaos criterior
(LW CC) if there exists a subset Xo of X with the following properties:

(a) (T"x), . has a subsequence converging to zero, for every x € Xo;

(b) There is a bounded sequence (an)nen in span(Xo) such that the sequence (T"ay), oy 18

unbounded.

Tkeorem 2.44. dn overator T € L(X) is Li-Worke chaotic if and only if it satisfies the

Li-Worke chaos criterion.

Definition 2.45. Let T € L(X). We say that T satisfies the dewse Mi-Worke chaos criteriow
if there exists a dense subset Xo of X with proverties (a) and (b) of Definition 2.43.



Tkeorem 2.46. dssume X separable. dn operator T € L(X) is densely Li-Worke chaotic if

and only if it satisfies the dense Li-Worke chaos criterion.

Tikeorem 2.47. If T' € L(X), then the following assertions are eguivalent:

(i) T is generically Li-Worke chaotic;
(11) Every non-zero vector is semi-irreqular for T';

(111) X is a scrambled set for T



Ckapter 3

Ni-Vorke ckaotic weighkted comepositior

operators or Cy(X) spaces

3.7 Weigkted compositior operators or Cy(X) spaces

Whroughout this ckapter, X dewotes ar arbitrary locally compact I8 ausdorf space, unless

otkerwise specified.

Recall that a map ¢ : X — K vanishes at infinity if, for every € > 0, there is a compact
subset K of X suck tkat
lp(z)| <e, forall xe X\ K.

Net Cy(X) denote the Barack space over K of all countivuous maps ¢ : X — K that vawvish

at ivhinity, ezdowed with the supremun vorm

el := sup [ ()]

zeX

AMore gererally, for any subset B of X, we defive

¢l 5 == sup|e(z)],
reEB

where we consider this supremeum to be 0 whevever B = &.

We devote by C.(X) the vormed subspace of Cy(X) formed by the contivuous maps ¢ :
X — K whick kave compact support.



Whroughkout this chapter we will fix a weight function w : X — K, that is, a contiruous
map suck that
p-w e Co(X) forall ¢ € Cy(X). (3.1)

Whe vext result shows that the weight furvctions are ewactly the covtivuous maps from X
into K whick are bourded or X.

Propositior 3.7. If u : X — K is a continuous map, then the following statements are

equivalent:

(i) w is bounded on X;

(i) ¢ u € Co(X), for all ¢ € Cy(X).

Iz order to prove Propositior 3.1, we will veed two lemeneas. Whe first is Nememea 2.714 and

the second is a basic fact about Gereral Mopology, presevted below.

Nemewa 3.2. LetY and Z be topological spaces. dssume that (Y;)ier is a locally finite closed

cover of Y. For each i € I, let f; : Y; — Z be a continuous map. If
fi=1f, on YiNY;, forall i,j€l, (3.2)
then the map f:Y — Z given by
f(@) = filz) (veY,iel) (3.3)

is well-defined and continuous.

Proof. Coudition (3.2) ewsures that the fuwction f, givew by (3.3), is well-defived. In order
to skow that f is cowtivuous, we take a closed subset F of Z and prove that f~*(F) is a
closed subset of Y. Wor eack i € I, the set f;*(F) is closed iw Y; (because f; is cowtizuous),
whence it is closed iw Y (because Y; is closed iv Y). Siuvce the family (Y;);es is locally finite
aed f,(F) C Y, for all i € I, the fawily (f; " (F))ier is also locally fivite. HWkerefore, by
Propositior 2.3, the set Ufi_x (F) is closed i Y. Siuce
iel
) =Y Ey vy = J o),
i€l il

we bave that f~'(F) is closed iw Y, as we warted to prove. O
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Kow, let us see the proof of Proposition 3.1.

Proof. (i) = (ii): Obwious.
(73) = (i): Suppose that u is vot bourded ov X. When, there is a sequence (z,)pen v X suck
that

u(z;) #0 aed |u(x,)| + 4 < |u(x,s:)|,Vn € N.

Wor eack n € N, let F,, := {x € X : |u(z) —u(z,)| <1}, whick is a closed set i X, with
x, € lut F,. By Nemma 2.14, there exists ¢, € C.(X) suck that

on(X) C [0, |u(mn)]’]  on(my) = |u(x,)|”" ard supp @, Clut F,.

Net’s prove that the family (F,),en is discrete. Giver x € X, choose a weighborkood V' of z
suck that |u(y) —u(z)| < 1, for all y € V. We claim that V intersects at most owve of the sets

F,. Iedeed, if n <m,y € VNEF,aed z € VN EF,, ther
u(zm)| < Ju2)| +1 < |u(@)] +2 < [u(y)| + 3 < |u(zn)] + 4,
whick is a contradiction. Net F':= X\ G et F,. Wke family (F,)nen, together with F', forms
a locally fiwite closed cover of X. Deﬁmne:;p : X — R by
p:=0ir F' aed ¢:=¢,in F,, Vn e N.

By Nemma 3.2, ¢ is contivuous. 1f ¢ > 0 avd we ckoose k € N, with |u(zy)|™" < e, thew
K :=supp ¢; U---Usupp gy is a compact set and |¢p(x)| < ¢, for all x € X \ K, proving that
@ € Cy(X). lBowever, sivce the sequence (x,)nen car ot be countaired iw a compact subset of
X and |p(z,) - u(z,)| =1, for all n € N, we couclude that ¢ - u ¢ Co(X). O

Propositior 3.3. Giwen a continuous mayp f: X — X, the weighted composition operator

Cus(p):=(pof)-w
is well-defined and is a bounded linear operator on Cy(X) if and only if

fH(K)N X, is compact, for alle > 0 and K C X compact, (3.4)

where X, :={zr € X : |w(z)| > ¢}.



Proof. Suppose that there exist ¢ > 0 ard a compact set K C X suchk that
f(K) N X, is vot compact.

Met U be ar oper subset of X, with K C U aed U a compact set. By Nemmea 2.14, there is a
contivuous map ¢ : X — [0, 1] suck that

p(x)=1, Ve e K and ¢(x)=0, Vee X \U.
Whus, for all § > 0, U satisfies
lo(x)| <6, VYo e X\U, siece UCU.
Therefore, p € Cy(X). lBowever, given any compact H C X siuvce
fT(K)NX. ¢ H,

there is x € X \ H suck that x € X, and f(z) € K, wkeuce |p(f(2))w(z)| = |w(z)| > e.
Wherefore, (po f)-w ¢ Cy(X), demonstrativg that C,, f is vot well-defived.

Conversely, if w = 0 ow X, the coundition (3.4) is trivially satistied avd C,, s is the wull

operator.

Whus, we caw assume that w is vot identically zero. Net ¢ € Cy(X)\ {0}. Civer € > 0, let
&= S apd e’ =

] ol Since @ vaniskes at iefivity, there is K C X compact suck that
Wi ¥ %)

lo(x)| <€, Vo e X\ K. (3.5)
By (3.4), H := f7'(K) N X is compact, where X.» := {z € X : |w(x)| > "}. Burtkermore,
lo(f(z2))w(z)| <e, foral xe X\ H. (3.6)

ledeed, if z € X \ H, thev z ¢ f~(K)N X, ie. z & [T (K) or x & Xon.

o Ifz & f7H(K), thew f(z) ¢ K. By (3.5), we bave that |p(f(2))] < & = Tole’ whick
w|y
imphes |p(f(z))w(z)| < e.
o If © & X, thew |w(z)| < & = ﬁ, whence |p(f(x))] |w(x)| < ﬁ | ard so,
¥

lo(f(z)w(z)] <e.

I8 ence, sivce (3.6) is satisfied, it follows that (¢ o f) - w € Cy(X). Hherefore, C, s is a well-

defived function from Cy(X) to itself. Whe livearity avd bourdedwess of C,, ; are evident. [
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Corollary 3.4. Ifw € Cy(X), then the weighted composition operator C., ¢ is well-defined and
is a bounded linear operator on Cy(X), for all f: X — X continuous.

Proof. Indeed, assume w € Co(X) and take awy cowtivuous map f : X — X. lu view of

Propositior 3.3, giver ¢ > 0 and K C X compact, it is erough to show that
f7H(K) N X, is compact,

where X, = {r € X : |w(z)| > e}. But this follows from tke facts tkat f~'(K) is closed
(because f is contivuous) arvd X, is compact (because w € Cy(X)). Iu fact, giver € > 0, there
is H C X compact suck that

lw(x)| <e, Vo e X\ H.

I8eunce, X, is a closed subset of H, whick is compact. O

Corollary 3.5. Cliven a continuous map f: X — X, the (unweighted) composition operator
Ci(p) =po f
is well-defined and is a bounded linear operator on Cy(X) if and only if

f7HK) is compact for every K C X compact.

Proof. Mote that Cy = C,, ¢, where w is the constant function 1 ow X. v this case,
X ={re X :|jwk)>c}=X, Vee(0,1].

l8erce, the result follows from Proposition 3.3. [l

3.2 WNi-Vorke ckaos for weigkted compositior operators

or. Cy(X) spaces

Wor the remainder of this chapter, we fin a cowtivuous map f : X — X satisfyivg coundition

(3.4). lRence, the weighted compositior operator

Cuws:p € Co(X) = (pof) we Cy(X)
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is a well-defived bourded livear operator. We associate to w ard f the following sequence of

continuous maps from X into K:
w" =w aed w™ = (wo f*) ..o (wo f)-w, for n>2.

If wis the constawt fuection 1, thew so is w™ for all n > 1.

We vow establisk the nain result of this chapter, a characterization of the weighted cons-

positior operators orv Cy(X) that are Wi-Worke ckaotic.

Hhkeorem 3.6. The weighted composition operator C,, ¢ on Co(X) is Li-Worke chaotic if and
only if there is a sequence (B;),y of relatively compact open subsets of X such that the following

conditions hold:

(i) There is an increasing sequence (n;)jen of vositive integers such that

1. n;)
e H’LU( J H s
j—o0 f " (B;

| =0,¥ieN.

(7i) sup {”w(”)Hffn(Bi) t1,m € N} = 00.

Proof. Suppose that tke operator Cy, s is Ni-Worke ckaotic on Cy(X). Bet ¢ € Cy(X) be ar
irregular vector for Cy, ¢, that is,

e ief [[(Cu )" (@) =0 aed  limsup ||(Cw.r)"(@)| = oo.

n—0o0 n—00

Wor eack i € N, Jet

B; = {xGX:|<p(x)| >7—ﬁ},

7

whick is a relatively compact oper subset of X. Wirst, let’s check coudition (7). Sivce ¢ is an
irregular vector for Cy, ¢, there is aw increasing sequence (n;);en of positive ivtegers suck that
rreg T r TO! w,fr X ) g q j)jeN Of P Ty | 2er | |
e [[(Cy.p)" ()] =0, that is,

j—00 ’

0= linz [(Cup)™ (@) = Tina [|(p 0 f79) W™ || = liva sup | (f" (x)) w™ ()] .

J—00

Wote that, for eack 7 € N, we have that

4

o (fra(@)| > <, Ve [(B)). (3.7)



Wherefore,

0 = lime sup ’gp (f"(x)) w(”j)(x)| > limsup  sup ’90 (f"(x)) w(nﬁ@)’

T eek I 2ef " (B)

v
S R

J=00  gefT™i(B;)

S

_ i (n;)
= 5 i sup [l oy

whick ineplies cordition (7).

24

-lim sup  sup ‘w(”j)(x)’ (because (3.7))

Net us vow assume that condition (i) is false. So there is a couwstavt § < oo suck that

Hw(n)Hfin(Bi) <pB, Vi,n €N,

that is,
sup ‘w(”)(x)| < B, Vi,n € N.
zef(By)
Wor eack n € N, let I, := U f7(B;). We obtain from (3.8) that
ieN

sup }w(”)(x)’ <pB, VneN.

zel,

Siece @ is ar irregular vector for C,, ¢, we bave:

oo = limsup [[(Cup)"(p)ll = Timsup ||(go fHuw®|
n—oo n—oo

() = limsup|[(po fMuw™|,
n—oo

= im sup sup (¢ (f"(x)))w™ (z)]

n—oo x€ly,

IN

n—o00 xz€l, xzel,

IN

lime sup ||¢ o f”HIn -

n—oo

< el - B,

s sup (sup | (£ (0))] - sup [ o)

)

(3.8)
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whick is a contradiction. Wherefore, condition (7i) kolds.
Remark 3.7. Iu (x), we use the fact that (¢ o f") is zero outside of I,,, Vn € N.

Couversely, suppose that there is a sequeuce (B;),.y with all the properties described iu
the statement of the theorem. Wor eack i € N and eack n € N suck that f~"(B;) is vot empty,
ckoose a;, € f~™(B;) suck that

0™ (@in)| = [0,y — 1 (3.9)
By Nemmea 2.14, there exists ¢;,, € C.(X) suck that:

e 0 < pin(r) <i,VrelX;

* in(f"(ain)) = 1;

® supp @in C B;.
Mote that the family of functions {¢;,} defived above lies iv Cy(X). Iudeed, sivce supp ¢;,,
is compact, for avy € > 0, we have |@;,(x)] < € for all x € X \ (supp @in), whick implies

©in € Co(X). Moreover,
[rall = s1p I ()] = 1.

reX

Net Z be the livear span of the ¢;,’s and Y := Z. Cousider the set

R; = € Y;the C,, r-orbit of ¢ has a subsequerce converging to zero} .
2 N ¥ gneg

We claim that Z C R;. lu fact,

i |[(Cu )" (i) | = Tie sup [@in(f" ()™ (2)|

j—o00 J—0 pex

= lim  sup |g0i,n(f"3'(:v))w(”j)(:v)‘ (pin(z) =0,V € X\ B;)

I we T (By)

IN

g ( sup  |gin(fU(x)] - sup !w”““”)

7700 \zefmi (By) wef " (By)
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IN

il - i sup  [w™) ()]
z€f~ "I (Bi)

=i

-

= 0 (by bypotkesis (i)).

Therefore, by livearity, given ¢ € Z, we have (Cy, r)" (¢) — 0 as j — +o0, sivce eack ¢ € Z
is a fiwvite livear combivation of the ¢;,,’s. Whus, Z C R; CY = Z,whence ZC R, CY =7,

whick imeplies that R; is dewse iv Y, and so it is residual ie Y, by Propositior 2.38.

Now . observe that

1(Co )™ (i)l = sup [in(f"(2))w™(@)] = |pin(f"(ain)) w0 (@)
reX j—/
— |w(”)(ai,n)\

> [lw™| s,y = F (b (3.9)).

Hher,
sup [[(Cu, 1) (@in)|| = sup Hw(”)Hffn(Bi) — 1. =00, by bypotkesis (ii).

)

I8 ence,

sup [[(Cu,p)" |y || = . (3.10)

Net Ry := {¢ € Y : the Cy s-orbit of ¢ is uvbouded}. Whe equation in (3.10) mears that the

sequerce of cortinuous livear operators ((Cy )" |y ), -y is 2Ot equicontivuous, by Remark 2.20.

neN
So, by Mheorem 2.22, Y \ Ry is of the first category iv Y, whence the set Ry is residual in Y.
Whus, R; N Ry is also residual iw Y. Siece eack ¢ € R; N Ry is aw irregular vector for Cy, f, it

follows that Cy, ¢ is Mi-Worke chaotic, by Wheoreme 2.37. O

Corollary 3.8. 4 composition operator Cy on Cy(X) is never Li-Worke chaotic.
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4

Proof. Iedeed, Cy = C,, ¢, where w is the couvstant furction 1. lence, it is clear that cordition
(ii) iv Wheorem 3.6 fails. O

Remark 3.9. Note that the sequence (B;);en couvstructed iw the proof of Hheorem 3.6 bas the

following additioral property:
(i) B; C By, Vi € N.

If we ivclude this additioral condition iv the stateneert of Wbeorem 3.6, thenw we car replace

condition (i) by the following weaker condition:

() iz i ||| _, = 0,VieN.

n—oo

Iw otker words: Whe weighted composition operator Cy, s ov Co(X) is Mi-Worke ckaotic if avd
ouly if there is av sequence (B;);cy of relatively compact oper subsets of X satisfying conditions

(l]’), (l'u'x) ard (iu]l]).

Izdeed, siuce the necessity is clear, let us prove the sufficievcy. If

line sup Hw(”)”f > 0, for a certaie j € N,
n—oo

™(B;)
take a coutivuous map ¢ : X — [0,1] witk supp ¢ C Bjy; avd ¢ =1 on B;. Siuce
Hw(n)”f—”(Bj) = |l(¢o fn)w(n)Hf—"(Bj) (p=11in B))
= ||(Cw,f)"(¢)||f—n(3j)
< (Cuwp) (@)

we obtain

-
-
~—

0 < lime sup Hw(”)Hffn(Bj) < Yﬂmﬁsup |(Cuw.p)" (2)]] - (3.11

n—o0
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Or tke otker kard,

I(Cu)™ @ = [[(pofMuw™]

= oMy, (Guppe € Bir)

IN

(AR PR (p(X) C[0,7])

I8ence,
ling i f n i i f ||w™ = X 1
ime inf ||(Cy )" ()| < g iz Hw ||f*n(Bj+;) 0 by (7). (3.12)

n—oo

TWhus, by (3.11) and (3.12), we have that

iz sup [|(Cu, )" (@)[| > 0 aed  line iwf [[(Cu,p)" (9)]| = 0.

n—oo

[Beuce, pis a semi-irregular vwector for Cy, ¢, ard so C,, f is Mi-Worke chaotic.

Now, assunmee

line sup Hw(")”ffn(B.) =0,Vi e N.
n—00 ¢
Wherefore,
1. (n) _ .
ﬁ’fgon Hf*“(Bi) 0,Vi € N.
I this case, the coundition (i) kolds with (n;)jeny = (n)nen. Siuvce we are assuming that

cordition (ii) kolds, Cy, s is Ni-Worke chaotic by ¥keorem 3.6.

3.3 WNi-Vorke ckaos for weighkted skifts ow cy-spaces

A s applications of Wheorem 3.6, we wiil present iv this sectionw vecessary and suficiert con-
ditiows for unilateral (case 1) ard bilateral (case 2) weighted backward sbkifts to be Ni-Worke

ckaotic ou ¢y(N) and on ¢o(Z), respectively.
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3.3.7. UOwrilateral weigkted backward skifts or c¢)(N)

Iz this subsection, let N be endowed witk the discrete topology ard cousider the Barachk

space of sequerces
co(N) := {x = (Tn)nen € KY; lim , = 0} , with x| = sup |x,] .
n—oo n

Mote that ¢o(N) = Cp(N). Iudeed, for all x € ¢x(N), we bave:
z:n €N z(n) =x, €K,

where (x(n))neny = (Tn)nen is a votation for the functiow z : N — K, whick is always couvtinu-

ous. Wurthermore, the vorm iv ¢o(N) is exactly the vorm iv Cy(N), sivce
]| = sup |n| = sup |z(n)].
n neN

4150, observe that a map = : N — K vaviskes at ivfiwity if and ouvly if lim x, = 0. lvdeed,

n—oo

e x, =0 < Ve>0,3Ing € N;|z,| <e,Vn>ng

n—oo
& Ve>0,3K ={1,2,---no} CN;|z(n)| <e,Vn e N\ K

& x: N = K varviskes at infinity,

because the compact subsets of N in the discrete topology are ewactly the finite subsets.

Mow, given f:i € N—i+1 € Naevd w = (w,)nen @ bourded sequence of scalars v K,

cousider the followming weighted composition operator ow Cy(N):
Cur:x € Co(N) = (zo flw e Cy(N). (3.13)
Mote that C,, s is exactly the unilateral weigkted backward skift o ¢o(N) giver by:
Bw L= (371, MR 7P ) € Co(N) — (.fL'QU)y,Qf:g'lUQ, o L Wy, ) S Co(N>. (374)

Whe vent result is a characterizatior of Mi-Worke chaos for unilateral weighted backward

skifts ow ¢o(N). Whis result was establisked in ([3], Proposition 27) i the case w is a bourded

sequence of rorzero scalars.
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Propositior 3.7.0. 4 unilateral weighted backward shift B, on ¢o(N), where w := (wy)nen 1S

a bounded sequence of scalars, is Li-Worke chaotic if and only if
sup {|w; - --wj| ;1,7 € N;i < j} = o0. (3.15)

Proof. Suppose B,, is a Ni-Worke chaotic operator. If sup {|w;---w;|;i,j € N,i < j} < oo,

there is a coustawt ¢ > 0 suck that sup {|w;---w;|;i,j € N;i < j} =c.

Sivce f:i € N1+ 1 €N, for eack n € N, we have that
w(”)(@) — ((wofn_T) (wof) w) (Z) = W; + Wit] "'wi-i-n—h\v/i c N’

whick implies [w™ (i)| < ¢, Vn,i € N (because |w™(i)| € {Jw;---w;|;i,j € N,i < j}, Vn,i €
N). ewrce,

sup ‘w(”)(z’)| <c¢,VneN.
1eN

I particular, for every subset M of N:
sup ‘w(")(i)‘ <cg,
ieM
so that
||w(”)HM <e¢, VM CN. (3.16)

By Mheorem 3.6, there is a sequence (B;),.y of oper ard relatively compact subsets of N,
suck that
sup ||w(”)}|f_n(3i) = 0. (3.17)
2,n

By (3.16), for eack n € N and eack i € N, we bave

Hw(n)”f—"(Bi) s¢

siwce f~"(B;) C N, for all n,i € N. s this contradicts (3.17), we couvclude that

sup {|w; - - w;j| ;4,7 € NJi < j} = o0.

Conversely, assume that sup {|w; - - - w;|;4,j € N,i < j} = oo ard cousider B,, writter as iv
(3.13). Wor eack k € N, let be By, := {k}. When, (By),oy is a sequence of opew ard relatively
compact subsets of N. Siuce, for each k € N, f7"(By) = @ for all n > k, we bave that

coudition (i) of Hbeorem 3.6 is trivially satisfied iw the present case.



Wurtbermore,
F7(Be) = [T ({k}) ={k —n} ,Vk > n.
Wherefore, for eack fiwed n € N and eack k& > n, we obtain:
= |w(”)(k: — n)‘ = |Wp_nWh s+ Wiz | - (3.18)

| = [Jef

M- = 10y

Writivg k:=j+ 1 aedn:=j—i+1, with i,7 € Naed i < jie (3.18), we bave:
Hw(n)”f—n(Bk) = |w’L o 'wj| 7Vi7j S N72 < j
By bypothesis, sup {|w; - - - w;|;4,j € N,7 < j} = 00, so the above equality gives us
(n) —
SUp I ”f—”(Bk) = %

skhowing that condition (i7) of Wheorem 3.6 also kolds. So, B, is Wi-Worke chaotic. O

3.3.2 Bilateral weigkted backward skifts ow c¢((Z)

e this subsection, we will present awothber applicatior of Mkeorem 3.6. MWewt, we will
provide vecessary anvd sufficient couditions for a bilateral weighted back ward skift on ¢o(Z) to

be Ni-Yorke ckaotic.

Whroughkout this subsectior, cowsider Z endowed with the discrete topology, ard the fol-

lowing space of sequences:

(Z) = { = (ta)ucz € K% i 1, = o} with o] := sup [z,

ne’

Simeilarly to what was seer i the previous sectior, we kave co(Z) = Cy(Z). Moreover, for
cack x € ¢o(Z), we have

r:n€Zw x(n) =z, €K,

where ((n))nez = (n)nez derotes the map x : Z — K, whick is always contivuous.

Adgaiv, wefin f:i€Z— i+ 1 €Z and w:= (w,)nez & bounded sequence of scalars in K.

We defive the following weighted compositiorw operator:

Cw’f T E O()(Z) — (ZE o f)’U) € Oo(Z) (379)
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ke operator C,, r defived in (3.19) is ewactly the bilateral weighted back ward skift operator
By : co(Z) — co(Z), defived by

By : (%n)nez € co(Z) = (WnTpii )nez € co(Z). (3.20)
Whe vext result is a characterization of Ni-Worke ckaos for bilateral weighted backward

skifts on co(Z). Mo the best of the autbor krvowledge, a characterization of the M-Worke

ckaotic bilateral weighted skifts ow ¢y(Z) kas rot been giver before.

Propositiowr 3.7.7. 4 bilateral weighted backward shift B,, on co(Z), where w := (wy)nez 1S @
bounded sequence of nonzero scalars, is Li-Worke chaotic if and only if the following conditions
hold:

(a) Y‘I'ﬂhogf ’w_n .. .w_7| =0;

(b) sup {|w; - --wj|;i,7 € Z,i < j} = 0.

Proof. Cousider B,, asin (3.19), that is, B, = Cy, 5, where w = (wy,)nez, satishies the stateneents

of this Proposition.
Recall that, for eack k € Z and m € N,
w™ (k) = ((wo fm ")+ (wo f)-w) (k) = wg - Wi *+ * W1, (3.21)
so that
Ju

™ Hf_m({k}) = }w(m)(—m + k)} = |w_m+kw_m+k+7 ce w_7+k-| ,Vm S N,\V/kf € 7. (322)

(=) Suppose tkat C, s is a Ni-Worke ckaotic operator. Net (m;);jen avd (B;),.y be as iw the

statement of Wheorem 3.6. By chkoosivg [ € B;, for some 1 € N, we have that

’w—mj—‘rl T w—7+l| - Hw(m]) Hf*mg'({l}) (by (322))
(3.23)

IA

Hw(mﬂ' — 0 wher 7 — o0,

=
by kypotkesis (i) of Hheorem 3.6. Wor eack j € N, let n; := —(—m; + ). By (3.23),

. .
e | w_py, W | = lime ’w_mﬁl . ~w_;+l| =0,
‘]*)OO ]*)OO
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whick gives (a).

Mow, suppose that (b) is false, that is, 5 :=sup{|w; - --wj| ;1,7 € Z,i < j} < 0o. Wor eack
n € N ard 7 € N, we bave that:

| w = SUP [W_pip - Wog g - (3.24)

n)Hffn(Bi) keB;

Wor each k € Z andn € N, let j:= —1 + k avd i := —n + k. Mben,
|w*n+k"'w*7~+k‘ S {’wle|77’7] € sz S]}

And so,

Sup (Wopie -+ wog | < sup {Jw; - wy| i, 5 € Z,i < G}
€b;

By (3.24), we bave that

Hw(”)Hf_ ) < B,¥i,n € N,

contradictivg coundition (i) of Wheorem 3.6.

(<) Suppose Cy, f = B, satisfies cornditions (a) and (b) above. Whus, we have two cases to

consider.

1

Case 7. limsup |w_,, ---w_;| > 0.
n—oo

I this case, the characteristic furction ¢ = x{o} is a semi-irregular vector for C, y. lndeed,

o)™ G| = [ Gctoy 0 ) -0 = swpxioy (@) - 0™ ()]
= |w_p-w]
I8 ence,
0 < lime sup [w_p, - w_; | = lime sup || (Cup)" (X0}) || (3.25)

aud, by corditior (a),

0 = lime inf jw_y, - w_;| = liminf |(Cuwr)" (xi0p) || - (3.26)

n—oo n—oo
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Mherefore, by (3.25) and (3.26), xqo is a semi-irregular vector for C,, s, whence Cy, 5 = By, is

a Ni-Worke chaotic operator by Wheorem 2.37.

Case 2. limsup [w_, ---w_;| = 0.
n—oo

I this case, in wiew of hypothkesis (a), we bave that

i |w_y - w_;| = 0. (3.27)

n—o0

Defive (1)) en := (n)nen and (B;),oy av evumeration of the sets {k}, for k € Z. We claine that
coundition (i) of Mheorem 3.6 kolds. Iudeed, for all n € N, (3.22) implies that

n . kW cee W , k>0
o0 gy = 4 bl R0
TR R
. ’wk cee Wy
Wherefore, for every k € Z, we have that
i (n) —
Jiva [y yy =0
whick imeplies
T o f (n) _ .
D2 i3 ||w Hf—”(Bi) 0,vi € N.
Moreover, by kypothesis (b),
sup{|w; - --wj| ;1,5 € Z,i < j} = o0. (3.28)

Worallne Nawd k € Z, let j:= —1 +k avd i := —n+ k in (3.28). I't follows that

sup {|w_pik - w_; x| :m € Nk € Z} = 0.

Sivce (B;),cy is ar evumeration of the sivgieton sets of Z, it follows that for eack i € N,

we bave B; = {k} for some k € Z, and therefore

™|y = 0™ gy = [0 (=04 R) | = [ - woia] Y € N (3.29)
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I8 ence,
sup {Hw(n)Hffn(Bi) NAS N} =sup {|w_pir - w_igk| :n €Nk € Z} = o0,

proving that coundition (i) of Wheoreme 3.6 bolds. Whus, B, = Cy r is a Ni-Worke chaotic

operator. ]

Remark 3.72. lu the statemernt of Propositior 3.11, we assumed that vove of the w, is zero.

What bappers if some w, is zero? We will see this iv the vext proposition.

Propositior 3.7.3. Consider a bilateral weighted backward shift
By : (2n)nez € co(Z) = (WnZpyi )nez € co(Z),
where w = (Wy)nez 1 a bounded sequence of scalars. Let
BT i=sup{|w;--w;| i <j< =1} and BT i=sup{|w;---w;l:0<i<j}.

Then B, is Li-Worke chaotic if and only if one the following conditions hold:

(1) B* = oo and “ﬁ)@gf |w_p -+ w_g| =0, for some k € Z.

(I1) 67 < oo, 7 =00 and limivf|w_, - w_g| =0, for all k € N.
n—oo

Proof. Iedeed, let X and f be as iw the proof of Propositiow 3.11. Suppose tkat C, ¢ is

Ni-Worke ckaotic avd let (B;)ien ard (n;) ey be as inw the statement of Wheorens 3.6. Net

pr=sup{|w;---wj|:4,j € Z,i < j} and B:= UBi‘
ieN
We claime that

e ief w_, - ~w_; 4| =0, forall [ € B. (3.30)
n—oo

Iedeed, take [ € B; for some i € N. By Wheorem 3.6(7), we have that
— (ny) (ny) )
‘w—"j+l"'w—7+l‘ - Hw ’ ”f—”j({l}) < Hw ! ||f_"j(Bi) — 0 as j— oo,
wherce (3.30) kolds. Moreover, we naust bave § = oco. e fact, if § < oo, thew

Hw( = sup |w_n+k .. 'w—7+k| <, forall ieN,
keB;

7

n)”f*"(Bi)
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contradicting Wheorem 3.6 (ii).

If 6+ = 00, then (330) hmp“xes that conditior (/) kolds. Assume /8+ < 00. SI\UCG /8 S
max‘{6775+7576+}, we nust bave 57 = Q0.

If B is urbourded below, then (3.30) imeplies that (/1) kolds. In fact, if (1) does not kold
i this case, thew there is ky € N suck that

g inf jw_y, - w_g, | > 0.
n—oo

I8 ence, there ewists [y € Z~ U{0} suck that —ky = —1 + ly. Sivce B C Z is uebourded below,

we caw assume that [y € B, without loss of generality. Mherefore,

line i f |w_n s w—H-lo‘ > 0,
n—oo

contradictivg (3.30).

Assume B bourded below ard let m = minw B. We claine that
w, # 0, foral n<m. (3.31)

Izdeed, assume w; = 0 for a certaiv t < m aed let C' := sup {|w;---w;| : t <i < j}. Sivce
Bt < 0o, we have that C' < 0o. Sinvce t < m = miv B ard w, = 0, thew for all k € B;, we have
that t < —1 + k. lu fact,

ke Bi=keB=m<k.

But sivce t < m, it follows that ¢t < k, whenvce t < —1 +k, for all k € B. Hhus, for each n € N,

we have two possibilities:

(&) If —n + k <'t, thew w,; appears in the product |w_, k- w_; x|, whence

[W_py - Wi x| = 0.

(B) If —=n+k >t, then t < —n + k < —I + k and this inplies that
Wy - - woi g € {qwi - wy| st <i < g}

TWherefore, by (4) and (B), we have that

||w(")H gy = SUP W wog g <sup{|w;--wy| it <i<j}=C, foral i,neN,
fonmy T PUP

k3

whick contradicts Wheorem 3.6(7i). Wence, (3.31) kolds.

By (3.30), himeinf |w_, - w_; 4| = 0. We will show that (3.31) imeplies (11).

n—oo

A gain, for eack n € N, we bave two possibilities:
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(C) If —k > —1 4+ m, then for sufficiently large n € N, we have that —n < —1 +m < —k,
whence

e inf |w_p, - w_g| = lminf |w_p, W Wy Wy
n—00 n—o0

= limief |w_p, W] W W]
n—oo

= 0.

(D) If —k < —1 + m, then for suflicievtly large n € N, we bave that —n < —k < —k+1 <

—1 +m, whence

e e |w—k+1 e 'w—1+m|
e inf jw_y, - w_g| = hoeinf |w_, - w_g -
n—o00 n—o00 |’LU_k_,’_; ... w—7+m|

I o
= lime i f \w_n W W_ft1 - Wi 4m
[W_pgs =+ W_j | o0

THherefore, by (C) avd (D), it follows that (1/) kolds.
Couversely, suppose that (1) or (11) kold. We wiil prove that C,, s is Mi-Worke chaotic. We

caw replace “lineinf” in (1) awd (11) by “lim”, sivce

heieflw_, ---w_i| =0 aed lmesup|w_, ---w_g| >0
n k k
n—00 n—o00

imeply that x(_ri:y is a semi-irregular wector for C, ¢, and so, Cy ¢ is Mi-Worke ckaotic by
Wheorem 2.37. ludeed, for eack n € N and k € Z, we bave that

1(Cup)" (X)) || = || (gerriy 0 f7) 0™ = sggIX{fmr}(f"(i))-w(")(i)\

= |w™(—n—-k+1)

= ‘w—n—k—H o 'w—k| .

Lf (1) kolds, let B; := {—k + i}, for i € N. Sivce lim |w_, --w_g| =0,

n—o0

Jimo ([0 gy = S [0 oy = 2 0 iy
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= Jlimw |w(”)(—n —k+ 2)‘

n—oo

7.
= \w,n,kﬂ- s w,;,k+i|
n—00

y
= i W g g W W g
n—oo

= 0.
THherefore, condition (i) of Mkeorem 3.6 kolds witk (n;)jen = (7)nen-
If —k <i'" < j" avd we defive

i:=7+k+1€N aed n:=j5 -7 +1 €N,

thew
—l—k+i=j7 aed —n—k+i=—(G —-i+1)—k+{ +k+1)=7,
and so
i - wp] = f0is ol = [0

Whis shows that

Sup{Hw(")Hf_n(Bi) ti,n € N} > sup{|wi, .. .wj/| _k<i < j/} — o,

because
BT =sup {|lwy---wy| 0 <7 < j'} =00,

Wherefore, condition (i) of Mheorem 3.6 kolds, wheuce C,,  is a Ni-Worke chaotic operator.

Lf (1) kolds, for eack i € N, let B; := {—i}. Since lim |w_,---w_g| =0, for all k € N, we
n—oo

kave that

Tine Hw(

= lim Hw(”)H _ = lim Hw(
n—o0o f

n)
n—00 "({—i}) n—00 H{*"*l}

n)Hffn(Bi)

= JLLEO ‘w(")(—n - z)‘

1
= R |w,n,i cee w,;‘,i]
n—+00

= 0, VieN.
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Hhus, coudition (i) of Wheorem 3.6 holds with (n;),en = (n)nen.

I < j' < —1 and we defive

i=—1—3' €N aed ni=7 —i+1 €N,

then

-/ . ./ 4 .

=-n—1 aed 5 = —1—1,
ard so

wy -+ wy| = Wi w_y ]
I8 ence,

sup {”w(”)”f_n(Bi) 1,n € N} = sup {Hw(”)Hf_n({ii}) ti,n € N}
= sup {[[w|,_,_, :in €N}
= sup{|w_p_;---w_;_;| :i,n € N}.

= sup{|wy---wy| i <5 < -1}

= [~

Wherefore, condition (i) of Wheorem 3.6 kolds, whence C,, f is a Ni-Worke ckaotic operator. [



Clkapter 4

Ni-Vorke ckaotic weighkted comepositior

operators ow LP(u) spaces

4.1  Weigkted compositior operators ow LP(1) spaces

I this chapter, we fix p € [I,00) ard aw arbitrary positive measure space (X, I, ). 4s
usual, L?(u) devotes the Barachk space over K of (equivalence classes of) K-valued p-ivtegrable

fuections ow (X, MM, ) evdowed with the p-vorm

lell, = ([ tean)”

Iv the case where p = 0o, we defive L™°(u) as the set of (equivalence classes of ) measurable
fuections f : X — K that are essentially bourded with respect to pu, that is, there exist a
measurable set N € 9 awd a cowstant K > 0 suck that u(N) = 0 and |f(z)| < K, for all
x ¢ N. Given f e L>®(u) and a set N € M witk u(N) =0, we defive

Sp(N) :=sup{|f(z)| - = ¢ N}

ard the vorm
| flloo = ief {SF(N): N € M aed pu(N) =0}.

Evdowed with this vorm, L>®(u) is also a Bavack space over K (see [i4]).

We also fiw a weight function w: X — K, whick vow mears a measurable map suck that
w-w e LP(n) forall e LP(u). (4.1)

40



Whe following result shows that, iv a very broad sewse, the weight functionvs are exactly the
fuuctions ow L*(pu).

Propositior 4.7. If p has the property that every set with infinite measure contains a set

with positive finite measure (in particular, if u is o-finite), then the following statements are

equivalent:

a) we L¥(p);

b) o -w e LP(u), for all ¢ € LP(u).

Proof. Suppose w € and let o := ||w]|| . Rence, |w|” < a” p-a.e. If o € LP(n), then
Proof. S L>°(p) and let w18 lw|” < a” prace. If € LP(p), th

[ 0wl du = / lol? - [wl di < o / ol di = 0 [lg]? < oo,
Whus, p-w € LP(u).

Comnversely, suppose w ¢ L™ (). Wor eack n € N, let

Ay ={zeX:n*<|w()| <(n+1)’} e M

Net I := {neN:u(A,) >0} Siece w ¢ L>®(u), I is av infivity set. Wor eack n € I, let
B, € M suck that B, C A, and 0 < p(B,) < oo (suck a set B, ewists because the kypothesis

guaravtees that every set with infivite measure contaius a set with positive fivite measure).

Define
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Mote that ¢ € LP(u), since the above series is absolutely cowvergent. ludeed:

> <m);m‘ - Z(/Wlxm”du);

nel D nel

- 5 (o )

nel

= ;m (/Bn |XBn|'DdM);7

4
i

_ (B
2 B B

4

i
= — < 00.
P

nel

I8 owever,

P PlwolPdy = ! P d
[renl = [ 3 s e Pl = Y s [

nel nel

V2
&
= |-
oy
<
3\
3
=4
L
=

TWherefore, / lo - w|” > 0o, whence ¢ - w ¢ LP(u). O

Remark 4.2. Hhe bypothesis iw Propositior 4.1 are essewtial. We will see this ie the nvext

example.
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Example 4.3. Suppose that there exists a sequence (), oy of distivct points iw X suck that
{z,} € Mand p({z,}) = oo, forall n € N. Bet Y := X \ {z;, 29, -} and cousider w : X — R

suck that
w(m):{ L, ifrey;

n, if x =x,, for somen € N.

We claime that w ¢ L>®(p). Iedeed, if w € L>®(u), thew there is ¢ > 0 suck that
lw(x)| < ¢, pae.

I8 ence,

n=lw(z,)| <e,Vn €N,

whick is a contradiction. Wow, let o € L?(u). HWhew p(z,) = 0, for all n € N, whick inplies
that p-w = @ - xy € LP(u). lu fact, if o(x,) # 0, for some n € N, there is b € K\ {0} suck
that ¢(x,) = b. Moreover,

[ terdns [ e dn= ol <

I8 owever,

[ delau= [ o d = o (fn)) = o

whence we convclude that p(z,) =0, for all n € N. In order to prove that ¢ - w = ¢ - xy, sivce

Y C X, we khave two cases to counsider:
) Ifx ey, ther (¢-w)(zr) = p(z)w(x) = p(z);
2) If x ¢ Y, thew = x,, for some n € N. Hherefore,
(0~ w)(z) = p(z)w(r) = p(rn)w(z,) = 0,
sivce p(z,) = 0.
Or tke otker bard, we bave that

) IfxeY, then (¢- xy)(x) = @o(x)xy(x) = ¢(x), sivce xy(x) = 1;

) Ifx @Y, then (¢ xy)(z) = ¢(x)xy (z) =0, sivce xy(z) =0.
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Berce, ¢ -w = ¢ xy, as we wanted to demonstrate.

Went, we will state two results from lntegration Wheory, whick will be useful for demon-

strativg the vext propositiow. Whe proofs of these results caw be found in [31].

Tikeorem 4.4. Let f: X — [0,00) be measurable. There exist simple measurable functions s,
on X such that

(a) 0 <5 <5< ... < f,
(b) sp(x) = f(x) as n — oo, for every x € X.

Hkeorem 4.5. [Nebesgue’s Aovotove Cowvergence Wheorem| Let {f,}, .y be a sequence of

measurable functions on X, and suppose that

(a) 0 < fi(x) < fa(z) < ... < o0, for every z € X,

(b) fu(x) = f(x) as n — oo, for every x € X.

Then f is measurable, and
/fnd,u—>/fdu as n — oo.

Propositior 4.6. Civen a bimeasurable map f: X — X (i.e., f(A) € M and f~*(A) € M,
for all A € M), the weighted composition operator

Cup(p) == (po f)-w

is a well-defined bounded linear operator on L”(u) if and only if there exists a constant ¢ €
(0,00) such that

/ lw|”dp < ¢ u(f(A)), for every A € M. (4.2)
A

Woreover, in this case, |Cy ¢]| < cr.

Proof. Suppose that C,, ¢ is a bourded livear operator ow L?(u) avd let § := ||Cyy ¢]|. 1f A € M
anvd p(f(A)) < oo, thew Xy € LP(pn) ard
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Jrovae < [ elde = [ oo sl dn
A F7H(f(4) 24

= NGy e f)-wl;
= || Cu s Ocrn)|]]
< Bl

= 07 u(f(A)).
Therefore, the condition (4.2) bolds, withk ¢ := 87, whevever § # 0, and ¢ :=1,if §=0.

Comnversely, suppose that coudition (4.2) kolds. Net s € LP(u) be a simple furctior awd
write

S=a; XA, T a2Xa, + -+ QX A,

with k& > 1, Ay, Ay, - L A € I pairwise disjoiet avd a;, a9, -+ ,a; € K wor-zero. By
cordition (4.2), we bave that
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[lserPluldn = [ lasGon o)+ an o o f) o, o PP ol du
X X

ﬂ
.

k
= Z|aj|p/vaf<Aj>|W|pd/~L
i=1 x

D

lw[” du

k
AiXF=1 (A7)
j=1

k
= Yol [ Juldu
j=1 = (4)

IN

S lail” en(f(7 (A)

k
< 3 lal ul4y).
j=I
But, sivce A;, Ay, .-+, Ay are pairwise disjoint, we bave that

[s]” = laixa; + a2xa, + -+ apxa|” = la:|” xa, + laz]” xa, + -+ ax]” Xy

I8 ence,
k k
/ |s|” dp = / " xa; + laal” xoa, + - + la” xadu = \%|p/ Xy =" la;|” p(A;).
¥ x - be =

¥herefore,

k
[lserruldu<e Y laruta) =c [ o du (4.4)

Net @ € LP(p). Sivce |p| : X — [0, 00] is a measurable furction, by Wheorem 4.4, there enists

a sequence (s,)nen of measurable simple functiows ow X suck that

0<si(z) <sg(z) < - <Jop(x)] avd s,(z) — |p(x)|, Yz e X.
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Mherefore, the sequences (|s, o f|” |w|”), oy ard (|55]"), ey are ivcreasivg and corverge pointwise

to |po fI”|w|” ard |¢|”, respectively. By (4.4),
/ |5, 0 f|” |w|” du < c/ |sn|” dp, Vn € N.
¥ x

[Bence, by the movotone convergence theorem (Wheorem 4.5), we obtain

ICus@ = [ oo sl dn < [ 1ol du=cll.

Whus, Cy () € LP(p) and [|Cy f|| < cr. B

4.2 WNi-Vorke ckaos for weigkted compositior operators

ow LP(u) spaces

Whroughkout this section, we fix a bineasurable map f: X — X satisfying condition (4.2).

I8ence, the weighted compositior operator

Cuy i€ LP(u) = (po f)-we L7(p)

is a well-defived bourded livear operator. If w is the constant furctior 1, thew we obtain the

(ueweighted) compositiow operator

Crip€L?(n) = pofel(n)

We associate to p, w and f, the following sequerce of positive measures on (X, 9M):

pi(A) = /A lw|” dp, pn(A) = /A jwo [P wo fI” |w|”dp (A € M,n>2).

4

If w is the constawt function 1, thew p, = p for all n > 1.

Wemewea 4.7, p,(A) < u(f*(A)), for all A € M and n € N.
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Proof. Wor n =1, we have that
p(A) = [ ol du < (),
by coudition (4.2). If n > 2 and A € M, then

pn(A) < pn(fTH(M(A)) = /fn(fnu))’w0f”—7|7’...|wof|p]w|pdu

= [ oo £ oo £ o £ ol d

= |[(Cup)" (xpnew)|]

D

< Cu)"I” xsmenl]
< (c”/*’)p/v\an<A>\nd/~L

= "u(f"(A)),

as it was to be shown. O

We now establisk the mainw result of this sectior, a characterization of the weighted cone-

position operators ow L”(u) that are Mi-Worke chaotic.

Wheorem 4.8. The weighted composition operator Cy, s on L”(u) is Li-Worke chaotic if and
only if there is a nonempty countable family (B;),c; of measurable sets of finite positive i-

measure such that the following conditions hold:

(&) There is a increasing sequence (n;);en of positive integers such that

e pin, (f~™(B;)) =0, forall i€l

Jj—00

(f7"(By))

(B) sup{“” By :ie[,neN} - .
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Proof. Suppose tkat C, s is a Mi-Worke ckaotic operator. When, it admits aw irregular vector
€ LP(u). Wor eack i € Z, let

Bi:i={zeX:27 <|y(z)| <2'} e M.

Cousider the countable set [ := {i € Z : u(B;) > 0}, whick is vorvempty because v is vot the
zero wector iw LP(u) (tke zero wector cawrwot be aw irregular vector for awy operator). lu
this way, (B;),.; is a vovempty courtable family of measurabie sets of positive p-nzeasure.

Moreover, the sets B; kave finite measure, because

S 2B < [ ol du= 0] < . (4.5)
i€Z X

Siuce ¢ is aw irregular vector for Cy, r, there is aw increasing sequeuce (n;);en of positive

integers suck that
1(Cuop)™ ()Il, = 0 as j— oo.

Siece, for eack 1 € I,

1(Cup)™ @7 = / Yo ful fwo fo - fwo £I7 ff? du

v

/ o frl [wo f - fwo fI7 |l du
f(By)

v

2007 [ Jwo e 5P ful dy
7 (By)

= 2, (f(BY),

we obtaiw line g, (f7"(B;)) = 0, for all i € I, whick is couditiow (4). If condition (B) is
Jj—o0
false, ther there exists 8 € R suck that

tn (f7(Bi)) < Bu(B;), for all i € I and n € N. (4.6)

Ifi € Z\ I, we have that (4.6) kolds too, because u(B;) = 0 implies p, (f"(B;)) = 0, by

Nemmea 4.7. IBence, we have that (4.6) kolds for all i € Z avd n € N. HWherefore,



1(C )" (I

IN

Z/ o 7 lwo f |- wo fI7 fwl” du
—"(By)

1€Z

22””/ [wo fr 7 Jwo 17wl dp

1€7 fﬁn(Bi)

> 2P (fU(B)) < BY 2P u(B) =B 27 u(By)

IS/ 1€ZL €L

By 27207 p(B) =28y 207 Pu(By) < 2B |7,

i€Z 1€Z

whick contradicts the fact that ¢ is aw irregular vector for Cy, 5.

Couversely, let Z be the livear spaw of {yp, :i € I} iw LP(u) aed Y := Z. Met

S; :={p €Y : the Cy s-orbit of p has a subsequence cowverging to zero} .

By coudition (&), for eack i € I, we bave that

1(Cuw.s)™ (x5.)

- /WX&ofmﬁhuofv*ﬁ~wwofVMWdu
X
n,—i|P D D
= [ e wo gl d
F(By)

= i, (f7"(B;)) — 0 as j — oo.
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I8cuce, by livearity, for avy ¢ € Z, (Cy s)™ () — 0 as j — oco. Wherefore, Z C S;, whence we

corciude that S; is dewse iv Y awd so it is residual i Y, by Propositiow 2.38. Wow, for eack

1€ 1, let

When,

il = / oil? du = / L
x x| (u(B;)




ard

1(Cup) (7 = / o S fwo fo 7w o f17 |l du

-,

4
i

o wo P jwo £l di
i fy oo

D

s, o f17 Jwo fr7HT e jwo fI7 fwl]” dpe

4
i

(u(By)"”

4
i

= ,U(Bz) Mn(f_n(Bi))> n € N.

n " B'L “p-
Wherefore, [|(Cu )" (@il = %, for all n € N. By coruditiow (B), we Lave that

is uebourded anrd so, it is vot equicortinuous. l§ewce, by the

the sequence (|[(Cuw.f)" vl
Wheorem 2.22, the set

neN

Sy :={p €Y : the C, p-orbit of ¢ is uebourded}

is residual iw Y. Whus, S; N Sy is also residual e Y. Siece eack vector ¢ € S; NSy is aw

irregular vector for Cy, ¢, we corclude that C, r is Mi-Worke ckaotic. O

Remark 4.9. Mote that condition (4 ) iv Wheorem 4.8 caw be replaced by the followivg weaker
condition:
(&) liminfpu, (f7(B;)) =0, forall i€l

n—oo

I fact, suppose that there is a vovempty countable family (B;);c; of measurable sets of fivite
positive p-measure satisfyieg conditions (47) avd (B). We kare to prove that C,, s is Ni-Worke
ckaotic. If

line sup i, (f~"(Bg)) > 0, for some k € I,
n—oo

thew xp, is a semi-irregular vector for Cy, r. Indeed,

1(Cug) (s = / X 0 F [wo fr 7w o £ ol di
= [ qwe e wo sl d
f—n(Bk)

= (7" (Bg))-
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Whus,
0 = i iwf 1, (f7"(By)) = Tim iwf (o )" (xs )1

n—o0 n—oo

ard
0 < line sup iy (f_n(Bk)) = lime sup ||<CW,f>n (XBk>Hz )

n— o0 n—oo
whick shows that xp, is a semi-irregular vector for Cy, f, and so, C,, ¢ is Mi-Worke ckaotic.

On the other hand, if

lina sup iy, (f_"(Bk)) =0, forall ke,

n—oo

then
line fin, (f7"(Bi)) =0, forall kel

n—oo

Ie this case, the coundition (&) kolds witk (nj)jen = (n)nen. Since we are assuming that
counditiow (B) kolds, C,, ¢ is Ni-Worke ckaotic by Wheorem 4.8.

Conversely, if Cy, s is Ni-Worke ckaotic, (4)arvd (B) of Mkeorem 4.8 kold. Siuce (4 ) ineplies

(4°), we obtain the claim iv Reneark 4.9.

As av immediate cousequence of Mheorem 4.8, we obtain the following result, whick is

exactly Wheorem 1.1 in [8].

Corollary 4.10. The composition operator Cy on LP(u) is Li-Worke chaotic if and only if
there is a mnonempty countable family (B;)icr 0s measurable sets of finite positive p-measure

such that the following conditions hold:

e There is a increasing sequence (n;)jen of positive integers such that

hoe pu(f~"(B;)) =0, forall i€l

Jj—00

omm{ﬂ%é%QLieLneN}—am

Proof. It is evougk to observe that Cy = C,f, witk w(z) = 1, for all x € X, avd apply
Wheorem 4.8. O
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Remark 4.17. lu view of Remark 4.9, we bave that the first condition iw Corollary 4.10 caw

be replaced by the following weaker counditior:

o liminfu(f"(B;)) =0, foralliel.

n—o0

4.3 WNi-Vorke ckaos for weighkted skifts or (P-spaces

As ap applicatior of Wheorem 4.8, we will present in this sectiow recessary ard sufficiert
counditions for uvilateral and bilateral weighted back ward skifts to be Mi-Worke ckaotic or £°(N)

ard ow (7?(7Z), respectively.
Whe vent proposition was establisbed in ([3], Propositiow 27) iu thke case w is a bourded

sequerce of rorzero scalars.

Propositior 4.72. & unilateral weighted backward shift
By i (w5, 0,23, ) € LP(N) = (w;xa, woxs, w3zs, -+ ) € (P(N),
where w = (Wy )nen @8 a bounded sequence of scalars, is Li-Worke chaotic if and only if

sup {|w; - --w;| 11,7 € N,i < j} = o0. (4.7)

Proof. Cousider X := N, 9t := P(X) (tke power set of X), u the countivg neeasure ow M, and
f:neNw—n+1ieN Wherw LP?(u) = (?(N) avd Cy 5 = By,. lu the present case, cordition
(&) of Mheorem 4.8 is superfiuous (iedeed, for eack B C X finite, we bave f~"(B) = & for all
suficiently large n € N). If (4.7) fails, that is, a = sup {|w; - - -w;| 1 1,7 € N, i < j} < oo, then
pn(A) = / jwo f*7H " Jwo fI” Jw]” dp = Z \w; + - Wign_:|” < a’u(A), for all A € M,
A icA
ard so coudition (B) of Wheorem 4.8 fails vo matter how we choose the family (B;)ic;.

Ou the otker kard, if (4.7) is true, sivce counditiow (4) of Whkeorem 4.8 is superfiuous,
it is suficient to prove cordition (B). We clain that coudition (B) of Wheorem 4.8 holds
with B; := {i} for eack i € N. Iudeed, in this case, u(B;) = 1, for all i € N. Moreover,
f7™(By) = f"({i}) = {i — n}, for all i > n. Wor eack i,n € N suck that i > n > 2, we defive

i'"'=i—neN aed 7 :=i—1¢€N.
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Whus,

—~

n > 2)

n(f7M(By) = pa({i—n}) = /{'_ }‘wof”—T ‘7?...|w o fI” |w|” du

(4.8)

I8ence, (4.7) implies condition (B) of Mbeorem 4.8, wheunce B, is a Ni-Worke chaotic operator.
[l

Propositior 4.73. & bilateral weighted backward shift
By : (p)nez € O°(Z) — (WnZpyi)nez € P(Z),

where w := (wy)nez 1S a bounded sequence of nonzero scalars, is Li-Worke chaotic if and only

if the following conditions hold:
e it [w_, - w_| = 0.
() liva inf fw_p - w_;| =0
(b) sup {|w; - wy| :4,j € Z,i < j} = oo,

Proof. Cousider X := Z, M := P(X), p the countivg measure ov M, and f:n€Z—n+1 €
Z. Hhen LP(p) = (°(Z) avd Cy f = B,,. Suppose (a) and (b) kold. If

lime sup |w_y, - -~ w_;| > 0, (4.9)

n—o0

ther xqoy is a semi-irregular vector for C,, ¢, avd so, Cy, ; is Mi-Worke chaotic. I fact,

H(C’w’f)n (X{O})HZ — /,‘X{o}Of"‘p|wof”_7|p"'|wof]”]w]?’du

= [ que e o 7 ful da
f=({o})
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Whus, the conditionw (a) ineplies

e ief H (ij)n (X{O}) Hp =0

n—oo
ard (4.9) ineplies
line sup H(vaf)n (X{O})”p >0,

n—0o0

whick proves tkhat xyoy is a semi-irregular vector for C, y.

If liva sup |w_y, - --w_;| =0, then
n—0o0

i |w_p, - w_;| =0. (4.10)
n—oo

I this case, conditions (4) and (B) of Wkeorem 4.8 kold with (n;),en := (n)nen avd B; := {i},
for all i € Z, and so C,, s is Ni-Worke chaotic. Iudeed, let [ := Z. If i’ < j" and we defive
i:=5 +1€l aed n:=j5 —4i +1 €N,
then
-/

jJ=—l+4iaed i'=-—n+j+1=-n+i,

ard so
i FB) = a7 (1) = i = 1)) = 0wl = g (1)

Sivce pu(B;) = 1, for all i € I and (b) bolds, we couclude that conditiow (B) of Whkeorem
4.8 holds. Mo see that coudition (&) of Wheorem 4.8 is also satisfied, let’s avalyze the three

possible cases.

e Case 1: 1 =0.

Wor i = 0, u,(f7™(Bo)) = |w_pn---w_;|", for all n € N, whence (4.10) implies (4) of
MWheorem 4.8.

e Case 2: 1 <0.

If2 <0, ther —n < —1, for all n € N. I§ence

ling ,un(f_”(Bl)) = lim |w_n+i W4y v
n—o0 n—00

iy WO w0 1
n—o0 |wl Ce W |7) (412)
1 1 D 1
e i [wenei o w P =0, by (4.10).

D
wi---w_7’ n—00
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e Case 3: 1 > 0.

Ifi>0, thew wu,(f(B;)) = |[w_pnii- - w_jwo---w_; |, for all n € N. Hhus,

iz i (f7"(Bi)) = Tz fw i+ w_;|"[wo - w_;13|” = 0, by (4.10).

n—oo n—oo

Therefore, for all i € I =7, we have that lim pw,(f~"(B;)) = 0, whick implies coudition (4)

n—o0
ie Mheorem 4.8, as desired.

On the otker bard, suppose that C,, f is Ni-Worke ckaotic avd let (B;);er and (n;)jen be as
iv the statement of Wheorem 4.8. By choosivg i € [ and k € B;, we bave that

0o san]” = un, (P (RD) < oy (P75 (B) > Oas v 00, (433)
whick gives (a). If (b)is faise, that is, § :=sup {|w;---w;| 14,5 € Z,i < j} < 00, then

pa(f7(Bi)) = Z Wik wok]” < BPu(B;), for alli € 1,

keB;

contradicting condition (B). O

Proposition 4.13 was establisked iw ([8], Corollary 1.6) in the case w is a bourded sequerce

of positive scalars.

Remark 4.74. We can remove the bypothesis that the weights w,, are vonzero iv Propositior

4.13 provided we state the resuit as follows iv the Propositior below.

Propositior 4.1.5. Consider a bilateral weighted backward shift
By i (2p)nez € OP(Z) = (WnZpyi)nez € P(2),
where w = (Wy)nez 15 a bounded sequence of scalars. Let
a” =sup{|w;--w;| i <j< =1} and o i=sup{Jw;---w;| 0 <<}

Then B, is Li-Worke chaotic if and only if one the following conditions hold:

(1) at =00 and limivf|w_, - w_g| =0, for some k € Z.
n—oo

(I1) at < oo, a” =00 and liminf |w_, -~ w_g| =0, for all k € N.
n—oo
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Proof. Net X, M, pand f be as i the proof of Propositior 4.13. Suppose tkat C,, ¢ is Ni-Worke
ckaotic ard let (B;);cr avd (n;)jen be as in the statement of Wheorem 4.8. Net
a:=sup{|w;--w;| i, € Z,i < j} and B = UBi‘
el
We claine that
e ief |w_p, - -w_;1| =0, V€ B (4.14)

n—0o0

Iludeed, let ¢ € B; for some i € I. Siuce
Wens s t]” = (P D) < o (f 79 (Be)) — 0 35 § — 0 (by Wacorem £.8(4),
we conclude that (4.14) kolds. Sivce B; C B’ € P(Z), for all i € I, we bave that

e ief jw_,, - - -w_g| =0, for some k € Z. (4.15)
n—oo

Moreover, we must kave a = oo. In fact, if a :=sup {|w;---wj| : 4,7 € Z,i < j} < oo, then

pa(fB)) = 3 wonse - woiel” < 0p(By), Vi€ I,

leB;

Pm(f_n(Bz'))

1(B;)
4.8. Mherefore, a = oo. If at = oo, this fact, together with (4.15), leads us to corditior (1)

whence < a?, for all i € I and for all n € N. HWhis contradicts (B) in HWheorem

above. Whus, assume that o™ < oo, Sivce a < man {a™,at, a”a™}, we must bare o™ = oo.

Whus, we kave two possibilities for B’ to cousider.

e If B’ is urbourded below, thew (4.14) implies that couditiow (/1) kold. ludeed, if condition
(I1) vot kold, there is ky € N suck that

lime i f \w,n <. w,k0| > 0.
n—o0

[Beuce, there ewists ¢y € Z~ U {0} suck that —kg = —1 + {y. Sivce B’ € P(Z) avd we are
cousidering B’ to be uebourded below, we carw assume, without loss of geverality, that /o € B’.
Wherefore,

e ief [w_p, - - w_;44] >0, for by € B,
n—oo

whick contradics (4.14).
e If B'is bourded below, let m’ := minw B’. We claim that

w, # 0, for all n < m'. (4.16)
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Iv fact, suppose that exists s < m' suck that wy, = 0. Net
D :=sup{|lw;---wj| 4,5 € Z,s <i<j}.

Sivce at < 0o, we have that D < oco. Moreover, sivce s < m' = mie B, ther s < —1 + k, for
all k € B; and for eack i € I (because s < m' < k, Vk € B'). Now, fix avy i € [. Wor each
k € B; and eack n € N, we have two possibilities:

(i) 1f —n 4+ k < s, thew w, = 0 appears iw the product |w_, -+ w_; x| HWhus,

|W_pi w14k =0 < D.

(i) If —n+k > s, thew s < —n+k < —1 4+ k, whence
\W_pip - woi | € {Jwi - wy| i, €Z,s <i < j}.
Whus, (W_pik - woiqk| < D. Hherefore, by (") and (ii’), we conclude that

sup ‘wfn+k o 'w,;qu‘ < D7 Vn € N7
keB;

whick implies that
pa(F7(Bi)) = D lwopyn w4l < D7u(By),
keB;

covtradicting (B) of Wheorem 4.8. By (4.14), we bave that

lioe i [w_y, - - w_g | = 0. (4.17)
n—o0

We will prove that (4.16) awd (4.17) imeply that (/1) bolds. 4gaiun, for eack k € N, we have

two possibilities to consider:

(iii’) 1f —k > —1 +m/, thew —n < —1 +m/ < —k, for all n € N sufficiently large. Whus, by
(4.17), we bave that

Mg ief jw_y, -~ w_g| = Homeinf |w_p, - W g Wy - - Wy
n—oo n—o0
= | e
= |Wpy o w_g| i ief |w_y, Wy
n—oo
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(ie”) If =k < —1 4+ m/, thew —n < —k < —k+ 1 < m/, for all n € N sufliciently large, wheuce
(4.16) eunsures that |w_jy; -+ w_; 1| # 0. Hherefore, by (4.17), we bave that

1e g I KSR |w—k+7 e w—7+m/|
N0 W27 |w,n . ‘w,k| = R ]w,n cee w,k]
n—o0 n—oo |w7k+7 LA w7;+m/|

= ’ limg ief [w_y, - - w_; y |
[W_py1 Wy | oo

= 0.

[Beuce, for eack k € N, we conclude that limeinf |w_, - w_g| = 0, whick implies (11).
n—oo

Conversely, suppose that (1) or (11) kold. We will prove that C, s is Mi-Worke chaotic. We
caw replace “liminf” by “lim” iw (1) and (1), sivce
e ief [w_, ---w_g| =0 avd limsup|w_,---w_g| >0
n—oo n—oo
imeply that x(_p41} is a semi-irregular vector for C, ¢, avd so C,, 5 is Mi-Worke chaotic. ledeed,

for eack n € N ard eack k € Z, we have that

H(Ow,f)n (X{—k+7}) ”z — [' |X{—k+7} ° fn’"? |w o fn—7 |?’ - |w o f|7J |w|p du
- /‘ jwo 7" Jwo fI” fw]” dp
Fr({—k+1})

= [ wer e wo gl d
{—k+i—n}

- ’wfnkarY Wkt 1 —ntn—1 ‘P

_ P

= |w—n—k+7 Wk

I8 ence,

7. . n 7. . 7. .
ling i f H(Cw’f) (X{—k+7}) ||»j = liminf |w_, gy w_g| = limief jw_, - w_g| =0,
n—oo £ n—oo n—oo

arnd

line sup H(Cw,f)n (X{—k+7}) ||p = lime sup [w_p_g4s -+ - w_g| = lima sup |w_y, - - - w_g| > 0,
n—oo n—oo n—oo

whick covfirmes that x(_j4:y is a semi-irregular vector for C,, ¢, for all k € Z.
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If (I)bolds,let [ :={i € Z :i > —k}. Woreacki € I,let B, := {i}. Sivce him |w_, - -w_g| =
n—oo
0, ther

e pn(f7"(Bi)) =l pn(f({3}) = i p({-n i)

n—oo

1. P _ N P __ 1. P
R | W_ptj ** - Weptitn—1i | = 10 |w_n+i L w_;+i| = e |w_n Wt Wy
n— 00 n—o00 n— 00

= 0.

I8 ence, condition (4 ) iw Wheorem 4.8 kolds. Now, for eack n € N, ckoose i € N large erough
so that

-/

i'=-n+i>0 aed j :=—1 +i.

Beuce, 7/ > 4" and so

B
sup{ (B el GN} p{u.(f(B;)):i€l,neN}

= sup{|w_pyi--w_;y|" i € I,n €N}
= Sup{|wi/ . --wj/|p -0 S i/ S ]/}

= af =o0.
TWhus, we bave that (1) implies condition (B) of Wkeorem 4.8, whence Cy, ; is Mi-Worke chaotic.

Lf (I1) kolds,let I :=={i € Z :1 < —1}. Woreacki € I,let B; := {i}. Sinvce lim |w_, - w_g| =
n—oo
0 for all k € N, ther

lioe p, (f7"(Bi)) = i p,(f7"({i}) = TZLDgOUn({_n+Z})

n—oo n—o0

10 4
= e |w—n+i CrWondidn—i |
n—oo

= lim |w—n+i cee w_;+i|p
n—r00

= 0.

4 gain, condition (&) of Mbeorem 4.8 kolds with (n;)en = (n)nen. Wor eack n € N aed i € 1,
we defive

-/

i'"'=-n+i€Z and j :=—1+i€Z.



Whus, ' < j < —1. Sivce u(B;) =1, for all i € I, we have that
) J 1%

B N
sup{ (B i€l EN} p{u.(f(B;)) i€ l,neN}

= sup{|w_n4i---w_1|":i€l,neN}

4

= sup{|wy--wy|” i <j <=1}

= o = Q.

[8euce, condition (B) of Wbeorem 4.8 holds. Wherefore, (I1) implies cornditions (4) awd (B) of

Wheorem 4.8, whence (), r is a Mi-Worke chaotic operator. [



Ckapter 5

Weigkted skifts ow Wrécket sequerce

spaces

I this chapter we complement the previous results or Mi-Worke chaos for weighted shifts on
the classical Barack sequence spaces ¢y and 7 by cowsidering weighted skifts ow the more gen-
eral setting of abstract Wrécket sequence spaces. More precisely, we will presert a trickotoney
that complements the study of Ni-Worke chkaos for linear operators developed in [6]. 4s ap-
plicatiors, we will obtainw characterizations of the Ni-Worke chaotic weighted shifts on Kothe
sequence spaces that deperd only onr the evtries of the IKothe matriw and the weights of the
shift.

5.1 Mrickotoney

Before presenting the meair result of this section, we will nmake some relevant couvsiderations.

e that follows, we will couvsider J := N or Z.

Defizitior 5.7. 4 Fréchet sequence space over J is a Fréchet space X which is a vector

subspace of the product space K’ such that the inclusion map
1: X - K
1S continuous, i.e., convergence in X implies coordinatewise convergence.

Wor J = N, if w = (wp)nen I8 a sequence of vowzero scalars, the closed graphk theorem

62
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imeplies that the unilateral weighted backward shift
By(xr, 29,3, - ) := (w; To, Woks, W3y, -+ )

is a cortivuous livear operator ow X as soor as it maps X iwto itself. Inedeed, suppose that
B, maps X into itself. Sivce B, is clearly livear, it remains to show that B, is cortiruous.
Since cowvergence iw X implies coordivatewise cowvergence, it follows that the grapk Cr(B,)

of B, is closed in X x X. Weuce, B, is cortizuous by tke closed graphk theoreme’.

Whe cavorical vectors e, := (0,;)jen € KN (n € N) form a basis of X if they belovg to X

arnd

o
T = E Tpen, forall x:=(x,)nen € X.
n=I

Wow, cousider J = Z. 4s before, if w := (wy,)nez is a sequence of vouzero scalars, thew the
bilateral weighted back ward shkift

By, ((a}n)nez) = (wnxn—&-T)neZ

is a cortiruous livear operator ow X as soor as it maps X into itself. Whe canonical vectors
en = (0,;)jez € KZ (n € Z) form a basis of X if they belovg to X and

o0
T = E Tpen, forall x:= (r,)nez € X.
n=—oo

Tkeorem 5.2 (Mrickotomy). Let T be a continuous linear operator on a Fréchet space X. If
NS(T) :={z € X : (T"x)nen has a subsequence converging to zero} ,

then either

(a) T has a residual set of irreqular vectors, or
(b) lim T"z =0 for every x € X, or
n—oo

(¢) NS(T) is not dense in X.

5

IMNet Af, W be Wréchet spaces. Wre closed grap® theorewa states twat if a limear waap 7" : A — W ¥as
closed graph, tvat is, if x, — z in A and T'(z,) — y in W imply that 7 (x) = y, then 7" is continuous. (c.i
[22]).
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Moreover:

(&) If NS(T) is not closed in X, then T is Li-Worke chaotic.

B) If X is sevarable and NS(T) is dense and not closed in X, then T is densely Li-Worke
(B) If D , y

chaotic.

Proof. It is clear that three properties (a), (b) ard (c) are mutually exclusive.

If (c) is true, we bave vothinvg to prove. Whus, let us assume that NS(T) is dewse iw X
(bence, by Corollary 2.39, NS(T) is residual iw X) avd we will prove that eitber (a) or (b)

must be true.

If T has aw irregular vector, then the dewse Mi-Worke ckaos criterion bolds (Definition 2.45).
Iedeed, let Xy := NS(T) and a,, = z, for all n € N, where x is av irregular vector for T'. Hhen,
X satisfies (a) of Definition 2.43. Siuvce x is av irregular vector for T, we have that (T"a,)nen
is uwbourded, skowing that (b) of Defivition 2.43 kolds. I8euce, by Wheorem 2.46, (a) is true.

If T does vot kave ar irregular vector, thew Mheorem 2.41 guarantees that T' does rot bave

a semi-irreguiar vector eitber. Net

NE”(T) = {x e X: lim Tz = 0} .

n—oo
Wher,
NS(T) = NS(T). (5.1)

I fact, the inclusion N/\S(T) C NS(T) is clear. If x € NS(T), siuce vo vector x € X is
semai-irregular, it follows from Defivition 2.36 that T"x — 0 as n — oco. Wence, = € ]@(T)
Since NS(T) is a residual subset of X and (5.1) kolds, we bave that NF(T) = X. ludeed,
giver z € X, since NS (T) avd = + NTS(T) are botk residual in X, the intersection

NS(T)N (z + NS(T))

is vovempty. Ify € NS(T) N (x + ]@(T)), then y € o + m(T), i.e., there is m € NE’(T)
suck that y = x4+ m, whick inplies x € NE(T) (because y € NS’(T)) TWhus, NE(T) = X and
(b) is true.

e order to prove (4), we assume that T is vot NMi-Worke chaotic. Wet M := m(T) ard
Y := M. Cousider the operator S : Y — Y obtaived by restrictivg 7 to Y. Siuvce T is wot

Ni-Worke chaotic, T' kas ro semi-irregular wvector, ard so

NS(T) = M. (5.2)
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Wurtbermore, sivce S is vot M-Worke chaotic, it follows that S kas vo irregular vectors, hewce
(a) does wot kold for S. In additior, (c) is also false for S, because NS(S) = NS(T) = M is
deuse iw Y. Whus, (b) neust kold for the operator S, whick implies that

NS(T):M:{xeX: ling T"a::O}:{xEY: line S”x:o}:Y:M

n—o0 n—oo
IBeuvce, NS(T') is closed and this corvcludes the proof of (4).

Winally, assume the bypotheses of (B). Sivce NS(T') is dewse iw X, (c) does vot kold. Siuvce
NS(T) is vot closed e X, (4) euwsures that T is Ni-Worke chaotic, ard so (b) is also false.
By tke above trickotomey, (a) neust be true. Sivce we are assuming that X is separable, T is

densely Mi-Worke chaotic by Wheoren 2.42. O]

Remark 5.3. Whe couwverses of (4) and (B) are false in geweral. Wor iuwstauce, recall that
every generically Mi-Worke ckaotic operator is also a dewsely Mi-Worke ckaotic operator. But
for every gewerically Ni-Worke chaotic operator T, we bave that NS(T) = X by item (ii) of
Wheorem 2.47, whick states that T being generically Mi-Worke chaotic is equivalent to every

ronr-zero vector being semi-irregular for 7'

Corollary 5.4. Suppose that X is a Fréchet sequence space in which the sequence (€)nen Of
canonical vectors is a basis, w = (Wy,)nen 1S a sequence of nonzero scalars, and the unilateral

weighted backward shift B, is a well-defined operator on X. Then either

(a’) B, is densely Li-Worke chaotic, or

(b’) lim (By)"x =0 for every xz € X.

n—oo

Proof. Wote that NS(B,,) is dewse iw X, because
SF(X) :={x € X : z bas a fivite support}

is dewse iz X awd SF(X) C NS(B,). ence, it follows from the above trickotomy that (a)
or (b) must be true.
If (a) kolds, then (a’)is true, by Wheorem 2.42.

If (b) Lolds, then (b’) is automatically true. O
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Iw other words, the uvilateral weigkted back ward skift B, ov X is Ni-Worke ckaotic (pro-

vided it is well-defived, of course) if and owly if there is a vector (x,),en € X suck that

(W7 Wy Ty, W+ Wy Tpao, W3 -+ WpiaTpys, -+ ) = 0in X as n — oo.

Wor example, this is vot the case if X = ¢o(N) or ¢?(N), for some p € [i,00), but it is true if
X =K. I particular, the uvilateral (ueweighted) back ward skift B or X is Mi-Worke chaotic

(provided it is well-defived, of course) if and ouly if there is a vector (x,)neny € X suck that

(Tngis Tnyo, Tnas, ) = 0w X as n — oo.

Corollary 5.5. Suppose that X is a Fréchet sequence space over 7. in which the sequence
(en)nez of canonical vectors is a basis, w = (wWy)nez 1S a sequence of nonzero scalars, and
the bilateral weighted backward shift B, is a well-defined operator on X. If the sequence

(W_p - w_ie_y)nen has a subseguence converging to zero, then either

(a) B, is densely Li-Worke chaotic, or

(b) lim (By)"x =0, for every xz € X.
n—oo

Proof. Mhe additioral kypothesis ouw the weights means that there is aw invcreasing sequence

(n;)jen of positive integers suck that
(Bw)"eg =W_p; -~ w_je_n, — 0as j — o0, (5.3)
Wor eack k > 1, there is a cowstant a; # 0 suck that
(Bw)¥er = ageo, where ap = wo - - wi_; .
Wor eack k < —1, there is a coustant by # 0 suck that
(By) "eq = breg, where by, = wy,---w_;.

I8euce, for every k € Z,
(By)" " *ep — 0 as j — oo, (5.4)

ledeed, if k£ =0, we bave vothivg to prove, by (5.3). If k > 1 then

(Bw)"*ep = (By)™ ((Bw)k €k> = (By)"™ (ageo) = ap(By)"eqg — 0 as j — oo, by (5.3).
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If k< —1, thew

(Buw)"ter = (Bu)"** (b (Buw) *eo)
= blzl<Bw>nj€0 — 0 as j — oo, by (53)
Civer m > 1 aud k € {—m,--- ,m}, by applyiug (B,)" " iu (5.4), we see that

(By)" ™e), — 0 as j — oo.

Whus, (B,)" e, — 0 as j — oo, for every x € spaw ({e_, -+ ,e,}). MWhis proves that
the set NS(B,) contains every bilateral sequence of fivite support, ard so it is deuwse iv X.

Wherefore, the result follows from Wheorem 5.2. [l

Remark 5.6. ¥be additional bypothesis o the weights is essential for the walidity of the
above Corollary. Iudeed, let B be the urweighted backward skift o (?(Z). lu this case, the
weight sequence w is the coustant map 1, whick does not satisfies conditiovs (a) avd (b) of
Proposition 4.13. l8euce, B is vot Ni-Worke ckaotic. I particular, Corollary 5.5(a) is vot true.
Moreover, Corollary 5.5(b) is also vot valid, because

lime B"r =0« x=0.

n—o0

Tkeorem 5.7. Suppose that X s a Fréchet sequence space over Z in which the sequence
(en)nez of canonical vectors is a basis, w := (Wy)nez s a sequence of nonzero scalars, and the
bilateral weighted backward shift B, is a well-defined operator on X. Then B, is Li-Worke

chaotic if and only if the following conditions hold:
(a) The sequence (W_p, - W_i€_p)nen has a subsequence converging to zero.
(b) There is a vector (x,)nez € X such that
(W« Wjgn—1%j4n)jez = 0 in X as n — oo.

Proof. Suppose that B, is Ni-Worke ckaotic avd let  := (x,)nez € X be a semi-irregular vector
for B,,. Siuce (B,)" (x) - 0asn — oo, (b) kolds (because (By,)" (x) = (wj +  Wjin—i Tjin)jecz)-

Choose k € Z suck that z; # 0 ard let (n;)jen be aw increasing sequerce of positive ivtegers
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such that (B,)"™ () — 0 as j — oo (such a sequence ewists because x is a semi-irregular vector

for B,). Civer a veighborkood V of 0 ie X the equicontivuity of the family of operators
yeX—uye,€X, ne’Z
ineplies the existence of a rveighborkood U of 0 iw X suck that
yeU=yye, €V, VnelZ.
Sivce (By,)" (x) = 0 as j — oo, there exists jo € N suck that
J>Jo= (Bw)" () €U = Wi—p, - - Wi—1 TpCh—n, € V.

Whis proves that wg_p,, -+ - W1 Tper_n; — 0 as j — 00, whick implies (a).

Couversely, if (a) and (b) kold, thew Corollary 5.5(b) is vot true. Whus, conditiow (a) of

Corollary 5.5 kolds, i.e., B, is (dewsely) Mi-Worke chaotic. O

Iw particular, the bilateral (uwweighted) backward skift B ow X is Mi-Worke ckaotic (pro-
vided it is well-defived, of course) if awd owly if the sequence (e_,)neny kas a subsequence

cowverging to zero iw X and there is a vector (x,),ez € X suck that

(j4n)jez =+ 0w X as n — oo.

Wor example, this is true for X = KZ but thkis is vot tke case if X = co(Z) or (*(Z)
for some p € [I,00). It is easy verify that condition (b) of Whkeorem 5.7 bolds i the tree
cases: for X = ¢y(Z) or (P(Z), just take amy vouvzero vector ¥ € X; for X = KZ just take
T = (Tp)nez € X, with z,, = 1, for all n € Z, for example. Wowever, condition (a) of Wheorem
5.7 fails for X = ¢o(Z) or (P(Z): in this case, |e_,|| =i, for all n € N. But, (e_,)nen kas a

subsequence cowverging to zero iw product topology over KZ.
It is kwoww that B is hypercyclic (i.e., it bas a dewse orbit) if anwd ouly if there is aw
increasing sequence (n;)jen of positive integers suck that, for avy k € Z,

p—n, = 0 avd epy,, -0 iv X as j — o0 (5.5)

(see Mheorem 4.12 of [22]). Witk these characterizations it is easy to exbibit suck a sbift
B whick is Ni-Worke chkaotic but not hypercyclic (althoughk strouger ard more sopbisticated

examples car be found v [27]). 4w illustration of this is sbowr iv the following ewample.



69

4

. . N , .
Exameple 5.8. Cousider the weight sequence v := (1, )nez, where v_,, ;= — for all n > 1, and
n
(191 2 5 4 2 53 92 o 1 . 2 2 5 4
(Vn)’nZO = ("727"7272 727 "72)2 )2 72 727 byt 7"7272 y ’271’__' 72 727 "7"')7
a corvcateratior of blocks of the forme (1,2,2% ... ,2" ... 22 2) forn > 1. Winx p € [I,00) ard

cousider the weighted ¢” space

°(Z,v) == 2 = (2)nez € KZ : 2|l = Z |2, | v < 00

n=—oo

Mote that the bilateral back ward skift B is a well-defived operator ow (°(Z,v). Iu fact, as seew
Vn

iw [22], B is a well-defived operator ow (P(Z,v) if and ouly if sup < 00. Hhus, iv the case
n€Z Vn+i

of the sequerce of weights considered iv this ewample, we bave that

1 1 1
Vo V_p 1/n n—1 . . n
— =1, sup = sup —— = sup =sup (1l ——| =1 aed sup =2,

%) n>2 V_pi1 n>2 57 n>2 N n>2 n n>0 Vn41

wherce B is a well-defived operator.

We claim that B is vot hypercyclic. Iudeed, for eack n > 0, we bave that
Hean =Vp 2> I

Wher, conditionw (5.5) is wot satisfied, berce B is vot kypercyclic.

IBowerver, B is Mi-Yorke chaotic. Ie order to see this, let j, :=n(n+ 1)+ 1 for eack n € N,

ard corsider the wector .
x = 22_%63,1 € ’(Z,v).

n=i
Sivce e, — 0 as n — oo (because |le_,|, = 1/n), thew couditiow (a) of Wkeorem 5.7 is

satishied. AMoreover, for eack m € N,

P D

m P _ m - - . — S -2 pm . - pm . ?
||B x”n - B : :2 pe.]n - E 2B (ejn) Z 2B (ejm)
n=I D n=I D P
_m p _m b —m i
- H p ejm,m — H2 p €m2+1 = 2 'Um2+1 = 5
P P

[Revce, B"x - 0 as n — 0o, showing that coudition (b) of Wheorem 5.7 also bolds. Whus, B

is Mi-Worke chaotic, as we wanted to demounstrate.



70

5.2 Weigkted backward skifts ow \,(A,J)

11

e this sectior, we skall focus orw a more corcrete class of Wrécket sequence spaces knvown

as K othe sequerce spaces. Net J := N or Z.

Defizition 5.9. 4 Kdthe matriz (on J) is a family of scalars of the forme A := (a;)jesken
suck that, for eack j € J, there ewists kK € N with a;; > 0, and 0 < a;, < ajiq; for all j € J
aed k € N.

Civer a real number p € {0} U [I,00) ard suck a Kotke matrie A, the associated K dthe

sequence space \,(A, J) is the Wrécket sequence space defived as follows:

o Ifpe[i,o0), thew
Ap(A, ) = {(xj)jej €K’ ajuay|” < oo, Vk € N}
jeJ
erdowed with the semeivornes
|z, := (Z \amxj]p) for v := (2;)jes € \p(A,J) and k€ N.
jeJ

o Ifp=0, then

)\D(A7 J) = {(.Tj)jej € KJ : line Qj T = O, Vk € N}

JEJ|jl—o00

erdowed with the semivormes
|z||,, :==sup|ajrz;| for = (x;)jes € \p(A,J) and ke N.
jeJ
Note that the sequence (e;) ey of cavorical vectors iw K7 is a basis of \,(A,.J) for every

pe{0}U[l,00).

Whroughkout the remaivivg of this sectiorw, we adopt the couwvention g =1.



Propositior 5.1.0. Let w := (w;),es be a sequence of nonzero scalars. The weighted backward
shift
Bu ((25)jes) = (wjj41)jes
is a well-defined operator on \,(A,J) if and only if, for each k € N, there exists m € N such
that a;, = 0 whenever aji;m =0 (5 € J), and
sup k] < 0. (5.6)

jeJ Aj+im

Proof. If B, is a well-defived operator ow A,(A,J), giver k € N, there are m € N and
C € (0,00) suck that

1B ((z5)5e0)l;, < Cl(25)jeall,, > V(@s)jes € Ap(A, ).
Wher, for eack j € J, we have that

\wilajr = |wje;l, = | Bw (ej1:)ll, < Cllejiill,, = Cajgim. (5.7)

Sivce w; # 0, for all j € J, if aj1;, =0, thew a;, = 0 by (5.7). Moreover, if a;4; ., # 0, agaie
by (5.7), we bave that
a] k|w]| < O

Aj+i,m
whence we obtair (5.6).
Conversely, giver k € N, there exists m € N suchk that
Gjrim=0=a;,=0, VjeJ
and there exists M € (0,00) suck that

M = sup
jeJ Qjt+im

Then, for eack j € J, we bave that a;|w;| < Majii
If p=[i,00), then for eack (x;);es € (4, J), we obtain
1B (@)senli = D lagwwejel” <Y IMages ml g |”

jeJ jeJ

— P
= M E aj0,m T4

jeJ

= M"||(z))jesll,
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If p =0, ther for eack (z;)es € Ao(A, J):
| Bw (1) jes)ll, = sup lajpwjzjei| < Msup lajii mxjei| = M [[(25) el -
jeJ jeJ

Therefore, for anvy p € {0} U [I,00), B, is a well-defived bounded operator. O

We refer the reader to the books [24] ard [28] for a detailed study of I€6tke sequence spaces.

Whe following results characterize Ni-Worke cbhaos for urilateral and bilateral weighted back-
ward skifts. We will present the proof for the bilateral case iw detail. Wor the unilateral case,

being aralogous to the previous ore, we will preseunt the proof more briefiy.

Hkeorem 5.11. Consider a K dthe sequence space X = \,(A,Z), where A := (a;) is a K ithe
matriz on Z with nonzero entries and p € {0} U [1,00). Let w = (wy)nez be a sequence of
nonzero scalars such that the bilateral weighted backward shift B, is a well-defined operator on

X. Then B, is Li-Worke chaotic if and only if the following conditions hold:

(a’) There is an increasing sequence (n;);en of positive integers such that

e a_p, pW_p, ---w_; =0, VkeN.
1—00

(b’) There exists k € N such that

sup{wzi,jeﬂigj}:oo, V¢ e N.

Qj+i,0

Proof. Suppose that B, is Ni-Worke chaotic. We kwow tkat property (a’) Lolds, sivce it is
equivalent to property (a) iw Wheorem 5.7. Suppose, by cowtradiction, that property (b°) is
false. When, for eack k € N, there ewists ¢, € N suck that

Qi k |lw; - - ‘wj’|

Cp = Sup{ 1, €7, 1 < j’} < o0. (5.8)

Aj'+1,6
Wake v := (;)jez € X, k€ Navd n € N. If p € [I,00), then

IBL@)I7 = lajaw; - wipn2jenl” < |Ckajim g zjnl” = CL I} . (5.9)

jEL €T
Iedeed, takivg i ;= j awd 5/ := j+n — 1 iw (5.8), we obtaiv that

a/k Wi Wi 4
sk [0 jn=i] <Cp = ajp|w; - wjrn_i| < Crajing,,

Ajtn. by,
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whence the ivequality iv (5.9) bolds. If p =0, then

| B (@)l = sup |a;xw; - - - Wjgn—1 Tjn| < Up |Crajineitnl = Ck 2], -
JEZL JEZ

I awy case, we see that the sequence (B (2)), oy is bourded for all x € X. Wence, B,, does

vot admit aw irregular vector, whick cowtradicts the fact that B, is Mi-Worke chaotic.

Couversely, suppose that properties (a’) and (b’) kold. We skall prove that B, is Mi-Worke
cbaotic by applying Wheorem 5.7. Siece (a) of Mheorem 5.7 is equivalewt to property (a’),
it reneains to show that property (b) of the Wheorem 5.7 is also true. Wor this purpose, fin
k € Nasin (b’). Wor eack n € N, the contivuity of (B,)" implies the existence of a coustawt

C, € (0,00) ard av integer r,, € N suck tkat
B ()]l < Cul|zll,, Vz e X. (5.10)

Now, for eack n € N, cousider

Q| (W5 - - - W5 .. . P
En::sup{M:z,jGZ, ]—1:n—1}.
aj+777’n

Applying (5.10) to the cavorical vectors e;, we see that
E, < C,, ¥neN. (5.i1)
Iedeed, for aw arbitrary n € N, sivce B]! ((2;)jez) = (W) -+ - Wjyn—1Zj4n)jez, we kave that
By (ej) = wjrp - Wy i€ p.
[Beuce, for any p € {0} U [i, 00):
1Bu(eille < Culleyll,, = Cn @y, Vi € Z. (5.12)

But

1B (ei)lly = lwjren - - wjs | l€jnll), = ajnp [wj—n - - wy—i|, Vj" € Z.
Thus, by (5.12), we bave that
@ik |wj/_n Wy | < C, a; .

whence
Qg —n, k |wj’—n Wy \ y

as’ iy,
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Takinvg i :=j' —nawd j:=j — 1 in (5.13), we obtaiv that j —i=(j'—1)—(j/ —n)=n—1
ard
a‘l,k‘ ’wzc ..w]‘

< Ch.

Ajti,ry,

By getting all j' € Z, the formulas i := j' —n avd j := j/ — 1 gives all i,j € Z satisfyivg

j—i=mn—1. Rerce, (5.11) kolds.

Witkout loss of gewerality, we can assume that the sequence (7, )nen is strictly increasing.
We shall construct a sequence (ts)sen of positive integers and two sequences (is)seny ard (Js)sen

of integers suck that the following properties kold:

(o) Whe sequence (Lg)sen is strictly increasing.

(B) Wor every s € N, we have that i, < j; and a;, x |w;, - wj,| > 2°a;, 47 4,
() ke sequence (ng)sen, where ng := js — iy + 1, is strictly ivcreasing.
(0) Js # ji whevever s # t.

We begie by puttivg t; := r; aed by ckoosieg i;,j; € Z suchk that

ai:,k|wi: '“wjr’ )

’é; < j; and
Qj, 41t

TWhe equality i (b’) for ¢ := t; guarantees the existewce of suck a pair i;,j;. Suppose that

tiyooe ytey 07,0 ig and J;, - -+, js kave already beew choser with the desired properties. Net
C:=man {C;,...,Cp.11}

and ckoose t;,; € N suchk that

oy > maw {ts, Ty 41}

Wor each i,j € Z suck that j—i € {0,1,--- ,ns}, we bavethat N :=j—i+1 € {l,...,n,+1}
and it follows from (5.11) that
@i [w; - - - wj]

< By <Oy < C. (5.14)
a/j—i-T,T'N

Since tgr; > 1y 41 > ra (because N < ng+ 1 aed (r,), is strictly ivcreasing), we have that

a’L,k |wl.--w]| a’i,k |wz..-w]’

<
Ajt1,t54s Aj+iry
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TWhus, by (5.14),
sup{wzi,jeZ,Ogj—iﬁns}SC- (5.15)

Ajti,tsts
Now, we bave to cousider two possibilities.
Case 1. Where exists jg € Z suck that
sup{w (1 EZ, z'gjg} = 00. (5.16)
Ajo+1 toys
Then, (5.16) bolds with j iwstead of jo for every j > jo. lBence, there exist ig,;, js1; € Z suck

that joi; > meaw {Ji, -+, Js}, Gsi1 < jsus and

Qig iy k ‘wier: o

Wi > man {C, 27} (5.17)

Qg s 41, t54s
TWhus, (5.15) implies that ng; = Jsyi — Gsps + 1 > ng. I fact, if jop — iy + 1 < ng, thew

0 < jsi1 —isp: < mg— 1 <ng MWberefore, by (5.15), we would kave to

Qjg i 7k ‘wis-o-r T Wy, ‘

<C,

Qg ;47 ters

whick covtradicts (5.17). Wence, Ny ; = jsr1 —lisys + 1 > ng, i.e., (ng)sen IS strictly ivcreasing.

Case 2. ¥or all j € Z,

K; ::sup{wziez, Z'Sj}<oo. (5.18)

Q541,541

I this case, we apply the equality in (b’) for £ :=t,,; to obtain a pair isy;, js4; € Z suck

that i54; < joqr and

Qjgyq .k |wis+x Wiy, ‘

> neaw {C,Kj”...,KjS,QS—H}. (579)

Ajyi+1tsts
1 Jsrs € {Jiy .-, Js}, thew

Qjgy 7k |wis+: te

. w .
Js+1
) } < ij < 00,
Qjoyq41,ts11

for some m € {i,...,s}, whick coutradicts (5.19). Wherefore, we bave joii & {Ji,...,Js}-
Moreover, ng i > ng. Iudeed, if ngy; = Jour — s +1 < ng, ther 0 < joyr —ig0; < ns. lRence,
by (5.15), we would bave to

Qigys,k ‘wis-H cr Wy, ‘

<C,

Aoy ;41 R
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whick contradicts (5.19). Whus, (ng)sen is strictly increasivg.

This completes the couvstruction of the sequernces satisfying (a)-(9).

Now, defive

4

(seN) aed z;:=0 if jeZ\{js+1i:s5s€eN}.

Ljo1 =

! 2%, 11 1,
Property (0) ewsures that the sequence x := () ez is well-defived. Civer ¢ € N, property («)
imphies the existence of an integer so € N suck that t; > £ whenever s > sq (ivdeed, because

the sequence (,)sen is ivcreasivg avd so, s > sg = t; > tg,). Wherefore, for any g € [i, 00),

[e’e] S0 [e%¢]
q q q q
E |ajoz;|* = E |, 11,0T5,41 " < E [ L E [N
JEZ s=I s=i s=so+1
S0 [ee] 5 q
i
_ q
= E |Gt 042" + E (;) < 0.
s=1 s=so+1

If p € [i,00), we take g := p and obtaiv that x € X. If p =0, we take ¢ := 1 and obtain

Z laj x| < 0o, V&N,
JEZL
Siece this imeplies that

?.I.A]ZU |CLj’g$j| = 0, W4 € N7
ljl—=o0

we aiso conciude that x € X. Rence, iv avy case, v € X.

By property (), for any s € N| we bave that i, < j, and

Qg k |wz‘s ©r Wy

> 1. 5.20
QSajer: Jts ( )

Whus,

B (@), = (W) wjsn,—1%j1n)jezlly, = |G kWi, - Wiiin,—1 T in,

= \ais,sz‘s C Wy Tt |

_ @is,k ‘wls .« w]s > 17 by (520)

S .
2 a’]s+7 s
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Ie view of property (), we couvclude that Bl'(z) - 0 as n — co. Whus, by Wheorem 5.7, B,
is M-Worke chaotic. O

Whe vent result characterizes Mi-Worke chaos for unilateral weighted backward shifts.

Wheorem 5.12. Consider a K dthe sequence space X := \,(A,N), where A := (a;) is a K dthe
matriz on N with nonzero entries and p € {0} U [i,00). Let w := (wy)nen be a sequence of
nonzero scalars such that the unilateral weighted backward shift B, is a well-defined operator

on X. Then B, is Li-Worke chaotic if and only if there exists k € N such that

Sup{wzi,je[\l’igj}:oo, V¢ € N. (5.21)
Gjyie

Proof. 4ssume that B, is Ni-Worke ckaotic. Suppose, by cowtradiction, that (5.21) fails for

every k € N. Hhis means that, for for eack k € N, there exists £ € N suck that

wi...wA

Ek::sup{ai’k ]lzi,jeN,z’Sj}<oo.

Q511,04
Take v := (z;)jen € X, k€eNandn e N. Ifp e [l,00), then
[e.e] oo
1(Bw)" (@)l = Z | @ jw; -+ Wi Tpyj]” < Z | Ekjsn,eTjn]” < B Htzk :
J=I J=I

If p=0, then

[(Bw)™ (@)}, = sup |ajxw; - - Wnsj—i Tjin| < SUP |Ex@ypn,Tj0n] < By |z, -
JEN jEN

I avy case, we see that the sequence ((By,)"()), oy is bourded for all x € X. Hkerefore, B,
does vot admit aw irregular vector, whick contradicts the fact that B, is Mi-Yorke ckaotic.

Comnversely, suppose that there ewists k& € N suck that (5.21) kolds. We skall coustruct a
vector © € X suck that
(Bw)"(z) A0 asn — co. (5.22)

By Corollary 5.4, this implies that B, is Mi-Worke ckaotic. Wor eack n € N, the contiruity of

(By)™ implies the existence of a coustant C,, € (0,00) ard aw integer 1, € N suchk that

1(Bw)" (@)[lx < Cullzllr,, Vo € X. (5.23)
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Moreover, we may assume that the sequence (r,),en is strictly increasieg. By applying (5.23)

to the canorical vectors e; (j € N), we see that

SM)GWW””%LL'GNJ—iZ”—I <C,, YneN. 5.24
g J
a’]""“‘ sTn

We sbhall cowstruct sequences (ts)sen, (is)sen ard (js)sen Of positive integers suck that the

following properties kold:

(o) Mhe sequence (t5)sen is strictly ivcreasing.

(B) Wor every s € N, we kave that iy < j; avd a;, p|w;, ---w,,| > 2°a;, 414,
() Whe sequence (ny)sen, where ng:= js — is + 1, iis strictly ivcreasing.
(0) Js # ji whevever s # t.

We begiv by puttivg t; := r; aed by ckoosing i;,j; € N suck that

ai:,k’wi: o w]1| > 9

i; < j; arnd

Qj; +1.t;
The equality iw (5.21) for £:= t; guarantees the ewistence of suck a pair i;, ;. Suppose that
tiyoooyts, 17, 05 and i, ..., Js bave already beew choser with the desired properties. Net
C:=man{C;,...,Cp.1:}
ard ckoose t,.; € N suck that
toys > man{ts,rn 41}

It follows from (5.24) that

a. w“"w.
sqﬁiﬁi——ih@jeNogj—igm}gc. (5.25)
Ajt1,tess
Wor eack 7 € N, let
a, w----wA
Kj:= man —Z’k| ’ ]|~

1SS Qg teys

By applyiuvg the equality iw (5.21) for £:=ts,;, we obtaiw a pair is.;, jsi; € N suck that

. . a; 17k|wi Wy 7| 1
Gsyi < Jopr and — . 2> man {C, K, , ..., K., 25T}
ajs+7+77ts+7
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IBeuce, by the defivition of the Kj’s, js11 & {ji,...,Js}. Moreover, (5.25) implies that ng,; =
Jst1 —issi +1 > ng. Hhis completes the construction of the sequences satisfying (a)—(J). Kow,
defive

i

Tj41=-——— (s€N) aed z;:=0 if je N\{j,+1:s5€N}.
2% 411,

Property (0) ewsures that the sequence x:= () ey is well-defived. Civer ¢ € N, property («)
implies the ewistence of aw ivteger sg € N suck that t, > ¢ whevever s > s5. Wherefore, for
auy g € [1,00),

o0

oo 59 S0
D ajeal = lajrre il <Y lajsiezial®+ Y 100,250
j=1 s=1 s=1

s=sp+1
S0 , 0o 1\4q
:E |41, 54" + 5 (;) < 0.
s=I s=so+1

If p €[i,o00), we take ¢:= p and obtaiv that x € X. If p =0, we take ¢:= 1 and obtaiv that

e}
Z lajox;| < oo, VI eN.

=

I8 ence,

?.I.A]ZU |CL]”4 Z‘j| = O, W24 S N,
j—ro0

provivg that x € X. Whus, iv avy case, x € X. By property (3), for avy s € N, we have that

is < js ard
@i, g |wi, - - wj, >
23a’js+77ts
Whus, for every s € N,
H(Bw)ns (:C)Hk = H(w] e w]‘i’nsfzxj‘i’ns)JeNHk Z |ai37kwis e wis‘i’ns*;xis“rns
= |ai, Wi, - - Wj,Tj, 41
= GinklWir T WG
2Sa’js+1,ts

Iw view of property (7), we corvclude that (5.22) kolds, as it was to be shown. O

Wor umilateral weighted backward skifts B, ow IKothe sequence spaces, several properties
that are equivalewt to B, beivg Ni-Worke ckaotic were obtaived iv Wheorem I of [33] and
Theorem 3.3 of [16]. Wevertheless, vo characterization based solely ow the ewtries of the K6the

neatrie and the weights of the shift were krown before. Mheorem 5.12 fills this gap iv the case
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of € 6the sequence spaces defived by a I 0the matrin with vowzero evtries. Aoreover, Wheorem

5.11 gives the correspouding result in the case of bilateral shifts.

Exameple 5.7.3. Net J:=Nor Z. If a;;, =1 for all j € J and k € N, ther

Mo(A, J) =co(J) aed N\, (A, J)=1£0°(J), for p € [I,0).

Izdeed,
N(A, ) = {(xj)jeJ eK’: lim aja; =0, Vke N}
jeJ|j|l—=o0
{(mj)jEJ € K'] . Tine Ty = O, Vk € N}
JeJ,|j| =00
= C()(J).
And

)\p(A, J) = {(l‘j)jej cK’: Z \aij]D < o0, Vk € N}

j€J

= {(ﬁj)jGJEKJIZ|Ij|p<OO, \V/]{ZGN}

jeJ
= (),
whose semivorms are given by
1/p i/p
]l = (Zlaj,kl’jlp) = (le’jl’)> = |lll,, Vo= (z))jes avd k € N.
jet jet

I this case, Wheorems 5.11 ard 5.12 recover Propositior 3.10 ard Corollaries 3.11, 4.12 ard 4.13
in the case of rowzero weights. Whis provides avother approack to obtaiu the characterizations

of the Ni-Yorke chaotic weighted shifts ow the classical Bavack sequerce spaces ¢y ard £7.

Example 5.74. Net J :=Nor Z. Net a;; := (|j| +1)* for all j € J avd k € N, ard cousider
the Kothe sequence space A; (4, J), withk A := (a;x)jesren. A4S aw Wlustration, let us exbibit
a weighted skift B, ow \;(A,Z) whick is Mi-Worke ckaotic but vot bypercyclic. Cousider the

. i
weight secuence w = (W, )nez, where w_,, := =, for all n > 0, ard
(SYAR] 27 )

() o 127.7,2217,1222
wnnET‘ L 27 72727 ) 7272727 9 Ly Sy e )
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a corcateratior of blocks of the form ( 2,.. .,2) with n vumbers 5 followed by n

299
rumbers 2, for n > 1. Siece (5.6) kolds, the bilateral weighted backward skift B, is a well-
defived operator ow \;(A,Z). ludeed, sivce a;j := (|j| +1)* for all j € Z avd k € N, we bave
that a; # 0, for all j € Z and k € N. If (5.6) does vot kold, there exists a ko € N suck that

sup @ko|s] =00, VmeN, (5.26)

j€Z Qj4im
But |w;| <2, for all j € Z. Hhus,

(l] + )"

Gkl oy Bk _ g +i)m’
i

Qjtim — Qj+im (l7+1

Vj €Z aned Vm € N. (5.27)

Taking m = kg iw (5.27), it follows that

1\ 1\
L I+ — I+ —
(gl + 1)k ( \JI) ( |J|> )

. = = — 1 as |j| — oo.
<|]_|_]|_+_]>k0 (]‘f‘] 1 )ko ( i |j|
— |+ = I
J 171

[Beuce, if m = kg, ther (5.27) implies that

A feq | W
J€Z  Qj+i.ko

o0,

whick contradicts (5.26). Wherefore, B, satisfies (5.6) avd it is a well-defived operator.

Mow, cousider (n;)ien := (N)nen. Win avy k € N. Hheu

. T T Nk
R Ay, fW_p; -+~ W_y = R AWy - wW_; = N (|—n|+1) w_py- - w_
1—>00 n— 00 n—o0
= e = 0,
n—00 n

whick satisfies (a’) of Wheorem 5.11.

AMoreover, for eack ¢ € N, we have that

g w; - - - w; ] (3] + 1) Jw; - - - w;] |w; - - - wj|
sup ————— = sup : — > ———— VkeN (5.28)
i<i Gyt i<i (|J+1[+1) i<i (lj+1141)
Wor eack n € N, let i :=n? +1 anvd j:=n? +niv (5.28). lence,
7 ] n2+1 """ Wn24n 2"
supw > sup Wi+ Wn sl = sup =00, Y/ eN. (5.29)

+1)° nen (24 n+ 14+ 1)

i<j Ajt10 neN (In?2 +n+1



82
TWherefore, by (5.29), it follows that (b’) iv Wheorem 5.11 kolds. Whus, B, is Ni-Worke chkaotic.

Ou the otker band, let us recall the followivg theorem of [22]:

Hhkeorem 5.15. ([22], Wheorem 4.13) Let X be a Fréchet sequence space over Z in which
(eén)nez is a basis. Suppose thatl the weighted backward shift B, is an operator on X. The

following assertions are equivalent:

(i) B, is hyvercyclic;

(1) There is an increasing sequence (ny)gen of positive integers such that, for any j € Z,

j i+, -
( H wl,> €j—n, — 0 and ( H wl,> €jtn, — 0

v=j—np+I v=j+1

m X as k — oo.

By adapting Wheorem 5.15 to our content, we bave that B, is bypercyclic o \; (A, Z) if and
only if there exists aw ivcreasing sequernce (n;);en of positive integers suck that, for avy ¢ € Z,

we have that

4
—i

/—1 €+nj71
H wy | €g—n; — 0 and H w, €o4n; — 0 (5.30)
v=_L—n; v={

iw \; (A, Z) as j — oo. lRowever, in our example, for eack n € N avd £ =1, we bave that

4

n —1
Mo ) eo| = |o=0 | = el
— w;...wnr |w7"'wn| !
v 1 ’ .
1.
= faun]
w; - - wy|
i
= —  |n+1+1)
Tl i
. n+2
w; - Wy,

> n+2, YneN.

Therefore, the second conditior i (5.30) fails for £ = 1, whence B, is vot bypercyclic.
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Remark 5.16. Wor J := N or Z, the space \;(A,J) is also kvown as the space of rapidly
decreasing sequences on J and it is devoted by s(J), whick is a classical ewample of a wou-
rormable Wrécket sequence space. Wor more informatior ow the space s(J), we refer to refer-
ences [24] and [28].
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