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Resumo

Dynamical Casimir Effects with Atoms and Spinning
Nanoparticles

Guilherme Costa Matos

Orientador: Paulo Américo Maia Neto

Coorientador: Francois Claude Michel Impens

Resumo da Tese de Doutorado apresentada ao Programa de Pds-Graduacao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

Motivada por experiéncias recentes com nanoparticulas levitadas e em rotagao ul-
trarrapida, esta tese apresenta novos efeitos na interacao de particulas em rotacao com o
vacuo quantico. A primeira parte da tese estuda o andlogo da eletrodinamica quantica do
efeito Sagnac, no qual a rotacao de uma particula neutra nas proximidades de um inter-
ferometro atomico induz uma fase nas ondas de matéria propagantes. A fase resultante
¢ uma fase de Berry geométrica proporcional a velocidade angular da particula. Uma
rotagao confinada a uma regiao do espaco, deixando um trago de nao inercialidade em um
referencial inercial, sugere uma analogia com o efeito Aharonov-Bohm. Levando em conta
as ressonancias plasmonicas da particula, a andalise revela que a magnitude da fase estd
proxima do limite de medicao dos interferometros atomicos de iltima geracao. A forca
exercida sobre um atomo por uma particula em rotacao também é calculada e monstra-se
ser analoga a forca de Coriolis. A segunda parte da tese examina a emissao de fétons por

uma particula neutra nao esférica em rotacao. Desde que o eixo de rotacao seja ortogonal
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ao eixo de simetria da particula, a interacao da particula com o campo produz bandas
laterais de frequéncia para o campo espalhado, levando a emissao de pares de fétons pelo
efeito Casimir dinamico. A taxa de emissao de fotons é obtida para esferéides metalicos
e dielétricos e é aumentada quando a frequéncia de rotagao estd proxima de uma res-
sonancia plasmonica ou polaritonica. A fim de otimizar a taxa de emissao, a velocidade

da ponta da particula é fixada e a dependéncia com a geometria é analisada.

Palavras-chave: 1. Efeito Casimir dinamico. 2. Nanoparticulas girantes. 3. Vacuo

quantico. 4. Efeito Sagnac. 5. Emissao de fétons.
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Abstract

Dynamical Casimir Effects with Atoms and Spinning
Nanoparticles

Guilherme Costa Matos

Orientador: Paulo Américo Maia Neto

Coorientador: Francois Claude Michel Impens

Abstract da Tese de Doutorado apresentada ao Programa de Pds-Graduacao
em Fisica do Instituto de Fisica da Universidade Federal do Rio de Janeiro -
UFRJ, como parte dos requisitos necessarios a obtencao do titulo de Doutor
em Ciéncias (Fisica).

Motivated by recent experiments with levitated, ultra-fast rotating nanoparticles, this
thesis presents new effects in the interaction of spinning particles with the quantum vac-
uum. The first part of the thesis studies the quantum electrodynamical analog of the
Sagnac effect, in which the rotation of a neutral particle in the vicinity of an atom in-
terferometer induces a phase on the propagating matter waves. The resulting phase is
a geometric Berry phase proportional to the angular velocity of the particle. A rotation
confined to a region of space leaving a trace of non-inertiality in an inertial frame suggests
an analogy with the Aharonov-Bohm effect. Taking the particle’s plasmon resonances ac-
count, the analysis reveals that the phase magnitude is close to the limit of measurement
for current state of the art atom interferometers. The force on an atom by a rotating par-
ticle is also calculated, and is shown to be analogous to the Coriolis force. The second part
of the thesis deals with the photon emission by a rotating non-spherical neutral particle.

Provided that the rotation axis is orthogonal to particle symmetry axis, the interaction
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of the particle with the field produces frequency sidebands of the scattered field, leading
to the emission of dynamical Casimir photon pairs. The photon emission rate is obtained
for metallic and dielectric spheroids and is enhanced when the rotation frequency is near
a plasmonic or polaritonic resonance. In order to optimize the emission rate, the velocity

of the particle’s tip is fixed and the dependence with the particle’s geometry is considered.

Keywords: 1. Dynamical Casimir effect. 2. Rotating nanoparticles. 3. Quantum

vacuum. 4. Sagnac effect. 5. Photon emission.
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Introduction

"The apparent emptiness of empty space is an illusion. In fact, empty space
15 a multi-layered, multicolored superconductor. ... It’s a highly structured,
active medium, whose activity becomes visible when we probe it with sufficiently

delicate instruments.”

— Frank Wilczek

One of the most shocking predictions from quantum electrodynamics is that the energy
of the electromagnetic field in its zero quanta (vacuum) state is non zero. This implies the
existence of quantum vacuum fluctuations. The seminal work by H. B. G. Casimir and
D. Polder [3,4] on the interaction energy between neutral objects in the vacuum brought
physical reality to the effects of the quantum vacuum (see [5] for a comprehensive historical
discussion). The measurement of the Casimir force by S. K. Lamoreaux [6] cemented the
Casimir effect as an important research topic in physics (see [7,8] for reviews) with recent
relevant theoretical and experimental developments [9-15].

However, the same does not apply for dynamical Casimir effects, i.e. motional effects
of the quantum vacuum, which have not yet been detected. That is the case for the
quantum friction (QF) ' and the dynamical Casimir effect (DCE). The QF is charac-
terized by a dissipative velocity-dependent vacuum induced force acting on the relative
motion between a polarizable particle and a surface or even between surfaces [22-32],

while the Dynamical Casimir effect consists in the parametric emission of photonic pairs

Isee [16,17] for reviews on QF and [18-21] for the DCE



by a neutral object undergoing a non-uniform motion [33-42]. The scale of wavelength set
by the accessible experimental velocities is much greater than the typical wavelengths of
appreciable electromagnetic response of materials, resulting in very small effects for both
QF and DCE. The smallness of these effects has not discouraged research, and extensive
literature has been produced on the topics.

The last few years saw the rise of experiments with levitated fast rotating microscopic
rotors [2,43-47], with a current record for the rotation frequency of 6 GHz [48]. Similar ex-
periments have been performed to explore the boundaries between classical and quantum
mechanics by cooling a trapped levitated nanoparticle to its motional ground state [49].
The high velocities motivated proposals to employ this experimental platform to measure
QF [2,44], and combined with theoretical work on QF for rotating particles [9,50-53],
could result in a direct measurement of the effect in the next few years.

Given the potential of rotating nanoparticles to probe dynamical quantum vacuum ef-
fects, the present thesis proposes new effects in the interaction of non-relativistic spinning
particles with the quantum vacuum.

The thesis is organized as follows. Chapter 1 presents a review of the quantum open
system approach for atom interferometers developed in Ref. [54]. The interaction of the
atom with its surroundings is parametrized by the atomic center-of-mass position, and the
interaction with the internal atomic degrees of freedom and with the quantum electromag-
netic field gives rise to an interferometric phase and to decoherence. In second order of
perturbation theory, the total phase is the sum of contributions of atomic interactions in
one interferometer path and both paths simultaneously. Those contributions are regarded
as local and nonlocal, respectively. The results are applied to an atom interferometer near
a neutral object in the vacuum. In that case, the induced phase carries information on
the motional corrected Casimir interaction between the atom and the object.

Chapter 2 employs the theory of dynamical Casimir phases of chapter 1 to derive the

quantum vacuum Sagnac phase (QVSP), the phase induced on an atom interferometer



by a rotating nanoparticle in its vicinity. The phase is proportional to the rotational
angular frequency, in direct analogy with the standard Sagnac effect [55]. The phase is
demonstrated to be a geometric Berry phase analogous to the Aharonov-Bohm effect. As
recent theoretical works proposed geometric phases to detect quantum friction interactions
between atoms and surfaces [27,29], the QVSP also represents an advance for rotational
coupling with the quantum vacuum, since its magnitude for finite-width wavepackets is
shown to be close to the sensitivity limit of modern atom interferomers, when the atomic
transition frequency is near the nanoparticle’s plasmonic resonance. The analogy with the
standard Sagnac effect is deepened by considering the force on the atom by the rotating
nanoparticle, as the result shows a force similar to the Coriolis force.

Chapter 3 presents the DCE for rotating nanoparticles. The photon emission rate is
obtained for a non-spherical nanoparticle rotating perpendicular to its symmetry axis.
The scattering of electric field by the spinning particle results in a rotational Doppler
shift of field modes that produces a rotation dependent emission spectrum. The spectrum
depends on the polarizability tensor of the nanoparticle, which contains information on the
material and geometry. An analytical approach to the DCE emission for metallic spheroids
is presented, showing that the emission peaks at plasmon resonances. The emission rate
for dielectric nanoparticles is also obtained. The role of geometry is explored by fixing the
linear velocity of the tip of the particle, allowing the analysis of the emission dependence

with radius and eccentricity.



Chapter 1

Dynamical Casimir Atomic Phases

“When it comes to atoms, language can be used only as in poetry.”

— Niels Bohr

The interaction energy between two ground-state atoms and or an atom and a plane
surface, with the inclusion of the retardation effect of the electromagnetic field, was first
shown by Casimir & Polder in 1948 [3]. Since then, many different systems have been used
to investigate the Casimir effect with atoms, with most of them relying on the hypothesis
of static atoms, given that the correction on the energies due to the non-relativistic motion
is very small [23,56].

The temporal evolution of matter waves ensures that interactions with external fac-
tors are registered in the wave function as a phase. In the context of Casimir forces on
atoms, this phase would be a footprint of the interaction with another object modified
by atomic propagation. Given the sensibility of atom interferometers, the measurement
of the phase (henceforth referred as dynamical Casimir phase) could be an experimental
approach for the detection of dynamical corrections of dispersive interactions. More-
over, experiments with atom interferometers have been performed to measure Van der
Waals interactions between atoms and surfaces [57-59], with recent experiments measur-
ing retardation corrections of the Casimir-Polder potential [60,61]. In addition, atomic

interferometers based on optical tweezers had been proposed to detect retardation effects



in the long range Casimir-Polder potential [62].

This chapter presents the derivation of the dynamical Casimir phase obtained by an
atom propagating in the vicinity of an arbitrary neutral object using the open quantum
system approach developed in Ref. [54], treating the evolution of a coherent superposition
of atomic center-of-mass (CM) states perturbatively in terms of the dynamic of the electric
field coupled with the atomic internal structure through its dipole moment. In section 1.1
the complete evolution of a superposition of wavepackets interacting with the environment
is derived. The influence functional is introduced, and from it the interferometric phase
and decoherence are obtained. In second order of perturbation theory the phase is shown
to be the sum of terms depending on each wavepacket individually (local) and on both of
the wave packets (non-local). In section 1.2, these results are applied for the propagation
of an atom in the dipole approximation. Writing the phase in terms of linear response
functions allows for the separation in contributions from dipole and field fluctuations.
The results of this chapter will be the starting point for the derivation of the quantum

vacuum Sagnac effect (chapter 2).

1.1 Open-system theory for atom interferometers

Atom interferometers are implemented through the use of nanogratings or light pulses
to create superpositions of atomic wavepackets (see [63] for a recent review). Each
wavepacket is confined by a potential to propagate in a given region of space, creat-
ing atomic waveguides [64,65]. The wave packets are then recombined by another light
pulse, and the phase difference acquired by the temporal evolution on each waveguide is
measured. During the whole process, the control is over the wave function of the CM,
and any interaction with the environment cannot be controlled experimentally during
atomic propagation. This motivates the development of an open-system description of
atom interferometers.

For a single atom whose CM state is prepared as a coherent superposition of two



wave packets, each propagating through an interferometer path, the state of the system

atom-+environment at ¢ = 0 is

[¥(0)) = %(W%’M(O» +[UEn(0)) ® [¥5(0)) (1.1)

with |%,,(0)) being the wavepacket for the path k = 1,2. The initial state of the
environment is [1(0)), the ground state of the uncoupled environment Hamiltonian Hp.
The coupling with other degrees of freedom on the atom’s surroundings is described by
the interaction Hamiltonian H;,(r4(t)), with ra(¢) being the atomic position operator.
The total Hamiltonian of the system is H = Heoy + He + Hing, with Hepp being the
Hamiltonian of the free propagation of the atomic CM. If the width of the wave packets is
much smaller than the typical lengths associated to the interaction, the position operator
in the Hamiltonian can be substituted by its instantaneous average for each wavepacket
rp(t) = (ra(t)),.!

Given the negligible width approximation, H;.(ri(t)) only acts on environmental

states. The total state of the system after an interaction time 7T is [66]

]_ —i T [y 1 —i T 7
[W(T)) = —= [ea(T))@Tew o @WHm 1O |4 (0)) 4 — |94 (T))@T e Jo #Hine20) 4 (0))
V2 V2
(1.2)
Here, 7 is the time-ordering operator and ]:]z’nt is the Hamiltonian in the interaction

picture

Hipa(rs(8)) = en T8 Hy (v (1)) e~ 7128 (1.3)

The wavepacket |&,,(T)) is obtained by the free evolution with Heyy.

Since the environmental degrees of freedom are not accessible experimentally, we
can work with the reduced density matrix in order to derive the relative phase ob-
tained from dynamics of each wavepacket interacting with the environment, by ana-

lyzing its off-diagonal elements. We thus take the partial trace of the density matrix

!The inclusion of finite width effects is discussed in Ref. [54].



p(T) = |W(T)) ((T)| over the environment states, represented by Trg. The reduced

density matrix is
pe(T) = Trg [(T)) (V(T)]. (1.4)
Using as basis the eigenstates of Hg, labeled as |ng), we obtain the following expression
by applying Eq.(1.2)
Z W}C’M ¢CM( ) (Wp(T)ng) (nelvp(T))

+ [V (1)) (e (D (WE(T)ns) (nelvp(T))
+[0en (1)) (e (D (Wp(T)ns) (nelvp(T))
+ 08 (1)) (e (D (WE(T)ns) (nelvp(T)) |

where |k (T)) = Tew Jo dtHine(re(t ) 15 (0)) represents the time evolution of environmental
states along each atomic path. Using the closure relation of the basis, the reduced density

matrix becomes
pe(T) = %(’wéM(T» Wnr (D] + e (T)) W (D) (W (T) |5 (T))
+ 108 (1)) (Ve (T (Wp(T)E(T)) + [©Ea (T)) (e (T)])-

Therefore, one finds the interference term representing the coherences of the atomic CM

(1.6)

(in position representation) to be

pra(r, v, T) = %%M(r, T)ben (', T) (Wp(T)W5(T)) | (1.7)

Note that Eq. (1.7) apart from the internal product (¥5(T)|w%(T)) is the interference
term without interaction, and hence the off-diagonal elements of the reduced density

matrix can be written as a product of a free-propagating term and an interaction term
prar, v, T) = plf) (x, 7/, T)e' ™2, (1.8)

with
1 *
pgg) (I‘,I‘/,T) = §¢éM(r7T) %’M(r/aT)

e = (Yp(T)[p(T)) -

(1.9)



The term e!®12 contains information on the interaction with the environment and
measures this effect on the coherence. Due to the open system approach, the evolution
is not unitary and therefore @, is not a real number. However, both real and imaginary
parts have interesting physical interpretations. The real part is the displacement in the
interference pattern caused by the interaction, which is the focus of this chapter, while the
imaginary part corresponds to the loss of visibility of interference fringes, indicating that
information is lost by the entanglement between the degrees of freedom. The imaginary
part of @5 leads to an exponential decay of the off diagonal elements of the reduced
density matrix. This is known as decoherence, a consequence of the different interactions
with the wavepackets that allow for ”which path” information, and has been studied in

the context of the Casimir effect [67], DCE [68] and QF [29,69].

We obtain the overlap of the environment states using time-dependent perturbation
theory in the interaction picture. Using a second-order Dyson expansion, one finds

l

P2 — 1 4 — : / (Hini(r2(t))), dt — 7—1/0 (Hint(r1(2))), dt

/ / Hunt (v (t')) Hont (v1.(1))) d dt
_ﬁ/o /0<Hmt(1‘2(t'))Hmt(r2() dt'dt — / / Hina(v1(8)) Hyna (r1.(£'))) 't

(1.10)

The quantum averages (...), are with respect to the initial unperturbed environment
state. From Eq. (1.10), that are two different contributions to €2 on the second order
terms: integrals that depend on the Hamiltonian for each path separately (the last of
Eq. (1.10)), connecting points of the same trajectory at different times (the local term
or single path), and a term containing information of both paths simultaneously that
cannot be separated into contributions from each path, called nonlocal (or double path).
The crosstalk between paths arises as a consequence of environmental perturbation on a

superposition rather than on an individual point-like moving atom.



1.2 Local and nonlocal dynamical Casimir phases

The previous section presented general results for the phase acquired by an atom as a
footprint of the interaction with other degrees of freedom of the complete system. Here,
those results are applied for an atom coupled with the quantum electric field through its

dipole moment. The corresponding Hamiltonian is
Hipe = —d(t) - E(rp(t), 1), (1.11)

where E(ry(t),t) is the electric field operator evaluated on the atom CM position and
d(t) is the atomic electric dipole moment operator. This Hamiltonian connects three set
of degrees of freedom: the atomic CM, represented by r(t), the internal atomic structure
given by the dipole operator d(t) and the electric field E(r,t). The initial environment

state is the tensor product of the internal atomic state |104) and the field state |1p):

[¥5(0)) = 1¥4(0)) ® [¢r(0)) (1.12)

Here, the initial states for the internal atomic degree of freedom and the field are the
ground state and vacuum, respectively. This is the ground state of Hgp = H, + Hp, where
H 4 is the Hamiltonian of the atomic internal structure and Hr is the Hamiltonian of the
free field.

An atom in its ground state does not have a permanent dipole moment. This implies
that the first order terms in the Dyson series of Eq. (1.10) vanishes. In addition, con-
sidering small induced coherences [57,58] it is possible to use the first order expansion

€12 & 1 + i®5. Equation (1.10) then becomes

1 T T ) ,
b=z [ [ @O0 ) B 0)

- | [ @@ ESOBEE) - 55 [ @) Eeae)Eeo).

(1.13)

If a classical object is placed near an atomic path, the Casimir interaction with the

atom changes the dipole and field fluctuations, and therefore the correlation functions



10

in Eq. (1.13) carry information on the object due to scattering. This can be shown
explicitly by writing the correlation functions in terms of the system’s response functions
(see appendix A). In order to do so, the second order correlation function is written as a

sum of commutator and anticommutator of the operators:

(A(x)A(2")) = %(<[A(ai), A(@)]) + ({A(x), Az)})). (1.14)

The average of the antincommutator (or symmetric correlation function) stand for the

fluctuations of the observable A. It corresponds to the Hadamard Green’s function:

G ) = T (A, A2 (1.15)

Furthermore, the susceptibilities of field and dipole are defined in terms of commutators

(see Egs. (A.15) and (A.13) from appendix A), namely:

Ol 7) = 20— 1) ([ (), ()]

Goan(Tr(t), iy (1), 1) = %H(t—t’) ([Em(ri(),£), En(r:(t), £)])
where k and [ label the atom interferometer path, k£, = 1,2. The polarizability depends

(1.16)

on the atomic internal state. For all the discussions in this thesis, the polarizability is
for the ground-state. The field retarded Green’s function is the field propagator. The

commutators in terms of response functions are

[ (8), du(t)] = (@, (1,1) = i, (1)
. (1.17)

B (re(8), 1), En(ru(), )] = =(Gr(rs(0), 6 10(8), 1) = G (ra(t), 5 00(8), ).
In the presence of a neutral object, the electric field is the sum of the free and scattered
fields. The retarded Green’s function is the sum of a direct propagation of a dipole field

and a scattered assisted propagation:
G (i (1), (1), 1) = G (i (8), 5 00(t'), 1) + Gt (e (8), 1 (1), ), (1.18)

on which GEA (r,(t), t: 1, ('), ') is the free-space Green’s function, propagating field pro-

duced by a dipole at position r;(#') and time ' to the position ry(t) at instant ¢, and
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Figure 1.1: (a) Schematization of a field produced by the atom at position r(t') and
instant ¢’ to propagating to a surface. The scattered field reaches the atom at another
position r(t) at a later instant ¢. This surface mediated propagation is described by
the scattered Green’s function G5 (ry.(¢),¢;1;(¢'),'). (b)Representation of the physical
mechanism behind the nonlocal term. Scattering allows for a joint contribution from the
two paths.

Gﬁ’s(rk(t),t;rl(t’ ),t') is the scattered Green’s function, representing the field propaga-
tion mediated by object (see figure 1.1a). The field produced by the dipole at (r;(t’),t")
propagates to the object, polarizing it. The induced dipole propagates to spacetime point
(ri(t),t). The scattered Green’s function is the term producing the Casimir phase, as
the free space contribution exists even without anything in the neighborhood of the atom
interferometer, and therefore the contribution from Gﬁ’,&o)(rk(t), t;ry(t'), ') will not be in-
cluded in calculations henceforth. The same reasoning applies to the Hadamard Green’s
function for the field. This has been used to calculate local and nonlocal phases for an
atom interferometer near a perfectly conducting plane [54]. In that sense, the nonlocal
contributions occur when a virtual photon produced by the atom on a path is scattered

and then absorbed by the atom on another path (see figure 1.1b)

To obtain the phase associated with the interaction, it is necessary to take the real
part of Eq. (1.13). Since the average of the anticommutator of two given hermitian

operators is a real number, and the average of the commutator of the same operators is
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purely imaginary, the measurable phase difference is
Agirz := Re®12 = 22 — 11 + 021 — p12

Or1 = i//OT dtdt' (g8 (t, )G (xx(t), t; 1 (F), t) + @ (¢, ) G5 (1, (1), t; 1y (¢), )]

(1.19)
The isotropy of the atom was considered to write the polarizability and the dipole
Hadamard Green’s function as multiples of the identity matrix: a4 (t,¢') = o (t,¥)0mn
and GE  (t,t') = gi(t,¢')0,n. The result of the summation over indexes i and j is
the trace of the retarded (and Hadamard) Green’s function GRS (v (¢),t;v,(¢'), ). For
k = [, one has single path phases A¢pgsp = @92 — 11, while k # [ corresponds to double
path phases A¢pp = @91 — 12 The first term of the integrated contains the dipole
Hadamard Green’s function and the field response function, and thus corresponds to the
dipole fluctuations contribution. The second term contains the response of the atom to
the field by the polarizability and the Hadamard Green’s function for the field, repre-

senting the field fluctuations [70], which becomes relevant when the field retardation is

non-negligible.
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Chapter 2

Quantum vacuum Sagnac effect

The Sagnac effect occurs when a frame attached to an interferometer rotates relative to
an inertial frame. As a consequence, an interferometric phase proportional to the angular
velocity of rotation and the area enclosed by the interferometer arises. It was first proposed
and measured by Georges Sagnac in 1913 [55], and is the basis for the operation of ring
laser gyroscopes, which to this day are used in high-precision inertial navigation. However,
the Sagnac effect occurs with different wave phenomena, such as sound [71] and matter
waves [72-77]. For the latter, the phase acquired by the rotation of the interferometer
depends on the mass of the quantum objects and allows for a higher resolution compared
to the optical Sagnac effect [78-81], which relies on relativistic effects. Recent experiments
with cold atom interferometry detected angular velocities with precision on the order of
10~ " rad/s [82].

Considering the high precision of atom interferometers and the fast rotation of nanopar-
ticles achieved in recent experiments [44], the following question arises: could there be a
detectable atomic phase related to the rotation of a neutral particle in between the in-
terferometer’s arms? Such an effect would be analogous to the Sagnac effect, but instead
of a rotation of the whole apparatus, the phase is originated by the interaction with the
spinning objects in its neighborhood, leading to the persistence of a noninertial effect
into the inertial frame. In that case, the interaction is mediated by quantum vacuum

fluctuations, and the associated phase shall henceforth be called the quantum vacuum
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Sagnac phase (QVSP). In this regard, the QVSP is also analogous to the DCE and the
QF, as the relative propagation of interfering wavepackets with respect to the sense of the
particle’s rotations is pivotal to the effect. However, contrary to those effects, the QVSP
occurs without the emission of real photons. In addition, for experimental ultrahigh rota-
tion frequencies [2,44,46], the QVSP is at the limit of sensitivity of state-of-the-art atom
interferometers [81,83], while the photon emission rate by the dynamical Casimir effect
is typically too small to allow any measurement with current technologies. [84-86].

This chapter presents a derivation of the QVSP and a discussion of its properties. In
section 2.1, the interferometric phase for an atom propagating near a rotating nanoparticle
is calculated using the results from the previous chapter and shown to be a geometric
Berry phase [87] proportional to the angular velocity of rotation. The result allows for
an analogy between the QVSP and the Aharonov-Bohm effect (ABE) [88]. Section (2.2)
presents estimations of the phase for realistic experimental parameters, with results for the
case of finite-size wavepackets. If the atomic transition frequency is close to the plasmon
resonance, it is shown that the magnitude of the QVSP is within the limit of precision
of modern atom interferometers. In section 2.3 the force on the atom is calculated, and
the result is shown to be analogous to the Coriolis force. Given the plasmon resonance

regime, the force on the atom is of the same order as other single-atom measurements.

2.1 Quantum vacuum Sagnac phase

To model the system, we consider a ground-state two-level atom (with transition fre-
quency wp) whose CM propagation is described by the quantum superposition of two very
narrow wavepackets, each corresponding to an interferometer arm. In the vicinity of the
interferometer, there is a nanoparticle spinning with constant angular frequency €2. In
addition, the rotation velocity is parallel to the nanoparticle’s symmetry axis', which is

the case of the experiments in Refs. [2,44,46]. We consider a spherical particle for all the

!The case when the rotation is perpendicular to the symmetry axis is discussed in Chapter 3.
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Figure 2.1: Scheme of the quantum vacuum Sagnac interferometer. The CM of a ground-
state atom propagates as a quantum superposition of two wave packets around a spinning
neutral nanoparticle (angular frequency €2). Figure from Ref. [1]

applications in this chapter. The modification in the atom-nanoparticle interaction due
to the relative rotation arises from the dispersive behavior of its dielectric function.

It is important to note that this system does not present real photon emission, as the
atom is in its ground state and a uniform rotating dielectric sphere does not emit DCE [89]
or QF photons [50,51]. Although the absorption of the sphere’s material leads to quantum
radiation emission, it is not a requirement for QVSP, which can still be nonzero with only

virtual photons.

2.1.1 Expression of the quantum vacuum Sagnac phase in terms
of Green’s functions

We use the formalism and results presented in Chapter 1 for atomic waves presenting

a dipolar interaction with the electromagnetic field. From Eq. (1.19):

Adra = @11 — @22 + P12 — P21 (2.1)
T/2
out = / / dtde (g (£,8)G™ (e (), £:ru(t), ) + 0 (8, )G (04 (0), £ 11(¢), 1)
T/2
(2.2)

The first approximation is to consider that the typical atom-nanoparticle distances are

small compared to the wavelengths of the atomic transition. This allows us to work
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in the non-retarded (or van der Waals (VAW)) regime, where the propagation time of
the electric field is negligible. Within this approximation, the contribution from field
fluctuations becomes negligible near the nanoparticle, and the first term of equation (2.2)
is the only relevant term for the phase. The quantum field fluctuations are relevant for
wavelengths of the order of the atom-particle distance, which typically correspond to
frequencies at which both the atom and the particle do not exhibit appreciable dispersive
behavior. As discussed later in this Section, dispersion is a key effect to the existence
of the QVSP, and thus the inclusion of retardation effects does not change the QVSP
considerably.

For a 2-level atom, the Hadamard Green’s function is given by [54]
gl (t, 1) = of cos(wy(t — 1)), (2.3)

with o' being the static atomic polarizability and wy being the transition frequency.
The other correlation function necessary to compute the QVSP is the scattered retarded
Green’s function Ggg(r,t;r’ ,t'). The scattering occurs between the instants ¢’ and t.
Assuming that the nanoparticle’s dimensions are much smaller than the wavelengths of
atomic transitions, the other multipolar contributions to the scattering other than the
electric dipole become negligible (dipole approximation), and thus the scattered retarded
Green’s function can be written in terms of the particle’s polarizability. Since rotation
changes its electric response, the modified polarizability tensor is indicated as a*. Con-
sidering the nanoparticle at the origin of the coordinate system, the corresponding Green’s

function in the frequency domain (Go*(r,r/,7) = = fdwe_i”TGg’S(r,r’,w)) is
G5 (r,r',w) = GM(r,0,w) - a®(w) - G*(0, 1, w). (2.4)

Equation (2.4) represents a double propagation for the electric field of a dipole. The
first comes from the atom at a position r’ to the nanoparticle, which becomes polar-

ized and produces a field that propagates to the atom at position r (see Figure (2.2)).
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Here, G®9(r, ', w) is the free-space retarded Green’s function [90,91] (see Eq. (A.18) in

Appendix A). In the vdW regime, its expression is
GEO(r,v',w) ~ (BR;R;/R* — 6,un)/ (4meo RY), (2.5)

with R =r —r’. Eq. (2.5) can be obtained by taking the limit kR < 1 in Eq. (A.18).

Since the scattered field E**(r,w) is an induced dipole field, we have
E*“(r,w) = GR’O(I', o,w) - dmd’g(w), (2.6)

with d"%?(w) being the induced dipole of the rotating nanoparticle. Combining Eq.
(2.6) with the constitutive relations for the induced dipole and dipole field, namely (see

Appendix A)
dmd(w) — aﬂ<w) . Eind<07w>
, (2.7)
E"(0,w) = G*(0,r,w) - d(w),

we obtain the scattered Green’s function from Eq. (2.4).

0 ’
G (x(t),0, w) G%(0, r(t), w)

r(t) (0

Figure 2.2: Schematization of the scattered Green’s function: the atom produces a field
at the position r(t') that propagates to the position of the nanoparticle polarizing it. The
induced dipole (purple vector) produces a field that reaches the atom on another position

r(t).
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The remaining component necessary to compute the QVSP is the polarizability for a
rotating object. This is done following the semiclassical approach in Ref. [50] (see Ap-
pendix B for a detailed discussion). For an isotropic nanoparticle at rest, the polarizability
tensor is a@’(w) = @(w)1l. The rotation breaks isotropy, and off-diagonal terms arise in
the polarizability tensor as a consequence. For a non-relativistic angular velocity vector
Q, the polarizability for a rotating spherical particle is given by [50]

saft (w) = af (w) — a? (w) ~ id (w) Z EtmnSln, (2.8)

n
where & (w) is the frequency derivative of the degenerate polarizability eigenvalue and
€imn 18 the Levi-Civita symbol. The approximation considered the angular frequency
much smaller than the typical frequencies at which the polarizability varies appreciably.
The effect of rotation on the electric response of the particle occurs only due to the

frequency dispersion of the material. This result is central to the existence of the QVSP.

2.1.2 Analytic expression for the Quantum Vacuum Sagnac Phase

The computation of the integral in Eq. (2.2) involves different time scales. Given
the Van der Waals approximation, the relevant times are listed from the largest to the

smallest scale:
e the interaction time T of the atom on the interferometer (~ 1075 [64]),
e the period of the nanoparticle’s GHz rotation, 27 /Q (~ 10719s [44]),

e the period of atomic oscillation, 27 /wy (~ 107'°s for the 3s1/5 — 3p3/» transition of

sodium atoms)

e the time delay due to dispersion of the nanoparticle’s material, 27 /w, (~ 107'°s for

potassium particles [92]),

e the propagation time of the field from the atom to the sphere, r/c (~ 10717s).
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Where w, is the plasma frequency of the material. This disparity in time scales allows
for some approximations to be taken. First, noticing that the polarizability in the the
scattered Green’s function determines that the relevant contribution comes from time
intervals of the order of the particle response time, it is possible to neglect the acceleration
of the atomic CM during those intervals, and thus r;(¥') = r;(t) — (¢t — t')v;(t), with v;(¢)
representing the CM velocity on the path [.

Furthermore, the displacement of atomic waves during ¢ — ¢’ is much smaller than
the wavelength contributing to the electric field Green’s function (27¢/wy), allowing for a

first-order Taylor expansion of the scattered Green’s function around r;(t):

g ((t), (), ) = G (e (t), t51a(8), 1) = (t = )vilt) - Vi G ™ (v (1), 577, 1)
" 50)
The first term produces a quasistatic phase, as it depends only on the instantaneous
position of the atom in each interferometer path. On the other hand, the second term
is associated with a phase that relies on the movement of the atomic CM. The QVSP
@3 is thus a sum of the quasistatic and the motional phases. However, the quasistatic
term does not contribute to the phase associated to the nanoparticle rotation, as the
contraction between the free-space Green’s function (symmetric) and the rotating particle
polarizability tensor (antisymmetric) vanishes. Therefore, the QVSP is solely induced by
the atomic movement during the time of propagation of virtual photons being traded
between the atom and the nanoparticle.
Considering that the time T of flight of the atom in the vicinity of the particle is
much longer than the period of atomic oscillation (weT > 1) and using the approxima-
tions above together with the dipole Hadamard Green’s function (Eq. (2.3)), Eq. (2.2)

simplifies to

o afdwy [T R,S
b = — 1 /T/2 dtvi(t) - 0,V Im[6Gg™ (r, ', w)]. (2.10)

The gradient is taken at r = ri(¢),r’ = r;(t) and the frequency derivative at w = wy.
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5Q§’S(r, r’,w)| indicates the contributions to the scattered Green’s function that contains
the angular frequency 2. The frequency derivative is related to the time delay associated
with the electric response of the nanoparticle along the CM movement.

Casting Egs. (2.5) and (2.8) in Eq. (2.10) results in the general expression for the

local contribution to QVSP as a geometric integral:

9 apwoRe[d" (w )]/ Qxr
Q 0%o 0
o) = — dr - . 2.11
k 4 (47(60)2 Py ’ r8 ( )

The integral is calculated along the interferometer path Py, with initial and final points
ri(=7/2) and ry(7/2). Eq. (2.11) shows that the quantum vacuum Sagnac effect is
analogous to the standard Sagnac effect [93-95], since both phases are given by line
integrals proportional to the angular velocity Q2. Eq. (2.11) can be generalized for an
atom with many energy levels [96]:

3|de |2Re[d” (weg)] Q xr
Q_ eg cg dr - 2.12
¢k Z FL(47T€0)2 /7ch r P8 7 ( )

e
where ) _ is the sum over excited states, d., is the dipole moment of the transition from
the ground state to the state |e), and we, is the frequency of the transition.

Like the Sagnac effect [94,95,97], the QVSP has similarities with the Aharonov-Bohm
effect [98], since Eq.(2.11) is given by the circulation of a geometric field analogous to the
vector potential. Furthermore, in the Aharonov-Bohm effect, a magnetic flux confined
to a solenoid produces a phase proportional to its magnitude on particles that propagate
in a domain free of magnetic fields. Here, analogously, a rotation confined to the space
occupied by the nanoparticle imprints a phase on the surrounding matter waves outside
the rotation region.

Moreover, the local QVSP is a geometric phase, since it does not depend on the

velocity of the atom, and changes sign by reversing the direction of propagation. The

2with the distinction that € is the angular velocity of the whole interferometer with respect to an
inertial frame in the context of the Sagnac effect and €2 is the rotation frequency of a nanoparticle near
the interferometer in the QVSP case
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phase produced by the Sagnac effect property is also geometric [97]. This does not hold

for the nonlocal term of the QVSP, since it depends on the instantaneous positions of

both paths:
i Admeo)®  Jopp m(O(E)
with &;,(t) defined as
€kl(t) = [1 — 2(f‘k . f‘l)] (f‘k . Vl)f‘k X f'l + (f‘k : f'l)f'k X Vj. (214)

To shed light on the geometric nature of the QVSP, it is possible to show that Eq.(2.11)
is a Berry phase [87,99] of the system 2-level atom + electric field. For a Hamiltonian
parametrized by a vector r(t), an adiabatic evolution represented by a curve in the pa-
rameter space imprints a geometric phase on the eigenstate |n(r(¢))), called Berry (or
Berry-Pancharatnam) phase. The Berry phase ~, for the corresponding eigenstate is

obtained by the expression [99]

Vo = /cl (n(r)|Ven(r)) dr, (2.15)

where C is a curve describing the evolution in the parameter space. As a geometric phase,
the Berry phase does not depend on the rate at which the path is covered. The integrand
is referred to as Berry connection or Berry potential. This kind of phase has been studied
in the context of condensed matter physics [100], classical optics [101-103], molecular
physics [104, 105, quantum field theory [106], and quantum gravity [107]. In our case,
the continuous parameter of the Hamiltonian is the position vector, and the curve is the
atomic path of the CM. An explicit demonstration showing that the QVSP is indeed a

Berry phase is presented in appendix C.
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2.2 QVSP in different configurations

2.2.1 Quantum Vacuum Sagnac Phase for specific geometric
configurations

The dependence of the QVSP on the interferometer design can be illustrated by evalu-
ating the integral in Eq. (2.11) for different atomic paths. For that purpose, two specific
geometries are considered: semicircular concentric trajectories and two parallel lines. In
both cases, the nanoparticle is in the center of the coordinate system and the angular fre-
quency is £ = Qz, with the z axis perpendicular to the plane containing the trajectories

(see Figure 2.3).

Yy
I
y
Q e T2
™= s .
a > /'\\l
. \ x
XL >
r1 W n I -

(a) (b)

Figure 2.3: Representation of the circular (a) and rectilinear (b) interferometers.

Although circular atom interferometers have been used in experiments involving the
Sagnac effect [80], they operate based on confining potentials [64] that could be altered
by the presence of the sphere. Therefore, this case is a textbook example for the QVSP.

It is convenient to introduce the characteristic length /g, defined by

1/6

agwoRe[d” (wp)] 7 (2.16)

lo =
“ (4meg)?

by means of which the QVSP will be expressed. The local phase for the path with the
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same sense of rotation as the nanoparticle is

6
tire = 9; (%) - (2.17)

Due to the geometric nature of the QVSP, the phase of the counterrotating path is — ¢ c.
For this geometry, the nonlocal term is zero.

On the other hand, rectilinear interferometers represent a more realistic approach to-
wards experimental implementation, since colimated beams of atoms have been employed

to detect dispersive effects [57,59,108]. For an atom moving along the z, the local phase

O 451 (Lo \° yk y s
¢rec,k - 6_4: a aa ik = Yk + Rl (218)

the line segment L traveled by the atom must obey the condition |yx|, |zx| < L/2 < Ao

for each path is

for consistency with the VAW approximation. A remarkable difference from the former
case is that this geometry has a nonzero nonlocal phase. The double path phase has an

opposite sign relative to the local term when considering the particle at the midpoint of

the distance between trajectories (yo = —y; = yo and z; = 2 = 0):
27m(—1)F1 1o\ °
Q
= | — k,l=1,2(k#1 2.1
¢kl 128 yO ) ) ’ ( 7é )7 ( 9)
and hence reduces the total QVSP difference to
A _ G (lo 6sn( ) (2.20)
rec 64 Yo g1{Yo)- .

For this geometry, the nonlocal corresponds to approximately 30% of the total phase.

2.2.2 Plasmon resonance effects

Since the QVSP contains the second derivative of the sphere’s polarizability evaluated
on the atomic transition frequency (see Eq.(2.11)), the effect can be enhanced if the
sphere is constituted by a material on which the polarizability is near or on a peak

at the transition frequency wy. This match is achieved if wy is the plasmon resonance
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frequency [109] of the material, which occurs when a given frequency maximizes the
sphere polarizability, given by

s€(w) —1

RS (2.21)

a(w) = 4mepa

where a is the sphere radius. The maximization occurs by minimizing the denominator.
If the sphere is metallic, the most suitable model to describe the dielectric function is the
Drude model, for which €(w) is given by

w2

(w)=1- w(w—j’_w) (2.22)

with w, being the plasma frequency and «y the reciprocal electronic relaxation time. Within
the dipole approximation, the plasma resonance frequency for a sphere is wyes = wp/ V3.
However, for Re[@”(w)] the plasmon resonance peak is slightly shifted from wyes due to
the dissipation, and therefore wy must be close to this frequency without matching it.
Considering Na atoms, for which the static polarizability is o /(47e) = 2.4x 1072 m? and
the dominant transition 3s; /2 —3ps/» frequency is wy = 3.198 x 10*° rad /s [110], the plasma
frequency that maximizes &’ (w) is w, = 5.549 x 10'rad/s. This value differs less than
1% from the plasma frequency of potassium [92], and thus the relaxation frequency v =
2.795x 10" rad /s of potassium should be taken into account in the numerical calculations.
Figure 2.4 presents the local QVSP for an atom in rectilinear trajectories (Eq.(2.20)) near
a potassium sphere as a function of the frequency transition. The peaks are the plasmon

resonances. For yo = 10nm and @ = 5nm the local phase difference is —0.3 mrad.

2.2.3 Quantum Vacuum Sagnac Phase for a wide atomic wave-
packet

The results presented so far rely on the hypothesis that the width of the wave packets
is very small compared to the distance between the atom and the nanoparticle, and thus

the wave effects on the CM propagation become negligible. In order to explore the QVSP
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Figure 2.4: Local QVSP difference for two rectilinear trajectories with distance yy = 10 nm
to a potassium sphere of radius ¢ = 5nm as a function of the atomic transition frequency
Wo

in more realistic situations from an experimental point of view, the discussion henceforth
shall be towards the estimation of the phase with finite-width atomic wave packets.

The inclusion of the finite width is done considering a Mach-Zender atomic interfer-
ometer, arranged in a way that only the local phase contributes to the QVSP by letting
one path close to a rotating sphere of radius a and the other path far away, eliminating
non-local terms and local contributions from the second path. A similar configuration was
used for the detection of vdW interactions through quasistatic phases [57,59,108]. The
effect of the finite size of the CM wavepackets is obtained by averaging the atomic phase
over its transverse width, as shown in Refs. [57,108] in the context of quasistatic vdW
phases. The total phase acquired by the atom is the sum of QVSP ¢ and the aforemen-
tioned quasistatic phase ¢"4W, obtained by integrating the instantaneous vdW potential
along the CM trajectory. For an atom whose CM position is given by r(t) = zx+ vty + 2z,

with —L/2 < vt < L/2, Equation ((2.2)) gives the known result [57]

"W (y, z,0) = %aéwo&}g(wo)/[(élﬂeo)%ri], (2.23)

with r; = /9?2 + 22. In contrast with the QVSP, the vdW phase remains unaffected by
the sphere’s rotation and is dynamical, since it is velocity-dependent.

To average the phase, one considers gaussian wavepackets propagating along the z-axis
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with velocity v at the edge of the nanosphere of radius a

¢($7 Y, =z, t) = wJ-(yv Z)Qﬂ“(l’, t)

L (@
wn(%t)—ﬁwu P( 2w, ) (2.24)

o1y, 2) = Lexp <_ [(y —a)® + 22]>’

Tw? 2w

where m is the mass of the atom, taken for all purposes as the mass of sodium. The effect
of distortion of the waveform can be neglected, since the time of flight T~ \g/v ~ 107195
combined with the transverse velocity dispersion Av; = - ~ 0.4m/s (w = 8nm) re-
sults in an increase in width during propagation much smaller than the widths considered,
w < 100nm. This high collimation could be achieved through different experimental ap-
proaches, such as diffraction by a nanograting [59] and tight focusing techniques employed
in atom lithography [111]. New perspectives in focusing procedures show that the widths
of atomic beams w ~ 8 nm might be achieved [111,112].

The average of a function is taken along the coordinates transverse to the propagation,

with a weight determined by v :

fly,z,..) :—/dydzf(y,z,...)WL(y,z)P. (2.25)

The total phase ¢(y, z, 2, v) is the sum of the quasistatic VAW phase ¢"W (y, 2, v) and the
QVSP ¢%(y, 2). Following the WKB approach from Refs. [57,108] the observable phase

18

- B sin p(Q, y, z,v)
(2, v) = Arctan Los gb(Q,x,z,v)] . (2.26)

Increasing the sphere’s angular velocity highlights the average QVSP as the component
dependent on €. Therefore, it is useful to define ¢*(2,v) := ¢(Q, v) — $(0,v). Although

»""W combined with the

¢}z, z) is a geometric phase, the sum with a dynamic phase
trigonometric functions involved in the averaging process ends up bringing a velocity
contribution to the average QVSP for finite-width wave packets.

Based on recent experimental advances with optically levitated nanoparticles, the

sphere angular frequency used in numerical calculations is 2 = 27 x5 GHz [44]. Moreover,
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the wave packets considered are gaussian beams centered on the edge of the sphere with
longitudinal velocity v and transverse width w < 100 nm. In figure 2.5 ¢*(£, v) is plotted
in different configurations. Figure 2.5a shows ¢ as a function of the beam velocity for
a nanosphere of radius a = 50nm. The width considered is w = 100nm. Fig. 2.5b
presents ¢(€,v) versus w for different velocities, considering a = 35 nm. The plots show
that the averaged QVSP tends to increase with velocity propagation and focusing, but
specific values of width and velocity attenuate its value due to the vdW contribution.
This effect can be mitigated by considering fast atomic beams with velocities comparable
to 3km/s [59]. Figure 2.5b shows that ¢(Q,v) ~ 0.1 mrad for w = 8nm, a value close

to the precision limit in current atom interferometry experiments [81,113].

Width w [nm]
Figure 2.5: Figure from ref. [1]. Average QVSP for a gaussian atomic wave packets versus
(a) velocity and (b) width of the beam. Parameters: (a)a = 50nm, w = 100nm. (b)
a = 35nm, v = 3km/s (dotted line), v = 4km/s (dashed line) and v = 5km/s (solid line).
For both plots a 2-level Na atom and a potassium sphere rotating at 2 = 27 x 5 GHz are
considered.
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2.3 Quantum Vacuum Coriolis force

The relationship between the standard Sagnac effect and the ABE is well-understood
theoretically. The similarity between the Lorentz and Coriolis forces [94] allows a rotating
frame to mimic the presence of a magnetic field. This has been implemented in experi-
ments, which used rotations to create effective artificial magnetic fields to trap clouds of
neutral, ultra-cold gases [95]. Given the analogy between the two effects with the QVSP
and the geometric nature of all phases cast as a circulation of effective potential [97,98],
one could expect that the force on the atom due to the rotating nanoparticle is similar
to the Coriolis and Lorentz forces. In this section, the force on a moving ground-state
2-level atom due to the interaction with a nanoparticle is obtained using linear response

theory. This result was derived by the author in collaboration with C. Villas-Boas.

—
Q

Figure 2.6: Representation of the force F by a rotating nanoparticle on a moving atom
with velocity v. The position of the atomic center of mass is r.

The derivation starts with the expression of the force on an electric dipole due to the
quantum electric field:

(d(t) - E(r(t),1)), (2.27)

with r(¢) being the position of the atomic CM. The factor 1/2 follows from the fact that
the atom has no permanent dipole, and the interaction is with a neutral, polarizable

object [114]. As in the previous chapter, the average is over the initial state of the
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atom+field system. Given the effect of induction of electric field and dipole, we can
separate the total observables into a free evolving component and an induced one [56]

E(r,t) =~ E™(r(t),t) + E™(r(t),t)

. (2.28)
d(t) =~ d™°(t) + d™(¢).
In first order of induced dipole and field, the force is written as
1 . 1 .
F(t) = V3 (dee(t) - E™(x(t), 1)) + 5V (d™(t) - EFeo(r(t),1)) . (2.29)

The induced observables are given in terms of response functions (see appendix A),

namely
E™(r(t),t) = / drGE(r(t),r(t — 7),7) - d™(t — 1) (2.30)
dird(t) = / dra®(r) - EF(r(t — 7),t — 7). (2.31)

Inserting Egs. (2.30) and (2.31) in Eq. (2.29) results in terms in the form (ET(r, t) Efee(r/, ¢'))
and (d™(t)d™¢(#')). Those can be written in terms of the commutator and anticommu-
tator, following the same procedure of chapter 1 (Eq. (1.14)). As a result, an expression

analogous to Eq. (2.2) is obtained
F(t) = Vr%/_ dr[GR(xe(t),x(t — 1), 7)gi (1) + GE o (x(t),x(t — 7), 7)o (1)].  (2.32)

The same approximations employed for the atomic motion in Sec. 2.1 are valid here.

Within the VAW regime, the force in the stationary regime (¢ > 1/wy) is

Zh V(t) . Vr/ dW8w5QR7S<r7 r’) u})gf((ﬂ)

—
8T oo

F(t) =V , (2.33)

r=r'=r(t)

where Plancherel’s theorem has been used to change the integration in 7 to w, theeqrefore
converting the factor 7 into a derivative in frequency. Applying the Fourier transform of

Eq. (2.3) reduces Eq. (2.33) to

hagiwo
4

F(t)= -V, v(t) - VO, Im[0G"™" (r, 1/, w)] (2.34)

r=r'=r(t)
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Note that integrating the potential (in units of h) —@v(t} Ve 0,Im[6GH5 (r, 1/ wp)] in
time for a given atomic trajectory results in the local QVSP (Eq. (2.11)).
Using Egs. (2.4), (2.5), and (2.8), the explicit calculation of that trace of the retarded

Green’s function and the derivatives leads to the final result of the force

9 hagwoRe[d” (wp)]
4 (4meg)?rd(t)

F(t) = v(t) x Q. (2.35)

Equation (2.35) resembles the Coriolis force acting on a particle with velocity v relative
to a frame rotating with angular velocity €2. This is a remarkable feature of the system,
given that the force obtained here is with respect to an inertial frame.

For an estimation of the magnitude of the force, a sodium atom with velocity 5km/s on
a circular trajectory of radius » = 10 nm. For a potassium nanosphere of radius a = 5nm
rotating at 5 GHz the force is F' ~ 107! N. Although very small, measurements of optical
forces on single atoms reported magnitudes of the same order [115]. This finding allows
for an analogy with the Mach principle, as the rotation of the nanoparticle mimics locally

non-inertial effects [116].
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Chapter 3

Dynamical Casimir photons from
rotation of a nonspherical particle

The non-uniform motion of a neutral particle in the vacuum is radically different be-
tween quantum and classical electrodynamics viewpoints. In the latter, the emission of
radiation by the particle requires any non-zero multipole moment. This is not true in
the context of QED, as a moving particle can emit pairs of photons without prescribed
multipoles due to the interaction with the quantum vacuum, a phenomenon known as the

dynamical Casimir effect (DCE) [18-21,85,117].

Motivated by experiments with fast-rotating optically trapped non-spherical nanopar-
ticles [2,44,45,48], this chapter presents the derivation and discussion of the DCE by a
rotating nanoparticle. The fast rotation beyond GHz could be a platform for an experi-
mental measurement [45] of the quantum friction torque between a rotating particle and
a surface [9,53]. This leaves room for investigation of the DCE under those conditions,

since high rotation frequencies could benefit the photon emission.

While the quantum friction for a spinning particle requires a dissipative medium
[9,50,51,53,118,119], the photon emission from the DCE takes place due to the frequency
modulation that arises from the rotation of a non-spherical particle, provided that the
angular velocity is not parallel to any symmetry axis. The modulation causes field mode

frequencies that are lower than twice the rotation angular frequency () to change sign,
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leading to a Bogoliubov relation between the creation and annihilation operators of the
corresponding modes [120-122], resulting in the emission of photons by mechanical mo-
tion. Naturally, the number of photons emitted during a given time interval increase with
Q.

Given the smallness of the photon emission rate by the DCE under typical experimen-
tal conditions [85,86,122], a natural question is whether this effect could be measurable
with new experiments with levitated nanoparticles. This chapter addresses this ques-
tion by making a theory of the DCE for rotating particles. Although this problem has
been already approached using a scalar field in 241 dimensions with Dirichlet boundary
conditions for a perfect reflector [123], the derivation presented here takes into account
the three-dimensional vectorial electromagnetic field and the dispersive behavior of the
particle as well. In addition, the optimization of the effect is shown by tuning the rota-
tion frequency near the GHz polaritonic resonance of a barium strontium titanate (BST)
nanoparticle [9,124,125]. As an application, the photon emission rate is calculated for
a spheroid rotating perpendicular to its symmetry axis. In that case, the eccentricity
optimizing the emission is non-trivial. An analytical discussion for DCE in metals is also
presented.

Section 3.1 presents the derivation of the emission spectrum by establishing the Bogoli-
ubov relations through the scattering of the quantum electric field by a rotating particle.
In the following section 3.2, numerical plots are shown for the photon emission rate as a

function of the shape and size of a nanospheroid.

3.1 Dynamical Casimir effect frequency spectrum for
a spinning particle

3.1.1 Bogoliubov relation in the dipolar regime

Following a scattering approach, the system is modeled as a neutral rotating particle

with angular velocity 2 = 9z (£2 > 0) within the dipole approximation. The electric
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dipole induced by the quantum field is d(w) and is Q-dependent (see appendix B). The
particle is located at the origin of the coordinate system. Given that the particle rotates
for a given window of time T, the output electric field (free quantum field for ¢ — oo)
is different from the input field (free field at ¢ — —o0) by a dipole field. The relation

between fields is [122]
Eou(r,w) = G(r,r' = 0,w) - d(w) + Ej,(r,w), (3.1)

with G = G — G# being the difference between the retarded and advanced Green’s

functions. Taking the radiation zone limit (wr/c > 1), its expression is

__m&gnﬁg[l_r®1_ (3.2)

G (g 0 —
(r,x ) Aeoc2r r?

Since the scatterer is localized, a convenient choice is to write the input and output
fields in the multipole spherical wave basis (see appendix D), for which the expression

is [91,126]

00 J
Einoun(1,0) =€) > Y 3 a3 (w)0(w) L (r, w) —aima ™ (—w)f(—w) L, (r, w).

j=1 m=—j A=E,M

(3.3)

Here, £(w) = (/4% is the mode amplitude and the modes are labeled by the quantum

2¢epc

numbers j, m and \: j represents the order of the multipole and the total angular
momentum of the wave, m is the eigenvalue for the z-component of the angular momentum

and A labels the polarization of the wave, indicating whether the multipole is electric (E) or

magnetic (M). The operators aijr,l,(fj\m)

in(out)t

(w) and a,,\ " (w) are the annihilation and creation

operators, respectively. By the quantization process, they obey the relation

[ain(om) (W) ain(OUt)T(w’)] = 0(w — W) 8 Omms Oan - (3.4)

JmA PG mI N

Furthermore, I, (r, w) are the vector spherical harmonics [91]. Since no magnetic effects

are considered, the discussion henceforth shall take into account only the modes related
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to electric multipoles (A = E). The asymptotic expression for I,,g(r,w) in the radiation

zone 1is
s

5) ViYim(2), (3.5)

Amii=t cos (< —j
i +1) r

where Yj,,(r) denotes the spherical harmonics and V; is the gradient with respect to the

Lie(r,w) ~

angular coordinates.

By combining Egs. (3.5), (3.3), and (3.2) with Eq. (3.1), it is possible to obtain
a Bogoliubov relation between the input and output field operators through the dipole
operator of the rotating particle:

w2

out o in
ajop(w) = 2\/67T3/2eoc28(w)d2(w> + ajop(w)
2
ou w . in
W) = T e @ T T ). G6)

3.1.2 Spectrum and total emission rate

The number of photons emitted with frequencies between w and w + dw in the mode

JmE per unit of time is

1
drij = " <0m| G/OUtT (w)aout (w) |0m> dwa (37)

T imE JmE

with T being the total rotation time. Based on Eq. (3.6), the only contributions are from
j =1and m = 0,£1. To calculate the expected values using Eq. (3.6), explicit expres-
sions for the induced dipole are needed. Using an approach inspired by the derivation of
Ref. [50], it is possible to show that the dipole of a particle rotating perpendicular to its

symmetry axis in terms of its polarizability is (see Appendix B)
d(w) = ap(w) - Ein(0,w) + a4 (w) - Ey(0,w + 29Q) + a— (w) - Eiy (0,w — 22).  (3.8)

Here, the modulation in frequency of the electric field’s modes by the rotation frequency
is explicit. The sidebands occur as a result of the discrete time translation symmetry

with half of the period of the particle rotation, and hence the modulation with 2€. As
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mentioned above, for low frequency (< 2€2) modes, the output creation operators become
dependent on the input annihilation ones and vice versa. The tensor polarizabilities

ap(w), ay(w), and a_(w) are defined by

LSt +57) L(ST—85) 0
aow) = | Z(ST—5) LST+s) 0
0 0 a; (w)
At —iAT 0
— fiQA“‘ 7i+
0 0 0

The superscripts £ indicate the positive (w + ) or negative (w — Q) Doppler-shifted

frequencies at which the mean polarizability S(w) and difference A(w) are taken:

_og(w) +ar(w)
S(w) = 5

B a)(w) — oy (w)
Aw) = W)

where o) (w) and ay(w) are the polarizabilities in a direction perpendicular and parallel to

(3.10)

the particle’s symmetry axis, respectively. It is assumed that the particle has a symmetry
axis, and thus the eigenvalue o (w) of the polarizability tensor of the particle at rest is
degenerate.

In order to compute the photon emission rate, one can define the correlation matrix
Cim = (O] df (W) (W) |03 (3.11)

in terms of which Eq. (3.7) combined with (3.6) becomes

dl'y 1 WP
dw 1273 hcleq *~
dle 1 W
dw 4873 hcde

(3.12)

[Crw + Cyy £ 1(Cha — Ty ).

Using the explicit expression for the dipole (Eq. (3.8)), it follows that no photons are
emitted in the modes m = 0,—1. As expected by the conservation of the angular mo-

mentum, the photons must be in the mode m = 1, since, by construction, the particle’s
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angular momentum is along the positive z-axis. Therefore, the emission spectrum is

_ 3 3 —_0O)[2 _
w = 20| AW - QPOE2 —w)

al’'y, =
H 36738l

(3.13)

Given that only one angular momentum eigenstate contributes, the mode subscript will
be dropped hereafter.

The total number of photons emitted per unit of time is obtained by integrating the
spectrum (Eq. (3.13)) over all frequencies. Naturally, only frequencies < 22 contribute

to the effect. The photon emission rate is thus

1

g =————
(€) 14473 ¢5¢d

20
/ dww?|w — 20| A(w — Q). (3.14)
0

This is the central result of this chapter. It allows for the calculation of the photon
emission rate for any cylindrically symmetric isotropic rotating object in the dipole ap-
proximation. The difference between polarizabilities A(w) contains the information of the
material and geometry of the particle.

As a first application of equation (3.14), one can compute the photon emission rate
for a non-dispersive rotating particle. In practice, this regime can be achieved when the
rotation frequency is much lower than the typical frequencies at which the dispersive
behavior of the material becomes relevant. In that case, A(w) assumes approximately its

quasistatic value A(0). Hence, equation (3.14) becomes

Q7
Tos = ——, (3.15)
WHs

where the characteristic frequency wys is defined by

315m3c8e2\ /0
= ——— . 3.16
“as (2\A<0>\2) (3.16)

The dependence of the photon emission on €7 is illustrative of the modulation mechanism
of the DCE mentioned earlier. It is illustrative to compare with other dynamical Casimir

systems. Interesting examples are the DCE emission rate for an oscillating mirror, that
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scales with ° if the transverse dimension is bigger than the wavelength 2mc/€ [122,
127,128], but the scaling with 2 changes if the transverse length is smaller than 27c/ 2,
leading to a photon emission rate that increases with Q° [39]. The same dependence in

QY is obtained for an oscillating ground-state atom [33] and an oscillating sphere [129].

3.2 Applications

3.2.1 Perfectly-conducting nanodumbbell

Ref. [44] reports that a rotation frequency of 5.2 GHz was achieved for a dumbbell-
shaped nanoparticle (see figure 3.1), motivating the application of expression ((3.14))
for this geometry to estimate the effect under typical experimental conditions. If the
material is not dispersive, which is the case for a perfect conductor, the emission rate
is given by Eq. (3.15). From Ref. [130], the difference in the polarizabilities A(0) for a
perfectly conducting dumbbell is A = 107eo((3) R, where R is the radius of each sphere
that constitutes the dumbbell, and ((x) is Riemann’s zeta function. Thus, the photon

emission rate is

P A0 (28 .

Following the experiment presented in reference [44], the experimental values for R and
Q are 2 = 27 x 5.2GHz and R = 150nm. Under these conditions, the emission rate is
' ~6x107¥s7! indicating a very small effect. Note that this number overestimates the
photon emission under experimental conditions, since we considered a perfect reflector,

while experiments used silica nanoparticles. [2,44,48].
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(@) (b)

Figure 3.1: Silica nanodumbbells of different sizes. The scale bar in (a) is 200 nm and
100 nm in (b). Figure adapted from Ref. [2].

Note that the experimental parameters are such that QR = 4.9x10% m/s, which is close
to the speed of sound in amorphous silica Vsounq ~ 6.0 x 103 m/s [131] and could represent
the speed limit before breaking the solid material. Now, we take new values of frequency
and radius such that 'R’ = 4.9 x 10°m/s as before and the smallest possible value
of R still compatible with our approach based on the macroscopic Maxwell equations:
R’ = 1nm. In this case, we find ' = 27 x 0.78 THz and I" = 1501 = 106 s~! which is
still very small. To enhance the effect, it is possible to explore plasmonic or polaritonic
resonances, and therefore, the frequency dependency of A must be considered. This
will be done with spheroids, which allow for analytical expressions for the dispersive

polarizability.

3.2.2 Spheroids

For a prolate spheroid with radii r; and 7|, with r > r, (see Figure 3.2), the difference

A(w) between transverse a; (w) and longitudinal oy (w) is given by [132]

I L A T (e(w) — 1)?
Alw) =dma~g (Nn M) (@ 1T M) 1 vy 818

where €(w) is the dielectric function of the material and N, and IV are the depolarization

factors, which are geometric, dimensionless constants given by

2 00 d
N, = 7a'“/ i ci=L,]. (3.19)
2 Jo (s+7)(s+713)y/s + i
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For a sphere, one has N, = Ny = 1/3. In the case of interest of a prolate spheroid, the

,,.2
depolarization factors are given by elementary functions of the eccentricity e := , /1 — — :
\ I

1—¢e? 1+e
1
Ny =51 =N).

(3.20)

Because the behavior of the dielectric function changes with the nature of the particle
material, the discussion of the DCE for a rotating spheroid will be divided into metals

and dielectrics.

(a)
Figure 3.2: (a) Representation of a prolate spheroid indicating the radii r| and r, along
the symmetry axis and perperdincular to it, respectively. (b) 3-dimensional scheme of a

rotating prolate spheroid.

Metals

For metals, we take the Drude model (2.22) for the dielectric function, namely
2
fw)=1— —"~FL—, 3.21
() w(w + ) (3:21)
where w, is the plasma frequency and v the inverse relaxation time, properties of the
material. Note that w — 0 implies in €(w) — oo, and thus Eq. (3.18) becomes

/11
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This corresponds to the perfect reflector regime, which occurs when 2 < w,. Defining I’y
as the photon emission rate for a perfectly reflecting metallic spheroid, we use Eqgs. (3.15)
and (3.22) to obtain:

(3.23)

with wy defined by
1/6

2835mcb
Wo 1= e S (3.24)

8(rr)? (% = )

The inclusion of the dispersive behavior of the emitter in the photon emission rate

(Eq. (3.14)) allows for an analytical approach. Combining Eqs. (3.18) and (3.21) into

(3.14) results in

3507 [ 1
:E?/dmfﬁﬁ 5 5 5 = (3.25)
Wo Jo Q242 Qyu 0202 Qyu
[(1 B W?)NL> + (‘*%7\&) } {(1 B w%Nn> + (w%}u) ]
where the dimensionless variable u := Q—f_z“’ was introduced in the integral. If w, > €,

the emission peaks determined by the integrand denominator lie outside the integration
region, resulting in an emission spectrum independent of the dispersive behavior of A(w).
As expected, the corresponding emission rate is I'g since it corresponds to the perfect

reflector approximation.

Normalized photon emission for Drude Model

103.

° 1074

1014

10° 4

108 10° 1010 101 1012 1013 101
Q (rad/s)

Figure 3.3: Photon emission for a metal with w, = 10'°rad/s and y = 10~*w, as a function
of the rotation frequency. Geometric parameters for the plot: N, = 0.15, Ny = 0.7,
rj = 2r; = 2nm. The peak in the plot corresponds to an emission rate of I' ~ 10732571,
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The scaling of I with € changes if Q ~ w,, the resonant regime (see Fig. 3.3). This can
be shown by making a lorentzian approximation: since typically w, > =, the points that
contribute to the integral are the ones near the two sharp emission peaks (see Fig. 3.4) of
width ~ v/w, < 1, located at the points u; = w,/N;/Q. Hence, the spectrum is constant
on those values, except for terms involving 1/(1 — Qu/w,N;). The complete expression
becomes the sum of two peaks, each representing a plasmon resonance associated with a

depolarization factor. The emission rate is thus

Q6 2 _.2\3 1 — 'LL2 3
_ 3w (1= u) + N 1) . (3.26)
7EN|

16 why {NL 2\ ey 2\2 e
(1——?) + N ( ——3') + 2N

If the shape of the spheroid is close to a sphere in such a way that Ny ~ N, which is

referred to as the quasi-degenerate regime, instead of two lorenztian peaks, the spectrum

is given by a single squared lorentzian distribution, leading to

35m Q8w
I = o w%g N1 —u?)3. (3.27)
0

2500 F
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u
Figure 3.4: Emission spectrum for a metallic spheroid normalized by the quasistatic

spectrum. Parameters for the plot: Q = 27 x 6 x 10 rad/s, w, = 10" rad/s, v = 10® rad /s,
ry=2r; =2nm, N, =0.15, and Ny = 0.7. Smaller y/w, ratios results in sharper peaks.
Analytically, the peaks are located at the points u; = 0.10 and v = 0.22.

Equation (3.26) is valid as long €2 2 w,. Beyond the resonant regime, on which Q > w,
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(high-frequency limit), Eq. 3.26 becomes

_ 351 Qwy N, N N,

6 2 2
O e ) e (Y e
uﬁ W2 N2 u? ngi

P

(3.28)

Note that the term in brackets does not depend on 2 and thus the DCE emission rate
scales with Q6 instead of the Q7 factor of the quasistatic regime. Figure 3.3 shows the
photon emission rate normalized by I'y as a function of Q by integrating Eq. (3.25)
numerically. Due to the plasmonic resonance the the photon emission rate increases in
over 3 orders of magnitude relative to the quasistatic regime. Past the resonance at
the plasma frequency considered, the graph decays with 1/, validating the analytical
predictions. The same behavior is observed for dielectrics, as is shown in the next section.

As a final remark regarding metals, note that the optical parameters used in figure
3.3 are not realistic. Most metals have much higher plasma frequencies, in a way that
typical experimental rotation frequencies lie in the quasistatic regime. In addition, the
7v/w, ration This difficulty can be overcome with dielectrics, as some dielectric materials

have polaritonic resonance frequencies in the GHz range.
Dielectrics

The permittivity of dielectrics can be described by the Lorentz model for many ma-
terials. When considering a single oscillator, the Lorentz model can be written in the

form
€(0) — e(0)
1+ (w/wr)? + iwy /w2’

(3.29)

where €(0) and €(o0) are the dielectric functions at low and high frequencies, respectively,
and wy is the oscillator resonance frequency, which dictates the order of the polaritonic
resonance frequency if wy > . In order for the mechanical motion to excite polaritonic
modes, it is necessary that {2 ~ wp. This match occurs for the barium strontium titanate

(BST) material, considering the current experimental rotation frequencies. The Lorentz
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model parameters for BST are ¢(0) = 7.1, e(0c0) = 2.896, v = 2.8 x 10%rad/s and wr =
5.7 x 10%rad/s [9]. If Q < wr, the emission rate is in the quasistatic regime. Therefore,

Eq. (3.15) can be rewritten in terms of the polaritonic resonance frequency wr:
a\’
Fos(Q2) = Cgs (—) , (3.30)

with Cgs = 3.9764x 10739 s7!. The spectrum plot (figure 3.5) and the numerical evaluation
of the photon emission rate (figure 3.6) are shown below for a spheroid of radius 7| =

2r; = 2nm and eccentricity e = 0.866.
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Figure 3.5: BST emission spectrum for five different rotation frequencies €.

From figure 3.5, one can see the transition from the low-frequency regime (w < wr),
represented by the blue curve, to the high-frequency behavior (w > wr), represented by
the red curve. In the former case, the spectrum is a sixth-order polynomial that results
from neglecting the frequency dependence of A(w) in Eq. (3.13). The latter is dominated

by the two (or four, if examined closely) resonant frequency peaks.
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Figure 3.6: Emission rate for the BST normalized by the low-frequency (quasi-static)
emission rate I'gg.

The numerical integration of the spectrum shown in Fig. 3.5 leads to the total emission
rate for a BST spheroid. We plot the emission rate versus rotation frequency in Fig. 3.6.
As expected, when ) ~ wp the normalized emission reaches its maximum, which is more
than 10 times larger than the quasi-static result. Past the resonance, €} > wr, an analysis

of the curve slope shows that I' ~ Qf, as in the case of metals.

3.2.3 Optimization of the particle shape

All calculations to this point consider a nanoparticle with a fixed radius. In this section,
in order to optimize the effect, we consider instead a fixed value for the linear velocity of
the tip of the particle. Indeed, the maximum achievable rotational frequency (bursting
frequency) before fracturing is determined by an upper bound for the linear velocity,
which in its turns is given in terms of the ultimate tensile strength of the material [47].
The role of geometry is then studied by calculating the emission rate as a function of the

size and shape (eccentricy) of the spheroid, for a fixed linear velocity of the tip.

The maximum velocities of rotating nanoparticles in experiments [44,47] are close to
the speed of sound in the materials used, suggesting that this velocity could approximate

the bursting limit. Therefore, taking the velocity of the tip of the spheroid as the speed
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of sound gives the constraint for the angular frequency

Q== (3.31)

with v, denoting the sound velocity of the material. For BST, v, ~ 8 x 103m/s [133].

Given those constraints, we plot the photon emission rate as a function of the longitudinal

radius 7 (figure 3.7) and of the eccentricity e (figure 3.8).
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Figure 3.7: Emission rate for a fixed linear speed equal to the speed of sound of the

material vy, = Qr) = 8x 103 m/s, for four different shapes characterized by the eccentricity
e. The small values of r| correspond to the high-frequency domain (€2 > wr), and vice
versa.

The plot in figure 3.7 indicates that the eccentricity optimizing the emission depends
on the regime of rotation, which is expected since the scaling with {2 changes, and so does
the dependence in 7. One could expect the emission rate to increase with 7, given that
I" scales with the squared volume. ' However, this is not the case, since the constraint
(Eq. 3.31) imposes that Q decreases with the radius, and therefore I' also decreases for

7| > vs/wr.

!The emission rate depends on |A(w)|? and A(w) is proportional to the volume of the particle, as
shown by Eq. 3.18.
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Figure 3.8: Emission rate as a function of the eccentricity e for different 7 values at
fixed linear speed, equal to the material’s sound speed vy, = Qr) = 8 x 10°m/s. Each
curve is normalized by its maximum value. The red curve (largest r|) corresponds to the
high-frequency domain (2 > Qr), while smaller r| values represent the low-frequency
regime. Intermediate curves demonstrate the transition across the resonance range. As

expected, the spherical case (e = 0) shows zero emission.

The optimal eccentricity for a given r| is neither a perfect sphere (as expected) nor a
spheroid with e — 1 (rj > r1), but a value in between. This can be seen in Fig. 3.8, in
which I'(e) is shown for different values of 7, ranging from high to low frequency regimes.

Each size has its optimal eccentricity, and this dependence is non-trivial.
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Conclusions and final remarks

This thesis investigated effects of rotations in the interaction between a particle and
the quantum electromagnetic field in its vacuum state. This was done through the com-
putation of the atom interferometer phase induced by a rotating nanoparticle, and the
calculation and analysis of the photon emission rate by a spinning particle. Although a
theoretical study, all the results presented were based on realistic experimental parame-
ters.

Chapter 1 reviewed the theory of open quantum systems for atom interferometers,
which allows for the calculation of the phases and decoherence emerging from interactions
with the environment during atom propagation. In second order of perturbation theory,
the phase is the sum of contributions involving a single interferometer path (local, usual
to quantum optics) or both paths combined (non-local). For a moving atom in the ground
state interacting with a neutral object, the phase associated with the Casimir interaction
arises from the scattering by the surface of virtual photons emitted from the atom. In
this context, the nonlocal phase is an observable manifestation of the emission of a virtual
photon in a given path and absorption of the scattered photon in another path. Both local
and non-local terms can be written as a sum of phases induced by quantum fluctuations
of the atomic dipole and field.

In chapter 2, the formalism developed in chapter 1 was applied to derive the quantum
vacuum Sagnac phase, a phase induced on the CM degree of freedom of an atom in its
ground state by a neutral spinning nanoparticle in the vicinity. The phase arises from

the atomic motion during the emission and absorption of virtual photons scattered by
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the nanoparticle. Moreover, the phase is proven to be a geometric Berry phase analo-
gous to the Aharonov-Bohm effect, as the phase carries information about rotation in
a localized region of space mimicking a noninertial frame, while the propagation is de-
scribed with respect to an inertial frame. If the atomic transition frequency is close to
the plasmonic resonance, the experimentally accessible quantum vacuum Sagnac phase
for Gaussian wavepackets is close to the sensitivity limit of current atom interferometers.
The dispersive force on the moving atom by a spinning nanosphere is calculated, and the
result is proportional to the cross product between the atom velocity and the sphere’s

angular frequency, similar to the Coriolis force.

Chapter 3 continued the study of rotations in the context of quantum vacuum inter-
actions by analyzing the photon emission rate by a rotating non-spherical nanoparticle.
Describing the scattering of the quantum electric field by the spinning particle results in
a Bogoliubov relation between the field operators before and after the interaction with
the particle. This relation is mediated by the induced dipole of the particle, which car-
ries information on the modulation in frequency of the field modes by the rotation. The
emission spectrum was obtained for metallic and dielectric spheroids, and in both cases
the emission was shown to be greatly enhanced when the rotation frequency approaches
plasmonic or polaritonic resonances. Given the proximity of current experimental rotation
frequencies to BST’s polaritonic resonances, this material was considered for the study
of the emission rate under realistic experimental conditions. The role of geometry was
analyzed, and numerical plots showed the non-trivial dependence of the emission rate on

the radius and eccentricity of the spheroidal particle.

The results presented in this thesis leave room for further research. The photon emis-
sion rate by the dynamical Casimir effect with rotating nanoparticles can be investigated
in the context of the emitter near a surface, which has been recently implemented experi-
mentally [45], but, to the knowledge of the author, has not been theoretically approached

so far. The Van der Waals interaction between rotating spherical particles [15] motivates
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the investigation of the interaction between non-spherical rotating nanoparticles, with the
possibility of a rotation-tunable superradianting emission. Furthermore, the calculations
presented in chapter 3 consider only the electric dipole. The inclusion of the magnetic
dipole of the nanoparticle can shed light on the role of the magnetic field in photon emis-
sion by metals. The spherical waves formalism allows for the inclusion of higher multipole
moments of the nanoparticle and therefore can be employed for bigger particles in the
Mie regime. The formalism developed in chapter 2 for the calculation of the force can be
applied to other polarizable objects, enabling the exploration of quantum vacuum analogs
of noninertial effects with macroscopic bodies.

In a field with many interesting results, this thesis brought new effects regarding
the influence of relative rotations on the interaction of nanoparticles with the quantum
vacuum and with atoms. This work is of experimental and theoretical relevance, as many
experiments investigate phenomena related to the results presented here, and the methods
developed by this thesis could be adapted to other quantum effects with rotating particles,

therefore pushing the borders of our knowledge of dynamical quantum vacuum effects.

“The game of science is, in principle, without end. He who decides one day
that scientific statements do not call for any further test, and that they can be

regarded as finally verified, retires from the game.”

— Karl Popper
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Appendix A

Linear Response Theory

The inclusion of an interaction term in the hamiltonian of the system changes the
temporal evolution of the system’s observables. This appendix presents the temporal
evolution of operators in first order of perturbation theory in terms of susceptibilities, a
formalism known as linear response theory [134]. The results are then applied for an atom

interacting with the quantum electric field.

A.1 Response functions

Suppose a quantum system with a stationary hamiltonian Hy. At ¢t = 0 it is introduced

a time dependent perturbation V' (¢) in the form
V(t)=—ft)M, (A1)

with M being an operator of the system and f a given function of time. In order to
determine the time evolution of the average of an observable N in first order in f, we use

the Liouville equation to obtain the system’s density matrix p(t), namely

dp

h
i

(t) = [Ho + V (1), p(1)]. (A.2)
All the operators in Eq. A.2 are in the Schrodinger picture. To further explore the effect
of V(t) in the dynamic of the system, we rewrite the Liouville equation in the interaction
picture:

(1) = [7(1), o). (A3)
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where A(t) := erot Ae=nHot i the operator in the interaction picture. The first order

solution of Eq. A.3 is

o) = po— / FE)II(E), pol dt' + O(f?). (A4)

where py is the density matrix for the unperturbed system. We then switch back to

Schrodinger picture, finding

o) =+ [ S0 = O 1), o] (A.5)

The Heaviside step function is included to ensure causality: a perturbation at instant ¢’
has its effects on the system at a later instant ¢.

The average of an operator N as a function of time can be obtained explicitly with
the density matrix

(N} (t) = Te(p(t) V). (A.6)
Therefore, using Eq. A.5 we have
t
(V)i = Vot [ 7wt~ )i, (A7)
The function xnp(7) is defined by

XNM(T) = (A8)

With (..), being the average with py. xna(7) is the response function or susceptibility
of N. It determines the induction of the physical quantity related to /N arising from the

application of M.

A.2 Atomic electric dipole and electric field suscep-
tibilities

Within the dipole approximation, an atom interacting with the quantum electric field

has two outcomes: the field induces a dipole on the atom, and the atomic fluctuating
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dipole produces an electric field. In this section, we express these quantities in terms of
response functions.

We start from the dipolar interaction hamiltonian
V =—d(t) - E(r,t), (A.9)

where 1’ is the atomic position. Given that the hamiltonian is bilinear, it is possible to

separate the dipole and field into free-evolving and induced contributions [56]

d(t) = d(t) + d™(t)
3 ' (A.10)
E(r,t) = E(r,t) + E™(r, ).
The temporal evolution of Eq. A.7 allows the identification of the induced observables

with the susceptibilities:

t

(E"(r, 1)) = %/ drf(r) {(E(r,t), E(',t — 7)]) - (d(t — 7)) (A.11)

—00

(din(t)) = % / dro(r) ([d(t),d(t — 7)) - (B(',t — 7). (A.12)

— 00

Eq. A.11 represents the field produced by an electric dipole, and therefore the susceptibil-
ity of the field is the retarded Green function from electrodynamics, i.e., the propagator
of for a dipole field (see Appendix A of Ref. [135] for a demonstration). Therefore, the
definition is

GE (v, ;1) = %H(t — ) ([Ei(r,t), En(t,1)]) . (A.13)

Note that the average of the commutator is a complex function that does not depend on
the field state, due to the electric field expression in terms of bosonic operators. For a
dipole in free space at position r’, the retarded Green function is symmetric by spatial

and temporal translations [91], and thus
GE (v, t;v' 1) = G ([v —v/|, t —t'). (A.14)

The response function for the atomic dipole in Eq. A.12 is the polarizability, which
gives the induced dipole under the application of an electric field. Contrary to the re-

tarded Green’s function, the polarizability does depend on the atom state |a), typically
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written on the basis of eigenstates of the atom hamiltonian. The definition of the atomic
polarizability is

ol (8,¢) = %G(t — ) (a|[dy(t), dp (]| ) - (A.15)

alm

In this thesis, the polarizability is with respect to the atom ground state for all discussions,
and therefore we omit the state dependency.
Taking the Fourier transform of equations A.11 and A.12 we have a clearer relation

between the induced operators and the response functions:

A" (W) = ot (w) - E(r', w) (A.16)

E"(r,w) = G(r,r,w) - d(w). (A.17)

Equation A.17 is exact, consequence of of the linearity of Maxwell equations. On the
other hand, Eq. A.16 is an approximation for weak fields. In Fourier space, the explicit

expression for the retarded Green’s function is

ettt 2p2 | s 5 2 2 ~ RR,,

Gim(r, 1 W) = (A.18)

where R :=r — 1’ and k = w/c. For a two level atom, the ground state polarizability in

Fourier space is the known expression

aAw
Oé;?n(w) = wgo_ 3}2 5lm7 <A19)
0

with o' being the static polarizability and wy the transition frequency.
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Appendix B

Polarizability of a Rotating Particle

A neutral polarizable particle in the presence of an electric field can have an induced

dipole. The constitutive relation involves its polarizability tensor
d(w) = a(w) - E(w) (B.1)

The rotation of a polarizable particle changes the constitutive relation, producing rota-
tional Doppler shifts. This appendix reproduces the semiclassical derivation of the effec-
tive polarizability for a rotating spherical object presented by Manjavacas & de Abajo
in Ref. [50]. The same method is employed to derive the induced dipole of a spinning

non-spherical object.

B.1 Polarizability for a rotating spherical particle

Eq. B.1 is defined for the rest frame of the object. In order to establish an analog
relation, we write the rest frame field and dipole in terms of the vectors in the laboratory
frame, and then apply in Eq. B.1.

The transformation between frames is done by a rotation matrix R. A vector v/(t) in

the rotating frame is mapped to the laboratory frame vector v(¢) by the relation

v(t) = RV'(t). (B.2)
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If the angular velocity is €2 = QZ, the matrix is

cosit —sinQ)t 0
Rip = | sinQt  cosQt 0] . (B.3)
0 0 1

Therefore, the electric dipole vector d(w) is

01() = 31 (w) + (o) + () — i ()]
2 (B.4)

4y() = glidy () + id (w02) + dy ) + ()],

with wy = w + Q. As expected, the z-component is not affected by rotation. Eq. B.4 is

the Fourier transform of the relation B.2 for the dipole in the time domain d(t).

~
-
Figure B.1: Schematization of the rotating frame (z’y’) and laboratory frame (zy) for a
spinning spherical object.

For a spherical particle at rest, the polarizability tensor is a multiple of the identity:
a’(w) = a(w)l (B.5)
Thus, d'(w) = &(w)E'(w). Eq. B.4 then becomes
16w ) By ) + ) Byfuo) + i) By ) — i3(0-) By )] .
i) BLlwy) +i(w.) Bywo) + 6w Eyfw,) + 6@ Byw).
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Equation B.2 can also be used to obtain the electric field in the laboratory frame. In

the frequency domain, we have the relation
BL() + B, (w) = Elwy) +iE)(wy)
(B.7)
Ey(w) —iEy(w) = E,(w_) —iE, (w-).
Eq. B.7 is analogous to the raising and lowering operators of the quantum harmonic
oscillator. By substituting the above equation into Eq. B.6, we have an expression
relating both the dipole and electric field in the lab frame. Hence, it is immediate to

obtain the effective polarizability for a rotating spherical particle

(W) agy(w) 0
a®(w) = [ a(w) ayw) 0 ; (B.8)
0 0 a(w)

with

2 (B.9)

o’(—w) = (a®(w))*. (B.10)

Naturally, if 2 — 0 we recover Eq. B.5. The rotation breaks isotropy, and even for a sphere
the effective polarizability has off-diagonal elements. If the rotation angular frequency is
much lower than the typical resonant frequencies of the material, the polarizability can

be expanded in first order in €2

a(w) i (w) 0
(W) = [ —iQd/ (w)  aw) 0 |, (B.11)
0 0 aw)

where the primes indicate derivative with respect to w. From Eq. B.11 one can see the
dependence on the material’s dispersion in order for the effects of rotation to manifest
in the electric response. The above equation can be generalized to any angular velocity
vector €2:

g} (W) = af (W) + i& (W) €lnn- (B.12)
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This method can also be applied for a non-spherical object, as long as the angular

velocity is parallel to the particle symmetry axis [50].

B.2 Polarizability for a non-spherical rotating parti-
cle

The results from the previous section do not apply for a nonspherical particle rotat-
ing with angular velocity perpendicular to its symmetry axis. This case (which is of

experimental relevance [44,45,48]) is derived in this section.

/\y
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Figure B.2: Schematization of the rotating frame (z’y’) and laboratory frame (zy) for a
spinning dumbbell-shaped object.

For a particle whose shape is given by a solid of revolution, with 2’ being its symmetry

axis, the polarizability at rest is

OzH 0 0
w)=10 a, 0. (B.13)
0 0 )

Given the rotation around the z-axis, we can use the rotation matrix defined in Eq. B.3

to write the dipole moment in the lab frame. It is convenient to define the functions
a(w) +ay(w)

2
o(w) — a(w) (B14)

2

S:

A:
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Hence
4o() = (57 (Balw) + B, () + 5 (Eul) — iBy(w))
+ AT(E, (we) — iEy(wy)) + A7 (B (w-) + i B (w-))] (B.15)
4y() = 58T (~EL(w) + () + 5 (Be(w) + Bylw)) -
— AT(E, (wi) + Ey(wi)) + A7 (E, (w-) — Ey(w-))],
where S* = S(wy) and A* = A(wy). We have used Eq. B.7. The same equation can be
used iteratively (since it is valid for all w) to write
Ep(w—2Q) +iEy(w—2Q) = B (w— Q) +iE,(w— Q)
(B.16)
Ep(w+2Q) —iEy(w+2Q) = B (w+ Q) —iE,(w+ Q),
Substituting Eq. B.16 into Eq. B.15 results in an analog constitutive relation for the

dipole induced by a field:

d(w) = ap(w)E(w) + ai (w)E(w +29Q) + a_(w)E(w — 29), (B.17)
on which
H§H+ST) A(ST-5T) 0
op(w) == [ ST =87) 3(ST+57) 0
0 1 Fi % e (B.18)
oy (w) = A(wTiQ) Fi —1 0
0 0 0

Here, the dipole of frequency w is not produced only by the field mode with the same
frequency, as in the spherical case, but there is also a contribution from field modes
of frequencies shifted by 2€2. This is a consequence of the continuous time translation
symmetry breaking due to the rotation, which gives rise to a discrete time translation
of half of the period, and therefore the frequency modulation of 2€). Moreover, this case
does not relies on the dispersion of the material to manifest effects of the spinning in the

polarizability.
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Appendix C

Quantum Vacuum Sagnac Phase as a
Berry Phase

A Berry phase is a geometric phase produced on the system eigenstates during an adiabatic
evolution. In this appendix, we present the demonstration by F. Impens [1] that the QVSP

is a Berry phase.

The starting point is to write the phase along a path rj as a second order term in the

Dyson series [54] following the formalism developed in chapter 1:

-T2
Pk = o5 dt / g,OI Hing (1 (), 1) Hia (1 (t'), ) |, 0) — C-C-) . (G

—T/2 T/2
Here, |g,0) = |g) 4 ® |0) is the initial state prepared at the lowest energy state of the
system, i.e., the 2-level atom at its ground state and the field at the vacuum. Making the
same approximations for the atomic motion when deriving the QVSP, the motional phase

1S written as

i T2 +T/2 3 B
O = 55 dtv(t) - / drr <<9,0\ Hin (v (), )V Hiny (xi(2), 1 = 7) |9, 0) — C-C'> :
202 J_1 ~1/2
(C.2)

with 7 = ¢ — t/. Switching the representation of the operators to the Schrodinger picture

and taking the one photon states |e,n) = |e) 4 |1,) » as the basis, which are eigenstates of
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the free hamiltonian of the system Hy, the closure relation can be employed to obtain

6 =~ [ e [ 3 (0,00 How(r) e, 1) (e, 1] ¥ Hina(x) [, 0) / dr re=en—e0) _ e |
2h2 Pk n¢0 0

(C.3)

The summation over n is a sum over polarizations and wavevectors of the field modes. The

frequencies w, and wy are the eigenenergies divided by h of Hj associated to eigenstates

le,n) and |g,0).The temporal integral becomes geometric along the path Py using dr =

dtvi. The sum over n excludes the ground state since (g,0| Hiy(r)|g,0) = 0. The

integration in 7 can be carried resulting in

(b% — L dr - (Z <g7 0| Hint(r) |67 7’L> (e,n| VHZnt<r) |ga O> - C.C.) ) (C4)
P

2h2 0 (Wn - w0)2

The expression of the motional phase Eq. (C.4) can also be obtained by integrating
the corresponding Berry connection and is therefore equal to the Berry phase. Let |¢y(r))
be the ground state of the atom-field system taking the interaction as non-perturbative.
Consistently with the previous derivation, the Berry phase must be calculated within
second order in perturbation of the interaction hamiltonian. Hence, using the same basis

as before, the ground state in terms of the unperturbed stated is

() = Ig,0) + 3 T ) a.0) ) L5 e B0 0O,

o R(wpn, — wo) n;éo h?(wp, — wp)?

by Cenl Hunlr) o) o] Ho®)|9.0)

h2(wo — wp) (wp, — wh)

(C.5)
n#0,n'#n
- E R e + ot

n#0

Since the interaction Hamiltonian is linear in the dipole operator, the terms (e, n| H;,(r) |e, n")
and (g, 0| Hin(r) |g,0) are zero given the diagonal terms of the dipole operator vanish re-

gardless of the field state. Thus

o)y = 32 LV 00,0

R(wy, — wo)
n#0
IR, (C.6)
3 (e ) 0+ ot

n#0
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Hence, the Berry connection (integrand in Eq. (2.15)) is

i (Yo (r)|Viho(r)) = 2%2 >

((9, O Hint(r) e, n) (e, | V Hipi(r) |g, 0)
n#0

3
(o0 — wo)? + c.c.) + O(H;,)

(C.7)
Integrating Eq.(C.7) along the path Py results in phase given by Eq. (C.4), completing

the proof that the QVSP is a Berry phase.
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Appendix D

Quantum Electromagnetic Field
With Spherical Waves

This appendix presents expressions for the electric and magnetic fields operators on
the spherical wave basis and some important related results as well. The complete quan-
tization of the electromagnetic field with multipole waves can be found in Refs. [91,136].
The results presented here are from Ref. [91].

The electric field operator in frequency domain expressed as a sum of multipole wave
is

E(r,w) =€) Y Y ajm(@)0(w)Lima(r,w) —al,\ (~w)0(~w)T;,\ (r,w), (D.1)

j=1 m=—j A=E,M

where £(w) = 22‘(*)’6 is the mode amplitude. The quantum numbers j, m specify the order

of the multipole. A\ is the polarization, indicating if the multipole is electric or magnetic.
Given that multipole waves are also eigenstates of angular momentum, j is also related
to the eigenvalues j(j + 1)h? of the squared total total angular momentum operator J?2,
while mh is the eigenvalue of the z-component of the angular momentum. I;,\(r,w) is
the vector spherical harmonic of the mode, which carries the spatial dependence of the

field. By the canonical quantization process, the operator a;,,(w) and a;m)\(w) obey the

commutation rule

(@), @ ()] = 6 — )8 SO (D.2)

[a 7'm
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The magnetic field is

0 J

cB(r,w) = i€ (w) Z Z (@jme(W)Lipmp(r,w) — ajmp(wW)Line(r,w))d(w)

j=1 m=—j

(D.3)
= (@)L (1,0) = a5 ()L (1, )0 ().
The explicit expression for the vector spherical harmonic depends on the polarization.

For magnetic multipoles, we have

: 1
Lp(r,w) =47~ _gi(wr/O)Xm(®), Xjm() 1= ———t x ViV (). (D.4)
¢ J(G+1)
Here, V; denotes the gradient acting only on the angular coordinates, and _#;(wr/c) is

the j spherical Bessel function of the first kind. The electric multipoles vector spherical

harmonics are given by

471

e VG N 6) + - (o (2)

Loop(r.w) = 2u@)] (039

z=wr/c

where
B 1 (D.6)

An important limit is the radiation zone regime, which occurs when wr/c > 1. In

that case, we can use the asymptotic form of the spherical Bessel functions

Filwr/c) = isin(wr/c —jm/2), (D.7)

to obtain the following expressions for the vector spherical harmonics

J—1 COS(% _ j%>z (f')
im

o | im) (D.8)
Xm(£).

Iij(I') = 4mi

sin( T —35

Iij(I‘> = 47TiJ
r
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