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Abstract. The theoretical analysis for the design of microreactors in biodiesel production is a
complicated task due to the complex liquid-liquid flow and mass transfer processes, and the
transesterification reaction that takes place within these microsystems. Thus, computational
simulation is an important tool that aids in understanding the physical-chemical phenomenon
and, consequently, in determining the suitable conditions that maximize the conversion of
triglycerides during the biodiesel synthesis. A diffusive-convective-reactive coupled nonlinear
mathematical model, that governs the mass transfer process during the transesterification
reaction in parallel plates microreactors, under isothermal conditions, is here described. A
hybrid numerical-analytical solution via the Generalized Integral Transform Technique (GITT)
for this partial differential system is developed and the eigenfunction expansions convergence
rates are extensively analyzed and illustrated. The heuristic method of Particle Swarm
Optimization (PSO) is applied in the inverse analysis of the proposed direct problem, to
estimate the reaction kinetics constants, which is a critical step in the design of such
microsystems. The results present a good agreement with the limited experimental data in the
literature, but indicate that the GITT methodology combined with the PSO approach provide a
reliable computational algorithm for direct-inverse analysis in such reactive mass transfer
problems.

1. Introduction

Biodiesel is a biodegradable and non-toxic product with physico-chemical properties very similar to
conventional diesel fuel and which can be obtained from renewable energy sources [1]. It is usually
obtained from the transesterification reaction between alcohol and triglyceride in the presence of a
catalyst. Although extensively studied, the conventional biodiesel production in batch reactors
demands a significant energy consuption and high residence time [2].

The microreactors are a promising alternative for the transesterification reaction, since they offer a
higher surface area volume ratio for the reaction system and therefore enable the achievement of
higher heat and mass transfer rates in short diffusion distances, providing high triglycerides conversion
rates at low residence times, as discussed in the literature [3-4].
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The enhanced conditions within the microreactor significantly alters the values of the kinetic
constants, since they show fairly different values for the batch case [2] compared to those in
microreactors [3,4]. Furthermore, depending on the experimental conditions, one can observe different
values for the kinetic constants [4]. That is, the kinetic constants are sensitive to the various possible
configurations to carry out the transesterification reaction.

Determining the kinetic constants is not an easy task, since besides an adequate experimental
apparatus, it is necessary to formulate a mathematical model to represent the complex liquid-liquid
flow that is established within the microreactors with the associated mass transfer and chemical
reaction effects. This model, under the hypothesis of second order chemical reactions [2,3], presents
nonlinearities that couple the species balance equations involved in the transesterification reaction,
requiring the use of numeric or hybrid (numeric-analytical) solution methods. The parameter
estimation procedure can be understood as an optimization process of an objective function, which
represents a metric of the distance between the real data and the data predicted by the model, and
should be based on statistical concepts, to enable an adequate results interpretation. In this context, a
widely used procedure is the maximum likelihood method, which maximizes the likelihood of
observing the real data from the model predictions. The literature presents different optimization
methods that can be used in the inverse analysis [5-7].

This work presents an approach to estimate the kinetic constants in highly nonlinear models using a
hybrid method to solve the mass transfer direct problem, associated with a heuristic method for
optimization of the objective function, resulting in an interesting and effective approach to carry out
the inverse analysis in such class of problems. The analytic-numerical method known as the
Generalized Integral Transform Technique (GITT) [8,9], which originates from the Classical Integral
Transform Technique (CITT) [10], is then used to solve the nonlinear coupled system of partial
differential equations that govern the concentration potentials of the species involved in the
transesterification reaction under isothermal conditions. To minimize the objective function, the
heuristic method of Particle Swarm Optimization (PSO) is employed, as proposed by Keneddy and
Eberhart [11]. This method is based on the social behavior of various species and it has successfully
solved a number of complex optimization and parameter estimation problems [5,6,11].

2. Direct Problem

The solution of the Navier-Stokes equations for the case of fully developed two-phase stratified
laminar flow of two immiscible Newtonian fluids, with constant physical properties in a parallel plate
microreactor and disregarding field forces, is given by [12]:

Y[(H - HTG)(H +Hqp - y)luTG +Hqg (HTG - y),uA:lAP
2L pirg [(H - HTG)IUTG + HTG:uA:I
(H - y)[_(H - HTG)(HTG - y)luTG +Hg (H —Hp + Y)IUA]AP

2Ly, [(H - HTG)fuTG + HTGIUA:l

where the fluids are usually triglycerides (soybean oil) and alcohol with catalyst (methanol and
sodium hidroxide), 4, and u, are the dynamic viscosities of the oil and alcohol, respectively. H

Urg (y)= (1a)

un(y) = (1b)

and H,, are the heights of the microchannel and of the interface, L is the microreactor length, and
AP is the constant pressure drop along the microreactor.
The triglyceride layer height, H,,, and the pressure drop, AP, can be determined through the
solution of equations (1¢) and (1d), respectively:
Qs SEN7A |:(3H2 —2HH, _HTZG)/UTG + HTZG/UA:I
= 5 5 (1c)
Qx (H_HTG) ﬂTG[(H_HTG) :uTG+(4H_HTG)HTG:uAi|
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B 120 Qrg ttrg [(H _HTG):“TG + HTG/uA:|
HioW [( He +2HH —3H* ):UTG - HTZG/JA]

where W is the microreactor width and Q is the volumetric flow rate.

The dimensionless diffusive-convective-reactive mass transfer equations for the species

concentrations within the microreactors, disregarding the axial diffusion term and assuming that the
reactive effects occurs predominantly in the phase initially composed by triglycerides [3], are:

AP =

(1d)

F(X,Y 2E (XY
UTG(Y)aSéX' ):éa Sag(z’ )+gGs,Wheres=TG,DG,MG,B,A,GL (2a)
F(0,Y)=1 F.(0,Y)=0, wheres = DG, MG, B, A GL (2b,c)
Rl _0, where s =TG, DG, MG, B, A.GL (2d)
Y |,

Fa(X,1)=F,, % =0, where s=TG, DG, MG, B,GL (2e,f)
Y=1
where the source terms G, represent the reversible second order chemical reactions for each

species involved in the transesterification, according to Table 1 below:

Table 1: Dimensionless reaction terms for the species involved in the transesterification [3].

Species S G,
TG —k FcFa +K,FocFs
A (_kiFTG - k3FDG - kSFMG ) FA + (kz FDG + k4 FMG + ke FGL ) FB
DG (leTG _kSFDG)FA +(_k2FDG +k4FMG)FB
MG (ksFDG _kSFMG)FA+(_k4FMG +k6FGL)FB
GL ksFyeFa —ksFo Fs
B (leTG + k3FDG + kSFMG ) FA + (_kZFDG B k4FMG B kGFGL ) FB

where k; to kg are the kinetic constants. The dimensionless groups were defined as:
, L LD
F - C F,, = C, ,Xzi,Y= y U, = Urg c= CTG0,§S: s . (3a-g)
CTGO CTGO L TG uTG,AV l"ITG,AV uTG ,Av H TG

where C is the dimensional concentration in the triglyceride phase, C:\ is the equilibrium

*

concentration of the alcohol at the interface, C,;, is the concentration of triglycerides at the entrance
of the microreactor, D is a diffusion coefficient, U is the dimensionless velocity profile and Urg 4, 18

the avegare velocity of the triglyceride phase. MG, DG, B and GL are related to intermediary reactants
monoglycerides and diglycerides and to the products biodiesel and glycerol, respectively.

A hybrid solution via GITT of this nonlinear PDE system is then proposed. Initially, so as to
homogenize the boundary condition defined in equation (4b), the following filter is proposed:

FA(X,Y)zFAh(X,Y)JrFAo 4)

Two eigenvalue problems with known analytical solution [13] are proposed, according to Table 2,
in order to satisfy the different boundary conditions and provide the basis to build the concentration
potential of the species as orthogonal eigenfunction expansions.

From the orthogonality property of the eigenfunctions, the following transform-inverse formulae for
the species concentration fields are constructed:
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IfAh,i(X)=Ifi(Y)FAh(X,Y)dY, Ifs,i(X)zj.‘i’i(Y)Fs(X,Y)dY, wheres =TG,DG,MG,GL,B  (7a,b)
FAh(X,Y)zifi(Y)lfAhyi(X), FJX,Y)zi‘i’i(Y)IESJ(X), wheres =TG,DG,MG,GL,B  (8a,b)

Table 2: Eigenvalue problems and corresponding analytical solutions

Alcohol species Other species
2 2
. d rzi"'ﬁizri:o d lI;i'*‘luiz\yizo
Eigenvalue dy dy
roblems . _ _
P £ =0,I,()=0 ﬂ =0, & =0
dy |, dY |y dy |y
Normalized T, (Y)=+2cos(BY) 5 ()= 1 ify =0
eigenfunctions B =(2i _1)% ' \Ecos(in) if 4 #0
and eigenvalues i—123.. w=>0-r, i=123,..

The integral transformation of the filtered partial differential equations, together with their boundary
conditions in the X direction, can be performed by the integral transform operator with the respective
eigenfunction for each species along the Y domain. The transformed system obtained is given by:

© dF, _ _
ZOLij d—X’+§syi2 FSI =gGs’ijk, wheres =TG, DG, MG, B,GL (9a)
j=1
s dlfAhj ,— _
Zoz,ij d—x+§Ahﬁi Fan, =5Ganiik (9b)
j=1
Fo (0)=f,;, Fy, (0)=T,; , F, (0)=0,wheres = DG,MG, B,GL (9c-e)

where the various coefficients can be analytically determined via symbolic computation [14] and are
defined as:

o :iuTG ()&, ()P, (Y)dY, O,y =i\?i(v)@j (Y)¥, (Y)dY, 0, =if, (Y)&,(Y)dy,
O, =iuTG (Y)L,(Y)L,(Y)dY, Oy =ifi (Y)¥,(Y)L (Y)dY, f, =§@,(Y)dY, (10a-i)
O, =i\if, (Y)®,(Y)T, (Y)dY, Oy =i](v)\ifj(v)\ifk (Y)dy, f,, :—FAO‘II:, (Y)dy

The term és,ijk represents the transformed reaction kinetic terms, according to Table 3.

Equations (9) form an infinite system of nonlinear coupled ordinary differential equations for the
transformed concentrations of the species in the transesterification process, which is required to be
numerically solved. The built in function NDSolve of the Mathematica system can be employed for this
purpose [12], providing automatic error controlled continuous solutions in the form of interpolation
function objects along the X coordinate. After the numerical solution of the transformed system, the
original potentials can be recovered through the inverse formulae defined in equations (8a-b).

The concentrations of the species in the transesterification can also be presented in terms of flow
averaged potentials, defined as follows:
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> [Ure (V) (1)dYE, (X) > [Ure (%, (1)AYE, (X)
I:A,Av =0 1 + I:Ao ’ I:s,Av = =0 1 (11a_b)
[Ure (Y)ay [Urs (Y)dY

where s=TG, DG, MG,GL,B.

Table 3: Transfomed reaction terms

Species S Gs‘ijk
TG kZ:Z(_klos ijk FTG FAhk +k204 ijk FDG FBk) leAo 'ETG,
=1 j=1
ZZ[Os ijk (_k FTG kSFDG kSFMGJ )IEAhk +
A k=1 j=1
+Oe,ijk (kz IEDGJ +k, 'EMGJ +Ks IEGLJ )'EBK } + FAOZO7,ij (_kIIETGJ -k, IEDGj - kslfmc;j )
j=1
ZZ[O?,,ijk (k F -k FDG )FAh +O4 uk( k2|EDGJ- + k4|fMGj )'EBk | +
DG k=1 j=1 -
+FAo (kl 'E'I'Gi - k3 IEDGi )
ZZ[OS,UK (k3 IEDGJ- - ks IEMGJ- )'EAhk + O4,ijk (_k4 'EMGJ- + ke IEGLJ- )IEBk | +
MG k=1 j=1 -
+Fy (ks 'EDG, - ks IEMG, )+
GL kZZ(kSO&ijk Fue, FAhk —KsO, i FGL R )+k FaoFue
=1 j=1
737 Ouie (e, +KaFoc, +ksFuc, ) Fu, +
B k=1 j=1
+0, 5 (Ko Fos, —KaFue, —KeFia, ) B, |+ Foo (K Fr, *+ Koo, + P, )

An important parameter in the chemical reaction system is the residence time which provides an
average time that a species is subjected to diffusive, advective and reactive effects inside the microreactor.
Since it was assumed that the reaction occurs only in the triglyceride phase, then it may be calculated by
equation (12a) below. The triglyceride consumption can then be evaluated in terms of the fractional
conversion, according to equation (12b).

_Triglyceride layer volume
Triglyceride volumetric flow

FTG,AV (O) - FTG,AV (l)
FTG,AV (O)

, ConversionTG(%) =[ Jxloo (12a-b)

3. Inverse problem
Assuming a normal distribution error and independent measurements with constant error, the objective

function may be represented by the least squares function:
= >"[ ConversionTG(%)® — ConversionTG(%)~" ]2 (14)
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To minimize the objective function Foy, the heuristic method PSO will be used. In this method
various particles are distributed in the search region, where each one adjusts its position in the
parameters space according to its own experience (his best position found) and the experience of its
neighboring points (best position found by the swarm), through to the following relationships:

Xt =x) vl v =alvi?+ pr, (Si - Xij)+ﬂl‘2i (Sg - Xij) (15a,b)

k; =10 ; S; — Best position found by i-th particle; S, — Best position found by the swarm;
v — Inertia term; g — acceleration constant, typically equal to 2 or 1.5; o' — Controls the
inertia of the particle and generally should decrease over the iterations. It is zero at the first
iteration and equal to one in the second. Here taken as ' = j™; j>0; r - Random number
vector obtained from an uniform distribution between 0 and 1, ﬂrli(si—xij)—> Natural

tendency of the particle to return to the best place found; pgr, (Sg —xij)—> Tendency of the

particle to migrate to the best place found by the swarm;
For the first iteration the particles are generated as randomly computed points in the parameters
space where the objective function should be evaluated. Figure 1 presents the PSO algorithm scheme:

j=0; Define : Generate random Determine
n=population size; = and S, [ ! =1 ™ vectorsr, andr, [ S,
Generate population
matrix P 4
1 -j > maximum N v
. . 0
number of iterations;

vl =a'v) 4 pry, (Si —xi")Jrﬁr2i (Sg —Xij)

Yes l

j=j+1 i<n i=i+1
Yes No
A\ 4

2- Fy, (S g) reaches C: Convergence?

A

the expected value
3 - | Deviation(P)| <

A
A

I+ i
Xi =X t+V,

S, is the optimum Determine S

Figure 1: Iterative algorithm scheme for the PSO. Adapted from Colaco et al. [8].

4. Results

Table 4 presents the parameters used in the direct simulation of the species concentrations, while the
kinetic constants are given further ahead, in Table 6. Table 5 presents a convergence analysis of the
average concentration potential for the triglyceride species along the microreactor. It can be observed
an excellent convergence of up to six significant digits for different residence times. The PSO was
applied considering a swarm with 200 particles distributed in a region established by the parameter
coefficient ki range, from 1 to 9. The advantage of working with the exponent argument k; is the
reduction of the search region and the high possibility to identify parameter combinations that lead to
better results, even for fairly different values of the original parameters. £ was adopted equal to 1.5.
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Table 6 presents a comparison among the values of the objective function and of the triglycerides

conversion, as evaluated with the kinetics constants obtained from the literature and those estimated

with the PSO method. One may observe an improved agreement from the constants estimated by PSO.
Table 4. Parameters used in the simulation.

Parameter Value Parameter Value Parameter Value
Mg 5.825x107 [Pa.s] Q+c/Qa 3.402 DycrDos» Dg. s Ds 1.38x10° [m2/s]
A 5.47x10"* [Pa.s] Creo 1014 [mol/m?] Pro 885 [kg/m’]
Die 1.58x10° [m2/s] F 4.4 W 0.0105 [m]
D, 1.182x10™° [ms] L 0.0233 [m] H 100x10° [m]

Table 5. Convergence of the average concentration potentials of the triglyceride species along the
microreactor for different residence times.

I:TG,AV (X)

NT 7= 0.5min 7= 10min

X=0.1 X=0.5 X=0.99 X=0.1 X=0.5 X=0.99
10 0.993096 0.914803 0.774554 0.526718 0.124018 0.090661
20 0.993099 0.914791 0.774538 0.526707 0.124018 0.090661
30 0.993099 0.914790 0.774537 0.526706 0.124018 0.090661
40 0.993099 0.914790 0.774536 0.526706 0.124018 0.090661

Table 6. Reaction kinetics constants [mol/(m3s)] estimated and conversion of triglyceride evaluated
with the kinetic constants from the literature [3] and [15] and those estimated in this work (PSO)

Constant  Al-Dhubabian [3]  Dennis [15] PSO T Exp.[3] Num.[3] Num. (PSO)

k, 4.368x10°® 4.27x10°  3.170x10° | 041  12.33 20.36 15.90

K, 9.623x10® 9.69x10°  2.461x10° | 0.79  36.98 40.68 35.70

k, 1.880x10° 2 x10° 5.378x10° | 1.69  66.56 66.78 66.31

K, 1.074 x10™ 1x10°® 2.874x10* | 3 84.48 80.57 83.98

ky 2.117x10° 2.99 x10° 1x10* 5.3 89.5 88.29 90.13

K, 9.000 x10°7 9.04x107  3.221x10° | 10 91.1 90.95 90.88
Fobi 0.00949 0.01962 0.00152 - - - -

Figure 2a shows the reasonable agreement of the experimental results with both theoretical results,
from the present approach and from ref.[3], employing the same set of kinetic constants from [3].
However, Figure 2b illustrates the improvement of the present theoretical results against the
experiment, once the newly estimated parameters are employed in the simulation.

100 100

90 (a) b 90 (b) —— ===~ 1
S . S ==
S 80— < 80— 2
8 2 ’
T 704 S 704
5 g
S 60 < 60 —
= =
=2 =2
S 504 S 50
5 E '
g 40 — g 40 — I
D 30 g 304

>

€ 20+ g 20 )
O @ @ ® Experimental [3] O @ @ @ Experimental [3]

10 4 ¢ ¢ Numerical [3] 10 = = - Kinetic constants from literature [3]

—— GITT (Present work) Kinetic constants estimated (PSO)
0 T T T T T I T I T I T I T I T 0 T T T T I T I T I T I T I T I T

P —

T T T
4 5 6 7 8 9 10 0 2 3 4 5 6 7 8 9 10
T (min) T (min)

Figure 2. Conversion of triglycerides.

I I I
0 1 2 3
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5. Conclusion

This paper presents a viable and interesting approach to estimate the kinetic constants in a nonlinear
coupled mass transfer model for biodiesel synthesis in microreactors, by minimizing the objective
function that approximates the prediction of the theoretical model to available experimental data. The
combination of the hybrid GITT method, for the direct problem solution, and PSO optimization, for
the inverse problem analysis, provides an efficient computational algorithm that successfully identified
the parameters that resulted in improved agreement of the prediction of the theoretical model, as
compared to the available experimental data.
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