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Preface

This book is based on the lecture notes for a graduate course taught at
the Institute of Mathematics of the Federal University of Rio de Janeiro
(IM-UFRJ) during the first semester of 2013. Its purpose is to present the
classical methods and results for second order monotone nonlinear elliptic
equations and for non monotone second order semilinear elliptic equations
on a bounded domain, with a special focus on the problem —Au = Ae".

This domain has been extensively studied and there are many books
and articles treating different aspects of the problems, some of them are
mentioned in the references but this list is from far not exhaustive. The
methods and results presented here are not new, but this course gave me
the opportunity to put together some known and less known results in a
coherent text which is essentially self contained and with all the main proofs.
Only some basic results of integration, functional analysis and of spectral
decomposition are recalled without proof.

In Chapter 1, we give a quick review on distributions, L” spaces, weak
and weak-x convergence, and the fundamental Sobolev spaces which will
constitute the functional framework in these notes.

In Chapter 2 we recall the classical treatment of second order linear elliptic
equations and some additional properties like the maximum principle, some
regularity results and the spectral properties in the symmetric case.

Chapter 3 is devoted to the study of the minimisation of convex func-
tionals and of second order semilinear and nonlinear monotone equations.
For semilinear monotone equations we give a very general result based on
integration techniques and for monotone operators we follow essentially the
lines of the pioneering book by J.-L. Lions [15].

In Chapter 4, we consider second order (a priori non monotone) semilinear
equations. In a first part we give a complete description of the methods based
on maximum principle. Some of the results are well known (see for example
[24]) but some additional properties are less known and will be of interest for
specific applications. Then we study the variational methods with two cases:
first of all we look for extrema of functionals on a manifold; then we prove
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and apply the celebrated Mountain Pass Theorem due to A. Ambrosetti and
P. Rabinowitz [2].

In Chapter 5, we focus on the problem —Awu = A\e* with Dirichlet bound-
ary conditions. This is a rich problem for which we use almost all methods
described before successively. We give here all the results which are known
on this problem, including in the last section the study of radial symmetric
regular and singular solutions in a ball.

These notes have been written by Eleonora Moura and Rolci Cipolatti
and I would like to express my warmest thanks to them for their very nice
work and their constant tenacity.

I also want to thank all my colleagues from IM-UFRJ, in particular Flavio
Dickstein and Rolci Cipolatti, for their hospitality and their constant help
during my stay in Rio de Janeiro. We have made together a lot of mathe-
matical work and we have also had many very interesting non mathematical
discussions.
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The author’s visit was supported by the program Ciéncia sem fonteiras of
the Brazilian government through CNPq.

Jean-Pierre Puel
Rio de Janeiro, 2018



Chapter 1

Preliminaries

In this chapter we recall some basic definitions and results concerning Distri-
butions, L” spaces and Sobolev spaces, that will be essential to the subsequent

material.
We define the support of a function u € C'(RY) as the set

suppu := {z € RN ; u(x) # 0}.

Notice that, since the support of u is a closed set, it may contain points

where u(x) = 0.

We denote by D(RY) the vector space of C°°(R") with compact support,

ie.,
DRY) := {u € C*(R"); suppu is compact}

As an example of a function in D(RY), consider

( ! ) if |z] <1
exp| ————= ) i |z
ple) = x> =1

0if 2| > 1
vy

p

/“\ 3

Figure 1.1. Graphic of the function (1.1).

It is clear that p € C°(RY) and its support is the unit ball
B1(0) :={z e RN : |2| < 1}.

If 2 is an open subset of RY, we denote
D(Q) := {u € D(RY); suppu C Q}.

D(Q) is known as the space of test functions on ).

Note that supp u is a closed set contained in the open set €.

(1.1)
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Example 1.1. Let Q be the open interval |a,b] and ¢, : Q@ — R be the
functions whose graphs are given by the following pictures:

y“ y“

U1 o

Figure 1.2. ¢ ¢ D(Ja.b[) but ¢» € D(Ja.b]).

Since supp¢; = [a,b], it follows by definiton that ¢, ¢ D(2). On the
other hand, supp 1y C Q and so 1, € D(Q).

Example 1.2. For any compact K C R”, there exists a test function ¢ €
D(RY) such that p(x) =1 for all z € K. Indeed, let £ > 0 and consider the
sets

K, = {x c RY; dist(z, K) < g}, F, = {x c RY; dist(z, K) > 25.}.

Then K. is compact, F. is closed and K. N F, = ().
Let f:RY — R be the function defined by

dist(z, F)

T0) = G, K2 + dist(a, B2)

It is easy to check that f is continuous, 0 < f < 1 with support equals Kj..
To define the desired test function, we take n € N with ne > 1 and

o(2) = (60 f)( /%x— () dy.

e =" ), = ([ o)

with p the test function given in (1.1).

As the function ¢ inherits the regularity of ¢, if follows that ¢ € C°(RY).
To show that ¢ has compact support, note that the support of the mapping
y +— ¢(y — x) is the closed ball By, (x). So, if dist(x, K) > 3¢, Byn(x) C F.
and ¢(x) = 0. Moreover, if v € K, we have By /,(x) C K. and consequently
Blz) = 1.

where
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Example 1.3. Given K compact and F closed, disjoint subsets of RY, we
can construct a test function ¢ such that ¢|x = 1 and ¢|r = 0. Indeed, it
suffices to consider ¢ < dist(K, F')/4, define

K. = {x c RY; dist(z, K) < 5}, F. = {x c RY; dist(z, F) > 5.}

and repeat the arguments of the above example.

1.1 Distributions

Rigorously speaking, a distribution T' in € is a continuous functional defined
in D(Q2) which is endowed with a (complicated) topology. More precisely, let
a=(ai,...,ay) € N¥ be a multi-index and || = ay + ...+ ay. For every
© € D(R), we denote the derivative of ¢ of order a by

ol
D% = .
L T R R

If K is a compact subset of {2, we define
Dk (Q) := {1 € D(Q); suppy C K}.
On Dk (£2) we have the following family of seminorms { N, ; o € NV}, where

Na() = max | D*0(z)].

z€Q

Associated to this family we can introduce a topology on D(€2), namely the
inductive limit of D (), K C Q, K compact (cf. Schwartz [26]). It is well
known that this topology is not metrizable.

For our purposes, we can overcome these difficulties by introducing a
notion of convergence in D(£2).

Definition 1.4. Let {p;};en be a sequence in D(€2). We say that ¢; — ¢
in D(Q) if:

(1) there exists a compact K C € such that supp ¢; C K for every j € N;

(2) for all « € NV, D%p; — D®p uniformly on K.
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1.1.1 The space D'(12) of distributions

The space of distributions, D'(Q2), is the topological dual of D(Q2), i.e., the
space of linear continuous functional on D(§2) with values in R (or C). For
linear functionals on D(€2), to be continuous is equivalent to the fact that its
restriction to Dy () is continuous for the topology of D (€2). More precisely,
a mapping T € D'(Q) if, and only if,

(1) T is a linear mapping from D(Q2) to R (or C);

(2) T is continuous, i.e., if p; = ¢ in D(N2), then (T, ;) — (T, ¢) in R (or
C).

Example 1.5. Let f € L] (), i.e., f is Lebesgue integrable on every com-
pact K C Q. The mapping

o€ D(Q) / f(@)plz) de

is well defined and linear. It is easy to see that it is continuous. In fact, if
w; — ¢ in D(Q) with supp ¢; C K for all j, K C {2 compact, then

’/f ) (5

‘P] ( )) dx

< maxm ~ p(a) / 7)) da.
e K
This is the basic example and, in this sense, the distributions in D’(£2)
generalize the notion of functions of L (). So, it is usual to write T} as
the distribution associated to f:

Vo e D(Q), (T;:¢) = / f(@)p() de

In the following we show an example of a distribution which is not an
element of L} ().

Example 1.6. Consider the mapping ¢ € D(Q2) — ¢(xy) € R, where zy € €.
Since it is linear and continuous, it defines a distribution d,, (Dirac mass at
point xg):

<5€D07 90> = @(xo).

It is an exercise to show that there cannot exist f € Li{
can be equal to T%.

() such that ¢,

loc

The following two properties are essential.
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Lemma 1.7. D(Q) is dense in L'(Q).

Proof. Let f € L'(Q) and € > 0. Then, we can choose a compact K C Q
such that its restriction fx to K extended to 2 by zero satisfies

[ 1) = )l o <

Take a regularizing sequence {p, }nen, i.6., pn(z) = n¥p(nz), where

l\Dlm

peC®RY), p>0, supppC Bi(0), / p(x)de = 1.
RN

It is clear that we can find ng such that K + By, (0) C . By taking
the convolution wu, = fx * p,, n > nyg, it follows that u, € C*°(R™) and
supp ty, C K 4 Byno(0) C €, which implies that u,, € D(£2). Hence,

/|un — )|d$—/RN|(fK>k,0n)(x)—fK(x)|dx—>O, as n — 400.
So, we can find n; € N such that
/\un — )|dx<§ Vi > ny,
which implies that
/ [, (z x)|de <e, Vn >max{ng,ni}

and the proof is complete. O

Proposition 1.8. If f € L} .(Q) is such that Ty = 0 in D'(Q), then f =0
a.e. in €.

Proof. 1t suffices to prove that, for every open set (2" such that Q' compact
and Q' C ), we have f =0 a.e. in (0.
Since D(Y') C D(R), it follows that

(Ty, ) = . f@)p(z)dz =0, Vo e D). (1.2)
By Lemma 1.7, given € > 0, there exists ¢ € D({') such that

N [f(x) = oa)] dz <e. (1.3)
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Therefore, from (1.2) and (1.3), we have

N ¢(x)p(r) de (¢(x) = f(2))plz) de| < emax|p(z)].  (14)

Q/
Let K; and K5 be the sets defined by
Ki={zeQ;¢(x)>e}, Ky={zeQ;o)<—c}

It is clear that they are disjoints compact subsets of 2.
Let ¢; € D(Y), 0 <, <1,i=1,2, such that (see Example 1.3)

]_, ifl’GKl, 1, iffL‘ng,
Vi) = {o, o, W= {o, it ek,

By considering 1) = 1 — 1)9, we have ¢ € D(§') satisfying —1 <1 <1 and

w()_ 1, lf.TEKl,
YTy 2 i e K,

From (1.4), it follows that

<e

Y

[ (w)i(e)da

and from the definition of K, i = 1,2, we obtain

< + ¢(2)¢ () dx

ON\K

< (1+meas())e,

Awwmm

¢(@)(x) dz
o

where K := K; U K. Moreover, since |¢(x)| = ¢ (x)¢(z) for all z € K and
|p(x)] < e for all z € '\ K, we have

/K \6(x)| dz = /K (x)(x) dr < (1+ meas((Y))e
Therefore,
[ t@lde < [ 15@) = ol de + [ o) do
+ /Q/\K |¢(2)| dz < 2(1 + meas())e.

and the proof is complete. O
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1.1.2 Derivation and convergence in D'({2)

Let T € D'(2). The mapping ¢ € D(Q) — —<T,a%ﬁ> is well defined,
linear and continuous. It then defines a distribution denoted by %. More

generally, for o € NV, we have:

Definition 1.9. The mapping ¢ € D(Q) — (—1)1*l(T, D) is a distribution
called distributional derivative of T of order «, denoted by DT

It is an elementary exercise to show that ¢ — D%T' is a distribution.

Remark 1.10. In this sense, we can define the derivative (of any order) of
any function in Li (Q); for f € L] _(Q),

loc loc

(Dl ) = (~1)"! / f(2) Dl () da.

Definition 1.11. A sequence {71}, }nen), T € D'(Q2), converges to T in D'(€2),
if
lim (T, ) = (T, ), Vp € D(Q).

n—0o0

If the sequence {T},},en converges to T in D'(£2), we write
T, = T in D/(Q).

Theorem 1.12. Let {T,},en be a sequence of distributions such that, for
all o € D(R), the sequence {(T,,, ¥) }nen converges in R to some limit called
T(p). Then, the mapping ¢ — T'(yp) defines a distribution T and T,, — T in
D'(Q).

Corollary 1.13. IfT,, — T in D'(2), then, for any o € NV, DleIT,, — DlelT
in D'(Q)

Example 1.14. Let us consider the Heaviside function on R, H : R — R
defined by
1ifz >0,
H(z) =4
0if z <0,
Then H € L} (R) C D'(R). If ¢ € D(R), then

loc

= _/0 h fl—i(x) dz = ¢(0) = (do, )
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Since .
— = {0 M D(R
<dx,<p> (o, ), Ve € DR),
we have dH
% = 50 in D/(R)

Example 1.15. Let f: R\ {zo} — R a C' function such that

lim f(z) = Ly, hm f(x) = Lo,

JE*%Z‘O 1‘4)330

where Ly # Ly. As in the above example, f € L] _(R) C D'(R). Therefore,

(L) =-(15) =~ [10F@a- [TrofFw
= _ngp(;co)ju/mo ;Z];( Jo(x) d:c+L2g0(:c0)—|—/+oo ;Z];( )e(x) do

o

If we denote g : R\ {zo} — R by
df

B %(x) if = < o,
9(x) =\ g

—(x) if x> xo,
dz

then g € L{ .(R) and

df

dr [LQ 1](5$0 + g in D/(R)

1.2 L spaces

Let Q be an open subset of RY. For 1 < p < 400, we define
LP(Q) = {f: Q= R; f is measurable and / |f(z)|P dz < 400},
Q

and, for p = 400,
L>*(Q) = { f:Q —=R; fis measurable and essentially bounded},

For essentially bounded we mean that there exists C' > 0 such that | f(z)| < C
for almost every x € ().
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We set

1/p
I fllp = [/Q |f(x)|pdx] and || || := inf{C’ >0; |f(x)] <C, ae. in Q},

which are norms for LP(2), 1 < p < 400 and L*(f2), respectively.

We can prove that with these norms, LP(Q2) (1 < p < 400) is a Banach
Space. Moreover, if p = 2, the space L?(Q) is a Hilbert space for the inner
product

(f.g) = /Q F(2)g(x) do.

Note that, if f € LP(Q2) and g = f almost everywhere in €2, they define
the same element in LP(£2).

We write p’ the conjugate exponent of 1 < p < +oo by the relation
1/p+1/p’ = 1. Or, more generally,

L, if 1 <p<+o0,
/ p_l
p = +oo, ifp=1,
1, if p=+oc.

Theorem 1.16 (Holder’s inequality). Let 1 < p < +o0 and p’ its conjugate
exponent. If f € LP(Q) and g € L¥'(Q2), then fg € L'(Q) and

/Q (@) g(@)] dz < | Flpllgly-

For p = 2, this inequality is called the Cauchy-Schwarz inequality.
Proof. The cases p = +00 and p' = +o0 are trivial. So, let 1 < p < +o0.
For all a,b > 0, we have (the Young inequality)

a? b
p p

Indeed, since x — log x is concave,

a? b 1 1 /
log | —+ — | > —loga” + —logt” =loga+logb = log(ab).
p p p D

Hence,
F@)g(a)] < ]19|f<as>|p " Z§|g<x>|p2
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which implies that

Jire@elar < [1@rdos < [lo@l de= s+ ol

If we replace f by Af, with A > 0, we get

3 [ 1@ @l de < 21 + ol
So,
| i@ g@lde < v sl clally, Ao
which implies that
)| da < f 1/\19—1 P 1 P
|f z)| dx in p ||f||p+p,—)\||g||p/ :

We can see that the infimum is achieved when \ = HfH;ngHg:/p, and the
result follows. O

Theorem 1.17 (Minkowski’s inequality). Suppose 1 < p < +oo. If f,g €
LP(2), then f + g € LP(Q2) and

1f +gllo < 1f 1l + Nl (1.5)
Proof. If f,g € LP(2), then, by convexity or s+ |s|?,
(@) + g(@)P < (|f(@)] + |g(=)])" < 277 (| f(@)” + |g(2)I7).-

Consequently, f+ g € LP(Q).
Now, if p =1 or p = 00, the inequality is trivial. Otherwise, we have

£+ 9l = [ 17+ glf +9P < [ 1Al +gP7+ [ lglls+ gl
Q Q Q
Since |f + g|P~! € LY (Q), it follows from Hélder’s inequality that

1F +glly < (Flls + Ngllp)ILf + gl
and we obtain (1.5). O

Remark 1.18. As a consequence, we have that f — || f||, is a norm.
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1.2.1 Essential convergence theorems

We present now three very important theorems and some additional proper-
ties without proof.

Theorem 1.19 (Beppo-Levi Monotone Convergence Theorem). Let { f, }n>1
be an increasing sequence of non-negative functions in L'(Q), such that

sup [ @) < o0

Then, there exists f € L*(Q) such that
(1) fo— f ae in €
(2) [[fu—flli =0, as n — oco.

Theorem 1.20 (Lebesgue Dominated Convergence Theorem). Let {f,}n>1
be a sequence of functions in L*(§2), such that

(1) fo— f ae in$);
(2) there exists g € L*(Q) such that, for alln € N, | f,(z)| < g(z), a.e. in .
Then, f € L*(Q) and f,, — f in L*(Q).

Theorem 1.21 (Vitali Theorem). Suppose that  is bounded. Let { f,}n>1
be a sequence of functions in L'(Q) such that

(1) fo— f ae in €y

(2) (fn) is equi-uniformly integrable, i.e. for all ¢ > 0, there exists § > 0,
such that, for any A C Q, with meas(A) < 9, we have

[h@ldrse va
A

Then, f € LY(Q) and f, — f in L'(Q).

Lemma 1.22 (Fatou Lemma). Let {f,}n,>1 be a sequence of functions in
LY(Q) such that

(1) for eachn € N, f, >0 a.e. in Q;

sup/ fulz) de < 4o00.

neN

Let f(z) := liminf, . fu(x). Then, f € L*(Q) and

/Q f(a)de < limint / Iz
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1.2.2 Additional properties:

In addition to the above results, it is worth mentioning the following.
Theorem 1.23 (Density). If 1 < p < oo, D(Q) is dense in LP(5).

This result is not valid for L>, because the uniform limit of continuous
functions are necessarily continuous.

Proposition 1.24 (Completeness). LP(S2) is a Banach space, for all1 < p <
+00.

Theorem 1.25 (Topological Dual). For 1 < p < oo, we have (LP(Q))/ =
LP(Q) and (Ll(Q))/ = L*(Q2). However, the topological dual of L>(S) is
not L'(Q).

Remark. As a consequence, for 1 < p < +o0, LP(1) is reflexive, i.e., it is
isomorphic to its bidual. But L'(Q) and L>(Q) are not reflexive.

If fe L'(RY) and g € LP(RY), with 1 < p < oo, we define the convolu-
tion of f and g by the function

(f*g)(x) = - flx—y)gy)dy = - fW)g(z —y)dy.

Proposition 1.26. If f € L'(RY) and g € LP(RY), with 1 < p < oo, then
f*ge LP(RY) and
1+ glly < [1flllgllp-

Moreover, supp (f * g) C supp (f) + supp (g).

1.2.3 Weak and weak-*x convergence

Definition 1.27. Let F be a Banach space and E’ its topological dual. We
say that a sequence {f,}nen in E converges weakly to f € E (and write
fo— fin E) if

VL € F', li_)m (L, fr) = (L, ).
Remark. It is important to notice that strong convergence implies weak
convergence, since

(L, fo = D] < WLl fo = fllE-

However, the converse is not true (in infinite dimension).
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Example 1.28. For 1 <p < oo, f, — f in LP(Q)) weakly if

lim [ g(z)fu(x)de = / g(x)f(z)dz, Yg e LP(Q).

Example 1.29. In a Hilbert space H, as H' is isomorphic to H, we have
fn — f weakly in H if, and only if,

,}ijglo(ga fo)e =(9,f)n, Vg€ H.

As a consequence of Banach-Steinhaus Theorem, we have

Proposition 1.30. Every weakly convergent sequence in E is bounded in
E.

Theorem 1.31. Let E be a Banach space and K a closed (for the strong
topology) convex subset of E. Then K is closed for the weak topology of E.

Proof. Let K be a closed convex subset of E. We denote by Hx the family
of closed half-spaces which contain K, i.e.,

HeHxg < ILeE, aeR such that H={ve FE; (L,v) >a}DK.

We want to show that K = ﬂHeHK H, ie., K coincides with the inter-
section of all closed half-spaces containing K.
Of course, for all H € Hg, we have that K C H which implies K C

ﬂHEHK H.
Now, suppose that exists vy € ﬂHeHK H, such that vy ¢ K. Then, from

Hahn-Banach Theorem, there exists a hyperplane Hy := {v € E; (Lg,v) =
ap} separating K and vy, i.e.,

(Lo,v) > o, Yo € K and (Lg, vg) < ay.

Let ﬁo ={v € E; (Ly,v) > op}. Then K C ]7; so that ]7; € Hg. Since
vo ¢ }70, we have a contradiction.

Now, if L € E’, L is continuous for the weak topology, so that Hy is
closed weakly. Since we proved that K = Hg, the proof is complete. 0

Proposition 1.32. If f, — f in F and if L : E — F' is a continuous linear
map, then

L(f,) = L(f) in F.

Proof. UT € " and L € L(E, F), we have ToL € E'. Since (T, L(f,,))r'.r =
(T'o L, fn>E’,Ea we have

JL%(Ta L(fu))rr = nll_{IOlO(T oL, fu)pre=(ToL,flpe=(T,L(f)rr

O
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Remark 1.33. It is noteworthy that, as LP(Q2) C L
D(Q) C LY (Q), if f,, — f weakly in LP(Q) we have

/fn dx—>/f z)dz Vo € D(Q),

which means that T, — T in D'(Q2), i.e., weak convergence in L?(2) implies
convergence in the sense of d1str1but1ons.

In reflexive Banach spaces (in particular Hilbert spaces), weak conver-
gence play an important role because of the following.

Theorem 1.34. Let E be a reflexive Banach space. If { f, }nen is a bounded
sequence in E, then {f,}.en is weakly relatively compact, i.e. there exists a
subsequence { f,, }ren and f € E such that f,, — f weakly in E.

Notice that, if 1 < p < oo and if (f,,) is bounded in LP(2), then there
exists a subsequence {f,, tren and f € LP(Q) such that f,, — f weakly in
LP(Q). This result is not valid in L'(Q) and L*>°(f2)), because they are not
reflexive.

We know that convergence in norm imply weak convergence, but the
converse is not true, as we can see from the following examples.

Example 1.35 (2 unbounded). Let @ =R, 1 < p < 400 and f, : R - R

defined by
lif n<z<n+l,
falz) = {

(Q) c D'(2) and

loc

0 otherwise.

First of all, notice that || f,||, = 1 and
n+1
lim [ fo(2)p(z)dzr = lim p(x)dr =0, V¢ e D(R)
R

n—oo n—oo

Take g € LP(R). Since D(R) is dense in L” (R) (see Thm 1.23), for
e > 0 given, we can find ¢ € D(R) such that ||g — ¢||,; < e. Therefore, from
Holder’s inequality,

/R 9(@) ful) dz

which implies that f,, — 0 in LP(R) weakly. However, f, does not converge
strongly in LP(R), because || f,||, = 1 forall n € N.

Example 1.36 (2 bounded). Let Q = |0, 1] and f,, : ]0, 1[— R defined by

n+1

n+1
<Uhbllg—ely+ [ etdr<es [ oy

n

2k 2k + 1
1if —<z< i , k=0,....,n—1
fl@) = §Z+1 22k:+2
—1 if <z< , k=0,....n—1.

n
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y“

f2

0

~1
Figure 1.3. The graphic of function f,.

To show that f,, — 0 in L?(]0, 1[), we proceed in four steps.
Step 1: Notice that, by definition,

(W+1)/n
/ fo(lx)de =0, 0<k<K <I. (1.6)
k/n

Step 2: For any 0 < a < b < 1, we have
b
lim [ fu(z)dz=0.

n—oo a

Indeed, for n € N such that 1/n < b — a, consider

k E +1
ki(n) == max{kEN; —<a}, ko(n) := min{k’EN; i >b}.
n

n

Then, it is clear that k;(n) < ka(n) and following the previous step,

b a (k2(n)+1)/n
/ fulz)dx| < / folz)dz| + / fulz) dz
a k1(n)/n b
1
< 'a — —kl(n) + 'b— LQ(M i )‘ < 2
n n
if we choose n € N such that 1/n < e.
Step 3: As an immediate consequence of (1.6), we have
1
lim fo(x)(x)dzr =0, for all step function ). (1.7)
n—oo 0

Step 4: Let € > 0 and g € L?(]0,1[). From density of D(]0, 1[) € L*(]0, 1]),
we can choose a function ¢ € D(]0, 1]) such that ||g — ¢||2 < €. Hence,

[ oty

gﬂmm—wmnmmwiénww@m

<cellfull2 +

Aﬁmwwm
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Since the space of step functions is dense in L'(]0, 1[), there exists a step
function ¢ such that ||¢ — ¢||; < e. Therefore, from Hélder’s inequality and
the fact that ||f,|lcc = 1 for all n € N, we have

/01 g(x) fulz)da| < 2e + /01 fo(x)(x) dz

from which we conclude that f,, — 0 weakly in L?(]0, 1]).
However, f,, does not converge strongly in L*(R), because || f,|l2 = 1 for

all n € N.

Remark 1.37. A natural question is what happens concerning bounded
sequences in non reflexive Banach spaces. Two cases must be considered,
depending wether F is the dual of another Banach spaces F' or not.

Let us consider the first case where F' is a Banach space and F = F”.

Definition 1.38. We say that {g,}nen converges weakly-x to g in F’ (and
we write g, — f in F'), if

VieF, (gu f)rr— (9 [)rr asn— oo.

Example 1.39. Let £ = L>(Q) = (L'(Q))". Then g, — g weak-* in L>®(Q),
if
Ve, [ aof@de— [ o)) ds
Q Q
In this case, we have a positive answer to our question, namely:
Theorem 1.40. Let E be the dual space of a Banach space F' (E = F'). If

{gn tnen is a bounded sequence in E, then there exists a subsequence {gn, }ren
and g € F such that gy, = g weak-+ in E.

Remark 1.41. If g, = g weak-* in L>®(Q), then g, — g in D'(Q).

Unfortunately, in the other case (for example, in L'(Q)), we don’t have
analogous property and we cannot say anything important for bounded se-
quences.
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1.3 Sobolev spaces

In this section we introduce the Sobolev spaces and we present their principal
properties. As before, {2 will denote an open subset of R™.
For m € N, we define

H™(Q) :={v e L*Q); D" € L*(Q), Vo € NV, |a| < m},

where the derivative D® is in the sense of distribution. We endow H™((2)
with the norm

H™(Q) L2(9) L2(Q)
[y = ollfe + Y, DI}

1<|al<m

For example,

0
H'(Q) = {ve LXQ); a_;- €L*(Q),Vi=1,...,N},
N
ov
H/U”?{l(ﬁ) = ”UH%%Q) + Z 7 :
i=1 tIL2(Q)

Proposition 1.42. H™(S2) is a Hilbert space for the scalar product

(v,w)gm@) = (v,w)20) + Z “v, D*w) 2(q).-

1<|al<m

Proof. The only thing that is not evident is that it is complete. To prove
this fact, let {v,}nen be a Cauchy sequence in H™(2). Then, it is a Cauchy
sequence in L*(Q) and the same is true for the sequence {D%v,, },en, for all
a € NV with |a| < m.

As L*(Q) is complete, there exist v and v, in L*(2) such that

v, — v in L*(9),
D%, — v, in L*(Q).

v, = v in D'(Q),
D%, — v, in D'(Q).

But we know from Corollary 1.13 that v, — v in D'(2) implies that D*v,, —
D*v in D'(Q2). So, we have D*v = v,. This shows that v and D®v belong to
L3(2) for 1 < |a| < m, so that v € H™(Q).
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Now, for a given £ > 0, there exist ng € N such that, for n > ny,

[on = v[|720) < €%/C,
||Do‘vn — DaUH%Q(Q) < 52/0,

where C' = #{a € NV ; 1 < |a| < m}, from which we conclude that
2 2
v — UHHm(Q) <&’ Vn = ng,

and v,, converges to v in H™(Q), O

Definition 1.43. For m € N we define HJ'(Q2) as the closure of D(2) in
H™(Q), ie., Hp(Q) =D .

H{" () is a closed subspace of H™(2) and therefore is a Hilbert space
(for the same scalar product as for H™(£2)).

Proposition 1.44. The map v — v defined by

o Jo(x) ifreQ,
vlz) = { 0 ifxdQ,

(called extension by zero) is a linear continuous operator from H{'(Q2) to
H™(RN). In particular, it is continuous from H} () to L*(RY).

Proof. 1t is clear that if ¢ € D(Q2), then ¢ € D(R"), D = Eac/p for all
a € NV and [|9]l g1 vy = l¢ll g2 (o) So, the conclusion follows by continuity,
since D() is dense in Hj(Q). O

Remark 1.45. The extension by zero is not a continuous linear operator
from H'(Q2) to L2(RY). Indeed, let Q = (0,1) and f : ]0, 1[— R defined by
f(x) =1for all x € ]0,1[. Then

~ 1if 0<ax<1,
f(x)_{o it 2| > 1.

Since

3_5 5, — 8o ¢ L2(J0, 1]).

Theorem 1.46 (Poincaré’s inequality). If 2 is an open set bounded in one
direction, there exists a constant C' > 0 depending only on €) such that
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Proof. We can assume without lost of generality that €2 be bounded in the

x1-direction, i.e., Q C [a,b] x R¥N~!. By denoting z = (z1,2'), 2’ € RVN"!, we
have for every ¢ € D(Q),

_ /a_(p /
o(xy, / agpsx ds = 2/ go(s,x)as(s,x)ds.

Now, by the Cauchy-Schwarz inequality, we obtain

b
/(p(flfl,x/)le’ldl’, = / dl’l/ 90(1'1,17,)2dl‘/
& RN-1
/ a(p / /
= / dxl/ {/ sx)as(s,x)ds]dx

< 2/ dZL'1|:/ }Qp(s’x/)}‘a_(s,x/) d$’d8:|
a Q S
Oy
< 2(b—a)llellrze) o, .
L2(Q)

Hence, for every ¢ € D(Q),

dyp

P 2(b—a)[|Vel L2

el e < 206 a)]
12(9)

Therefore, by density, for every u € H}(Q),
[ullr2@) < 2(b— a)||Vullr2q).

which implies that

lullZr ) = lullZa)

a{L'Z LQ(Q
<(1+ c?)HVuHLQ(m < (1+ ) [lullfp e

and the proof is complete. O
As an immediate consequence of the Poincaré inequality, we obtain.

Corollary 1.47. If () is an open set bounded in one direction, then, the map

is a norm on H}(Q) equivalent to the H'(Q)-norm.
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It is important to characterize the topological dual of H}(€2), which is
denoted by H~'(Q). This is done by the following result.

Theorem 1.48. The space H™(Q) consists of all distributions T € D'(Q)
of the form

N
dfi

T:f0+28£’ where fo, ..., fn € L*(Q).
i=1 "

Moreover,

" 1/2
dfi
inf (!\fo!\i2+2|!fi|!iz> T = f0+z f ‘
i=1

is a norm on H (),

Proof. The Sobolev space H}(2) can be viewed as a closed subspace of
L*(Q)N*!. Indeed, the maping

Q) = (@), v (U’ v v )

Oxy 7 Oxy

is linear and continuous. We know that every linear continuous form 7" on
H{ () can be extended to a linear continuous form 7" on L?(Q2)N*!. So, by
identifying L?(Q)™ ! with its dual, it follows that there exist fo, f1,..., fx €
L*(9) such that

N
<~ > (an )LQ(Q N+1 — Z <f27 O ) o s Yv € HOI(Q)
i/ [2(Q)N+1

=1

In particular, for every ¢ € D(1),

_ N
< > an - (f”a.%'l) @

which means that T = fo + S0, 9k O

i=1 Ox;
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1.3.1 Additional results

We can extend the definition of Sobolev spaces of order m based on the L?
spaces, for 1 < p < 4o0.

Definition 1.49. Let m € N and p such that 1 < p < oco. We call
wme(Q) = {ve LP(Q) : D" € LP(Q), 1 < |a| < m},
which is endowed with the norm
1/p

[v][wmas@) = |U|12p(9)+ Z |Dav|€,p(g) 5

1<]lal<m

By adapting the same arguments in the the proof of Propositions 1.42
and 1.44, we have:

Proposition 1.50. W™P?(Q) is a Banach space. Moreover, W;"*(§2) defined
as the closure of D(Q2) in W™P(Q2), i.e.,

W) =)@,

is a closed subspace of W™P(Q) and, therefore, is also a Banach space.

Proposition 1.51. The extension by zero v + v is a linear continuous
operator from WP (Q) to Wm™P(RY)

The case of = RY deserves more details, because some important
consequences can be obtained.

Theorem 1.52 (Density of D(RY) in H™(RY)). For every v € H™(RY),
there exists {pn }nen in D(RY) such that ¢, — v in H™(RY), as n — oo.

Proof. Let 1 be a regular cutoff function, i.e., ¥(z) = 0(|z|), where 6 €
C>(R) is such that

0<6(s) <1, forall seR,
0'(s)] <2  forall s€R,
0(s) =1, for all |s| < 1,
6(s) =0, for all |s| > 2.

Then, 1) € D(RY). For each R > 0, denote ¢r(z) = ¥(x/R).
Given v € H™(RY), we consider vg(z) := ¥gr(x)v(x). So, it is easy to
show that
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(1) vgp € H™(RY),
(2) supp g is compact and contained in Byg(0),
(3) vg — v strongly in H™(RY) as R — oc.

Let {¢, }nen be a regularizing sequence. For every n € N, define ¢,, = ¢, *vg.
Since , € C(RY) and supp p, C Bsr(0) + supp ¢,,, we have that ¢, €

D(RY).
For every w € L*(RY), p, * w — w in L*(RY). Hence, for fixed R,
lon = vrlim@Eyy = D ID%(pn*vR) — D*vgl|72ex)
lal<m
= > llpn* (D%g) — D*vg|72@n) — O,
lal<m
as n — o0o.

Therefore, the sequence {@,, * 1, v},cn has the desired properties. 0

It is known from the classical theory of Fourier transform that the map-
ping u — u given by

() = /R exp(-2inz - Oulr) da (1.8)

is well defined for u € LY(RY,C) (which, for simplicity, we write L'(RY))
It can be shown that it is an isometry on S(RY) with the L? scalar
product, where

S(RY) = {u e C*(RY); lz|P D € L®(RY), Vo, B € NV}

is the usual Schwartz space, where the Parserval-Plancherel Formula hold,
ie.,

/RN u(z)v(x) de = /RN u(€)o(€)de, Vu,v e S(RY). (1.9)

Since D(RY) c S(RY) c L*(RY), it follows from density that (1.8) can
be extended by continuity on L*(RY) conserving the same properties, i.e.,
the mapping v € L?(RY) — u € L*(RY) satisfies

[ i = [ e

and, in particular,

[ w@Pas= [ jaRde
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On the other hand, it can be shown that

u R
a—jj(&) — —2im&;u(¢),

from what we can deduce that
H'(RY) = {ue L*RY); (1+]62)%a € L2RY)).
and

oy ~ [ (116 a6 P

This suggests a natural extension for “fractional Sobolev spaces” on RY.
More precisely, for s € R, s > 0, se define

H(RN) = {u e L2RY); (1+]¢2) 0 e LARY)},
ey = | (L 1€1) 1 gy

It can be shown that D(RY) is dense in H*(R").
For the case  # RY, we define

H*(Q) := {ulo; u e H*(RY)}.

|

For s € N and (2 sufficiently regular, all definitions are equivalent.

Theorem 1.53. If) is bounded, the embedding H} () G. L*(f2) is compact.
Moreover, if ) is regular, also the embedding H'(Q) G. L*(Q) is compact.

Proof. Let u € H}(Q) and u € H'(RY) its extension by zero. Since
is bounded, we can choose R > 0 such that suppu C Q C Bg(0). Let
{tn}nen be a sequence in HJ(f2) such that u, — u in H}(Q) weakly. So,
Vp = u, —u — 0 in H}(Q) weakly and is bounded in HJ (). Therefore,
v, € H'(RY) with suppv,, C Br(0) and

- = = 2 = 2
||Un||L2(RN) = ||Un||L2(RN) :/ }Un(g)’ dg +/ ’Un(g)} d£
B (0) RN\ By (0)

2o a <1+|€|2) = o2 g
= /BM(O)‘U (5)} £+/RN\BM(0) 1+ M? ‘ ‘ 5

1
S Un d£+ ||Un|| (RN
/Mo)r O de+ 15 B

Let € > 0. As [|0,]1%: &) = ||vn||§{é(ﬂ) < C, there exists My > 0 such that

1 12 €
W|’UHHH1(RN) <5
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Now,

wO = [ = [t @) d

Br(0)
:/ vn(w) (7™ X p (0 (7)) d
RN

Note that, for £ given, the map x +— ¢ 2™ <X g (2) is a function of L*(RY).
As 0, — 0 in L*(RY) weakly, we have, for n — +o0,

~

F(e) = /[R ala) (¢ X () 0.

On the other hand,
O < [ o)l de < CR) ol < C'(R).
Br(0)
From Lebesgue’s Theorem 1.20,

/ |'z§v;(£)|2d£—>0 as n — 00.
B (o)

Therefore, |0, r2@yy — 0, which proves the compactness of the injection
HLNQ) . L*(Q).

If ©2 is bounded and regular, it is possible to define an extension (but not
by zero) from H'(Q) to H} ('), where €' is bounded such that ' D Q and
the previous argument can be applied. O

Proposition 1.54. Let C,(RY) the space of bounded continuous functions.
If s > N/2, we have H*(RY) . Cy(RY).
Proof. Let u € H*(R™). By the inverse Fourier transform F~!, we have

2imz-€
§/2~
————— (1 +[¢")a¢)ds. (110
e R e M CESEY)
We know that g(&) := (1 + |£|2)s/2ﬁ(§) is a function of L*(RY). If the
map & — (1+ \§\2)_8/2 also belongs to L*(RY), Eq. (1.10) shows that u is
the inverse Fourier transform of the function & — g(&)(1 + |£]?) ~*? Wwhich
belongs to L' (RY). Hence, the conclusion follows, because the inverse Fourier
transform maps L'(R™) into Cy(RY).
Note that & — (1 + |€|2)_S/2 belongs to L?*(RY) if, and only if £
(1 +[£]%)"" belongs to LY(RY), which is equivalent to r ~— r¥=1(1 4 r2)~*
be integrable on (0, +00). It is easy to see that this conditions is satisfied if,
and only if, 2s — (N — 1) > 1, i.e., s > N/2. O

u(z) = /RN * (S dE =
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Corollary 1.55. If s > N/2, we have H3(Q2) G Cy(2). Moreover, if Q) is

regular enough, H*(Q) G Cy(9).
We can also prove the following embedding theorem.

Theorem 1.56. (1) Ifp < N, W'"?(R") . LP"(RY), where p* = Np/(N—p)
and ||U/||Lp*(RN) S CHVUHL;;(RN), Yu € Wl,p(Rn)'
(2) Moreover, WHN(R") . LY(RY), Vq € [N, +oo [ and
(3) if p> N, WhP(R") <. L>®(RY).
By iteration we obtain

Theorem 1.57.

1 m 1 1 m
1) If =—=>0 W™ (R" LYRM. for = = = — —.
(1) 1f =5 >0, (®") & LI(RY). for - = - = %
1
Q)H;—%:Q Wme(R™) & LYRY). for q € [p, +0o].
1m m,p[(Ton oo /mp N
@)HE—N<Q Wm™P(R™) & L=(RY).

1.3.2 The Trace Operator on H'(()

Let © be an open subset of R, whose boundary will be denoted by I'. We
assume that €2 be regular in the following sense: for each point o € I there
exist R > 0 and a diffeomorphism h : Bg(c) N — B, where BT is the half
unit ball of RY, i.e.,

BT i={z=(/,ay); 2 e RY"', |z| <1land ay > 0}.
With this assumption, we can proceed as a first step by considering ) =
RY.
Jr

Theorem 1.58. The classical trace defined on D(@) by yop(2") = ¢(a’,0)

Vo' e RVl andVp € D(@) can be extended by continuity to a continuous
linear map from H'(RY) to L*(RN~1).

Proof. For each ¢ € D(@), we have

400 +00
Yop(x')? = —/0 a—(cp(x', s))2 ds = —2/0 o, s)ai(x', s) ds.

83:N

Hence,
9e

oellzzav-1) < 206l 2ay) Dn

L2(RY)

and the conclusion follows by continuity. O
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Remark 1.59. In fact, we can prove that you € HY?(RN™') for all u €
H 1(R$ ) and the mapping u — ~yu is linear continuous and surjective from
HYRY) to HY*(RN=1). Conversely, it can be proved that there exists a
linear continuous lifting R : HY2(RN=1) — H'Y(RY) such that v o R is the
identity operator on HY2(RN-1).

Using local charts, these results can be extended to the case of ) regular,
i.e., there exist vy : H'(Q) — H'/?(T) linear continuous that generalizes the

usual traces for ¢ € D(Q2), and we also have
ovllZay < Cllvlle@llvllme), Yo e H(Q)

and it can also be proved that there exists a linear and continuous lifting
from HY2(T) to H'(9)

Remark 1.60. Also noteworthy is the fact that
HA(Q) = {v € HY(Q); 300 = 0}.

Indeed, it is clear that Hj(Q) G {v € H'(); v = 0}, as we can approxi-
mate v € H}(Q2) by functions in D(2), which have a zero trace. The reverse
inclusion is more complicate (for details, see [8]).

It is also important to take in account the following properties:

e D(RY) isnot dense in H™(RY), (m > 1), but it can proved that D(@)
is dense in H™(RY), where D(RY) is the space of restrictions to RY of
functions of D(RY).

e If Q2 is regular enough, this implies that D(Q) is dense in H™((2).



Chapter 2

Second order variational problems

In this chapter we consider boundary value problems for linear elliptic partial
differential equations of divergent form

N
0 ou
_ 2 g 22 — in Q
Z o (awaxj)jtcu f, in €
i,j=1

where ¢ and a;5, 4,7 = 1,..., N are given functions defined on (2.
Note that we can write this equation in the following concise form

—div(AVu) + cu = f,

where div is the divergent operator and A is the matrix with entries a;;.

2.1 Lax-Milgram Theorem

Concerning the existence and uniqueness of solutions, the following result is
fundamental.

Theorem 2.1 (Lax-Milgram). Let V' be a Hilbert space for the scalar prod-
uct ((+,-)) associated with the norm ||.| and let a(-,-) be a bilinear form on
V' x V' such that:

(1) a(-,-) is continuous, i.e., there exists M > 0 such that
|a(v, w)| < MlJv[[[lw]], Vo,w eV,

(2) a(-,-) is coercive, i.e., there exists o > 0 such that

a(v,v) > aljv|?, Yo eV (2.1)

Then, for every L € V' there exists a unique u € V satistying

{ a(u,v) = (L,v), Yo eV,

uelV. (22)

Moreover, the mapping L € V' +— u € V' is linear and continuous with

1
lull < =[[L]lv.
«
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Proof. Let L € V'. For each fixed v € V| the mapping w — a(v,w) is a
continuous linear form on V. Therefore, there exists an element A, € V'
such that

a(v,w) = (A,,w)yry, YweV.

Then, the problem (2.2) is equivalent to determine the unique solution u € V'
of the equation

A,=LinV', weV.

From Riesz Theorem, V' is isomorphic to V', so that if J : V' — V' is this
isomorphism, we define A:V —V, Av:=J 1A, € V.

It is clear that the map v — A, is linear from V to V/,sothat A: V — V
is also linear. Let us show that A is continuous. In fact, for all v,w € V we
have

|(Av,w)| = [(Av, whyrv| = la(v, w)| < MJv][lw].

which implies [[Av||? < M| Av||||v|| for all v € V. Consequently, ||Av| <
M ||v]| for all v € V', which means that A is continuous.

Let us call F = J 'L € V, so that the problem (2.2) is equivalent to

Au=FeV, ueV. (2.3)

For a given p > 0, the problem (2.3) is equivalent to determine a solution
u €V of u—p(Au — F) = u, or equivalently, a fixed point u € V of
S:V—=V,8wv)=v—p(Av—F).

If we take p := a/M?, we obtain

1S(0) = S@) |12 = o — w2 = 20(A(w — w), v — w) + Pl A — w)]?
— JJo = wl® = 2pa(v — w,v - w) + P A(w — w)|?

a
< [1=2pa+ p*M?]||lv —w|]® = [1 - W] v —w|)?.

Since we can assume (without loss the generality) that a < M, it follows
that 0 < 1 —a?/M? < 1, so that S is a strict contraction and therefore has
a (unique) fixed point. So, we have a unique solution of (2.3) or (2.2).
Moreover, aful|* < a(u,u) and (L,u)yy < ||L||y|lul], from which we
have [|u|| < Z||L||y+ and the proof is complete. O
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2.2 Applications

2.2.1 The Dirichlet problem
Consider an open subset  C RY and let V = HJ (). We define

a(u,v) := /A( )Vu(z) - Vo(z )dl‘—l—/C(ZL‘)u(ZL’)U(ZE) dx

Q

= Z/ 8;( )dx+/ﬂc(x)u(x)’u(x) dr, Yu,veV,

2,7=1

where a;;,c € L*(Q), (i,7 =1, N), and we assume that
(1) there exists o > 0 such that, for every £ € RY,

N

A@) €= ay(@)& > aléf, ae in Q. (2.4)

ij=1
(2) there exists § > 0 such that c¢(x) > 3, a.e. in (.

Then, a(-,-) is a continuous and coercive bilinear form in H}(€2).
Given fo € L*(Q), f1,..., fx € L*(Q), the mapping

’UEH »—>/f0 dx— /fj 895

is obviously a continuous linear form on H&(Q) Therefore, by Theorem 2.1,
there exists a unique u € H}(2) such that (omitting the variable x if there
is no risk of confusion)

a(u,v) /fov dr — /f]a dr, Yv € Hy(9Q). (2.5)

In particular, for any ¢ € D(Q), we have

N
/AVu-V(pdx—f-/cugpdx:/fogpdx—Z/fj 0 dx (2.6)
Q Q Q =170 Ox;

and this is equivalent to (2.5) by density of D(Q2) in H}(Q2). Since all the
functions a; 2%, cu, fo and f; belongs to L*(Q) C D'(Q), Eq. (2.6) can be
regarded in the sense of distributions, i.e.,

N 8 8u fz
<— Z 7. (Gij%) + CU780> (fo, <Z o7 790> Y € D(),
igj=1 """ J
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which means that v € Hj () is a unique function that satisfies the equation

_Z&c (”8 )+cu—f0+zaﬁ in D'(Q).

Z_]_

Moreover, from Theorem 1.48, it follows that the above equations is in the

sense of H~1(Q).

Remark 2.2. Also important is the particular case where a;; = ¢;; (the
Kronecker’s symbol). In this case, we have a unique solution u € Hj(£2) such
that

0fi
—Au+cu—fo+z f

Remark 2.3. It follows from Poincaré inequality that the result is true for
B =0orc>0if © is bounded.

2.3 Case of a(-,:) symmetric

We go back to Lax-Milgram Theorem in the case where a(-,-) is symmetric,
ie.,
a(v,w) = a(w,v), Yo,weV.

Let us define the functional J : V — R by
1
J(U) = 5(1(1},?}) - <Lav>V’,V~

Lemma 2.4. J is Fréchet-differentiable and, with the hypothesis (1) and (2)
in Theorem 2.1, J is convex, continuous and coercive, i.e.,

lim J(v) = 4o0.

lolly =00

Proof. To see that J is differentiable, we remark that for v, w € V,

( (v,v) + 2a(v, w) + a(w, w)) —(L,v)yry — (L,w)yry

[\Dll—

J(v+w) =

= J(v) 4+ a(v,w) — (L,w)y v + %a(w, w).
(2.7)
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Since that, for any v € V, the mapping w — a(v,w) — (L,w)yy is linear
and continuous and

a(w, w)
]l

it follows that J is differentiable in V' and

0 < aflw]] < < Mwll, VweV,

(J'(v),w) = a(v,w) — (L,w)yy.

In particular, J is continuous.

Since J is differentiable in V', we know that it is convex if, and only if,
its differential J' : V' — V' is monotone (semipositive definite in the context
of matrix), i.e.,

(J'(v) = J'(w),v— w>vgv >0, Yo,weV.
Indeed,
(J'(v) = J (w),v —w>v,7v =a(v,v—w)—a(w,v—w) =a(v—w,v—w) > 0.
Moreover, it is coercive because
T2 Sl = [l = J(0) = 400 as [l = +oo

and the proof is complete. 0

Remark 2.5. In the present case, as J has a particular form (quadratic plus
linear), the Eq. (2.7) can be written as

J(v) — J(u) = a(u,v —u) — <L,v—u>vf,v—|—%a(v—u,v—u)

Therefore, we see that u is a solution of (2.2) if, and only if, J(u) =
min,ey J(v). Moreover, J' is strictly monotone, since for u # w,

(J'(v) = J'(w),v—w),,, =alv—w,v—w)>alv—w|*>0.
The previous situation is a particular case of a general result.

Theorem 2.6. Let E be a reflexive Banach space and J : E — R be a
convex, continuous and coercive functional. Then, there exists u € E such
that

J(u) = min J(v).

velE
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(1) If J is strictly convex, then u is unique.

(2) If J is Gateaux-differentiable at u, i.e. there exists DgJ(u) € V' such
that, for all v € V,

lim J(u+tv) — J(u)
t—0 t

exists and is equal to (DgJ(u),v)p g, then u € E is characterized by
the equation

(DgJ(u),v) =0, veEE.
To prove the above theorem, we need the following result.

Lemma 2.7. Let £ be a Banach space and J : E — R be a convex func-
tional and continuous for the strong topology of E. Then, J is lower semi-
continuous for the weak topology of F, i.e.,
v, =~ v weaklyin E = J(v) < lrllr_r:lg)f J(vy).

Proof of Lemma 2.7. If the mapping J : E — R is convex and continuous,
then for every A € R, the set {v € F; J(v) < A} is closed and convex.
Therefore, it follows from Theorem 1.31 that it is also closed for the weak
topology.

Let {vy, }nen be a sequence in E such that v, — v weakly in E and suppose
(by contradiction) that J(v) > liminf, . J(v,). Then, there exist ¢ > 0,
ko € N and a subsequence {vy, }ren such that J(v,,) < J(v) — e, Yk > k.

Now take A = J(v) — /2. For k > ky,

U, € {w e E, J(w) <A}

Since this set is weakly closed and v,, — v weakly in E, we have necessarily
ve{weE, Jw) <A}, which is a contradiction. O

Proof of Theorem 2.6. Let us define 8 := inf g J(v), (—00 < f < 4+00) and
let {v,}nen be a sequence in E such that J(v,) — [, as n — +oo. The
sequence {v, }nen is bounded because, otherwise there exists a subsequence
{vn, ren such that ||lv,, || = +o00. But J is coercive, so that J(v,,) — +oo,
which is in contradiction with the fact that J(v,, ) — 5.

Since E is reflexive, there exists a subsequence {v,, trey and u € E
such that v,, — w weakly in £. Now, since J is a convex and continuous
functional, it follows from Lemma 2.7 that J is lower semi-continuous for the
weak topology of E, and then

liminf J(vp,) > J(u), as v, — u weakly in E.
n—-+0oo
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However, J(v,,) — ( implies that J(u) < 8. So f > —oo and J(u) = f.
Therefore,
J(u) = min J(v).

veE

(1) If J is strictly convex and we assume that there exist two solutions @ and
U, U # u, then for 0 <t <1,

J(1=tyu+ta) <1 —t)J(a)+tJ(a) =(1—t)B+18 =0

and we have a contradiction. Hence, the minimum is unique.
(2) If J is Gateaux-differentiable at u, then, for all v € E, u + tv € E and
J(u+tv) > J(u). Hence,

lim J(u+tv) — J(u)

t—0 t
t>0

which implies that (DgJ(u),v) =0 for all v € E.

Conversely, if (DgJ(u),v) = 0 for all v € E, as J is convex, it follows
that J(v) — J(u) > (DgJ(u),v —u) = 0 and we conclude that J(u) < J(v)
for all v € E. O

= (DgJ(u),v) >0, VYveEE,

Remark 2.8. The boundary value problem treated in subsection 2.2.1 was
homogenous on the boundary. The question now is how to solve the problem
in the case of a non homogenous boundary condition. More precisely, with
the same conditions as before for ¢, a;; and f € L*(Q2), we want to solve the

problem
N

0 ou
— —— | Gij— | +cu=finQ,
”21 ox; ( ]c‘h:j) / (2.8)
Yot =g on T,
where g : I' — R is a given function.
Assuming € regular, we know that the trace 7o maps H'(€2) onto H'/2(T").
Hence, if g € HY2(T'), there exist G € H'(Q) such that 4G = g. So, by
considering u = u + GG, and substituting in (2.8), we have formally

A o
- — e — — B . Q
”221 s (az] 8xj> +cu=f+ Z (aw 8x]> cG in ),

You =0 on I
This is a homogeneous Dirichlet problem and if we denote fy = f — ¢G and
fi = Zjv 1 @i gf, i=1,...,N, it follows that fy and f; are in L*(Q) and we
can find a solution u € Hy(f2). Therefore u := u+ G € H'(Q) is a solution
of (2.8)
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2.4 Regularity and the Maximum Principle

In the previous section, we gave sufficient conditions for the existence of solu-
tions u € H'(Q) of the Dirichlet problem for second order elliptic equations.
In this section we focus on the question of regularity and we establish the
(weak and strong) maximum principle.

2.4.1 Regularity

Let © be an open subset of RY and consider the Dirichlet problem
9 u .
_ ”221 Er (al-ja—%) +cu= fin Q, (2.9)
u € Hy(Q),
where a;;, c satisfy the conditions assumed in subsection 2.2.1.
Theorem 2.9. If Q) is of class C?*(Q), a > 0, a;; € CL(Q) and f € L*(Q),
then the solution u of (2.9) satisfies u € H2(Q) N H}(Q) and there exists
C > 0 such that
[l 2@ < ClIf 22

Remark 2.10. Once we have the existence of a (unique) solution u € Hj (),

the term cu can be incorporated as part of the right hand side of the equation,
so that, for the analysis of regularity, we can suppose that ¢ = 0.

Proof. Let us restrict to the case (2 = Rﬂy , since the general situation can be
proved by local charts. So, let u € H] (Rf ) satisfying the equation

- Z O, ( Y, ) = fin R (210)

If we derive both 81des of the above equation in the direction xj, for
ke{l,...,N — 1}, we have formally the following equation.

o\ Of = 9 [a; Ou\ .
_ ) = L — R 2.11
Z_ oz (a” 895]-) xy, N Zl ox; (89@ O e (2.11)

i,j=

0
where vy, = 87“ € L2(Rf ). This suggests us to consider look for the solution

k
of the following Dirichlet problem.
N
_ Z 9 (aij%> af n Z (&m‘ a_“> in RY,
= ox; Ox; oxy, = Ox; \ Oxy, Ox; (2.12)

v, € Hy(RY).
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Oa;; 0 .
Since <4 ¢ [ and —% ¢ L?, it follows that
c%ck c%ck

N

8 6az~j au 1 N

i,j=1

Hence, by Lax-Milgram Theorem 2.1, v, € HJ(f2), which implies that

U Cr2Q). i=1. N k=1, . .N-1
1=1,... =1,... — 1.
axza$k 7 Y Y ) Y
2
For the missing term 92 we get from the equation,
TN
0 ou 0 ou
—afL’N (aNN_&rN> = — ”21 8_901 (CLU%) - f
ior j#N
2.13
_ Z . 82u +8aij ou —f ( )
B = " (%Zax] 6@ afL’j .
i,j=1
ior j#N

Since the right hand side of (2.13) is a function of L*(RY), we obtain (for-

mally)

. *u  Oany Ou
NN 0% Oxy Oxn

€ L*(RY), (2.14)

which implies that
ann LY € [2RY)
NN :
ox3, *
2

— 0
But we know that ayy > « > 0 a.e. in RY, so that a—g € L*(RY). There-
TN

fore, w € H*(RY) and the proof is complete. O
Remark 2.11. There are two formal steps in the above proof, namely, in
the expressions (2.11) and (2.14); a more rigorous argument (see [11]) is by
employing the finite difference operators Df defined by
Dhu(z) = v(x + hey) — v(x)
h

We have a more general result due to Agmon-Douglis-Nirenberg [1] using

Calderon-Zygmund’s singular integrals.

Theorem 2.12. Let us assume that a;; € C}(Q) and satisfy the coercivity
hypothesis (2.1) and that € is of class C**, « > 0. Then, if f € LP(),
1 < p < 400, we have u € W??(Q) N W, (Q).
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2.4.2 Maximum principle

If u € L*(N2), we define respectively the positive part and the negative part
of u by

ut () := esssup{u(z),0}, u (z):= esssup{—u(z),0}.
xeQ) e

It is easy to see that v = vt —u™ and |u| =u™ +u".

Theorem 2.13. The mapping u — u* maps Hj () (respectively H'(2)) to
H}(Q) (respectively H'(Q)) and is continuous. Moreover, if u € H'(Q)), we
have

out  Ou
&xi = a_ZL‘ZX{u>O} .

An analogous result for u~ is also valid.

Proof. For ¢ > 0, we define

(5) (> + D)2 — ¢ if 5>0,
(s) =
7 0 if 5s<0,

It is clear that ¢. € CY(R), |¢-(s)] < |s| and p.(s) — sT, as e — 0. By
classical density arguments, we can show that, if u € H(Q), then ¢, ou €
HY(Q) and

0 , . Ou u ou .
a_xi((pe OU) = ‘Pa(u)axi = ma—xz, if u>0.

So, for u € H'(Q) fixed, we pass to the limit when € — 0 to obtain, by appli-
cation of the Lebesgue’s theorem, . (u) — ut in L?(2), because ¢, (u) — u™
a.e. and |pe(u)| < Jul.

Again, since

u Ou
0 — if 0 0 19}
5 o (u) = |u| O; >0, and ’8 e (u)| < au
Li 0 ifu<o0 L L

a.e. in €, we have also by the Lebesgue’s theorem,

0 ou .
a_jS gOa(U) — a_l’ZX{u>O} 1n LQ(Q)

Hence, u™ € H*(2) and
out  Ou
5z, ~ om0

(2.15)



§ 2.4. REGULARITY AND THE MAXIMUM PRINCIPLE 37

In the same way, we have v~ € H'(Q) and

ou—
al'i N

ou

Moreover, since u = u™ — u~, we have

Ju _Out  Ju”  Ou

ou
Xtus0y + Xiucos] = 5=Xuzop

from where we deduce that

ou
— X = 0. 2.1

To show that the mapping u — u* is continuous on H'(Q), let {u, }nen
be a sequence in H'(€) such that u,, — u in H*(Q2) and (after extracting a
subsequence if necessary)

ou,, . ou

U, — u and a.e.in€), +=1,... N.

We know that w7 — u™ in L*(Q), because the mapping u — u™ is Lipschitz
in L2(2). On the other hand, we have from (2.15),

out  Ouy, ouy,
D~ Dy w0 = Gy Mo X0y + Xqu<oy + Xju=oy ] -

It is clear that, almost everywhere in €2, we have

ou,, ou ~ o ou
a—%x{upo}x{wo} - 8_202 {u>0} — 8_xz~X{u>0}’
ou,, ou

%X{un>0}x{u<0} — %X{H>O}X{u<0} = O)
ou,, ou

X fun>0) X fu=0} =

Xus03 X qu=0} = 0,

the last one following from (2.17). Then

ouf  Ou ou™ _
axi — a—xZX{u>0} = a—xz a.e. in Q.
Since
ouf - Ouy,
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and as we are assuming that aun converges strongly in L?(), it follows from
T
Lebesgue Theorem that
ouf  Out
n in L*(Q
8951- &cz ln ( )
and v} — win H'(Q). O

We are now in condition to prove the weak maximum principle. Let a;; €
L>(Q) satisfying the coercivity condition (2.4) and ¢ € L*(Q2) ¢ > f > 0
a.e. Let us denote

0 ou
Au = — ”21 o (aija_xj) + cu.
Theorem 2.14 (Weak maximum principle). If u € H*(Q) is a solution of
Au>0in H Q) and ~u>0a.e. on T,
then u > 0 almost everywhere in ().

We recall that L > 0 in H~ () means that (L,v) > 0 for every v € H}(Q)
such that v > 0 a.e. in Q.

Proof. Let
a(u,v) ::/AVu'Vfud:ch/cumdx,
0 0

where A is the matrix with entries a;;. From (2.15) and (2.16), it follows
that

a(u,ut) = alu™, u™)
Let w € H'(Q) such that Au > 0 and yu > 0. Then, u~ € H}(Q) and
u~ >0, So,

and a(u,u”) = —alu",u").

0 < (Au,u™) =a(u,u”) = —alu",u"),
which implies that a(u~,u~) < 0 and consequently u~ = 0 and we conclude
that v > 0 a.e. in ). O

Corollary 2.15. Let u,v € H*(S) such that
Au< Av in HY(Q) and ~u <~y ae on I.

Then, u < v a.e. in ).
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Theorem 2.16 (Strong maximum principle). Let u € C'(Q2) N C°(Q) such
that Au € L (Q) and

loc
—Au>0 in Q, and u|r>0.
If u is not identically zero and ) is connex, then u(x) > 0, Vo € €.

The proof of Theorem 2.16 is a consequence of the mean value property
of subharmonic functions.

Lemma 2.17. Let u be a function satisfying the hypothesis of Theorem 2.16.
Then, for any ball B = Bgr(y) C €2, we have

u(y) > ]{93 u(o) dSp = ]é u(z) da.

Proof of Lemma 2.17. Let Bg(y) C € a ball of radius R > 0 centered at y.
For each 0 < p < R, we have from Gauss’ Theorem,

/ Vu(o)-v(o)dS, = / Au(z)dz < 0. (2.18)
aBP(y)

By (y)

If we denote o0 =y + pw with w € SV, it follows that dS, = pN~'dS; and
/ Vu(o) - v(o)dS, = p" ! / Vu(y + pw) - wdS;
9By (y) 9B1(0)

vl
N—1
=p" T — u(y + pw) dS

Ip Jo, (0) ( ) 45,

A
N-1 1-N
=p = |p u(o) dS,
Op [ 0B, ()
So, by (2.18) we see that the mapping
p— pl_N/ u(o)dS,
aBP(y)
is not increasing and

plN/ u(o)dS, > RlN/ u(o) dSg.
9B, (y) OBR(y)

But u being continuous in €2, we know that

lim plN/ u(o)dS, = Nwyu(y),
8Bp(?/)

p—0+
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27TN/2
['(N/2)
we conclude that

u(y)

where wy = is the superficial measure of the unit sphere in RY. So,

7 ), f
> u(o)dSg = u(o) dSg.
NonBY Jopa) ) 5 0B (y) ) 5

Now, we can write
Nwnp™ tu(y) > / u(o) dS,.
0B, (y)
Then, by integration in p from 0 to R, we get

1
u(y) > / u(x) dx :][ u(zx) dr.
WNRY S ) Br(y)

O

Proof of Theorem 2.16. Let Qg := {z € Q,u(z) = 0}. Since u is continuous,
Q is closed (in €2). For every y € €1y, we have from Lemma 2.14,

0=u(y>z]{3  ula)de

for R such that Bg C €). Since u > 0, it follows that « = 0 on Bp, which
implies that )y is open in ). Therefore, 29 = Q and u = 0. Hence, if u is
not identically zero, we have necessarily €2y = €2 and u > 0. 0

Lemma 2.18 (Hopf’s Lemma). Let Q@ C RY be of class C* and a function
ue CY(Q), u £ 0, satisfying

—Au>0 in Q and wulpr>0.

If u(zg) = 0 for some xy € I, then

a_u
ov

where v is the normal exterior to ) at x.

(33'0) < O,

Proof. From Theorem 2.16, we know that u(xz) > 0 for all x € Q. Let zy € T
such that u(xg) = 0. Since I' € C?, there exist y € Q and p > 0 such that
B,(y) € Q with =y € 0B,. Without loss of generality we can assume that
y = 0. Let us consider the (barrier) function

—afz> _

w(z) =e e re B,(0),



§ 2.5. EIGENVALUES AND EIGENFUNCTIONS 41

for some o > 0 to be chosen later. Since w is radial, we have

2 —
_Aw:_(aw N—-10w

- = 207" (N — 2ar?).
52 + . 87“) 2™ ( ar?)

In the open annular region B, \ B,/2, we have

2
—Aw < 2ae" ( — %) ,

since p?/4 < r? < p*.
By choosing a > 0 large enough, we obtain
—Aw <0 in B,\ B,
w=0 on 0B,

w=e M _ e >0 on 0B,)s,
Since u(x) > 0 on 0B,,, there exists € > 0 such that

_A(u—€w> >0 in Bp\Bp/27
u—ecw =0 on 0B,
u—ecw >0 on 0B,;,

From Theorem 2.14 it follows that u—ew > 0 in B,\ B,/, and (u—ew)(x) =
0. Therefore

0 0
8_3(950) < 53_75(%) = —2eape " <0
and the proof is complete. O

2.5 Eigenvalues and eigenfunctions

In view of the next applications, we recall some important facts from Func-
tional Analysis.! Let H be an infinite-dimensional Hilbert space equipped
with the scalar product (-,-) and 7' : H — H be a continuous linear operator.

Definition 2.19. The spectrum of T' is the set o(T') of all scalars u such
that (ul — T) is not invertible.

It follows that (uI —T)~" is a continuous linear operator, if 1 ¢ o(T).

LA good reference for all these results is the Brezis’ book on Function Analysis (see

[4])-
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Definition 2.20. A linear operator T : H — H is compact if it maps
bounded sets into relatively compact sets.

Clearly, every compact operator is bounded.
Lemma 2.21. If T : H — H is a compact linear operator, then 0 € o(T).

Proof. 1t 0 ¢ o(T), then T~! is continuous. Since T~! sends bounded sets in
bounded sets, T o T~! = I should be compact, which is a contradiction if H
is infinite-dimensional. O

Theorem 2.22. Let T': H — H be a compact linear operator.

(1) If p € o(T), p # 0, then u is an eigenvalue of T, i.e., there exists
w € H, w # 0, such that Tw = pw, in which case w is called an
eigenvector of T.

(2) Each eigenvalue j1 # 0 is associated to a finite-dimensional subspace of
H called eigenspace.

(3) Each eigenvalue p # 0 is isolated and 0 is an accumulation point of the
Sspectrum.

Let T : H — H be a continuous linear operator. Given v € H, the linear
mapping u € H — (Tu,v) € R is obviously linear and continuous. So, it
defines an element 7*v € H such that (T'u,v) = (u, T*v).

Definition 2.23. The mapping v € H — T"v € H is linear and continuous.
We call T* the adjoint operator of T. We say T is self-adjoint if T* =T, i.e.,

(Tu,v) = (u, Tv), Vu,v € H.

Theorem 2.24. Let T': H — H be a compact selt-adjoint linear operator.
If H is separable (i.e. contains a countable dense set), then o(T)\ {0} is a
sequence { i, tnen satistying u, — 0 Each p, is associated to an eigenvector
w,, which can be chosen such that {w, },en is a Hilbert basis of H, i.e.,

(1) (wWn, Wy,) = Opm, for all n,m € N;

(2) the linear space spanned by (w,,)nen is dense in H.
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e Applications.

Let © be a bounded open set of RY. Consider the operator

0 ou
Au = — Z a—xz(&”%) + cu, (219)

ij=1
where a;; € L®(Q), a;; = a;;, Vi,j =1,...,N, c € L>(), ¢ > 0 and assume
that there exists a > 0 such that

N

> ay@)g& = alél, (2.20)

i,j=1

for a.e. x € Q and for all £ € RV,
Associated to this operator, we consider the bilinear form: for every u,v €

H@), )
ou Ov
a(u,v) := ai-——d:ﬂ—k/cu-vd:p,
) ZJZ1/Q " 0; O, Q

Since a;; = aj;, it is clear that a is symmetric: a(u,v) = a(v, ).
As we have seen, for any L € H'(Q), there exists a unique function
u € H}(Q2) such that

a(u,v) = (L,v), forallve Hy(S),
and we can write
Au = Lin H(Q),
u € Hy(S2).
The operator A : H}(Q2) — H'(Q) is an isomorphism, so that we can
consider the continuous linear operator
veEL*Q)— Tv:=A"(v) =uec Hy(Q).

In view of the fact that the embedding of Hj () into L?*(f2) is compact, it
follows that T : L*(Q2) — L?(Q) is a compact operator.

In order to show that T is self-adjoint, take u,v € L*(2) and let Tv =7
and Tu =u. Then u,v € H}(Q2) and

(TU,’U)LQ(Q) = (E,U)Lz(g) = a(@, E) = a(ﬂ, 5) = (U,@)LQ(Q) = (U,T’U).

It follows form the uniqueness of solution that Ker (7') = {0}. Moreover,
T has a countable set of eigenfunctions w, € H}(Q2) which is a Hilbert basis
for L*(€2), where the corresponding eigenvalues satisfy p, — 0 as n — oo,



44 2. SECOND ORDER VARIATIONAL PROBLEMS

—1

Let p # 0 be an eigenvalue of T and A = p~'. If w is a corresponding

eigenvector, then AT'w = w, which implies that
Aw = \w,
w e Hy(Q),
i.e., A is an eigenvalue of A.

Since
af|[ Vw2 < (Aw, w) = a(w,w) = A|wl|Z,

it follows from Poincaré’s inequality (see Theorem 1.46) that
aHVWH%%Q) < /\||w||%2 < C)‘HVU}H%?(Q)v

which implies that A > 0. Thus, the eigenvalues of A are a sequence of
positive numbers {\, },en that can be ordered,

0</\1§A2§§An<,

with A\, — +00, and the corresponding eigenfunctions {w, },en can be chosen
to be a Hilbert basis of L?(2).
So, as (Wn, Wm)r2(Q) = Onm, it follows that, for every v € L*(Q),

o
v = E a;w;,
=1

where
o
2
an = (v, wn)r2(0), and Zan < +00.
n=1

Now, as in the present situation the bilinear form a defines a scalar prod-
uct in HJ () and a(w,,, w,,) = (Awn, W) 12(Q) = AnOpm, it follows that the
sequence {wy,/v/ A, hnen is orthonormal in H}(2) for this scalar product. So,
if v e HJ () C L*(), we have

vanLQQ) Z\Fvwnm(ﬂfijn Zb

and we conclude that

Z )\n’('u, Wn) 12(0) }2 < 400.
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This way we have the following characterisation of H}(Q) as

HY(Q) = {v € L)Y Mal(v,wn) 20| < —I—oo}

n=1
[eS) [eS)
= {’U = Z(xiwi; Z)\Z‘OQF < —|—OO}
i=1 =1

By the same way, we can characterize

D(A) :={ve Hy(Q), Ave L*(Q)} = {’U = Z(xiwi, Z)\?|ai|2 < —i—oo}.
i=1 i=1

as well as D(A?), D(A3), etc.
It is noteworthy that if v € H} (L),

a(v,0) = > Al (v, wi) 2P = Mol 7 -

i=1
which implies that

a(v,v)

A <
[v][3

. Yo e Hy(Q),v #0.

Since a(wy,w;) = A]jwi|?, the lower bound is attained at v = w;, and we
have the following variational characterization

A= min al,0)
0651;20(9) ||U||L2(Q)

This ratio is called the Rayleigh quotient of A.

Proposition 2.25. The first eigenvalue \; is simple. It is associated with
an eigenfunction wy that does not change sign in  (and therefore can be
taken positive in ().

Proof. Let wy be the eigenfunction associated to A;. We have

)\1 = 70/(/(1]1,2“}1) = min a’(U27 U) )
Hw1HL2(Q) UEgéO(Q) ”UHLQ(Q)

As we know that |wi| = |w| + |wy| € HY(Q), a(|wi], |wi]) = a(wy,w;) and
H|w1|HL2(Q) = |lw1|| 2, it follows that |w;| also realizes the minimum and
is an eigenfunction corresponding to A;.
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This is clear because, for u and v two linearly independent functions of
Hi (), the mapping

a(u+ sv,u + sv)

seR— f(s) =
T

is well defined and differentiable, satisfying f’(0) = 0 if u realizes the mini-
mum. The fact that ||u||iQ(Q)f’(0) = 2a(u, v)||u||i2(9) —2a(u,u)(u,v)r2(0) and
a(u,u) = )\1HUH%Q(Q) implies that a(u,v) = Ai(u,v)2@q) for all v € HJ(Q),
since this is obvious if v and v are linearly dependent.

So, as we stated before, |w;| is an eigenfunction corresponding to A;.
Moreover, as wy” = (|w;] +wy)/2, it follows that wi is also an eigenfunction
corresponding to Ay, i.e.,

Awt = \w™,

wt € Hi(Q),
Since \jw™ > 0 and we may assume that w* # 0 (otherwise w = —w™), the
strong maximum principle imply that w®™ > 01in Q. So, w™ =0 and w = w.

In order to conclude the proof, suppose that we had two linearly in-
dependent eigenfunctions corresponding to A;. Since we can assume them
orthogonal, we have a contradiction with the fact that they have constant
sign. So, A is a simple eigenvalue and the proof is complete. O

Note: If the operator A is no more of order 2, the former result is false.
As the last result of this chapter, we present (without proof) the Fredholm

alternative, which comes from the following general statement: If T is a
compact operator, then

R(ul — T) = Ker (ul —T*)*.

Theorem 2.26 (Fredholm alternative). Let \; be an eigenvalue of A defined
in (2.19) and E; the corresponding eigenspace. If w}, ... ,wf are linearly
independent eigenfunctions corresponding to A\; which generate F;, then the
equation

Au—du=f
has a solution if, and only if, (f, wl‘-j)LQ(Q) =0, Vj=1,...,k



Chapter 3

Second-order monotone nonlinear equa-
tions

In this chapter we are interested on boundary value problems for nonlinear
partial differential equations. In the first section, we consider semilinear
partial differential equations of the form

—div(AVu) + f(u) =g,

where A(x) is the matrix with entries a;;(z) and f: R — R.

In Section 3.2 we deal with nonlinear problems involving minimisation of
convex functionals and in Section 3.3 we present some important properties
of monotone operators.

3.1 Semilinear monotone equations

Let f: R — R be continuous and non decreasing function, i.e., . s,s € R,
s < s implies that f(s) < f(s'). For simplicity and without loss of generality,
we can assume f(0) = 0.

Let Q C RY be a bounded domain and g € H~1(2). We are interested
in the following boundary value problem

{ — Au+ f(u) =g,

u € Hy(S2). (3:1)

Theorem 3.1. There exists a unique solution u of (3.1) such that

/ f(u(z))u(z) de < +oo.
Q
Proof. We define the truncation operator: for £ € R, , T}, : R — R,

—k, if s < —k,
Ty(s) = s, if —k<s<k,
k,if s > k,
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Figure 3.1. The truncation function 7}.

In order to prove the existence of solution of (3.1), let us consider the
approximate problem

— Aw (f o T)(w) = g,
w € Hy(9).

It is clear that, for every v € L*(Q), —k < Tp(v) < k a.e. in  and as [ is
continuous, ’f(Tk(v))’ < M, for some M, > 0.
Since ) is bounded, for every v € L*(Q), the boundary value problem

— Awy, + (f o Ty)(v) = g,
wg € Hé(Q)

has a unique solution wy, = Si(v) € H}(Q), and we have from the Holder
and Poincaré inequalities,

Q Q

(lgll -1 + Mymeas(2)*?) [lw | 20

<
< Cllwill gy

which implies [|wg|| g1 < C.
If we denote by B¢(0) the ball of radius C' and center at the origin in the
space Hg(Q), the former inequality says that

S : L*(Q2) = Be(0). (3.2)
But we know that H}(Q) is compactly embedded in L*(2). Hence,

Sp: L*(Q) — L*(Q) and  Sp(L*(Q)) is compact in L*(€).
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Moreover, Sy, is continuous. Indeed, if v, — v in L*(Q2) as n — +o0, we
can find a subsequence such that v,, = v a.e. in 2. So,

f(Ti(vy,)) = f(Ti(v)) ae. inQ and }f(Tk(vm))} < My ae.
From the Lebesgue Convergence Theorem,
f(Tk(vnz)) — f(Tk(v)) in L*(Q),

which implies that Sk(v,,) — Sk(v) in Hy ().

Since the limit point Si(v) is unique, the whole sequence {Si(vy)}nen
converges to Si(v). So, S is continuous from L?(2) to L*(Q2) and Sy (L*())
is compact. From Schauder Fixed Point Theorem, it follows that Sy has a
fixed point uy, i.e., ux = Sp(ux) € Hy(Q). Hence, from (3.2), [lupll gz ) < C-

Since

/|Vuk(:p)|2dx+/f(Tk(uk))ukdx: (g,ur)
Q Q

and

/ S (Te(ug))ur d > 0,
0
it follows that [|ug| mi) < l9llz-1(), from which we get
[ 5@ty ds < gl lusligor < ol o

Therefore, we can extract a subsequence (still called {uy}ren) such that

ur — u  weakly in Hj(Q),
up, — u strongly in L?(Q),
up — u - a.e.in §2,

from which we also get f(T,(ux)) — f(u) a.e. in Q.
Let A be a measurable subset of €2 and let € > 0. Then, because

we have for M := [|g[|7 1)

/A’f(Tk(uk)) ’ = /Am{lusz}’f(Tk(uk)) ’% et /Aﬂ{|uk|§R}’f(Tk(Uk)) ’ o
< g+ [ max{fRLIA-R} de



50 3. SECOND-ORDER MONOTONE NONLINEAR EQUATIONS

Take R > 0 such that M/R < ¢/2 and § > 0 satisfying max{|f(R)|, | f(—R)|}é <
£/2. With these choices, if meas(A) < 4, we have

A
Therefore, from Vitali’s Theorem 1.21, we conclude that

f(Tk(uk)) — f(u) in Ll(Q)

and we have
— Au+ f(u) =g in D'(Q),
u € Hy(S).

On the other hand, as we have

f(Ti(ug))ur, >0 in Q,
S (Ti(ue))ur, = flu)u ace. in €,

/Qf(Tk(Uk))Uk dx < M,
it follows from Fatou’s Lemma 1.22 that
/Qf(u(:c))u(x) dx < M.
For the uniqueness, if u and u are solutions, we have

—A(u =) + f(u) - F(@) = 0.
Multiplying this equation by u — u, we obtain

/ IV (u—u)*dr + / (f(w) = f(@))(u—u)dzx = 0.
Q Q
and we have the conclusion, because f is monotone. O

It is noteworthy that, in this proof and except for uniqueness, the only
requirements on f for the existence are the continuity and the property
f(s)s > 0, which means that f(s) has the same sign of s.

Remark 3.2. The same arguments applied in the previous proof can be used
to solve the problem

u € Hy(9).

where A is the operator defined in (2.19) under the condition (2.20), but not
necessarily symmetric.

{Au-i—f(u):g,
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3.2 Minimisation of convex functional

Let E be a reflexive Banach space, and let J : E — R be a functional which
is convex, coercive and lower semi continuous for the weak topology of E.
As stated in Theorem 2.6, the minimization problem

J(u) = min J(v).

veE

has a solution u € E, which is unique if J is strictly convex and is solution

of the equation
DgJ(U) =01in El,

if J is Gateaux-differentiable.

Example 3.3. Let Q be a bounded subset of RN, E = W,?(Q), 1 < p < +00
and f € LP(Q), 1/p+1/p = 1. We define

J(v) ::% /Q V()P do — /Q F@)o(a) d.

So, it is clear that J is a continuous and strictly convex functional. Moreover,
from Poincaré Inequality (see Theorem 1.46),

1
il _ ,
T 2 a0y = 1ol
1
= ];||U||€V01,p(ﬂ) - CHf”LP'(Q)HUHWOLP(Q) — 100,

if |oflyy1pq) — 400, which means that J is coercive in WyP(Q). Hence,
0
there exists a unique u € W, ?(Q) such that

Moreover, J is Gateaux-differentiable in W§'(€) and
(Dg(u),v) = / |Vu(2)|P"*Vu(r) - Vo(z) dr — / f(z)v(z) de.
Q Q

Note that |Vul|P2Vu € LF(Q) if u € W, ?(Q). In fact, since the mapping
s + |s|P is of classe C! for p > 1, it is easy to show that J is Fréchet-
differentiable in W, ”(Q).

Therefore, as a consequence of Theorem 2.6, we have

— div(|Vu['*Vu) = f in D'(Q),
u e W,P(Q).
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As a usual notation in the world of nonlinear partial differential equations,
we have the p-laplacian operator A, defined by Aju := diV(\VUV”QVU).
With this notation, the former boundary value problem is usually written as

—Ayu=f in D(Q),
u e WyP(Q).

Example 3.4. Consider the reflexive Banach space E = H}(Q)NLP(Q) with
1 < p < +oc endowed with the norm || |z = || - ||y + || - | z». Let f € L*(Q)

(or f € H(Q) N L¥'(Q)). The functional

J(v) ::%/ﬂ|Vv(x)\2dx—|—]%/Q\U(x)\pdx—/ﬂf(x)v(x)dx

is strictly convex and continuous. As before, applying Poincaré’s inequality,
we see that J is coercive in F. Hence, there exists a unique v € E such that

J(u) = min J(v).

veE

Moreover, J is Gateaux-differentiable in E (in fact, Fréchet-differentiable)
and

(Dg(v),w) = /QV'U(x)~Vw(x) dac—i-/Q |o(x)[P~%v(z)w(z) al:z:—/Q f(x)w(x) de

for all v and w € E. So, the minimizing function v € E is solution of

—Au+|[uf?u=f in D(Q),
u € Hy(2) N LP(R).
Example 3.5. The following is an important example related to the problem
of minimal surfaces, but it is out of range of this notes and cannot be treated
here.
Let Q € RY be a bounded domain and E = W, (). We consider the
functional J : E' — R defined by

J(v):/Q\/l—k|Vv(x)|2dx—/ﬂf(x)v(x)dx,

where f € L>(Q).
It is clear that J is strictly convex and we can prove that J is Fréchet-
differentiable in £ with

J'(v) = —div (1 + [Vo))"2Vv), Vo € Wy (Q).
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If w is the solution of the variational problem

J(u) = min J(v),

veE

then u satisfies the equation of minimal surfaces

: 1 . /
—div (va> = f in D'(),

ue W, (Q).

In this example we have some difficulties related to the fact that W, ()
is not reflexive. Moreover, Poincaré’s inequality does not hold in this space.
However, if f =0, it is clear that J is coercive in W, (Q).

3.3 Monotone operators
Let E be a real Banach space and E’ its topological dual space.
Definition 3.6. An operator A : £ — E’ is called monotone if
(A(u) — A(v),u—v) >0, Vu,veE.
One says that A is strictly monotone if
(A(u) — A(v),u —v) >0, Yu,ve E u#uv.

As simple examples of strictly monotone operators, we have A = —A,
and E = W,7(Q), for 1 < p < +oo and Q a bounded domain of RY.

Proposition 3.7. If J : E — R is a convex functional which is Gateaux
differentiable, then its derivative u — DgJ(u) is a monotone operator from
E to E'.

Proof. For every v,w € E and for every ¢ € [0, 1], we have from convexity
J(v+tw—v)) < J(w)+t[J(w) — J(v)]

which implies that
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Passing to the limit as ¢ — 0, we obtain that
(Ded(v),w —v) < J(w) — J(v).
By the same way, we obtain
(D J(w),v —w) < J(v) = J(w),
and we get by addition
(DgJ(v) — DgJ(w),v —w) >0
as we wanted to prove. 0
The former result enables us to solve equations of the form

{ Au) =0,

u e kb,

if A is the Gateaux-derivative of a coercive convex functional and FE is a
reflexive Banach space.

Unfortunately, there exist monotone operators which are not derivative
of convex functionals. As examples, we can mention the following defined in
H} (), where Q is a bounded domain of RY:

Au = —div(MVu), M is a non symmetric positive matrix,

and also

Au=—Au+b-Vu, beRY.
Definition 3.8. Let A: E — E’ be an operator.

(1) We say that A is bounded if it maps bounded sets of E into bounded
sets of E.

(2) It is said to be hemicontinuous if, for every u, v, w € F, the real-valued
function ¢ € R — (A(u + tv), w) € R is continuous on R.

Theorem 3.9 (Main Theorem on Monotone Operators). Let E be a reflexive
and separable Banach space and let A : E — E' be a monotone, bounded
and hemicontinuous operator which is coercive in the following sense
A(v),v
IO R .
lols—oo  [|vf]

Then A is surjective, i.e., for every f € E', there exists u € E such that
A(u) = f. Moreover, if A is strictly monotone, the solution u is unique.
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For the proof of Theorem 3.9, we need to use the following lemma.

Lemma 3.10. Let P : R™ — R™ be a continuous mapping satisfying the
following property: there exists p > 0 such that, for every & € R™ with
€| = p, P(§)-& > 0. Then there exists § € R™, |&| < p, such that

P(&) = 0.

Proof of Lemma 3.10. Let B, = {{ € R™, |¢| < p}. Suppose that P(§) =0
has no solution in B,. Then,

SEBPH—&p

[P(6)]
maps B, into B, and it is continuous.
From Brouwer’s fixed point theorem, this mapping has a fixed point £* €
B, ie.,

oo PE)
[ P(€7)]
Therefore, [£*| = p and P(£*) - & = —p|P(£*)| < 0, which is a contradiction.

O

Proof of Theorem 3.9. Since E is separable, there exists a countable set of
linearly independent functions {w, },en such that

E,, :=span{wy,...,w,} and FE = UEm

We proceed in two steps.

Step 1 - Approximation: For each m € N, we look for a solution u € E,, of
the following system of m nonlinear equations in m unknowns,

(A(uw),wj) = (f,wy), j=1,...,m. (3.3)

For each v € E,,, there exists £ = (£1,...,&,) € Ry, such that v = > | &wy.
So, we can consider the mapping P : R™ — R™, P(£) = (P(g)l, o P(g)m),
defined as

P(&); = (A(v),w;) = (fiwy), j=1,...,m.
Then, from coercivity we have

<A(’U), v>

o]

P(&)- &= (A(v),v) = (f,v) > [lv]E [ - Hf”E’] >0,

if ||v||g is large enough.
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Moreover, the mapping P is continuous in R". Indeed, it suffices to show
that v € E,, — (A(v),w;) is continuous in E,, for each j =1,...,m.

Let {v,}nen be a sequence in E,, such that v, converges to v € E,,.
Then, {v, }nen is bounded and therefore { A(v,) }nen is bounded in E’, which
implies that {(A(v,), wj>}neN is bounded in R.

So, we can extract a subsequence still denoted by {<A(vn), wj>}neN such
that

(Avy),wj) — X;, Vi=1,....m

n—-+4o0o

and to prove the continuity, we just have to show that X; = <A(v), wj>.
By hypothesis, v, = > 7", {fw; and v = Y770 vw;, where £ — v; as
n — +oo, for all j =1,...,m. Then,

(A(vn),vn) = Z & (Alvn),wy) — Z viX;.

Now, if w € Ey,, w:= 37", ajw;, we also have

(A(vy),w) = Zaj<A(vn),wj> e Z a;X;.

As we are assuming that A is monotone, we have

0 < (A(vn) — A(w), v, —w) = Z(fjn — a;){A(vy), wy) — (A(w), v, — w)

e > (= a)X; = (A(w),v — w),
j=1
so that .
j=1

Let us consider w := v + tu, with t > 0 and v € E,,, u := ZT:1 d;w;. Then,

J=1

Dividing by ¢ and letting ¢ — 07, we obtain from the fact that A is hemi-
continuous,

Zm: (X5 = (A(v),w;)) 6; < 0.

J=1
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Since the choice of d;, j = 1,...,m is arbitrary, we conclude that X; =
(A(v), w;), which proves that v € E,, — (A(v),w;) is continuous.

As consequence of Lemma 3.10, there exists £* € R such that P(£*) = 0.
This means that, if we define u,, € E,, by u,, := Z;n:l §Gwj, we have

<A(um),wj>— (fw;) =0, j=1,...,m.

which means that u,, is a required solution of (3.3).

Step 2 - Passage to the limit: Since we have

(Atn), um) = (f,um) < | f 5wl 5,

it follows from the coercivity of A that there exist C' > 0 such that ||u,|z <
C'. Hence, ||A(uy)| g < C' for some C" > 0.
Therefore, we can extract a subsequence (still denoted with m as index)
such that
Uy — u in E weakly,

A(u,,) = X in E' weakly,

For any j € N and for m > j we have (A(un),w;) = (f,w;). Letting
m — 400, we have <X, wj> = (f,w,), for all j € N, from which we conclude
that X = f in E’, because E =, E,.

To finish the proof, we have to show that X = A(u). We know that

{ <A(um)>um> = <f> um> m_> <fa u) = <X7u>a

—+00

(A(tm) — A(W), Uy —v) > 0= (X — A(v),u—v) >0, YveE.
So, by taking v := u — tw, with t > 0 and w € E, we get
X — A(u — tw),w) >0, Ywe E, Vt>0.
Dividing by ¢ and letting ¢ — 0%, we obtain
(X —A(u),w) >0, VweE,
which means that X = A(u) and the proof is finished. O

Remark 3.11. If A is strictly monotone, we have uniqueness of the solution
A(u) = f in the previous result.

Exercise 3.1. Show that the proof of Theorem 3.9 works if we replace mono-
tonicity by the following property: if u,, — u weakly in E and A(u,,) — X
weakly in E' with lim sup(A(u,,), un,) < (X,u), then X = A(u) in E'.

m——+00
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Remark 3.12. There are a lot of generalizations of the previous result for
nondifferentiable convex functionals, subdifferentiable functionals, maximal
monotone operators , etc., that will not be considered in these notes. But,
as an example, we only mention the case of pseudomonotone operators.

Definition 3.13. An operator A : E — E’ is said to be pseudomonotone if
A is bounded and satisfies the following property: if u,, — u in E weakly
and

lim sup (A (), tm — u) <0,

m——+0o0
then

(A(u),u —v) < gQiI;f(A(um)’um —v), YvekE.
We can show that if A is pseudomonotone and F is reflexive, then A is

continuous from E with the strong topology into £’ endowed with the weak
topology. Moreover, we can also prove the following result.

Theorem 3.14 (Main Theorem on Pseudomonotone Operators). Let E be
a reflexive Banach space and A : E — E' be a pseudomonotone coercive
operator. Then A is surjective, i.e., for every f € E’, there exists u € E such

that A(u) = f.



Chapter 4

Some semilinear non monotone equa-
tions

In this case of non monotone equations, there is no general theory, but we
have some methods to solve a few examples of semilinear equations, as we
will see in this chapter.

4.1 Methods based on maximum principle

Let Q € RY be a bounded domain with boundary I" and consider the bilinear
form on H}(Q),

a(u,v) Z/aw 895 g;l( )dx—i—/gc(x)u(x)v(:c) dx,

2,7=1 J
where a;; € L>(Q2), ¢ € L>(2) and

N
Z 266 >l a>0, VEERY, ae in Q.

Then, for ¢y > |||z~ we have, for every v € H} (),
a(v,v) + col|v[|72(q) > 04“““?{3(9)-

As usual, we denote by A the corresponding differential operator

0 Ju
A = — Z a—xz (ama—x]) + cu.
2,7=1
Let f: QxR — R be a Caratheodory function, i.e., a function satisfying

the following properties:

for a.e. x € Q, the mapping s +— f(z,s) is continuous;
Vs € R, the mapping = +— f(z,s) is measurable.
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We are interested in the following boundary value problem

(4.1)

Au+ f(-,u) =0 in Q,
u € Hy(9).

To simplify the notation, we will write in the sequel f(u) instead of f(-, u),
or to be more precise, f(u)(z):= f(z, u(x)).

It is noteworthy to remark that the former problem in not necessarily
homogeneous as f may depend explicitly on x. For exemple, f(u)(z) :=

Ju()Pu(z) + g(x).

Definition 4.1. We say that ¢ is a subsolution of problem (4.1) if ¢ €
H(Q), f(¢) € L2(Q) and

Ap+ f(p) <0 in H(S),
<0 on I

Definition 4.2. We say that 1 is a supersolution of problem (4.1) if ¢ €
HY(Q), f(4) € 1(©) and

A+ f(¢) >0 in HYQ),
>0 on I

It is clear that ¢ € H'() is a subsolution of the problem (4.1) if p|r < 0
and

a(p,v) + /Q fle)(@)v(z)dr <0, Vv e Hy(Q), v>0.

and the analogous if ¢ is a supersolution.

4.1.1 Existence Result

Sub and supersolutions, together with the classical maximum principle, are
powerful tools to prove existence results for semilinear non monotone bound-
ary value problems. This is that asserts the following theorem that we will
prove now.

Theorem 4.3. Let ¢ and v be respectively a subsolution and a supersolution
of (4.1) with ¢ < % a.e. in Q, and f be a Caratheodory function. Let
mo = essinf ¢ and m; = esssup (not necessarily finite). We assume that
there exists j1 > ¢y such that the mapping s — f(-,s) — us is decreasing for
mo < s < my, a.e. in Q). Then there exists a solution u of (4.1) with

p<u<Yy ae infd
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Moreover, there exist a minimal solution u and a maximal solution u,
u < u, such that
p<u<u<y a.e inf),

., if u is a solution of (4.1) with ¢ < u < 1), a.e. in §2, then we have

IN

p<u<u<u<yP ae infd

Proof. If 1 > ¢y, we know that A + pl is coercive. Then, let us consider
the following iterative scheme: we take ug = ¢, vg = 1 and define sequences

{tn}ns0 and {vy, }nso in H () by
Aun+1 + HUp41 + f(un) — puy, =0,
AUnJrl + {Upt1 + f(vn> — pvn, =0, (4'2)
Un i1, Vnyp1 € Hy(Q).

Then, we have the following properties.

Auy + pur + f(p) — pp = 0, Avy + poy + (i) — pp = 0,
Ap + pp + fp) — pp <0, A+ pap + f(ap) — pap > 0,
urlr =0, ¢lr <0. vilr =0, ¥|r >0,

From the weak maximum principle, we have u; > ¢ and v; < a.e. in ().
Notice that we have ¢ < 1, from which we can write

Auy + puy < Avy + poy,

U1|F = O, U1|F =0.

flo)—pp > f(Y) —wp = {

and we obtain u; < vy a.e. in ).
Arguing by induction, let us assume that we have constructed wuq, ..., u,
and vy, ...,v, such that
p<u <---<u, <v, <---<w <Y, ae in Q.

Since u,_1 < u, implies that f(u,) — pu, < f(u,—1) — pu,—1 and since

AunJrl + fUpt1 + f(un> — pun = 0,
Auy, + MUy, + f(unfl) — HUn—1 = 0,
Up i1, Un € HY(Q).

we obtain as before, u,,11 > u, a.e. in (). By the same way we get v,11 < v,
and the same arguments give

Un <y = f(on) = g < fUn) = pty = Ung1 < Upgr
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So, by induction, we have constructed an increasing sequence {u, }nen
and a decreasing sequence {v, }nen such that

p<u < - <u, <o <w, <<y <4, ae in Q.

Claim 1 : There exist u and u in L*(€) such that ¢ <u <u < a.e., in Q
and
U, — u, v, — u in L*Q). (4.3)

n—-+o0o n—-+4o0o

In fact, there exists Z C Q with meas(Z) = 0 such that, for z € Q\ Z,
p(a) Sw(z) < Sup(a) <0 Soge) < <oife) < P(a)

Therefore, u(z) := lim,,_, 1 o un () and w(x) = lim,_, 1 o v, (x) satisfy p(z) <
u(z) <u(x) < ¢(x). This means that we can define the functions u, 7 : Q —
R, which are the pointwise limits of the respective sequences. In order to
prove (4.3), it suffices to notice that we have p,¢ € L*(Q) and ¢ < u, <
v, < 1 a.e. Therefore, the result follows from Lebesgue Theorem. Moreover,
because u,, < v, for all n € N, we have that u < w and the Claim 1 is proved.

Now, we consider the operator F : X — L*(Q), where X = {w €
L2(Q); ¢ < w < 4}, defined by F = f — pul, or more precisely, F(w) =
f(w) — paw for all w € X. Then, we have,

Claim 2 : F' is continuous.
Let {w, }nen be a sequence of X such that w, — w in L?(Q). Passing to
a subsequence if necessary, we have

w, — w a.e.in
F(w,) —» F(w) a.e. in §,

But F(v) < F(w,) < F(¢) and the Lebesgue Theorem implies that F'(w,,) —
F(w) in L*(€). So, the proof of Claim 2 is finished.

Since f = F + pul, f is continuous as an operator from X into L*(f2). In
particular, we have

flun) = flw)
{ o) — (@) in L*(92). (4.4)
From (4.4) and (4.2), we have
Up = U )
{Un g m Hy(9). (4.5)

So, passing to the limit as n — 400 in (4.2), we get

Au+ f(u) =0, and Au+ f(u) =0.
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Finally, let u be a solution of (4.1) such that ¢ < u < 4. Then, by the
maximum principle, u > u; (respectively u < v;) and, by the same argument,
u > ugy (respectively u < vy), and so on. Hence, u < u < 7. O

The fact that avery solution u belonging to X satisfies necessarily the
condition u < u < uw means that v and @ are the “minimal” and “maximal”
solutions, respectively; or more exactly, the smallest and largest solutions in
X.

We may have u = u and, in that case, there is uniqueness of solution in
X. We note also that the argument in the proof is constructive (and could
be implemented in numerical calculations).

Remark 4.4. Let us mention a very general result which includes the pre-
vious theorem. First of all, notice that in Theorem 4.3, if we define

T(v) = (A+pul) " po = f(v)],

then T is increasing in the sense that v < w implies that T'(v) < T'(w) and

e <T(p), v>TW), <.

We consider H an ordered space in which the order has the following
property P: every non empty family that is totally ordered and bounded
from above (respectively bounded from below) admits a least upper bound
(respectively a largest lower bound).

Theorem 4.5. Let T': H — H be an increasing mapping, where H is an
ordered space satisfying the property P. Assume that T has a lower fixed
point ¢, i.e., ¢ < T(p), and an upper fixed point 1, i.e., » > T'(1)) such that
@ <. Then T has a minimal fixed point u and a maximal fixed point u in
the set X = {wEH;gpSwgw}.

Before proceeding with the proof, it is interesting to remark that no
continuity and no topology is assumed in Theorem 4.5. Moreover, concerning
the Remark 4.4, we notice that the usual order in the space H = L?(Q2) has
the mentioned property P.

Proof of Theorem 4.5. Let U and V be the following sets:

U={ueH;p<u<y, u<T(u)}
V::{veH;<p§v§w, T('U)gv}.

Note that U # ) and V # (), because ¢ € U and ¢ € V.
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Now, let W be the following set
W= {UGV;UZU,VUGU}.

Again, W # (), because 1) € W.

We claim that W is inductive, i.e., each non empty totally ordered set
B C W has a largest lower bound which belongs to W.

Let {w,} be a non empty family of W which is totally ordered. Of course,
this family is bounded from below by ¢ and then, it possesses a larger lower
bound w € H, i.e.,

W< Wo, Va. (4.6)
As W C V, we have
T(wy) < wy, Va. (4.7)
From the fact that 7" is increasing, it follows from (4.6) that T'(w) < T'(w,)
for all a. So, T'(w) is a lower bound of {w,} and we have T'(w) < w. This

means that w € V.
On the other hand, we know that if v € U, then u < w, for every «,
which implies that © < w. So, we have shown that

weY and u<w, Yu€elU.

ie., w € W and so W is inductive.
Hence, from Zorn’s Lemma, W possesses a minimal element wy.
As W C V and T is increasing, we have

ey T Sw
{wo = T(wo ); = o < T(wo) < wp <.

wy > ¢ = T(wo) >T(p) > o,

Since T2 (wp) < T'(wp), we have
T(wo) € V. (4.8)

On the other hand, as wg > u for all u € U, it follows from the definition
of U that T'(wgy) > T'(u) > u. So,

T(wg) > u, Yuel. (4.9)

From (4.8) (4.9), we have T'(wy) € W. As wy is the largest lower bound of
W, we have necessarily wy < T'(wp). So, we conclude that T'(wg) = wy.
Moreover, if u is a fixed point of T, i.e., v = T'(u), then u € U and so
u < wpy. This means that wy is the largest fixed point of T'.
With the same arguments we can prove that 1" possesses a smallest fixed
point, and the proof is finished. O
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Remark 4.6. In the last two results, the subsolution (or the lower fixed
point) ¢ must be smaller then the supersolution (or the upper fixed point)
v. This is essential, as we can see by the following counter example.

We consider the spectral problem

{—ﬁuw¢:ommJL

¢(0) = (1) = 0.
It is well known that all eigenvalues are positive and simple, i.e., 0 < A\ <
Ao < ... < M\ < ... where \, = k*n? with the corresponding eigenfunctions

given by ¢ (z) = sin(knx).
Let us consider the problem

{—wﬂ—&u:fmmJL

u(0) =u(1) =0, (4.10)

where f € C*([0,1]) with f(0) = f(1) = 0. It is clear that there exists a > 0
such that

—a(Aa — A)P1 < f <Ay — ).
So, by considering ¢, := a¢; and 1, ‘= —p,, we see that

— b = Xpaf = —a(Xa — A\)d1 — f < 0in 0, 1],
SOO&(O) = ()001(1) = 07

which says that ¢, is a subsolution for the problem (4.10). By the same way
we can see that 1, is a supersolution for (4.10).
Moreover, it is clear that

Uo(r) <0< o), Vrelol]

and if we take f such that

/0 F (@) () di £ 0,

the problem does not have solution, as we can see by multiplying both sides
of (4.10) by ¢, and taking the integral on [0, 1].

4.1.2 Example

As an application of the Theorem 4.3, let us consider the following example.
Let Q € RY be a bounded domain and consider the (semilinear) boundary
value problem.
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{—Au+u3—)\u:OinQ,)\>O, (411)

u € Hy(S2).
It is clear that, for all A € R the null function is a solution. But for A < Ay,

where \; is the first eigenfuncion of —A in €2, the null function is the unique
solution. Indeed,

(—Au — A, u) + /

g u'(x) dr = /Q (IVu(z))® = Au(x)[* + |u(z)|!) dz = 0.

But if A < Ay, it follows from the variational characterization of A; that

/Q (IVu(@)]? - Au(@)]?) dz > 0,

which implies that ||ul|7(Q) =0 and u = 0.

For A > Ay, let ¢1 be the (positive) eigenfunction associated to Ay, i.e.,

— A¢y = Mgy in (),
¢1 € Hy(Q), ¢ >0 in Q.

We assume that sup{¢;(z); z € Q} = 1 and we define ¢, := agy, a > 0.
Then,

—Apa + @2 — Apa = alid1 — add1 + o’} = ad; [()\1 —A)+ 042@%]-
If a < /A= \1, we have that ¢, is a subsolution. On the other hand,
¥ = V/\ is a supersolution and

Pal2) = agi(z) < VA= M < VA=), Vre

From Theorem 4.3, there exists a solution u of (4.11) such that A — A\j¢; <
u < v/A. So, this problem admits also a positive solution w.

Remark 4.7. In the former example, we have my = 0 and m; = V.
Therefore, to have s — s* — As — us decreasing in [0, ﬁ], it suffices to take
0<p <2\

3 3

VAp--- v

Figure 4.1. At left, the graphics of subsolution v and supersolution
Va; at right, a solution u such that ¢ <u < ¢,.
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4.1.3 The symmetric case; more properties

We return to the problem (4.1) assuming the hypothesis of Theorem 4.3, but
now with A a symmetric operator, i.e.,

N0, Ou
Au = — 5 \dij 53— +CU,

Z (%Z ( " af[f])

1,j=1
where a;; = aj;. In this case, the associated bilinear form a(u,v) is also
symmetric. By introducing the parameter p if necessary, we can assume that
A is coercive and s +— f(+, s) is decreasing in [mg, mq] .

We define

G(x,s) = /Osf(:p,T)dT, K:={ve L*(Q);¢<v<y ae inQ}.

Note that
}G(-,s)’ < max[ }s, Vs € [mg, mq], a.e.in .
So, with the notation G(v ( x,v(z ), we have
’Gv’<max[ ), @Z)N a.e. in €,
ngich implies that G(v) € L*(Q) if v € L*(2), because the function max[f (), f(¢)] €
L*(Q).

Let us consider the functional

J(v) = %a(v,’u) +/QG(U)(3:) dx,

which is well defined for v € H3(Q) N K.

We claim that J is Gateaux-differentable in K N HJ (). Indeed, since
the mapping s — f(x, s) is continuous for almost x € €2, then s — G(z, s) is
differentiable and

Gu+t -G
lim (u w)(? w){z) = f(x,u($))a a.e. x € (L.
£0

o<t<1

Since K is convex, u+t(v—u) € K ifu,v € K and 0 <t < 1. So, for almost

every x € €,
G tHo — -G u(@)+t(v(z)—u(z))
(u+ 10 — w) (z) — Gl(w)(x) [ o) ds

t
| pule) o) —u()
S;/ }f(:c,s)’ds

< max([|f(z,¢(@)], |f (2, ¥ (@)]][v(2) — u(@)].

1
t




68 4. SOME SEMILINEAR NON MONOTONE EQUATIONS

Hence, from the Lebesgue Theorem, we obtain, for all u,v € H}(Q) N K,
(J'(u),v—u) = a(u,v—u) = {f(u),v—u). (4.12)
Let us consider the set
Ky :={ve L*(Q); ¢ <v<ul,
where u is the minimal solution of (4.1). Then we have the following char-
acterization.

Lemma 4.8. J(u) = min J(v).
vEKLNHE(Q)

Proof. Firstly we notice that v — [, G(v)(z) dz is bounded on K, because

< /Qmax{}f(so)

and it is obviously continuous on K with the topology of L?(£2). Since
K N H}(Q) is convex and closed in H}(Q), it is also closed for the weak
topology of H}(Q2) and we conclude from the compactness of the injection
Hi(Q) — L*(Q) that v — [, G(v)(z)dx is compact in K N H(Q2) for the
weak topology of H}(€).

As the same properties hold for K, N Hg (), it follows that J achieves
its minimum on this set, i.e., there exists u € K, N H}(Q) such that

J(u)= min J(v).

vEKLNHG ()

Therefore, from (4.12), we obtain (J'(u),v —u) > 0 Vv € K, N Hj(Q), i.e.,

v)dz

v)|} max{|gl, [} de

v —u) /fm (2) —u(x))de >0, Yoe K,nH\Q)
In particular, for v = u € K, N H}(Q), we have
a(u,u—u) + /Q £ (@, u(@)) (ulz) — u(z)) de > 0. (4.13)
But we know that
+ /Q f(z,u(z)) (u(z) — u(z)) dz = 0. (4.14)
As u < u, we have f(u) < f(u) and
() = f@) =y de <o

and we obtain by subtracting (4.13) from (4.14), a(u — u,u — u) < 0 and so
U = u. 0



§ 4.1. METHODS BASED ON MAXIMUM PRINCIPLE 69

Theorem 4.9. Consider the hypotheses of Theorem 4.3 and assume that
¢ € C°%Q) is a strict subsolution, i.e., a subsolution but not a solution.
Suppose that s — f(x,s) is C* a.e. in Q is such that fl(u) € L*(Q2). Then
we have

a(v,v) +/ flwv*de >0, Yve HyQ),
0

which implies that the linearized operator at u, A+ f'(u)I, has a non negative
first eigenvalue.

Proof. By hypothesis, we have

Au+ f(u) =0, a.e. in Q
Ap + f(p) <0, a.e. in Q (but not identically 0)
(u=¢)lr =0,

By the strong maximum principle, u > ¢ in §2. So, for every ¢ € DT(Q),
there exists g > 0 such that if 0 < e < gg, then u — e¢ > . Therefore,

J(u) < J(u—eo).

On the other hand, we have
2
!/ € 1
T —20) = J(u) — (' (), 6) + 5 (I (w)6.0) + o), V6 € D(Q).
As we know that <J’(g), ¢5> =0, it follows that

(J"(w)¢,¢) >0, Vo€ DHQ).
Taking the closure of DT (Q2) in HJ (), we obtain

a(v,v) —1—/ fiw)yv*dz >0, Yo >0in Hy(Q). (4.15)
Since we know that Vv € H(Q2), v —v~, with v, v~ € Hg(Q), we have
vt uT) / fi(w)(vh)*de >0,

/f )2dx > 0,

and we conclude that (4.15) holds for all v € H}(Q). This finishes the
proof. O

Remark 4.10. After an obvious adaptation of Lemma 4.8, we can prove an
analogous result for u.
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4.1.4 Uniqueness results

Theorem 4.11. Under the hypotheses of Theorem 4.9 and assuming that
©,1 € C°(Q) are sub and supersolutions, but not solutions, then the solution
win K = {v € L*(Q), ¢ < v <9 ae} is unique if one of the following
conditions is satisfied:

(1) s+ f(x,s) is strictly convex on [mg, m1];
(2) s+ f(x,s) is strictly concave on [mg, m1];
(3) s+ %(x, s) Is strictly concave on [mg, m;].
Proof. (1) Since (J'(u),uw — u) = (J'(w),u — u) = 0, we have
(J'(@) = J'(u),u—u) =0,

So, if w =u — u,

a(w,w) + / [f(@) — f(u)]wdz = 0. (4.16)
Q
But we know that (see (4.15))
a(w,w) + g—]g(g)uﬁ > 0. (4.17)
Q

Subtracting (4.17) from (4.16) we get

[ @ = - G wo| wae <o (115)

On the other hand, as w > 0 and f is convex, we have f(u) — f(u) >
%(g)(ﬂ —u) a.e. in , which implies that [f(w) — f(u) — %(Q)w]w >0 a.e.
in  and

[ = e - Zww| wae =0 (4.19)
al ds |
From (4.18) from (4.19) we conclude that

/Q @) — flu) - g—‘i(g)w- wdz = 0.

Bus f is supposed to be strictly convex and so we have u = w.

(2) Repeating the initial arguments of item (1), we obtain the same inequality
(4.18). But now, as f is supposed to be concave, we have

flu) = f(u) < fl(u)(u—1u) = —%(E)w a.e. in Q.

S
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So, f(u) — f(u) — g—f( Jw > 0 a.e. in 2 and the result follows as before.

(3) Again we write w = U — u, so that (4.16) holds. Now, as s — f(+, s) is of
class O, we have for almost every x € €,

@) = flu) = /O %(uj%w)wzdt.

From Fubini Theorem and the concavity of , we obtain

/Q[f(ﬂ)—f(u)]wdacz/o1 {/Qg—f(g—i-tw)dex} dt
2/01 {(1_75)/?‘( oo 2dx+t/g£(ﬂ)w2dx] dt
B gjsc /83 Ju'da.

Adding a(w,w) in both sides of the previous inequality, we get

O:a(w,w)+/[f(ﬂ)—f( Nwde > - { a(w, w) /83 de]

Q
1 Of .\
+ 5 {a(w,w) —I—/Q P (w)w d:p} >0
Therefore,
! af af af
t 1—t —t—=(u) pw* dx | dt =
[ st - a =05 0w - 5@ fuad] de—o
and the conclusion follows because ﬂ is strictly concave. O

Example 4.12. As an application of this last result, let us return to the
problem (4.11)

—Au+u* = u=0 in Q,
u € Hy(S2).

We have seen that for A > A\, p,;= a¢ is subsolution if 0 < 0 < /A — Ay,
¥ := /M is a supersolution and, as a consequence of Theorem 4.3, there exists
a positive solution v on K := {v € L*(Q); po <v < ¥ }. But f(s) :=s—Xs
is strictly convex in R*. Then, this solution is unique in K.
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4.2 Variational Methods

In this section we focus on two type of equations in a given Banach space V.
The first one is equations of the form

ueV, A(u)=0,

where A is the Fréchet derivative of a C! functional J : V — R, i.e., A(v) =
J'(v), for all v € V.

We will also consider equations like
uweV, A(u)=AB(u), IeR,
where A and B are respectively Fréchet derivatives of C! functionals J, H :

V — R, ie., A(v) = J'(v) and B(v) = H'(v), for all v € V.

4.2.1 Extreme values of functionals on manifolds

Lemma 4.13 (Lagrange multiplier). Let J and H be two C' functionals
from V' to R. Suppose the vy is a extremum of J on the manifold

S:={veV;H@w) =ceR}
such that H'(vy) # 0. Then, there exists A € R such that J'(vy) = AH'(vp).

Proof. Since H is smooth, we know that H'(vg) is normal to S, at vy, i.e.,
for every sequence {v, }nen, vn € Se, v, # vg such that v, — vy, we have

lim <H'(v0) M> =0.

n—-+oo "lvn = wvollv
Let II(vg) the tangent hyperplane to S. at vy, i.e.,
(v) == {w € V; (H'(v9),w) = 0}.
If ug € V is such that <H’(UO),UO> # 0 and v € V, we define

r(v) = S0 0)
<H’('UO), u0>

Then (H'(vy), v —7(v)ug) = 0 and so v —7(v)ug € II(vg), which implies that

v=w+T1(v)uy, w € Il(vy).
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Note that if v = 0, then 7(v) = 0 and w = 0, i.e.,, V = [I(vg) & Ruy, or
more precisely, Vv € V, there exist w € II(vg) and 7 € R unique such that
V=W + TUp.
We claim that locally, in a neighborhood of vy, S, is defined by the equa-
tion
v=ug+w+TUy, T=P(w), well(vy).

Indeed, let us write
F(r,w):= H(vg+w+ Tup) — ¢, (1,w) € R x I(vp).
It is clear that F is C* from R x II(vg) to R, F/(0,0) = 0 and
Se = {(r,w); F(r,w) =0}.
From the definition of F', we have

Dy, F(0,0)[w] = (H'(vg),w) =0, Vw € I(vy),
DFOO = (H'(vg), uo) # 0.
So, by the Implicit Function Theorem, there exists a neighborhood of (0, 0)
in R x TI(vy) and a C' function ® defined on a neighborhood of 0 in TI(vy)
such that ®(0) =0, D, ®(0) =0, 7 = ®(w) and F(w,P(w)) = 0.
Then, for v € S,, v in a neighborhood of vy, v = vy + w + ®(w)ug, we can

write

J(v) = J(vo + w + ®(w)ug) =: J(w), w in a neighborhood of 0 in IT(vy).
As vp is an extremum of J in S, we have Dy,.J| (0) = 0. Moreover, as

Dy J(0)[w] = (J'(vo), w) + { J' (), ( Du®(0), w)uo )
and (D,,®(0),w) = 0 for all w € II(vy), we have

D,,J(0) = (J'(vp),w) =0, Vw € I(vy).

So, J'(vg) is normal to S, at the point vy and then is colinear to H'(vp), i.e.,
there exists A € R such that J'(vy) = AH'(vp). O

Example 4.14 (Pohozaev). Let Q be a bounded domain of RY, We want
to show that the following semilinear Dirichlet problem

—Au—|ulfPu=0inQ, 1<p<

2N
-2 " 72 (4.20)

u € Hy (%),
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has a positive solution.
Let V = H}(Q), H and J the following functionals defined on V' as

2N
/|Vv WP dz, J(v /|v )P dz, 1<p<N_2.

Then the embedding Hy(2) C LP(Q) is compact. Let S; be the unit sphere
of V., ie.,

Sl.—{’UEVH _1}

Since J is bounded on S7, we look for vy € S; such that
J(vg) = max{J(v); v € Si}.
Let us consider a maximizing sequence {v, }nen in S, i.e.,

lim J(v,) = sup J(v).

n—00 vEST
After extracting a subsequence if necessary, we have

v, — vy in Hy () weakly,
U, — v in LP(Q)) strongly.

It is clear that
J(v,) — J(vg) = sup J(v)
n—o0 vEST
but S; is not weakly compact in H} ().
To prove that vy € Sy, we proceed as follows: we know that

H(vo) < liminf H(v,) = 1.

n—oo

So, there exists ¢ > 1 such that tvy € S;. If t > 1 we would have J(tvy) =
tPJ(vg) > J(vg), which is a contradiction. So, t = 1 and vy € S;. Therefore,
we have

vy € 51,
{ J(vg) = max J(v).

vEST

Note that H'(vy) = —Awg # 0, because otherwise we would have vy = 0.
Then, from Lemma 4.13, the exists A € R such that J'(vy) = AH'(vp), i.e.,

1
|vo[P"2vg = —=AAwg, vy € Hy(€), 5/ |Vvo(z)|? do = 1.
0
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Multiplying the above equation by vy and integrating on €2, we obtain

/ lvo(z) P dx = )\/ |Vo(z)|? dz = 2.
Q Q

So, 2A = pJ(vg) >0
By considering u = 1/, we see that we have found vy € H{(§2) satisfying

— Avg = p|volP vy in Q,
vo € Hy (), H(vg) = 1.

Now, we use the homogeneity of s — |s[P™2s to eliminate the parameter
w; let w = awvy, a > 0. Then,

ajp _ 1 _
—Au = e |[vo|P 20y = —ap_2|u|p 2.

If p # 2, we can choose a > 0 such that a2 = u to obtain a solution u
of (4.20). Moreover, since J(vg) = J(|vo|) and |vg| € Sy, it follows that |vg|
maximizes J and, as consequence, |ug| is also a solution of (4.20).

Remark 4.15. We can also obtain a (positive) solution of (4.20) as a min-
imizing variational problem. Indeed, let us consider the same notation as
before, but now we introduce the manifold

Si={veV;Jv) =1}
and the variational problem

H(v) = min H(v). (4.21)

VEX
Let {v,})n € N a minimizing sequence, v, € ¥y, i.e.,

nh_)n;o H(v,) = vlensfl H(v).
Since {v, }nen is bounded in V| there exists a subsequence (still denoted by
v,) such that
v, — vp in Hy () weakly,
v, = v in LP(Q)) strongly.

So, vg € 1 and
H(vp) < liminf H(v,).
n—oo

Hence, vy is the solution of (4.21) and there exists A € R such that H'(vg) =
)\J’(’Uo), i.e.,
—A’UO = )\|’Uo|p72’00.
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Repeating the arguments used before, we show that A > 0 and, by homo-
geneity, that there exists a > 0 such that u = a|vg| is a positive solution of
(4.20).

Remark 4.16. There are many other solutions for (4.20), which can be
proved using topological methods such that Ljusternik-Schnirelmann cate-
gories (see [16]).

Moreover, there are other important problems that can be treated with
theses methods as Von Karman equations, among other.

4.2.2 The mountain pass theorem

This is an important theorem due to A. Ambrosetti and P. Rabinowitz in
1973 (see [2]).

Let V be a Banach space and F' € C'(V;R). We are going to give
conditions which imply the existence of non trivial critical points of F'. To
proceed, we need the following compactness condition, introduced by Palais
and Smale [20].

Definition 4.17 (Palais-Smale Condition). We say that F' satisfies Palais-
Smale condition (PS) if from every sequence {v, },en in V' such that

(1) {F(vn)}nen is bounded,
(2) F'(vn) — 0in V7,
n—o0

we can extract a convergent subsequence.

When this condition is satisfied in the region {v € V; F(v) > a} (re-
spectively {v € V; F(v) < —a}) for every v > 0, we say that F satisfies
(PS™) (respectively (PS™)).

Theorem 4.18 (Mountain Pass Theorem). Let F' € C''(V; R) which satisfies
(PS) and suppose that

(1) F(0) =0 and there exist p, o > such that F|yp,0) > a,
(2) Jvy € V'\ B,(0) such that F'(vy) < a.
Then there exists a critical value ¢ of F', ¢ > «, which can be characterized

as follows

— inf max F(~(t
¢ = inf max (v(1)),

where
P = {7 € C10,11:V);7(0) = 0, 4(1) = wo}.

This means that there exists u € V' such that F'(u) = ¢ (so that u # 0) and
F'(u) =0.
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Remark 4.19. There has been many extensions of this theorem. The one

presented here is the basic version. In fact, it is sufficient that F' satisfy
(PS™).

A key point in the proof of the Mountain Pass Theorem is the following
Deformation Lemma. Given a differentiable functional F': V' — R and d > 0,
we set

Ag={veV; F(v)<d},

Ky:={veV;F()=d, F'(v)=0}.
Lemma 4.20 (Deformation Lemma). Let F' € C''(V;R) which satisfies (PS).
If ¢ € R and if N is a neighborhood of K., then there exists a deformation
ne C([0,1]xV; V), (t,z) — n(x) := n(t, ) and a constant € > 0 such that,
for every e, 0 < € <E,

(

—_

no(v) =v, Yo € V;

)
(2) m(v) =wv, Vv € V such that F(v) ¢ [c —&,c+E], Vt € |0, 1];
(3) Vtel0,1],v+ n(v) is a homeomorphism;
4) |m(v) —v|| <1, Vv € V and Vt € [0, 1];
(5) m(Acte \N) C Acs
(6) If K.=0, then mi(Acye) C A
(7) If F is even, then n, is odd in V.

Note that we would like to use the gradient of F' in order to decrease
strictly the “altitude” of a point which is away from a neighborhood of critical
points. In fact, we would like to solve the following differential equation:
Yo eV,

dn
dt
n(0,v) = v.

Then we would have

(t,v) = —F’(n(t,v)), t €[0,1],

CP(n(t,0)) =~ P (n(t, )
so that if || F”|| is bounded from below by a positive number, F' could decrease
strictly.

But, first of all we would need F’ Lipschitz which is very difficult to
assume in infinite dimension for interesting cases. Second of all, we have
F'(v) € V' and we want a differential equation with values in V. To overcome
these difficulties, we will construct a pseudo-gradient (an idea of R. Palais
and D.C. Clark)
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Definition 4.21. Let F be a real Banach space and ® € C*(F;R). We say
that v € E is a pseudo-gradient for ® at u € E if

1) ol < 2) 2 (w)| e,
(2) (D'(u),v) > (¥ (u)|5-
IfE = {u € E; ®(u) # 0}, then the mapping = — v(z) is a pseudo-gradient
field for ® if
(1) v:E — E is locally Lipschitz,
(2) Vz € E, v(z) is a pseudo-gradient for ® at .

Lemma 4.22 (Pseudo-gradient Lemma). If ® € C''(E;R), then there exists
a pseudo-gradient field for ® on E.

Proof. Let u € E and w € E with |Jw| = 1 such that
2
('(u),w) > S| (u)] -

Then, z := %HCI)’ (u)||prw is a pseudo-gradient for ® at u satisfying the strict
inequalities
Iz <2 (u)llp and  (P'(u), 2) > [|¢(w)]| 5

As @' is continuous, there exists an open neighborhood N, of u such that
2 is also a pseudo-gradient for ® at v, with v € N,. So, {Nu}ueﬁ is an
open covering of E. Since E is a metric space, it is paracompact (cf. for
exemple [23]), i.e., every open covering of F has a locally finite' subcovering.
Hence, we can extract a locally finite subcovering {N,, }ic; of E associated
to pseudo-gradients z;.

Let p;(z) := dist(z, Ny)), i.e., the distance of x to the complement of Ny, .
Then the mapping x — p;(x) is Lipschitz and vanishes outside N,,,. Let

Bi(z) := pi(z)

Z/)k(fﬂ).

kel

Then, {f;}ics is a partition of the unity associated to {N,,}ier Therefore,

the convex combination
v(z) = Zﬁi(x)zi
iel
is a pseudo-gradient for ¢ at x € Eandv: E — Eis locally Lipschitz. This
completes the proof. O

LA collection A of subsets of a topological space X is said to be Iocally finite in X if
every point of X has a neighbourhood that intersects only finitely many elements of A.
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We are now in position to prove the Deformation Lemma 4.20.

Proof. We assume K. # () (otherwise the proof is simpler). It follows from
the Palais-Smale condition that K. is compact. Let us call N5(K.) the o-
neighborhoods of K. For ¢ small enough, NVs(K.) C N.

Hence, there exist € > 0 and b > 0 such that

|F'(z)|lyr > b, Vo€ Auz\ Acz \-/\[6/8-
Indeed, otherwise we could construct a sequence {x, },en with

F(x,) — ¢, F'(x,) — 0, x, ¢ Nys.

n—0o0 n—oo

From (PS) there would be a subsequence converging to = with
F(l‘) = F/(JL') = 07 r ¢ N5/87

which is impossible.
Of course this remains valid if we decrease €. So, we can assume that

0 <7< mi by b* 1
E<ming —, —, = ».
32" 8’8
Let 0 <e <€ and
A={zeV;F(x)>c+& or F(z) <c—F&},
B:i={zeV;c—e<F(z) <c+e}.
Since AN B = (), we define

1

g(z) = dist(x, A) [dist(z, A) + dist(z, B)] .

It is clear that g is Lipschitz, g =0on A, g =1on B and 0 < g < 1. By the
same way we can construct a Lipschitz function g such that

1 on V\ Nju,
0 on N5/8,
G<1.

o Ql Wl
Il

IA
IN

Let h : R™ — R be the Lipschitz function defined by

1if s € [0,1],

h(s) =< 1
(s) —ifs>1.
S
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As F € CY(V;R), there exists a pseudo-gradient v for F on \7, where V =
{x € V; F'(x) # 0}. Finally we set

®(z) = —g(2)g(x)h([[v(@)])v(z).

As g =0 on Njss,  can be extended by 0 on Nj/s and therefore, is defined
on the whole space V. So, ® is locally Lipschitz and 0 < ||®(x)|| < 1.
For each u € V' we consider the differential equation

Wt ) = 2, ),

n(0,u) = u.

Since @ is locally Lipschitz, this equations admits a unique solution 7(t, u)
for t € [0,t7(u)) and as @ is bounded, we have ¢*(u) = +oo for each u € V.

In order to verify that n satisfies the conditions (1)—(7), we begin by
remarking that n,(v) = n(t,v) € C'([0,1] x V;V) and no(v) = v for all
v € V and (1) holds. Moreover, as & = 0 on A, it follows that n,(v) = v,
Yo € A, Vt € [0, 1] and we have (2).

Using the backward differential equation and the uniqueness for both
solutions, we see that for every ¢ € [0, 1], m;(+) is a homeomorphism from V'
to V. So the condition (3) is satisfied.

Now, as ||®]] < 1 and 0 < ¢ < 1, we have ||n(v) —v| < 1 and (4) is
verified.

Let us show (5), i.e., that 0y (Aere \ Ns) C Aee.

%F(nt(x)) = (F'(m(x)). %m(fv)> = (F'(m(@). 2(m()) )

= —g(n()g () (|| (a@) ) {F (@), v () ) < 0.

Then F' decreases along the orbits ¢ +— (). So, if x € A._., we have

Fn() < F(n(x) = m(x) € A,

In order to verify the condition (6), let Y := A.,. \ A._. \ N5. We have
to show that n1(Y) C A._..

Let € Y and ¢,(t) :== F(n(x)). Then we have that %£¢,(t) < 0. To
show that ¢,(1) < ¢ — €, we observe that as ® = 0 on A._z, the orbit n,(x)
cannot enter A. . Then,

By continuity, as z € A.,.\ A._. \ N5, for ¢ small enough and for all s € [0, ],
773(.%') € Ac+€ \ Acfz-: \-/\/;5/2
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So, ns(z) € V, which implies that

9(775(95)) = ?(775(33)) =1, Vse [Ovt]'

Let us define Z := Ai. \ Ac—c \ Nsj2. Then,

22> — / —0u(s dS—/ <H (s )H><F’(m )v(ns(x))>d8

2 [ omeen oo [ (oo e
> 2 [ n(ltn) ) o) s = 5| [ (o) o) s
=5[] (o) = Smeor - o
Therefore, B

Ine) —all < F < 2

In particular, the orbit cannot enter Ny, and it cannot leave Z without
entering A._..

Let us show that this happens actually for ¢ € [0, 1] (otherwise we have
for all ¢ € [0,1], n:(z) € Z). Since,

W < h(lletn@) ) |7 ()

we have two possibilities: either |[v]| < 1 in which case the right hand side
of (4.22) is less than or equal to —b? (because A(||v|]) = 1 and ||F’|| > b%),
or |[v]| > 1 and the right hand side of (4.22) is less than or to equal —1/4
(because —h(|[o[DIF"||* = = [lFI*/lloll < —[lv]l/4 < =1/4).

Then we have,
d 1
zf < —min {bz, Z} )

mm{&i}g¢am—¢amgza

which is a contradiction. This completes the proof of the deformation lemma.
O

" (4.22)

and so

With these last two results, we are able to prove the Mountain Pass
Theorem.
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Proof of the Mountain Pass Theorem. First of all, we note that for all v € T',
there exists ¢, € [0, 1] such that ||v(¢,)|| = p, so that F(y(t,)) > a. Hence
F(~(t)) > Vyel.
max F(y(t) 2, Vye
If
¢ := inf max F(y(t)),

v€erl t€(0,1]
then ¢ > a. We have to show that ¢ is a critical value of F', i.e., there exists
u € V such that F'(u) =0 and F(u) = ¢. So, u will be a critical point of F’
which is different from zero.
From the definition of ¢, we know that for each £ > 0, there exists v € I’
such that

< F(~(t)) < .
°Smp FO) <cte

Let € > 0 as in the Deformation Lemma, but chosen such that ¢ — & >
max{0, F'(vg)} and suppose that K. = (). From the Deformation Lemma,
there exists 7y : V' — V continuous such that, for all v € A._z, m(z) =«
and 7, (AC+€) CA._..

Let 5 :=n; 0. Then 5 € C*([0.1}; V) and

7(0) = 11 (7(0)) = m(0) = 0 (because 0 € A, z), (4.23)
F(1) =m (7(1)) =11 (vo) = vy (because vy € A._z). '

This means that 7 € I'. Now, as

F(y(t)) <c+e, Vte[0,1],
F(y(t) <c—e, Vtel0,1],

it follows that max;eo1 F'(3(t)) < ¢ —e. This leads to a contradiction and
proves the theorem. O

4.2.3 Application - Example

Let us consider the following boundary value problem

—Au = ) ) EQa
u=flzu), e (4.24)
u=0 on I,

where € is a bounded domain with boundary I' and f € C(Q x R;R) satis-
fying the following condition: there exist positive constants a; and as such
that

N +2
| f(,9)] < arlé]® + as, 0§5<N—J:2, if N> 2, (4.25)
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and s > 0if N = 2.
We denote by F' the primitive of f, i.e.,

13
F@@y:[:F@¢yw

Then we define the functional J : H}(Q) — R by

J(u) == %/Q’Vu(x)}de - /QF(x,u(:p)) dx.

It is clear that J is well defined because, from (4.25), we can choose positive
constants A and B such that |F(z,&)| < A[¢]*™ + B, where

s+1<2N/(N —2).

So, if we denote
H(u) = / F(z,u(z)) dz,
Q

the embedding H}(Q) & L2*NW+2) ensures that H(u) is well defined for
u € H{(2). Moreover, it is classical that J € C*(H}(2);R) and, for all
u,v € H}(Q),

(J'(u),v) = / Vu(z) - Vu(x) de — / [z, u(z))v(z) dz.
Q Q
Let us show that H is weakly continuous, i.e.,
Uy, — uw in HY(Q) weakly = H(u,,) — H(u). (4.26)

We know from the Rellich-Kondrachov theorem that H}(Q) G L%(Q) with
1 < g < 2N/(N — 2), the injection being compact. If u,, — u in H}(Q)
weakly, then w,, — wu in L**1(Q) strongly, because we are assuming that
s+ 1< 2N/(N —2). For a subsequence, u,,, — u a.e. in €, which implies
F (-, um,) = F(-,u) ae. in Q. Since |F (-, um, )| < Alty, |+ B and |y, [
converges strongly in L' (Q), we have (4.26) as a consequence of the Lebesgue
Theorem. As this is valid for any subsequence, we have convergence of the
whole sequence { H () }men-

Now, let us prove that the mapping u — H'(u) is completely continuous,
ie.,

Uy, — uw in HY(Q) weakly = H'(u,,) — H'(u) in HY(Q) strongly. (4.27)

Repeating the above arguments, if u,, — u in HJ(Q) weakly, then u,, —
w in LP(Q)) strongly, for all 1 < p < 2N/(N — 2). So, we can extract a
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subsequence u,,, such that w,,, — w a.e. in 2, which implies that f(-, u,,, ) —
f(-,u) a.e., in €

Since | f(+, um,)| < a1|tm,|* + a2 and |u,,, |* converges strongly in LP(§2)
if sp <2N/(N — 2), the Lebesgue Theorem implies that f(-, wm,, ) — f(-,u)
in LP(Q2). But we are assuming that s < (N + 2)/(N — 2), so that sp <
2N/(N —2) if and only if p < 2N/(N + 2).

We know that

Hy(Q) & LNN=2(Q) = [2NNV(Q) = (L2YV2(Q) o H7H(Q).

Therefore, we have f (-, up,) — f(-,u) in L2Y/V+2(Q) and consequently
f(’umk) - f(,u) in Hil(Q)'

As we will see below, J satisfies (PS) under additional hypotheses on f,
which assures the existence of a non trivial solution of (4.24).

Theorem 4.23. Let f € C(Q x R; R) satisfying (4.25) and also

(1) f(@,6) =o(|¢]) when & — 0;
(2) there exist 0 < 0 < % and r > 0 such that (4.28)
0 < F(x,6) < 0&f(x,€) if |¢] =
Then the problem (4.24) possesses a non trivial solution.

Remark 4.24. The hypothesis (1) implies that v = 0 is a solution of (4.28).
The hypothesis (2) is satisfied if f is a polynomial (or a comparable function)
in £ of degree greater than of equal to 2.

Proof. Let p=1/6. Then p > 2 and
,.
>

So, In(F(-,€)) > In(as|¢|*) for [¢] > r, for some az > 0 and we obtain by
continuity ay > 0 such that 0 < F(-,£)| < a4 for || < r, so that

for [£] > r.

_F(ag) < _a3‘§‘u + ay, v|€| >
Let us take ¢ > 0 and uy € Hj(2). Then, if
Q= {2 cQ;ula) >b>0}#0,

we have

t2
J(tug) < E/ HUOH%,&(Q) — t”/ azlug(z)|* dv — —o0, t — +o0.
Q Q
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Therefore, J(0) = 0, J(tug) < 0 if ¢ is large enough and for ug suitably
choosen.
From (2), for each € > 0, there exists § > 0 such that || < § we get

fw ) <e and |F(,6)] < gelél

Moreover, there exists A, such that |F(z,&)| < A.|€]*H! for [€] > 4.
So, we have

1
P, 6] < JeleP + Ade™, vEeR (4.29)
The estimate (4.29) let us assert that, for some C' > 0,
£ s—1 2 1
H@)| < O (5 + Aol ™) o3y @) Yo € HA(Q).

As e is arbitrary, H(v) = 0(|]UH§{3(Q)) if v — 0 in HJ(Q). Therefore, for
p > 0 small enough and ||v]| g1 ) = p, we have J(v) > a > 0.
We claim that J satisfies (PS). Indeed, let {u,,}men be a sequence such
that
|J ()] < M and  J'(u,,) — 0 in HY(Q). (4.30)

For each v € H{(£2) we have

J(v)—=0{J' (v),v) = (% — 9> HUHH(}(Q)Q—F/Q <9f(x,v(x))v(:c)—F(x,v(x))) dx.

So, for m large enough,

1 ~
(5-0) D lgen < [700m) = 00 Cn) )] + My < M + Bl

2
which implies that {u,, }men is bounded in H}(£2).

After extraction a subsequence we have wu,, — u in Hg() weakly and
H'(u,,) — in H1(Q) strongly.

But (4.30) means that —Aw,,—H'(u,,) — 0in H1(Q), so that {—Au,, }men
converges strongly in H () and 5o {ty, }men converges strongly in H} ().

Then we can apply the Mountain Pass Theorem to complete the proof.

O

Remark 4.25. Let f € C(R;R) satisfying (4.25) and u € H}(Q2) a solution
of
—Au = f(u) in Q,
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where (2 is a regular star shaped (with respect to the origin) bounded domain
of RN, N > 1. Then, u satisfies the Pohozaev Identity, i.c.,

N /Q F(u(x)) do+(2— N) /Q £ (u(2))ulz) dr = /F (0-1(0))[Vu(0)PdS (o),

where v(o) denotes the unitary normal vector to the exterior of Q at o € T'.
As o -v(o) > 0, it follows that

If N >2and f(§) = |£|*, the above inequality implies that

s < (N +2)/(N —2).

So, this implies conditions on the growth of f for the existence of non trivial
solutions.



Chapter 5

Study of the problem —Au = A\e*

In this chapter we will study the following boundary value problem in details

(5.1)

— Au = Xe" in Q,
u € Hy(S),

where Q C RY is a regular bounded domain.

5.1 Preliminaries

First of all, let us mention that the case A\ < 0 enters in the context of
monotone operators as treated before and if A = 0 the unique solution is u =
0. So, the only interesting case is A > 0, for which we have to make precise
what we mean by a solution, i.e., we must establish the good functional
framework. But at least formally, for A > 0, we can say that

(1) w =0 is not a solution of the problem,
(2) € >0= u>0inQ.

Second of all, if u € L>®(Q), then ¢* € L>*(2) and so u € W??(Q) for all
p < oo. Hence, u € C'(Q) and by a bootstrap argument we conclude that
u € C™(Q2). This was the class considered by several authors.

Here we will prove that there may exist solutions which are not in L>(£2).
More precisely, in [18] we considered the case of u € H}(Q) such that e €
LY(9).

Remark 5.1. Notice that as u > 0 and e =1+ u+ 7;—? +---,ife" e LY(Q)
then u € LP(Q2) for all p < co. But this does not imply that v € L>(1).

In [5] H. Brezis, T. Cazenave, Y. Martel and A. Ramiandrisoa considered
ultra weak solutions. More precisely, they look for solutions u such that

udist(-,T') € L'(Q) and edist(-,I') € L'(Q),

where dist(z, ') is the distance of z €  to the boundary T'.
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They found essentially the same results but they did not show that their
solutions did not satisfy e* € L'(£2).

From now on we refer to problem (5.1) as (5.1), when it is important to
emphasize the dependence on A.

So, we will consider here two classes of solutions, namely

R = {u € L=(Q) N H(S); uis a solution of (5.1)k};

5.2
S:= {u € Hy(Q); e" € LY(Q) and u is a solution of (5.1)k}; (5-2)

We say that R and § are respectively the classes of regular solutions and
singular solutions.

5.2 Solutions of (5.1), for A > 0 near 0

First of all, notice that ¢ = 0 is a subsolution of (5.1),. On the other hand,
if v € H}(Q) satisfies —Ay = 1 in Q, then ¢ € L>(Q), ¢ > 0 in Q and
0 <1 < M for some constant M > 0. So,

—AYp— eV =1—Xe¥ > 1— M.

By choosing A > 0 such that 1 — XeM > 0, ¢ is a supersolution of (5.1)s.
This proves that there exists a minimal solution u, with 0 < u(A) < ¢ and
u(A) € R, if A > 0 is small enough.

In fact, we can be much more precise concerning regular solutions, as it
is asserted in the following theorem.

Theorem 5.2. Let p > N/2 and V := W??(Q) N H}(Q2). Then there exists
§ > 0 and an increasing C' mapping A — u(\) from [0,6) to V, where u(\) €
R is the minimal solution of (5.1),. Moreover, there exists a neighborhood
O of 0 in V' in which u()) is the unique solution of (5.1),.

To proceed the proof, we need the following elementary result.

Lemma 5.3. if p > N/2 the mapping v — € is continuously Fréchet-
differentiable from W??(Q) to L*(12).

Proof. First of all notice that e/ = 1 + ¢ + e52/2 for some |¢] < |t|. If
[t| + |s| < M we have
t M
flet =1 —t| < —t~.
e —1-1 < &

Since W2P(Q) . C°(Q), it follows that, if p > N/2 and u,v € W?P(Q),

e, e’ € CY(). Then, for each z € Q we can write

[ullos gllvllo
’eu(z)Jrv(x) _et®) _ e“(z)v(:c)’ < %’v(x)ﬂ
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This implies that

» 1/p ellulloo gllulloo ) 1/p
(/ IGU(JJ)-i-v(z) — eul®) _ QU(m)U(x)’ dx) < — (/ |’U($)| pdx) .
Q 2 Q

Therefore, if M > 0 and u, v € W?P(2) such that ||u| s, [t < M, we have

le*? — " — "0l oy < Chl[v?||Le) < Callv]lZ, < Csllvllfyemay,

where C; are constants that depend only on M and (). This proves that
the mapping F : W*P(Q) — LP(Q), F(v) := e’ is Fréchet-differentiable with
derivative at u € W??(Q) given by F'(u)[w] = e"w.

It is clear that F' : W2P(Q) — L(W?P(Q), LP(2)) is continuous because,
for u,v,w € W*P(Q) with ||w|lw2s@) = 1, we have

[(F'(w)w] = F'(o)[w]]|, = [[(e" = e")wl], < [le* = e[|[lw]lec < Clle” — "],
where C' > 0 depends only on €. So, we have
|F'(w) = F' )], = sup{ | (F'(w)w] = F'@)[wl]],: leollwsie =1}
< Cfle” = e"ll, = Cl[F(u) = F(v)ll,
and the conclusion follows because [ is necessarily continuous. O

Proof ot Theorem 5.2. We consider the function F': V xR — LP(2) defined
by
F(v,\) := —Av — Xe”.

By Lemma 5.3 we know that F is C', F(0,0) = 0 and D,F(0,0) = —A,
which is invertible as a function from V' to LP(2). Indeed, we know that the
problem

—Aw=f in Q,
w eV,

has a unique solution for f € LP(2) and |[v||v < C||f]|zr)-
From the Implicit Function Theorem, it follows that

(1) there exists a neighborhood O of 0 in V/,
(2) there exists a neighborhood (—§,6) of 0 in R
and a C'' function A — u(\) from (—4d,6) to O with u(0) = 0 such that

F(X\u(N) =0, VA€ (=4,0)
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and wu(A) is the unique solution of (5.1), in O.
Discarding the interval (—d,0) which is not of our interest here, we have
a C! curve A — u()) defined in [0, §) such that u(\) is a solution of (5.1)y.
Moreover, by differentiating on A, we have for u/()) := %(A),

— AU (\) — )\eﬂ(’\)g’()\) = et
u'(\) € Hy(9).

As for A > 0 small, u(\) ~ 0, the operator —A — \e"™ is invertible

and coercive, we have from the strong maximum principle, v/(\) > 0 in Q.

Therefore, we can find §; < ¢ such that the mapping A — wu()\) is increasing
for A € (0,6y), i.e.,

AN €(0,8), A< N = u()) < ulN).

Now, we see that u()') is a supersolution for (5.1), and 0 is a subsolution
with 0 < u(X). So, there exists a minimal solution u of (5.1)) with 0 < u <
u(N).

But, as u — Ae* is strictly convex, Theorem 4.11 assures the uniqueness
of solution in the interval 0 < v < u()\'). But we already know that u(\) is
a solution. Then, u(\) is the minimal solution of (5.1),.

In short, we have a branch of minimal solutions A € [0, d;] — u(\) € V
(which implies that u()\) € R), which is increasing and C'. O

Remark 5.4. Let us consider the linearized operator at u(\), i.e.,
v e HNQ) = —Av — ANy € HL(Q).

For A small enough we have
/ |Vou(z)]? doe — )\/ tN@ |y (2) 2 dx > 0.
Q Q
But we also have
/ |Vou(z)]* dor — /\'/ tXN@|y(z)|2 dz > 0.
) )
So, if A < X we have e%) > %M and
/ |Vo(z)]? dor — /\/ tN@ ()2 de >0 Yo e HY(Q), v#0,
Q Q

which means that the linearized operator at u(\) is coercive.

Remark 5.5. It is important to note that the result stated in Theorem 5.2
does not say that there are not other solutions far from 0, or even in another
class of solutions.
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5.3 Range of ) for the existence of a solution

Let u € S be a solution of (5.1),, where § is defined in (5.2). If A\; and ¢
are respectively the first eigenvalue and eigenfunction of —A, i.e.,

— Ap; = Ay in Q.
©1 € Hy(Q), p1 > 0in Q and |1 r2(0) = 1,

then ¢ is regular and bounded.
If we multiply both sides of (5.1)) by 1, it comes

A /Q u(x) ey (z) de = A /Q @y (z) de.

Since 0 < u < e" and ¢ > 0 in €2, we obtain

/\/e“(m)%(:ﬂ) de = Al/u(f)%(f) dr < M/eu(m)@l(?ﬁ) dz,
Q Q

Q

from which we conclude that A < A\;. So, we cannot have a solution of (5.1),

for A > 1.

Theorem 5.6. Suppose that there exists a solution uy € S of (5.1)y,. Then,
for each X\ € [0, \g) there exists a solution u € R.

Proof. let A < A\g. By hypothesis,

{ — Aug = Age"® in €, (5.3)

Uy € Hol(Q),
with e € H-1(Q) 0 L1(Q).

Then ug is a supersolution for (5.1), and uy > 0. Let us consider the
sequence {u, ey in H}(Q) defined by

—Alp = Ae", n>0.

For n = 0 we know that e“0 € H~1(Q), so that u; is well defined and

{ — Aup = Ae™ < \ge" = —Auy, (5.4)

Uy — Ug € Hé(Q),
By the maximum principle, u; < ug and so 0 < e* < €% a.e. in €2, from

which we conclude that e®t € L'(€2). Moreover, since 0 < et < e“ in
the sense of distributions, it follows that e** € H~1(2) and by iteration we
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conclude that {u, }n,eny and {e“"},cn are respectively well defined in H} ()
and H~1(Q)N LY () and they are decreasing sequences of positive functions.
Therefore, u, — u in Hj(Q) with e* € H-1(Q) N LY(Q), and u is a solution
of (5.1), such that u € S.

In order to prove that u € R, note that uy,ug € H}(Q) satisfy

A A
—Auy = X" = (/\—0> Ao = — ()\_o> Aug. (5.5)

Then we have

A
up = ()\—) Uy = e = WA o (gu)ho/A — quo ¢ [1(Q),
0

Therefore, as Ay > A, et € L*/*(Q) which implies that uy € W22/2(Q).
Now, for 6 > 0, the mapping f(s) := e*? is convex and differentiable. So,
f(b) — f(a) > f'(a)(b—a). Taking b:= 1 and a := \/\y we have

6%9 + (1 — %) 96%9 < e,
0

If 0 := ug(x), we obtain

A
(@) < guo(@) _ (1 — —) uo(x)e‘“(x).
Ao
As uy < ug, we can write
A .
et < et — (1 - /\—) ugAe" in . (5.6)
0
On the other hand we have
U2
—A (52) = —upAuy — |Vug|® < uge™. (5.7)

From (5.6) and (5.7) we get

A ul
sz (1) s (%)

or
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From maximum principle, we have

A u2
uy + (1 — /\—0) (;) < uy,

eu2+(1—%>(é> Sem e Ll(Q)

which implies that

It follows that €2 € L}(Q)) Vp < +o0. Therefore, 2 € LP(2), Vp < +o0,
which implies that us, us, ... € L>®(Q). Hence, u € L*(Q) so that u € R
and the proof is complete. O

Remark 5.7. It follows from Theorem 5.6 that the set of A for which there
exists a solution to (5.1), (in R or §) is an interval. This interval is bounded,
so it has the form [0, \*[, where A* is less than or equal to the first eigenvalue
A1 of —A and we have the same critical value \* for solutions in S and R.
Moreover, if A > A*, there is no solution in S (of course not in R) and
if A\ < A\*, there exists at least a solution in R, Therefore, if A € [0, \*],
there exists a minimal solution u(\) € V and as we have seen, the linearized
operator at u(\) is coercive. So, locally we can apply again the implicit
function theorem which shows that the curve A — u(\) is increasing and C*
on [0, \*[.

The following picture illustrates what we have proven until now.

> )\

el R

I
|
A

Figure 5.1. The graph of the mapping A € [0.A*[— u()) € R.

5.4 What happens for A = \*7

The answer for the question in the title of this section is given by the following
theorem.

Theorem 5.8. There exists u* € S such that )l\lTr)g u(A\) = u* in H}(Q).
Moreover, if N <9, then u* € R.
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Proof. For A < \* we know that

/Q’VQ()\)f dr = )\/Qe“(’\)g()\) dz. (5.8)

On the other hand we know that the linearized operator at u(\) is coercive,
so that

/}wfdx > )\/ tNp2dz, Yo e HL(Q) (5.9)
Q Q

If we choose v = u(\) in (5.9) and taking into acount (5.8), we obtain
/ M u(N) 2 dx < / Ny (\) dz (5.10)
Q Q

We note that se® < %3265 for every s > 2. So,

1
/ Ny de < = / Wy (N ? da
{u()>2} 2 Ja

and we get from (5.10)

1
/ O (N2 de < / *Vu(\) do + = / M u(\)[? do
o <2} 2 Ja

Then,

1
5 / etV (N[ dz < 2e*meas(Q)
0

In the same way we obtain

/ e"My(N) da < / e*Nu(X) da + / "M u(N)|* da
Q {u(<1} @
< (e + 4e*)meas(Q) =: C}.

Since u(A) is solution of (5.1),, we have
/ [Vu(A\)[* de < A / Ny () dr < NC.
Q Q

So, we have

u()) is bounded in H}(Q);
e is bounded in L'();

My (N) is bounded in L'();
"M |u(N)]? is bounded in L'(€).

(5.11)
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But we know that w()) is increasing in . So, there exists u* € H}(Q)
such that u(\) — u* in H}(Q) weakly and u(\) — w* in L*(2) strongly.
Since u(\) is also increasing in L?(Q2) and converges a.e. in €2, we have

et s e e in Q.
M+

On the other hand, if A C 2 is a measurable set, we have.

1 C
/ Ny < / Nz + —/ My (\) dz < efmeas(A) + —.
A An{u(\)<R} An{u(\)>R} R

If we choose R > 0 such that /R < /2 and 6 < ee /2, we see that

meas(A) <J = / Ny < .
A

So, by Vitali’s Theorem we have e*®™ — e*" in L'(Q). Therefore, it is clear
that u* is a solution of (5.1),+ and u* € §
Now we assume that N < 9. For ¢ > 1, let

Then v,, w, € Hy(Q) and

1 .
Vv, = e V().
Vw, = (q — 1) DN Ty ()),

Hence, from (5.9) with v = v,, we obtain
g—1 2 -1 2
)\/ eu(N) [eTu(/\) _ 1} dr < %/e(ql)u(kwvu()\)‘? dr (5.12)
0 0

Now, multiplying both sides of (5.1), by w, and taking the integral on 2, we
obtain

(q—1) / e(q_l)@(’\)|Vg()\)|2dx — /\/ eu) [e(q—l)g(/\) _ 1} dx
Q Q

_ )\/ [qu()\) _e@(/\)] dr.
Q

Let us rewrite the left hand side of (5.12) as

/ eu(N) [eq%u(k) _ 1]2 dr = / [eq@(/\) EENTICV 2(620\) _ e%rly(/\))] (5.14)
Q Q

(5.13)
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So, from (5.12), (5.13) and (5.14), we obtain

/ [qu(x) et 4 (e e%@(k))] < % / [ _ i) gy
Q Q

or equivalently

(5 _ q) / [qu(/\) _ ey(/\)} dr < 8/ [eq—;g(,\) . eg()\)} du
Q 0

Since ¢ > (g-+1)/2, this last inequality implies that e*™ is bounded in L7(2)
if ¢ <5 and, consequently, u()\) is bounded in W24((Q).

But we know that W24(Q) < C°Q) if N/g¢ < 2. This shows that
u* € C°(Q) if N < 10 and consequently, u* € R. This finishes the proof. [

Remark 5.9. It is noteworthy that the estimate N <9 is sharp, as we will
see later on.

N7 I
v
>

*

Figura 5.2. The graph of the mapping A € [0.\*] including the singular
solution at A\*.

The previous theorem uses the fact that w(\) is the minimal solution of
(5.1)x (see (5.9)). In fact, if 2 is star shaped and N > 3, we can obtain
estimates on all solutions v € R.

Theorem 5.10. Let ) be a star shaped bounded domain of RN with N > 3.
For simplicity we assume that it is star shaped at the origin. Then, there
exists M > 0 such that, for all A € [0, \*[ and for all u(\) € R, we have

M) |72y < MAY?
e () 1oy < M
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Proof. 1t is based on the Pohozaev identity, which we obtain by multiplying
(5.1)\ by x - Vu(x). More precisely, if u = u()\) is a solution of (5.1), and
recalling that u is regular, we obtain

/Q ~Au(e) (z-Vu(x)) do = A /

U@ (z-Vu(z)) do = /\/ x-V(eu(m) —1) du,
Q

Q
from which we obtain after integrating by parts,
N —2 9 1 9 (@)
—— [ |Vu(@)]Pde + < | [Vu(o)[(0-v(o))do = NX [ (") —1) dx,
2 Ja 2 Jr 0

Now, by multiplying (5.1), by u, we obtain

/ |Vu(x)|?de = /\/ @y () da.
Q Q
Since we are assuming that (2 is star shaped at the origin, it follows that
o-v(o) >0 for o €I', and we obtain

2N
/ @y (x) de < / (e“(x) —1) da.
Q N—=2Jq

This implies that there exists M > 0 (which depends only on N and on ()
such that

/ @y (x)de < M
0
which gives the estimate (5.15). O

Remark 5.11. Since we know that A < A\* is a necessary condition for
existence of solutions to (5.1), Theorem 5.10 implies that R is a bounded

subset of H}(Q) and also that the set {e*; u € R} is bounded in L'(2). So,
we can summarise these facts by saying that R is bounded in the class S.

As a consequence of Theorem 5.10 we have the following result on a
relative compactness of R in the class S of singular solutions.

Corollary 5.12. For each sequence {u(\,)}bnen, An € [0, A*[ of regular solu-
tions (in R ) of (5.1),, we can extract subsequences {\,, }ren and {u(A,, ) }ren
such that

(1) A, = Ao in R;
(2) u(An,) — uo in H}(Q) weakly;

(3) evPnx) — o in L1(Q) strongly,
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where ug € S is a singular solution of (5.1)y,

Proof. Since {\,}nen is bounded, we can extract a subsequence {\,, }ren
such that A\, — Ao, for some \g. From (5.15) and the same subsequent
arguments in the proof of Theorem 5.10, we obtain the conclusion by appli-
cation of Vitali’s Theorem. O

5.5 Can we use the Mountain Pass Theorem
for A < \*?

Before answering the question in the title of the present section, let us make
some following formal considerations.
Let F' : R — R the function “defined” by F(t) := J(u + tv), where

u,v € H}(Q) and
1
:—/\Vw\de—)\/ewd:c.
2 Ja 0

Then, by formal calculations we obtain

F'(t) = /Vu Vvdx+t/|VU|2dx— /e” "y da,
Q

F"(t / Vol dz — A / “el|y|? du,

If w = wu(A) is the minimal solution of (5.1),, we have seen that

/ Vu(\) - Vodr — /\/ Ny de = 0,
Q
F"(0 / |Vo|* do — / uWNy|? dx > 0,

So, uy is a local minimum of J. Since J(tu(\)) — —oo as t — 400, there
should be another critical point different from u(\).

The problem in this argument is that in dimension N > 3, we don’t have
in general e* € L'(Q) for u € H}(Q), so that the function F is not well
defined. Moreover, in dimension N = 2, it follows from the Trudinger-Moser
inequality that if u € H}(Q), there exists k > 0 such that ¥ € L(Q). So,
in this case we can apply the mountain pass theorem to show that for every
A < \*, there exists u(\) solution of (5.1), with u(\) > u(N).

For N > 3 and assuming that €2 is star-shaped, we have the following
result. This result was communicated to us by X. Cabré [6], but it was
already proved in [25].

Vv € Hy(S2).
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Theorem 5.13. Let N > 3. If Q C RY is star-shaped, there exists Ay > 0
such that for 0 < X\ < \g, the problem (5.1), does not have any other solution
in R than u(\).

Proof. We can assume without loss of generality that €2 is star shaped with
respect to the origin.

Suppose that we have another regular solution u € R of (5.1)y, A < A.
Then, u > wu, where for simplicity we denote u := u(\) and w := u — u. So,
we have

(5.16)

w=0 onl,

{ —Aw = Ae" —¢*) in Q,

By multiplying both sides of equation (5.16) by = - Vw(z), we have for
its left hand side (see the calculations for the Pohozaev identity),

- [ u)e- vut@)de= (15 ) [ [Futo)as

- %/F(a v(0))|Vw(o)|* do.

Since we are assuming that () is star-shaped with respect to the origin, it
follows that o - v > 0 for every ¢ € I' and we obtain

—/QAw(x)(a:~w(x)) dz < (1—g>/ﬂ|Vw(x)\2dx (5.17)

Concerning the right hand side and by observing that V [ew —-1- w] =
[ew — 1] Vw, we have

/[eu(m) — ¢4@(z - Vw(z)) do = / ol(@) [ew(w) —1](z - Vw(z)) dx
0 Q

— / eu(@) V[ew(“) —1- w(x)} -z dx.
Q

(5.18)
It is clear that

div(eM [e¥ =1 —w]x) =t (Vu-z)fe” —1—w]+e* (Ve —1—w] - 2)
+ Ne*[e” — 1 —w).

Since ¥ — 1 —w = 0 on I', it follows from Gauss Theorem that

/ div <eg(x) [ew(“) -1- w(x)}x) dx = 0.
Q
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Therefore,
/Qe“(””) (V [ew(a”) —1-w(z)] z)ds
= —/ 2 (Vu(z) - 2)[e™ — 1 —w(z)]] dx
—N/ u@) [ew@) _ 1 —w(x)] de.
As |z - Vu| < M for some M > 0 and e%[e¥ — 1 — w] > 0, we have

/ eu(@) (V[ew(’”) —1—w(z)] z)de
Q

> — (N+ M) / @ [ev(®) — 1 —w(z)] dx.

(5.19)

From (5.17), (5.18) and (5.19), we have

—/Aw(x-Vw)d:pg (1—E> / \Vw|* dx
Q 2) Ja

)\/[e”—eu](x-Vw)dxz—)\(N—i—]\/[)/e“[ew—l—w]dx

from which we obtain

%/ |Vw|2d:c§)\(N+M)/e” [ =1 —w]dx (5.20)
0

Q

On the other hand, we have from (5.16),

N -2 N —2
—7/ |Vw|2dx:—)\7/[e“—e“}wdx (5.21)
4 Ja 4 Ja

So, adding (5.20) and (5.21), we get

N —2
/|V ? dx —l—)\i/[e”—e“]wS)\(N—l—]\/[)/e“[ew—l—w} dx
Q Q
(5.22)
Now, we consider

/eu[ew—l—w}dxg l/e”[ew—1—w}wabc—i—/e“[ew—l—w}dyc
Q k Jontwsry Qn{0<w<k}
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For k = (N—2)/4(N+M) and the fact that e¥ —1—w < efw?/2if 0 < w < k,
we obtain from (5.22),

N -2 N —2
7/ |Vw|2dx+)\7/[e“—e“}w

4 Q 4 Q
N 2 u k (523>

< A;/eu [ —1— w]wdx+)\(N+M)/ ©° Wz,
4 Q Q
Therefore,
N -2 2 e* w2 / 2
—— [ |Vw|?dx < XN+ M)— | ew’dx < \M' | w’dx.
4 Q 2 Jo Q
and we can choose \g such that that w = 0 if A < A\g. With this contradiction
the proof is finished. O
V“
u*e
u(A)e
B e

Figure 5.3. There is no solution in the right shadowed region and no regular
solution different from u(\) in the left shadowed region.

Remark 5.14. In particular, we can infer from the Theorem 5.13 that we
cannot apply the mountain pass theorem for A small enough. However, this
result does not say that there is no other solution than w(\) for A small
because this eventual other solution might be not regular (even more singular

than S)

5.6 Case N < 9. Solutions near (\*,u")

For N < 9 we know that v* € R. We also know that for A > \* there
is no solution. Therefore, we cannot apply the implicit function theorem
at (A*,u*) and this implies that the linearized operator at u* is no longer
coercive. So, there exists (1 such that

— Apy = Ne¥p; in Q,
p1 € Hy(Q), ¢1 >0,
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i.e., @1 is the (unique if normalized) eigenfunction corresponding to this prob-
lem.
Let us look for solutions (A, u) near (A*,u*), with A < A*, of the form

u=-cpr+v+u*, vle.
By a straightforward calculation we have
—Au—Xe" = —Av— X" v— (A= \*)e" T — N\ [V e —v —1].
This leads us to consider the function F : R x [0, \*) x V defined by
Flg, A\ v) == —Av—Xe" v — (A= X)e THern — \*e" [e"T91 — gy —v — 1],

where V := W?2P(Q) N H(Q) N ¢i. From Lemma 5.3 we know that F' is C1
if p> N/2 and it is clear that F'(0, \*,0) = 0. Let us consider the equation

oF oF

Doy F(0,X,0) [, w] = Z-(0,X,0)[u] + S (0, 3", 0)[w] = f € L7(®),

which means that
—Aw — N w = f+ pe" . (5.24)

In order to apply the Implicit Function Theorem we must show that (5.24)
admits a unique solution (u, w). But we know from the Fredholm alternative
(see Theorem 2.26), that this equation has a solution if, and only if, f+ pe*
is orthogonal to ¢1, which is clear if we choose

e e [

—Aw — e = f+ u*eu*,
w € H&(Q), w L,

So, the problem

has a unique solution w, and we can apply the Implicit Function Theorem,
i.e., there exist g > 0, ¥ > 0 and r > 0 such that the equation F'(e, \,v) =0
has solutions in (—&g,€9) X (A* — v, A* + v) x B,.(0) and all solutions are the
form A = A(e), v = v(e), where € — (A(),v(e)) is of class C* and A\(0) = A*,
v(0) = 0.

In short, we show that for e € (—¢o, g9) there exists a solution of (5.1)x()
of the form

u(e) = u* + o1 +0(e),

where F(e, A(e),v(e)) = —Au(e) — A(e)e” u(e) = 0.
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Note that as F'(e, A(¢),v(e)) = 0 for & € (—&g, ) we obtain by implicit
differentiation at € = 0,

ON | | ov e OV,

which implies that

O\ ov
A= g((]) =0 and v := g(O) = 0.
A“
>\*
/"-\)\(6)
> c

Figura 5.4. The graph of € — A(g) near the origin.

Since F'is C? (if we assume that p is large enough), we can consider the
development of A(¢) and v(e), i.e.,

Ae) = N+ el + €20 + o(e?),
v(e) = 04 evy + 20y + o(£?),

where A\; = 0 and v; = 0. Hence F(g,A(¢),v(e)) = 0 writes as
—Av(g)=Ae" v(e) = (M) —A*)e! TUETER L\t [P E T () —epy —1].
From the asymptotic development, we have

()\(6) . )\*)eu*+v(€)+€<.01 _ €2€u*)\2 + 0(82),

Net [e”(5)+59"1 —v(e) —epy — 1] =& 02 4 o(e?),
So, discarding the terms of o(?), we obtain
* * A* u*
—Avg — Ne" vy =€" Ay + ; @3, (5.25)

From the Fredholm Alternative, a necessary and sufficient condition for ex-
istence of a unique solution vy of (5.25) is that the right hand side term be
orthogonal to ¢, which is achieved by

X[ . -
Ay === [ e @3(2)da (/ e @y, (z) d:c) <0
2 Ja 0
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Hence, for A < \* close to A*, we have two solutions of (5.1), corresponding
to the mapping

e € (—eo,e0) = Ae) € (N — v, N,
namely one for € > 0 and one for € < 0, more precisely,
ui(e) == u* +epr +v(e), €€ (—e,0;
ug(e) == u" +epr +v(e), €€l0,&);
Then,

/(ul(s)(x) —u*(z))p1(z) do = 5/ i(r)dr < 0.
Q Q

So, for ¢ < 0 we have u;(e) = u(\(€)), ie., it is the solution obtained
previously. The same argument shows that if ¢ > 0 we have uy(e) > u(A(¢)),
which corresponds to a new solution. This means that (A\*,u*) is a turning
point, as shown in the figure.

_—————— -

L}
L}
L}
— ¢

Ale)

*

N7
v
>

Figure 5.5. Picture of the turning point (A*, u*).

Proposition 5.15. The linearized operator at us(g) is not positive for every
€ > 0 small enough.

Proof. Let € € (0,g9). We know that

(5.26)

Me) = N+ 2\ +o(e?), M <O0;
uz(e) = u +epr +u(e), w(e)ler

Let
[ = / Vr ()2 de — A(e) / 2O 2 (1) do. (5.27)
Q Q
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We also know that
/ Vi (z)?do — \* / @2 (z) da = 0. (5.28)
Q Q

So, subtracting (5.28) from (5.27) and considering (5.26), we obtain for ¢ > 0
small enough,

I = /\*/e”*gof dx — \e) / 22 dg;
Q Q
=\ / e pldr — (N 4 &2)\) / e [ewl”(s)](p% dz + o(e?)
Q Q
=\ / e pidr — N\ / e [1+epi] @l do + o(e?)
Q Q

= —e\* / ©3 dx + o(e?) < 0.
0

This proves that —A — A(¢)e2(®) is not a positive operator, as we wanted to
prove. 0

Remark 5.16. Since we know from Corollary 5.12 that R is relatively com-
pact in S, a natural question is to ask under what conditions the limit of
regular solutions is regular or not. In the case where (2 is the unit ball B;(0),
Gelfand showed for 3 < N < 9 and for \** = 2(N — 2) that the problem
(5.1),+ has a sequence of regular solutions {u, },en with u,(0) — +oo. So,
from Corollary 5.12, this sequence has a limit u**. As we will see below,
u*(z) = —2In(|z|), which belongs to § \ R. Moreover, for N > 10, Joseph
and Lundgren [14] showed that the curve of minimal solutions A — u(\) is
unbounded in L>(2). In fact in this case, \** = A* and

1 —
u(A) fyee In (W) weakly in Hj ().

This shows that Corollary 5.12 can be considered as an optimal result.

5.7 Radial symmetric solutions in a ball

In this section we will consider Q = Bg(0) for R > 0, i.e., the ball of RY
with radius R and center at the origin, where N > 3.

We know from Gidas, Ni and Nirenberg [12] that a regular solution is
radial. Hence, each solution in § that is limit of regular solutions is also
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radial. A natural question is to know if every singular solution of (5.1) is
radial. The answer is negative, as has been proved by Matano [17] and Rebai
[22]. They have showed that in R?, for each xq near 0, there exists a solution
of (5.1) with an isolated singularity at zo. So, these solutions cannot be limit
of regular solutions and, in particular, this shows that the result of Gidas,
Ni and Nirenberg cannot be extended to singular solutions.

The main result of this section is the following.

Theorem 5.17. Let A > 0 and u € L'(Bg(0) \ {0}) a radial function such
that e* € L*(Bg(0) \ {0}) and
— Au = Xe" in Bg(0)\ {0},
u(zx) =0 for |z| = R, (5.29)

lim u(z) = +o0.
|z|—0

Then,

VD g ().

Consequently, w € S and it is the unique singular radial solution of (5.1) in
Bgr(0).

Before proceeding with the proof, we need the following result.

Proposition 5.18. Let A > 0 and u € L'(Bg(0) \ {0}) be a radial function
such that e* € L'(Bg(0) \ {0}) and that it is bounded from below on a
neighbourhood of the origin. If u satisfies

—Au =e" in Bg(0) \ {0},

then u can be extended to a radial function (still denoted by u) in RN \ {0},
u e C® (RN \ {0};R) satisfying

—Au=Xe* inRY\ {0} and Vu(x) -z <0, Vo #0.

Proof. Since u is radial, we have u(x) = U(|z|), where U :]0, R[ — R with

d d
— (erd—(7]’> = VeV in o, R[. (5.30)
So,
dU d*U
% € Llloc(]()?RD? W € Llloc(]oa RD and U € CO(]O7R[>
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By iteration, it follows that U € C*°(]0, R[) and the mapping 7~ rV 14 is
strictly decreasing.

Let us assume that there exists ro € (]0, R[) such that 9% (rg) > 0. Then,
for r < ry/2, we have

_,dU ro\N-1 dU L, dU
PR > (5 Sre/2) > T () 2 0.
Therefore, for C' := (ro/2)9 (ro/2), we have
aUu C To
%(T) > 7«1\7——1’ Vr < E,
from which we obtain that
limU(r) = —o0

r—0

in contradiction with the hypothesis that U is bounded from below on a
neighborhood of 0.

Hence,

d
d—i{(r) <0 Vrelo,R[.

As U is a solution of (5.30), it can be extended to a maximal interval la, R]
with a < 0 and R > R. To complete the proof, we must show that R = +o0.
Let us assume that R < 4o00. By the same arguments as before, we

obtain qU
%(7’) <0 VreloR]|.

Since U is decreasing, it is clear that

R
)\/ eV (r)rVldr < 400
R/2

and we have from (5.30) that the limit of ¥ ~14C(r) as r — R is finite.
So, the same is true for U, which is in contradiction with the maximality if

R. O

With the Proposition 5.18 in hands, we can prove the following result,
from which Theorem 5.17 is an immediate consequence.

Theorem 5.19. Let A > 0 and u € L (RY \ {0}) a radial function such
that e € L, (RN \ {0}) and

— Au = Xe* in RN\ {0},
{ (5.31)

lim u(x) = +o0.
|z|—0
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- () )

Consequently, we have

u € HIIOC(RN)’ e" € LIIOC(RN)

Then,

and u is the unique radial solution of

— Au = e in RY,
lim u(x) = +o0. (5.32)
|z|—0

From the Proposition 5.18, the problem 5.31 consists to look for a function
U € C*(]0,4o00[;R) such that

d ( yadU\ |\ ~no1u .
e (T dr) = M""""e” in |0, +o0]. (5.33)

It is clear that a regular solution satisfies 22 (0) = 0, so that a singular one

must satisfy lim,_,o U(r) = 4o00. v

The proof of Theorem 5.19 follows as consequence of several lemmas. In
the first one we associated the solutions of (5.33) to a 2-dimensional dynamic
system which we will analyse. This is an idea by L. Tartar [27], where one
of the advantages is that the critical points have a finite distance.

Lemma 5.20. Let U be a solution of (5.33) and associated to V : R — R
defined as V (s) := U(e®), we consider the following functions

o(s) = %%;(3) and w(s) = ?2;1(3)4-(fv-_-2>%£;(3)

Then, v and w satisfy the system

% =w— (N —2)v,
d; VseR (5.34)
i (v+2)w,
and
—w(s)e eV =)\ VseR. (5.35)
Conversely, if (v,w) is a trajectory of (5.34) defined on R and
In(r)
U@y:/] V(s)ds+a, (a=U(L), (5.36)
0
then w(s)e eV is a constant \ (independent of s) and U is a solution of

(5.33) for this \.
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Proof. The Eq. (5.33) can be written as

PU (N-1)dU
dr2 + , % = e (537)
Since V(s) = U(e®), we have
av. dUu . v dU L, dU |
= an = e’

ds  dr st A T dr

So, by multiplying bough sides of (5.37) by e* we can write

d? d
d—s‘; + (N — 2)—V = Ae*eV. (5.38)

The first differential equation of (5.34) follows directly from the definition of
v and w. Moreover, from the definition of w and (5.38), we have

A=w(s)e Ze V) VseR. (5.39)

Since A is a constant, the second differential equation of (5.34) follows by
differentiating (5.39)

The converse follows directly by differentiation of (5.36) and direct cal-
culations. O

Remark 5.21. If U is a regular solution of (5.33), the corresponding trajec-
tory (v, w) of (5.34) satisfies

Sgr_noov(s) =0 and Sgr_noow(s) = 0. (5.40)
As we will see in the sequel, (5.40) characterizes, among the trajectories of
(5.34), those that correspond to regular solutions of (5.33).

Remark 5.22. From the fact that A > 0 and (5.35), it is clear that w(s) < 0
for every s € R. Moreover, we know from Proposition 5.18 that Ccll—g(r) <0
for all r €0, +00[. So, we have v(s) < 0Vs € R. Therefore, we will consider
the trajectories of (5.34) restricted to the sector {v < 0,w < 0}.

It is evident that O = (0,0) and A = (=2, —2(N — 2)) are the only sta-
tionary points of (5.34). The following three lemmas give characterizations
of these statonary points.

Lemma 5.23. Let N > 3. Then O is a hyperbolic stationary point for
(5.34). The v-axis is the stable manifold and the unstable manifold is tangent
tow — Nv = 0.
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Proof. The linearized system in a neighborhood of O is associated to the

matrix ( )
—(N —=2) 1
o= ,)

whose eigenvalues are g = —(N — 2) and gy = 2. Associated to py we
have the eigenvector (1,0) which is tangent to the stable manifold and the
eigenvector associated to py is (1, N') which is tangent to the unstable man-
ifold. 0J

Lemma 5.24. If N > 10, A is an attractive point. If 3 < N <9, A is a
spiral attractive point.

Proof. The linearized system in a neighborhood of A is associated to the

matrix L= ( __2((7\;__22)) é )

If N > 10, L4 has the following two real and negative eigenvalues

pe =3 [@- N+ VN2V~ 10]

and we see that A is attractive. But, for 3 < N < 9 the eigenvalue of L4 are

vy = % [(2 Ny =+ i/(N —2)(10 — N)} .

Since the real part of v, are strictly negative, we see that A is spiral attrac-
tive. Therefore, in a neighborhood of A, the trajectories are spirals converg-
ing to A as s — +oo. O

Lemma 5.25. The unstable manifold of O = (0,0) is an heteroclinic orbit
joining the points O and A.

Proof. Let ¥ be a trajectory (v, w) of (5.34) such that

lim (v(s),w(s)) = (0,0).

S§——00

We have to show that

lim (v(s),w(s)) = (=2, =2(N —2)).

s§—-+00

We claim that the trajectory X lies above the line of equation w — Nv = 0.
Indeed, if we define ¢(s) := w(s) — Nov(s), we have

%qﬁ(s) = —(N —2)¢(s) +v(s)w(s) > —(N —2)¢(s),
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from which we get

d —2)s
g(e(N 2) ¢(s)) > 0.
But we know that
lim ¢(s) =0.
5——00

Therefore,
N D3p(s) >0, VseR

and we conclude that ¢(s) > 0 for all s € R.
(1) Let us assume N > 10. We consider the line passing at A and with slope

d::—[(N—2)+\/(N—2)(N—10)] <N-2

i.e., w+2(N—2) = d(v+2). This line crosses the line of equation w—Nv = 0
at the point B and we have a triangle OAB in the region v < 0 and w < 0.

W a 'U}:N’U

Figure 5.6. The triangle which contains the trajectory ..

From the above claim, the trajectory X near O belongs to the interior of
this triangle and cannot leave it by the segment OB, because it is part of the
line w = Nv. On the other hand, since

OA={(v,w); w=(N-2)v, —2<v <0},
if P = (vp,wp) € OA, we have from (5.34)

dv dw

E(P) =wp— (N —2)vp=0 and E(P) = vp(vp +2)(N —2) < 0.

Hence, the trajectory ¥ does not leave the triangle through the segment OA.
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Now, let us show that in fact X cannot leave the triangle. First of all, if

P = (vp,wp) € AB we see that

d d

P =wp— (N =2up <0 and ——(P) = (v, + 2wp <0

ds ds
because AB is below OA, wp < 0and —2 < vp < 0. Therefore, if % would
leave the triangle through AB we should have

dw P dv (vp + 2)wp

& PP = sz (5.41)

Since we know that wp — (N — 2)vp < 0, (5.41) is equivalent to
(vp + 2)wp < d[wp — (N — 2)vp]. (5.42)

But wp—(N—=2)vp = d(vp+2)—2(N—2)— (N —2)vp = (vp+2)[d—(N—2)].
So, we have from (5.42) and de fact that vp +2 > 0,

(vp+ 2)wp < d(v, +2)[d— (N -2)] = wp<d[d—(N-2)].
From he definition of d, we have

dld— (N —=2)] = =[(N =2)(N—10) — (N —2)*] = —2(N —2)

|

so that wp < —2(N — 2), which is impossible if P € AB and P # A. O

Consequently, 3 does not leave the triangle and the limit as s — +o00 is
the point A because it is attractive, i.e.,
li = (—-2,-2(N —2)).
Jim (v(s),w(s)) = (=2, -2(N = 2))
(2) Now we assume 3 < N < 9. In this case we will prove that the trajectory
3] is a spiral around A which converges to A. The local behavior of ¥ can be
described by the linearized system, so we can choose a closed neighborhood
VY of A such that all trajectory that meets V converges to A as s — 400
following a spiral.

We know that ¥ stays above the line w — Nv = 0. Let C = (=2, —2N)
and D = (—2n/(N — 2), —2N). The orientation of the vector field

f(v,w) = (w— (N =2)v, (v+2)w)

on the segments C'D, DE and FO shows that the trajectory 3 cannot leave
the polygonal region OCDE. On the other hand, ¥ cannot meet FO or
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converge to O as s — 400 because the v axis is the unique trajectory that
converges to O as s — +00.

wWa . w= Nv

E 2 ol-w=WO-2p
= > U
Al —2(N —2)
D S _9N
C

Figure 5.7. The poligonal region containing the heteroclinic orbit

spinning in a spiral around A.

Let us suppose that ¥ does not touch V. If it is the case, it stay in a
compact set contained in the polygonal region OC' D E where the only critical
point is O. Since it does not converge to O, it should converge to a periodical
trajectory around a critical point, which is necessarily A (cf. [13]). In order to
prove that there is no such an orbit, we follow the argument of Bendixson’s
criteria. Let v be a periodic trajectory contained in the polygonal region
OCDE surrounding the point A. Then, the vector field f is tangent to v and
if n is the normal to ~, we have from Green’s Theorem

O:/f-ndvz/divf(v,w)dvdw.
Y w

where
W = {(an); w-— S w S Wy, U,(IU) S v S ’U+(’w)}
and
v_(w) < =2 < wvi(w) <0 Vw € |w_,wi].

But it is clear that divf(v,w) =v— (N —4) = (v+1)— (N —=3) < v+ 1,
from which we get a contradiction, because

/wdiv f(v, w) dvdw < /? (/_:::)(v +1) dv) dw
( ] [o4(w) +

:1/w+[v+ w) — v_(w) v_(w) +2] dw < 0.

2

w—

Therefore, it does not exist such a periodic trajectory v and ¥ must go into
V and so converges to A as s — 400 following a spiral.
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With the following lemma we have as immediate consequence the proof
of Theorem 5.19.

Lemma 5.26. The only trajectory of (5.34) such that the associated func-
tion V satisfies

lim V(s) = +o0 (5.43)

S——00

is the trajectory reduced to the point A = (—2, —2(N — 2))

Proof. Let ¥y be a trajectory associated to V' satisfying (5.43) and assume
that
lim ov(s) = —2. (5.44)

S§——00

Then, for each n € N, there exists a s,, —n — 1 < s,, < —n such that

v(—n —1) —v(—n) = %(sn) = w(sy) — (N —2)v(sy).

So,
w(sy) =v(—n—1) —v(—n) + (N = 2)v(s,) — —2(N —2).

n—-+0o

and we have

lim (v(s,), w(s,)) = (=2, -2(N —2)) = A.

n—oo

Since s, — —oo and A is attractive, the only possibility is that Y is the
trajectory reduced to the single point A.

In order to prove that there does not exist another trajectory associated to
V satisfying (5.43), it is sufficient to prove that (5.44) is the unique possibility.
So, let as assume that 3 is another trajectory different from 3y and satisfying
(5.43). We have to consider four steps to eliminate all possibilities.
Step 1: The trajectory S cannot satisfy the condition

lim v(s) =vy, —2<wy<0.

S——00
Indeed, if such a condition is possible, there exist a > 0 and Sy such that
for all s < Sy, v(s) > —2 + a. Hence, for all s < Sy,

dw

E(S) = (U(S) + Q)ZU(S) < aw(s),

which implies that

w(Sp)e®¥ %) <ap(s) <0, Vs < Sp.
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and p
. ) v
Sgr_noow(s) =0 and Sgr_noo %(s) = —(N — 2)wvp.
But we have necessarily vy = 0, because otherwise lim,_, ., v(s) = —oco. So,

lim (v(s),w(s)) = (0,0) = O
S——00
This means that this trajectory converges to the stationary point O and so, it
will be tangential to the unstable manifold of O, i.e., to the line w — Nv = 0.
Therefore, for each € > 0 there exist S; € R such that for every s < Sy,
0 <w(s)— Nov(s) < ev(s). So, for every s < Sy,
d

% (e(fZJre)sU(S)) <0

and we conclude that

d
T (5) = v(s) > v(Sy)el 21,
S

This means that the function V(s) = U(e®), which is a decreasing function,
is bounded from below as s — —oo and so U(t) has a limit as ¢ — 0, which
says that u is not singular.

Step 2: The trajectory S cannot satisfy the condition

lim v(s) =vy, vy < —2.
$——00

Indeed, if such a condition is possible, there exist o« > 0 and S, such that
for all s < Sy, v(s) < —2 — . Hence, for all s < S5,

cji—l;(s) = (v(s) +2)w(s) > —aw(s),

which implies that
w(s) < w(Sy)e™ 279 Vs < Sy,

and
. . dv
lim w(s) = —oc0 and lim —(s) = —o0.
S——00 s——0o0 (S
From the Mean Value Theorem, for each n € N, there exists —n < s, <

—n -+ 1 such that

—v(—n) <v(-n+1) —v(—n) = —(s,) — —o0
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and we have a contradiction.

Step 3: The trajectory S cannot satisfy the condition

lim wv(s) = —o0. (5.45)
§——00
If we assume that lim,, ., v(s) = —oo, the application of the Mean Value
Theorem as before gives us
Sgr_noow(s) = —00.
We claim that
w(s)
= +00.

s~1>IEloo ’U(S) + 2
Indeed, since
dw

E = (U_'_Q)wa

we have by integrating on [s, S3]
w(s) = w(Sy)e IO+ do

and so

w(s) o ISSS (v(0)+2) do UJ(Sg)
3

ORI (P E) R RS WA T

Then we can write

w(s) _ w(S3)
v(s)+2  ¥(s)
and it suffices to show that ¢ (s) — 07 as s = —oo to prove the claim.
First of all, we remark that

(el 00 de L[ [525(p)dp
P(s) =d(s)e T (e ) :

Hence,

S3 s
/ w(T)dT:—l—i—efsB‘s(p)dp.
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This implies that v is integrable in | — 0o, S3] because
Sg SS
lim §(p) = —oco = lim d(p)dp = —o0 = lim Y(r)dr = —1
p——00 s—=—o0 [ s——o0 [

Since §(s) < 0 for s small enough, this implies ¥(s) < 0, we have necessarily

lim (s) =0~

S§——00

and the claim is proved. Therefore,

lim —(s) = lim [w(s) — (N —2)v(s)] = —cc.

s——o0 dSs S§——00

So, v(s) is decreasing for s small enough, which is incompatible with the
hypothesis (5.45).

Step 4: The trajectory 3. cannot satisfy the condition

liminfo(s) < limsup v(s). (5.46)

§—=—00 §——00

Let us suppose that (5.46) holds. Since v is analytic and it is not mono-
tone near —oo, the zeros of ‘;” form a decreasing sequence {s, }en such that
S$p — —00 as n — +00. So, by defining M(s,,) := (v(s,), w(s,)), we can say
that, for every n € N, M(s,,) belongs to the line w — (N —2)v = 0, which we
will call A i.e.,

M(s,) € A, ¥YneN.

We claim that the zeros of Cfl—f form a sequence {t,},en satisfying
Spr1 <tp < s, and wv(t,) = —2.

Indeed, if 7(s) := (w(s) — (N —2)v(s))e™ =% then n(s,41) — 1(s,) = 0 and
from Rolle’s Theorem, there exists t,, € ]s,41, sn[ such that ds( ») = 0. But,

dn

Do) = o222 s) — (V = 2) % (5) + (N = 2)uls) — (N —2)u(s)

= (N=2)s ['U(s) + 2} w(s).

It is clear that w(t,) # 0 because otherwise the trajectory would belong
entirely to the v-axis. Therefore, v(t,) = —2. Let us suppose now that there
exist t,,t, €]Spi1,Snl, tn # t,, such that Z—Z(tn) = Z—Z(t;). Then v(t,) =
v(t;,) = —2 ad from Rolle’s Theorem there exist ¢, €]smn + 1),s,[ with
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fl—’;(tg) = 0, which is impossible because we are assuming that {s, },en is the
sequence of zeros of %.

In the sequel, we denote by M(s) the point of the trajectory i ie.,
M(s) := (v(s),w(s)) and we analyze separately two cases: N > 10 and
3<N<LO.

Case N > 10. Let us consider the following closed curve
[y = {M(s); s € [s3,s1]} U [M(s3), M(s1)],

where [M(s3), M(s1)] denotes the segment of the line w — Nv = 0 with
extremities at M (s;) and M(s3). It is clear that A is located in the interior
of I" and O is in its exterior. Therefore I' intersect the heteroclinic orbit
joining O to A at some point P which P does not belong to the segment
[M(s3), M(s1)] because we have seen that the heteroclinic orbit does not
touch the line w — Nv = 0. So, P € {M(s); s € [s3,s1]} which is a regular
trajectory. But this is impossible and we conclude that, if N > 10, 3 does
not exist.

Case 3 < N < 9. The heteroclinic orbit ¥ joining O and A comes from O
(for s = —o0) and, as s grows, it meets the line {v = —2} for the first time at
Qo (with w < —2(N —2)) and then the line A at P, (with v < —2) and then
again the line {v = —2} at Q; (with w > —2(N —2)) and so on, spinning in
a spiral around A. This iterative process gives { P, },en such that, for £ € N,

Py EAQ{’U< —2} and P2k+1 EAQ{—2<’U<O}:]OA[.

On the other hand we know that M(s,) € A and that {v(s,)},en oscillates
around —2. So, we can suppose that M(s;) €]OA[ and then

M (sory1) €JOA] and M(sq) € AN{v < —2}.

Statement: There existsm > 1 such that for each k > m, M (sor41) € |JOP].

Before proceeding to prove this statement, we remark that it allows us to
conclude the proof Lemma 5.26 using the argument as in the case N > 10.
Indeed, let us consider the bounded curve

Iy = {M(S) ;S € [82k+3, 82k+1]} U [M(82k+3)M(82k+1)] .

This curve contains ¥ in its interior and O in its exterior. So, it meets the
heteroclinic orbit ¥ at a point that does not belong to [M(sngrg)M(sng)]
because [M(so13)M (sar41)] CJOP[ and the conclusion follows as in the
case N > 3.
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Now, we have to prove the statement. Since ¥ converges to A following
a spiral, we know that

P2k+3 € ]AP2k+1[ and P2k+1 — A

n—-+o0o

Since M (s1) € ]JOA[, there exists kg such that M(s1) € |Por,+3Pag,+1[- Then,
as { S, fnen 1s decreasing, M (s3) € | Paggt1Por,—1] and more generally,

M (s2p-1) €]P2k+3p2k;+1[ = M(son41) E]P2k+1p2k;—1[-

Indeed, since the singular trajectory can not meet X, the points M (s), with
Sont1 < S < Son_1 are guided by the following arcs of X

]P2k+3p2k+1[ and ]P2k+1p2k71[
As a consequence, we have
vk Z ko, M(82k+3> E]Opl[

and the statement is proved.
Finally, from (1), (2), (3) and (4) we see that for a singular trajectory,
we have

lim v(s) = -2,
S5——00
and we have the proofs of Lemma 5.26 and Theorem 5.19. 0

We remark that the trajectories of (5.34) that correspond to radial solu-
tions of (5.1) in a ball of radius 1 are carried by the heteroclinic orbit which
joins the points O and A. The singular solution is reduced to the point A.
The regular solutions start (when s = 0) from a point in the orbit (if it exists)
such that w(0) = A and follow the heteroclinic orbit to converge towards O
when s — —o0.
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