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An asymptotic approach for shock-wave/transpired
turbulent boundary layer interactions

By Atila P. Silva-Freire, University Engineering Dept. and Darwin College,
Cambridge — England

I. Introduction

Recent technological advances, such as the development of supercritical
wings, have considerably renewed interest in aircraft flight at transonic speeds.
This type of wing is designed so that the change from the supersonic to the
subsonic flow regions, which takes place on its surface as Mach number achieves
its critical value, does not take place through a strong shock wave, as it does with
wings of the conventional type, but with a weak shock wave. This greatly
improves the aerofoil’s performance since the shock wave/turbulent boundary
layer interaction effects which often lead to flow separation and its detrimental
consequences are largely minimized. Unfortunately, this type of aerofoil is very
sensitive to small changes in Mach number and angle of attack and at off-design
conditions, a strong enough shock wave may be produced on the surface result-
ing normally in a serious deterioration of the optimum performance.

With the objective of controling the shock wave/boundary layer interaction
phenomenon and thereby preventing a deterioration of aerofoil performance,
several techniques have been devised. These techniques include active means,
such as tangential blowing and boundary layer suction, as well as passive means
such as the introduction of a porous plate above a plenum chamber beneath the
interaction.

The passive control technique has been studied in recent papers [1, 2, 3, 4, 5]
with promising results. It is based on the fact that the large pressure gradient
over the interaction region provokes a natural flow circulation through the
cavity from the region downstream to the region ahead of the shock wave. Thus
the process combines injection upstream of the shock and suction downstream.
This secondary flow thickens the boundary layer ahead of the shock wave which
generates compression waves that coalesce and weaken the normal shock wave.
These effects minimize the overall entropy rise across the shock and hence
decrease the wave drag.

Since the majority of the studies on this technique have been conducted
experimentally, and the few theoretical works [4, 5] have used some form of the
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integral-momentum equation to evaluate the skin-friction, which may be very
inaccurate due to the difficulty in determining precisely the term df/dx, it is of
interest to develop a theory to explain the main features of this control technique
by an alternative approach.

The aim of the present work is to formulate such a theory using perturbation
techniques. The advantage of this approach is that analytical solutions can be
obtained for the inner regions of the boundary layer. These solutions lead to a
skin-friction equation which is much less sensitive than the integral-momentum
equation to small changes in the flow parameters. In this work we are concerned
with flows at high transonic speeds and extend the approach of Messiter [6] and
Adamson & Liou [7] for the permeable surface case.

The great practical difficulty of this method, however, is the quality of the
surface. It is very difficult to obtain high porosity surfaces which at the same time
have an acceptable level of roughness. In fact this difficulty is an important factor
in determining the usefulness of this control technique since, as it is well known,
roughness enhances separation. In order to overcome this problem several
researchers have replaced the porous plate by perforated plates. This practice
poses great complications to the problem of specifying the boundary conditions
at the wall since a very complex flow develops in the vicinity of the openings. For
this reason we assume in this work that the openings through which the fluid is
blown or sucked are small relative to the boundary layer thickness and suffi-
ciently close together that the mathematical boundary condition of homoge-
neous normal velocity at the wall can be used.

II. The flow regions

In the limiting case to be studied here Mach number is such that the normal
shock wave penetrates deep into the boundary layer terminating close to the
wall (Fig. 1). Hence the subsonic region is very thin and the upstream influence
of the interaction region is negligible. The structure of the flow is illustrated in
Fig. 1. This figure is similar to that given by Messiter [6] and Liou & Adamson
[7] since the disturbances caused to the main flow by the blown or sucked fluid
are such that the various flow regions are preserved. This feature is best under-
stood if one realizes that multi-layer theories have been developed to account for
the fact that viscous terms, both turbulent and laminar, are important only in
well defined regions of the flow and that this situation is not altered in any way
by the blown or sucked fluid. Thus a classical two-deck structure is used in the
upstream undisturbed region and a three-deck structure is used in the disturbed
region downstream of the shock wave. Note that, although the flow configura-
tion for this problem remains the same as for the solid plate problem, the
expressions for the velocity profile will be quite different since the influence of
the injected or sucked flow on the main flow has to be accounted for. Also several
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Figure 1
The flow regions.

important flow parameters such as the boundary layer thickness, J, and the
friction velocity, u,, will depend on the normal velocity at the wall.

The various flow regions quoted in Fig. 1 have been derived on the following
physical grounds. Far away from the surface, in the undisturbed region, the
moving fluid can be well described by inviscid equations. Approaching the wall
a region, termed the defect region, is reached where turbulence becomes impor-
tant. The equations of motion for this region must include, inertia, pressure and
Reynolds stress terms. As the solution of the equations for this region cannot
satisfy the no-slip condition at the wall a new layer needs to be considered, the
wall layer. In this layer the inertia term due to the transpired fluid and the
laminar stress term are the predominant terms in the momentum equation. The
inclusion of this new layer permits the laminar viscosity to enforce a no-slip
condition on the velocity profile. Let us now consider the disturbed region. In
this region the inclusion of an inviscid and a wall layer is justified by the same
arguments used for the undisturbed region. However, a marked difference from
the two-deck model used upstream occurs here since now for most of the
boundary layer the Reynolds stress is negligible when compared to the pressure
gradient provoked by the shock wave. Thus there is a region in the disturbed
region, the defect layer, which comprises most of the boundary layer and is
governed by inviscid equation. Physically this means that no mechanism is
available to transfer momentum from the wall layer to the defect layer and
vice-versa. In order to solve this impasse a new region needs to be inserted
between the defect and wall layers, the Reynolds layer.
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The order of magnitude of the various flow regions are shown in Fig. 1 with
some of the relevant parameters of the problem. Note that, in addition to the
small parameters normally used to represent the flow solution, i.e.,

U o . : .
g = —f =1, a* = critical sounds speed in the external flow just ahead
q & of the shock
an
1 Jr. .
u,=— [—, 7, =laminar stress at the wall
a Qw

0,, = density at the wall

two new small parameters are introduced here, v, and v,,,. The subscripts w, u, d
refer to conditions at the wall, upstream of the shock and downstream of the
shock respectively.

In the next sections asymptotic expansions in terms of these four small
parameters are used to represent the solutions of the various regions. Solutions
for adjacent layers are then shown to match providing in this way a uniform
solution for the whole flow field. Thus the length scales in Fig. 1 are determined
from the substitution of the assumed asymptotic expansions into the equations
of motion and from a careful analysis of the order of magnitude of the various
resulting terms. Finally, since ¢ > u,, the sonic line is located close to the wall
and it is easily demonstrated [12] that 4 > 4* and 0 > 6%, (see Fig. 1). Hence the
inner inviscid flow region at the shock foot is exponentially small compared to
the interaction region scaled by 4 and 6.

II1. The initial profile

The nature of the flow in the undisturbed region upstream of the shock has
been extensively studied in references [8] and [9] where a theoretical analysis of
the problem of transpired turbulent boundary layers has been performed. The
analysis reveals that the flow has indeed a two-deck structure and proposes a
new expression for the defect layer solution in place of the expressions of Simp-
son [10] and Stevenson [11]. Thus, according to those studies, the velocity defect
solution made non-dimensional with respect to a* can be written as

u,=1+e4+u,u, +v,,u, (1)
where
i | yia
tyy = lny— 22— w() @
and
U,, = 1 In?y + ln5+ A In T (2 (») (3)
2= YT\agE g T akx) Y Tk T W
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The term v, u,, in (1) accounts for the effects of the transpired fluid on the
main flow. Note that as v,,, tends to zero Eq. (1) reduces to the unblown expres-
sion used in references [6] and [7]. For this reason parameters K, 7 and function
w(y) assume here their classical numerical values, that is

K =041 4)

n =055 )
and

w(y) = Coles’ wake function. (6)

Here y is the defect layer stretched co-ordinate (= Y/d) and ¢, 6 denote the
thickness of the defect and wall layers respectively. Parameters 4 and 7 in Eq. (3)
are shown [9] to depend on the injection velocity and are given by

A=5—-512v,, (7)
and

7#=—1951n|v,,| — 3.1 (8)
where

v,,0 = characteristic normal velocity in the ovelap region.

The characteristic velocity has been determined in [9], assuming that
the matching between the inner and outer regions is performed at y = 0.1.
Hence
v(0.1)

a*

: ©)

va

This hypothesis was tested against a variety of flow conditions and is shown to
give good results.

IV. The pressure distribution

The analysis which follows is a natural extension of the work of Messiter [6]
to the porous surface problem. Here, the equations governing the fluid motion
in the defect layer do not include any turbulence terms since, as pointed out in
[6, 12], these terms are so small when compared with the inertia and pressure
terms that to the order considered here they can be neglected altogether. Fur-
thermore, if the laminar stress and the entropy changes across the shock wave
are neglected, it follows that the equations of motion for the defect layer can
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be written as

uZ

a*divu=u-V 5 (10)
@ =2+ )= — D 11)
2 2
ou-Vu=—y"1Vp (12)
and
2xu=y"'tVs (13)

In the above equations, the rectangular co-ordinates X and Y are made
non-dimensional with respect to a geometric reference length such as, say, the
distance from the shock to a leading edge. The velocity, u, and a (= (p/p)'/?) are
non-dimensionalized with respect to a*. The non-dimensional pressure, density
and temperature are all referred to their critical values just outside the boundary
layer and ahead of the shock. In writing (13) we have assumed uniform total
enthalpy.

From the gas dynamic equation and the vorticity equation, it can be shown
that the length scale in the x-direction of the interaction region is 4 = 0(b, ),
where b§ = 1 — M (M, = Mach number in the external flow behind the shock
wave). Hence the stretched co-ordinates for the defect layer are defined by

X Y
%= bo—(i and y= 35 (14a-b)
where
bo=(y+ 1221 =22y + e+ --]. (15)

The solution is required to satisfy Egs. (10) through (13) and appropriate
boundary conditions determined by the normal shock wave jump conditions
and the wall. As in Messiter’s procedure we separate the asymptotic expansions
for the solution into a rotational and an irrotational part. Hence it follows that
the velocity profiles can be written as

ug =0 +¢& ' +u u(x,y;8 + u, by (X, y; 8) + v, u5(x, y; &
+ Uy, P2 (X, y; &) (16)
and

vy = b [U,, @1, (%, ¥;8) + 0P, (X, V5 &)] + Uy0q Uy (X) (17)

where v,,,, is obtained from the inner layer solution.
In fact, as we shall see later, v, (x) is nearly constant and therefore without
much loss of generality we take v, (x) = 1. The fact that the entropy is constant
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along a streamline together with the equation of state implies that along a
steamline pt~ "0~ 1 ~ p_t, 0~ Thus, substitution of t = a* gives [6]

plpe=1—yu—u)—y*@u,—1)u—u,). (18)

Also, from Crocco’s theorem Q ~ y~! p ds/dy and hence Q/p ~ Q,/p, along
a streamline.

The rotational and irrotational terms of the different orders can now be
obtained if expansions (16) and (17) are substituted into the vorticity and the gas
dynamic equations, and the terms of same order of magnitude are collected.
Note that, the fact that u, and v,, are considered to be independent parameters
greatly simplifies the process of grouping terms of same order.

On substituting expansions (16) and (17) into the vorticity equation, it
follows that the rotational part of u, is given by

w=014+2ye+yQy—1De*+--Ju,(y), i=1,2. (19a-b)
For the irrotational part of u, the governing equations are found to be
¢i.. + ¢, =0, i=12 (20a-b)

It is easily shown that in a first approximation the shock wave is located at
x = 0, as indicated in Fig. 1. Thus Egs. (20a—b) are to be studied in the quarter
plane x = 0, y = 0. The boundary conditions at x = 0 are determined by the
shock polar equations (Messiter, [6]) which reads
2 uu ud - 1

2ui/(y + 1) — (uus — 1)

Expanding ¢, _in Eq. (21) in a Taylor series around x = 0 gives
$:.(0,)==2(1 + (y + De+ (¢ — ) + 3 e)u,. (22a-b)

The boundary conditions for y = 0 are given by ¢, (x,0)=0,i=1, 2, and
the requirement that all disturbances die out in the infinity. The general solution
of Egs. (20a—Db) was first given in reference [12] and can be written as

2
<b,-(x,y)=—;{1 +(p—1De+ [?(V—%) - 3]82}

) In 62+ (y — ) 2. (23)

vg = (U, — ty) (21)

In order to satisfy the boundary conditions at the wall u,; must be symmetric
around y =0 and so we define u,;(—#) = u,;(y). The potential part of the
velocity profile is then given by

4 1 . |
B =y {1 B [y( - 5) " 3}2} I frt:;(i)n)z ¢
(24)




Vol. 39, 1988 Shock-wave/transpired turbulent boundary layer interactions 485

Substitution of expression (19) and (23) into Eq. (18) gives the pressure
distribution across the boundary layer. We recall that although there are other
regions between the defect layer and the wall, these other regions have vanish-
ingly small Y-characteristic dimensions compared to the Y-characteristic dimen-
sion of the defect layer; hence to the order desired d0p/0y = 0 in these regions.
Therefore, the limiting form of the defect layer pressure expression as y — 0 gives
the pressure at the wall, that is,

Pviy=1+902e+2y—1)e2
—rfterer e =074 T |t g1, 00+ 0, (600
where (25)
p.=1 —ye+%82.

V. The skin-friction equation

This section is concerned with the study of the two inner layers, the
Reynolds layer and the wall layer. From the fact that the solution of these two
layers must match with the limiting form of the defect layer solution as y — 0,
it follows that the asymptotic expansion for the tangential velocity must depend
on u, and v,,,. Moreover, in these layers the shear stress terms which account
for the momentum transfer between the wall and the main flow are significant
and so we must expect the effects of suction to be strongly felt near the wall. As
a result, the asymptotic expansions for these layers must also depend on v,,.

As can be seen in Fig. 1 the length scales in the Y-direction are small
compared to their characteristic lengths in X-direction. Consequently, standard
turbulent boundary layer equations can be used here to describe the moving
fluid in the inner regions.

Reynolds layer

The above remarks imply that for this region the governing equations can
be written as

Cou  dev

=0

o -+ 3y (26a)

Ou ou —10p O 1 Qu

i i O he AT b M o)
Quax+guay . ax+6y(rx”+R8y) (26 b)
0
o i (26¢)
Oy

y—1 2_y+1
t + 5= (26d)

p=ot. (26¢)
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These equations are the same as those presented in [7]. The Y-characteristic
dimension of this region, &, is derived assuming that in the momentum equation
the inertia terms are balanced by both the pressure and the Reynolds stress
terms. Thus assuming that the Reynolds stress is O (u2) it follows that
0=0(u,d), 4=byé.

The limiting form to which the Reynolds layer solution must match as
y — oo 1s obtained passing the limit as y — 0 in the solution for the defect layer
and then re-writing the resulting equation in terms of the Reynolds layer vari-
able, y. This procedure gives

1.6
u(x,0)=(1+¢! +um|:(1 + 2ye+ ---)(Elna—i—u )

+(1+@—-1e+ ---)ul(x)}

1 ) YA
+ v (1 +2784+--) K3 1n3+lny

+ ! 25 A lng-i—ln 2
s N gtax/\ng i) -

+(1+(—1De+ ---)uz(x)} (27)
where
. 1. . 2
u01=§lny—in (28)
and
4 x ® .
u(x) = — 2XF La® g i1, (29)

n o x*+n?
The expressions above and the fact that the effects of suction must be
accounted for in this region suggest that the expansion for # is given by

1. 4 1.6
a(x:i) = (1 + 8)_1 c utu[ 11'1 + Ir"t:a'l g 7 ﬁ1j| : & Suw I:k 5”11 + u11:|

K ¢
9 : 1112—5:4— : lnalng A 5 27,
"|\4K?*" 6 2K* 6 6 5 K

+ l-lng : g A Iny+ : In?y + i
K25 T2k2 g Vtagem Ttk

o . J . N 1
- 2 Uyu € [lnz 5 uzl + In S U + u22:| + Vyd I:aP lﬂ

1 o A .7
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This equation clearly displays the effects of the upstream injection and of the
downstream suction on the Reynolds layer solution. The asymptotic expression
for the pressure in the Reynolds layer p is given by

ﬁ=ﬁ0+utuﬁl+8uruﬁ11+kuﬁ2+ngu522+“" (31)

No terms of order v,, have been included in Eq. (31) since it has been
demonstrated in [8] that the contributions of the suction to the pressure equation
are of higher order. The corresponding expansions for the temperature and the
density can be obtained through the energy and state equations.

To find a solution for the system of Eq. (26a—e¢) we need first to choose a
model for the Reynolds stress term in (26b). Here we use the mixing length
theory together with the hypothesis that the mixing length is proportional to the
distance of the wall. Thus the Reynolds stress term reads

ou\2
Ty = K*§? (é}) ; (32)

The equations of different order can now be determined by substituting the
asymptotic expansions for the flow parameters and Eq. (32) into the equations
of motion and collecting terms of same order. Then, from the momentum
equation we get

oa, 105, O o, \?
—”1-=-—ﬂ+—(1+1<p~ﬁ) (33a)

0x y Ox Oy oy

e e T

e B gand e A gnr 2k
(33d)

e %zmag;f) (33¢)

e (54 o) = a2+ 5 0052

1
+ ,,I:Elnjz'-f-ZKjF—_,] (33g)
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where the pressure terms of different order obtained from the defect layer solu-
tion are given by

P1(x) =—yu,(x) (34a)
Pri(x)=—7@— Duy(x) (34b)
Pr(x) =—yu,(x) (34¢)
P22 (X) ==y — Duy(x) (34d)

The pressure lowest order term p, is given by po =1+ ye + ---

Equations (33a-c) and (34a—b) should be identical to the equations ob-
tained by Liou & Adamson [7] for the solid surface problem. However, expres-
sions (33¢) and (34b) do not agree with Liou and Adamson’s correspond-
ing equations. This discrepancy arises from the fact that in reference [7] the
pressure expression was evaluated with the multiplication between p, and the
right hand side terms of Eq. (25) not being performed whereas here we have
correctly taken this operation into account. The effects of the transpiration on
the main flow are represented by Eq.(33d) through g. Now, the matching
conditions and the fact that p = p(x) imply that the solution of Eq.(33a) and
(33d) is

iy (x) = —%(x) = uy (%) (352)

=
(=
Il

n-

=1, (x) = g P2 (0) = uy (). (36a)

S:l

This result has already been used in writing (33¢) and (33g). The general
form of the solutions of the unblown Egs. (33 b—c) was previously introduced in
reference [13]. With that result one can show that the solution for Egs. (33b—c)
and (33e—g) can be written as

1:(5) —§

_ 1 B, (&) -y
”11“;?11"’2?“01"‘! . XP{—ZK( —f)} dé (35¢)
" T B, (€) —3
u2[-2K2+(j;x_éexp {2mK(x—f]}d§ (36 b)

T 2m(é "_'J-j
) g — {—ZK(x-—f)} d¢ (36¢)
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" % o ¢) —
uzzz_;PuﬁLz 02+I Baa XP{—y}df

g 2K(x —¢)
¥ By, (@) _ y
[t g~ 9w o ==
where
1 o A 2
5= 152 In?y + (21(2 5 2K) Iny — Eﬁ“ (36¢€)

and the B’s are functions to be determined from conditions imposed by the
matching of the defect and wall layer solutions. In writing (36c) we have
anticipated that B,, = 0. One can easily see that the above equations do
match with the defect layer solution, since as y tends to infinity each inte-
gral term above tends to zero exponentially and the remaining terms sub-
stituted into Eq. (30) yield an expression which does match with Eq.(27).
Also, as x tends to zero the solution satisfies the shock wave jump condi-
tions.

The defect layer solution as y tends to zero must match with the inner layer
solution as the inner layer variable y tends to infinity. So, it is opportune at this
point to study the asymptotic behavior of the integral terms in Egs. (35b—c) and
(36b—d) as y tends to zero. Thus, according to reference [13] it follows that

O ey

B, ( - i ) y
g:(x) = B;(x) [In x — y] (38)

where y, = 0.57721. The second integral term on the right hand side of Eq. (36d)
occurs only in the porous surface problem and one can show that

T B;(©) —J
E[)x_(fln(x—é)exp{m}dé ~ B;(x) In? 2K+g(x) (39)
gi = Bi(x)[— 31’ x — ¥, + 7] (40)

where
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Finally, if expressions (35—36) are substituted into Eq. (30), and the limit as
y tends to zero is taken, it follows that

[

N _ 0 .
d(x,y))=(1+¢7 ! +um{Kln5+u01+u1(x)}

1.4 y
+sum{Eln—5~|:2y+Bh( In 2K+lnx—ye)]

N y
-+ [(y— Du, +2yu,, + B“( ln2K +lnx — ye)]}

+ . ln2§+ : TNy
o 3K "8 K™

n(s +-—=1n
4K?>" 6 5
+ I 1n5 ! b Ay Inj+ . In? § + u, (x)
R T arE Ryttt T+
o[ vy y
2 _ —
+Uwu£{ln 5[2K2+le( ln2K+lnx y,_,):l

+ln§ 4 ln5+A + B ln—+lnx
5 T e BT 2m 2K Ve

~

4 [(y —Du,(x) + 2y4d,, + B,, (— lni‘% +Ilnx — ye)

1 y 1
+B“(_iln2%+§ln2x+j};~—ye)]}

1 o A, . Ay
+de[4K21n y—t—(—z-K2 5 ZK)ny—K(2—w(ﬁ)):|.

(41)

Wall layer

Since the no-slip condition is not satisfied by the defect solution, it becomes
necessary to introduce a new layer adjacent to the wall to satisfy this condition,
the so-called wall layer. Thus in this layer viscous effects must be such that the
fluid is brought to rest at the wall. Moreover, it is well known, on both physical
and theoretical grounds, that in most of the wall layer the turbulent and laminar
stress terms balance each other in the x-momentum equation. Hence if we
assume that the Reynolds stress is O (u2), it follows that

1 o00u
R— 3 ? o 0 (uru) (42)
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where the circumflex indicates a wall layer quantity and R, is the Reynolds
number based on properties evaluated at the wall condition. Then, anticipating
that @ = O (u,,), we have

6= o/uy R,
and so the stretched co-ordinate for this region is
y=yuyR,. (43)

Now from the fact that, as y tends to infinity the Reynolds stress term
becomes much more significant than the laminar stress term and from the form
of Eq. (41), we are led to assume that the tangential velocity profile in the overlap
region between the defect and the wall layers can be written as

ﬁ(x! J}) = utd(x) ﬁol (j}) + vwau‘02(j’;) + Uya ﬁo3(ﬁ) (44)

where u,, is in general a function of x, &, u,,, v,,, V.4, 0, 9, and J; 1,, represents
a logarithm function with the form of Eq. (2) and i#,, and i, represent biloga-
rithm functions with the form of Eq. (3). In fact, the idea here is to separate u ,(x)
in two parts: one to account for the shock and upstream injection effects and
another to account for the downstream suction effects. Hence the velocity profile
in this layer is written as

fy,(x) + eu, i (x)

1
i = um(l +a, e+ a,e* +u, i (x)+ eum—glng

0
+ Uy iy (X) + vy, € In% = i, (x) + v, € In < d,,, (x)

0 0

- 1 A A 2.4

+ v, Elyy (X) + - Elny+A,, + U, (1 +e0,(x) + 2 05(x) + )
1 lnz‘+iln’+A—3+‘()+ l1n‘+A

4K2 y 2K y 4 le urs K y d

1 A A?

— 12 I g+ =L .
-+-vwd|:4K2ny+2K ny+ 4:| (45)

Now, since the wall and the defect layer solution must match in an overlap
domain, it follows that the value of the unknown functions and parameters can
be determined if Egs. (41) and (45) are compared term by term in this overlap
region.
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Thus from the matching conditions we have

1 2 t  ,8. A, 6 A2 27,
1—um(—ln—,.+Au+—~7z)+vw( In 3+2K1n_.+7+ )

K § K 4 K2 o K
(46a)

1.6 1 . ,06 A;. ¢ Ag 27,
= - ‘-—1 e,
0 “(K 5+A) wd(“(zl 3t opiiat T+ (46 b)

1. 0 3 1 0 A,‘I (5 Aﬁ
—1=a1um(Kln5—|—A)+vz(x)vw<z—i2—ln (5+ 5 )
(46¢)
1 1. 0 1 o A 0 A?
- A T8 5 T PO TS L T 4
5 azuﬂ,(Klng—FAu)+v3(x)bwu(4K2 n 5+2K n5+ 4) (46d)
Fi,(x)=u,(x), (hereF=ut( In - +A)) (46¢)
Fﬁl,(x)+a1=2y+Bh( lnm—+1nx-|—y) (46f)
P 5 o .
Fig,(x)+ al‘Ean’:(?’— Duy (x) + 2y,
y
+B“( ln—2—K+lnx—y,_,) (46 g)
F iy (x) =, (x) (46 1)
" y .
Fi, (x)= 2K2+le( ]n2K+lnx ye) (461)
i 1 o A y .
Fuzm(x)—Zy(sz 5 2K)+Bzm(—ln_2?+lnx~ye) (46))

6, (x) d,, + Filyy = (y — Dty + 29,5, + B, (— In 52+ Inx — ye)

-
+B“(—51n §+ In?x + 9, — y). (46k)
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The solutions of the above equations are

A 2
al——l{l+vw[2y(1-2K)+2Ka1]|:1 n2§+ “In (E-I—A:I}

F 4 K> 2K 6 4
(47 a)
a,=1/2F (471b)
B, =0 (47d)
4, =Q2y—a,)F 47¢)
By =@2y~—a))/K 471)
1 dyn
ﬁu=p[(y—1)u1—%+Bu(ln2Kx—ye)] (47g)
i, = u,/F (47h)
B, =0 (471)
iy, = 2y/(4K*F) (473)
B,, = (47k)
=2yt 18y A 471
“am =V \2K2 "8 7T 2K @7h
5, =2y(1 —2K) + 2Ka, (47m)
By, = 21— Nhm2K+2KQ2y—ay) 4, : lné (47 n)
22 = A AU AT <
) 1 2 .
2 =7 2K(2yw—a,)znu+(y—1)u2+Bu(ln2K+lnx—ye)
1 2 1 2 !

+ By, —iln 2K+§1n X+ v,— 7, (47 0)

ﬁl :0. (47p)

An expression for the skin friction can now be determined if expres-
sions (47a) through p are substituted into Eq. (45). Thus the resulting
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expression is

— 1 2 L ) | et SO
U, (x) uw{ +@;84 0,8 +u’“F +£u"‘K n(5 F

1 dyn 2y —a,) U,
+£uwﬁ[(y—1)ul— K - K (n2Kx—1y,) +Uqu
+ ln2§ A— {f—:ln—c?-Z —1—1né+Au

R Y < AR ¥ A UVl Y
1 2R, 2y—a
+vuwa—ﬁ[2K(2y—a,)—K—+(y—1)u2+( K LIn2k
A, 1 )
+2K(2y—a1)(ﬁ+2—}?1nc—§))(ln2K+lnx—ye)
2y —a, 1 1
— ~In?2K + = In? h_ 48
+ K ( 2n K+2nx+ye ye)}}+u,s (48)

where a, and a, can be obtained through Eqgs. (47a-b).

In deriving the above equations we have used the same procedure as for the
undisturbed case; that is, expression (48) is determined by conditions arising
from the matching of the Reynolds and the wall layers. The above equation
seems to be very complicated but this complication is unavoidable and arises from
the fact that this equation has to account for all the disturbances on the flow.

V1. The boundary conditions at the wall

In order to obtain a solution for the entire flow field we need to couple the
solution for the external flow established in the previous sections with the
solution for the flow inside the plenum chamber. However, this coupling is not
always easily carried out since the boundary condition to be prescribed at the
wall 1s very complex. This is particularly true if the fluid is blown or sucked
through orifices or slots. Here to simplify the calculations we assume that the
velocity of the flow though the plate’s surface is directly proportional to the
pressure difference between the external and the internal regions. So, the velocity
at the wall 1s given by

vy (X) =7 (p,, — py) (49)
where

P, = external pressure

p, = internal pressure

o = plate factor.
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Furthermore we assume that the pressure inside the cavity which results
from the mutual interaction between the external flow and the flow inside the
plenum chamber is constant. The net mass flow rate over the porous region is
zero, therefore

|o.v,dx =0 (50)
L

where
L = length of the porous bed.

For a surface of constant porosity, substitution of (49) into (50) gives
Pn= i‘:gwpw (JC) dxf{ Ow dx (51)

where p, (x) 1s given by expression (25).

The normal velocity at the wall is then determined by Egs. (49) and (51).
Equations (51) may at first sight appear to be an oversimplification of the
problem but any attempt to develop a more sophisticated solution would lead
to great complications without any significant gain in accuracy.

VI1. Numerical results

Before considering the interaction with flow through a porous surface we
will first compare our results with measured data on a solid surface.

Despite the importance of the problem of shock wave/boundary layer inter-
action, the quantity of data which is available in the literature for this phe-
nomenon for flows at transonic speeds is very limited. The main reason for this
is the great degree of complication involved in the planning and execution of
such experiments. Indeed, some practical problems, such as the control of the
position of the shock, are normally very difficult to solve and hence great care
must be taken during the reduction of the experimental data. The analysis of the
data for this type of problem is therefore a very delicate and laborious process.
Repeatability is also very difficult to accomplish due to the difficulty in resetting
the shock wave in the same position for distinct runs. Moreover, the shock
usually has a random movement around a mean point and so most of the
measured values presented in the literature are in fact mean values.

It should also be noted that the theory developed in this work corresponds
to the case of shock wave/boundary layer interactions in two-dimensional,
non-separated flow. Thus, it is necessary to be sure that any experimental data
set to which this theory is compared satisfies these two conditions. A survey of
the literature indicates that the results which seem to be the most adequate for
testing the theory are those of Gadd [14] and Sawyer and Long [15]. Even so the
results of Gadd were obtained in a tube of small diameter with a strong pressure
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gradient and so his flow conditions do not reproduce faithfully the flat plate
conditions assumed to hold here. The results of Sawyer and Long for M = 1.27
and 1.37 are certainly two-dimensional and non-separated; however their flow
conditions are not exactly those desired here since a A-foot structure develops
in the interaction region. Furthermore, the conditions downstream of their
shock never reach the asymptotic levels predicted by the shock wave jump
conditions even at great distances downstream of the shock. However, to this
author’s knowledge this work is the most detailed experimental analysis of shock
wave/boundary layer interaction for this Mach number range. For this reason,
and despite all the discrepancies between the experimental and theoretical flow
conditions, we have here decided to compare our theoretical predictions with
this work.

The equations presented in sections IV through VI complemented by the
momentum equation, which provides an additional relation for u, and J, are
solved numerically. Initial values of d(x), u,(x) and v, (x) are fixed. With these
values the expressions for the velocity and for the pressure can be substituted
into the momentum equation to give new values of 6. Next the porous bed
equation is solved to give new values of v,,. The skin-friction equation is then
solved to give new values of u,. The process is repeated until these values
converge to the solution of the problem. For the inviscid inner region, which was
by-passed in the previous sections, a solution is obtained patching the solutions
upstream and downstream of the shock wave. In order to do that an estimate
of the length of this inner region is required. Here we assume that the non-dimen-
sional length of this region is determined by the points x, = — 5 and x; = 3.5 as
suggested by Gadd’s data.

The flow conditions for the solid surface case are shown in Table 1.
A comparison between the theoretical predictions and the experimental data
is presented in Figs.(2a—b) and (3a—b). As can be seen, the agreement is
quite reasonable. Note that, although the theoretical pressure profile is higher
than the experimental profile, both these results have the same overall trend.
The difficulty with the skin-friction results is that the theoretical solution
downstream of the shock wave increases very slowly with x and so it does
not represent well enough the recovery of C, to its undisturbed values
downstream of the shock. However the prediction of the minimum value of
C, i1s very impressive which does suggest the usefulness of the proposed
theory.

Table 1

Experimental flow conditions.

conditions M & R/foot Oof{x =—20")
a 1.270 0.214 1.12x 10° 1.55"

b 1.370 0.292 1,12 % 10° 1.43"
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No experimental data was found for the porous surface case which entirely
fulfilled the theoretical assumptions of this work. Hence, in order to study the
effects of a porous surface on the properties of a shock wave/boundary layer
interaction, we just replaced part of the surface of Sawyer and Long’s experi-
ments by a porous plate with a chamber beneath. The plenum chamber is
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Figure 3a

Results for solid plate, M = 1.37.
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characterized by its porosity and dimensions. Combinations of these two
parameters give a wide range of conditions to be studied. To illustrate the
possible cases of interest, we consider here porosities which yield weak
(6 = 0.005, v,, = 0.001) and moderate injection rates (¢ = 0.02, v,, = 0.004) and
long (= 40 inches ~ 24 6,) and short (= 10 inches ~ 6J,) stretches of porous
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Results for a long stretch of porous surface, M = 1.37. ———, 6 = 0.0, —, 6 = 0.005; ---, ¢ = 0.02.

surfaces. The typical plenum chamber effect on the wall pressure distribution
is shown in Figs. (4a—b) for a long stretch of porous surface. Note that, al-
though the changes in pressure for moderate injection rates are significant,
they are not dramatic. The changes in the skin-friction behaviour are shown
in Figs. (5a—b) and (6a—b). As can be seen, moderate injection and suction
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rates result in a significant increase in C, downstream of the shock. Thus, these
figures suggest that, if the problems of practical arrangement and optimization
of a bleed system like the one studied here can be solved, separation will almost
certainly be prevented.
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VII. Final remarks

The complex problem of shock wave/boundary layer interaction has been
studied using perturbation techniques. The approach used is such that, assuming
that the flow has the structure shown in Fig. 1 and knowing the undisturbed
profiles ahead of the shock, the solution for the several distinct regions follows
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naturally. Thus this analysis has the advantage of providing theoretical results
without the need to resort to any experimental data.

As mentioned before, the complexity of the equations for the region down-
stream of the shock cannot be avoided since all the effects on the main flow due
to the shock and the plenum chamber must be accounted for. Thus, the solution
for the wall layer downstream the shock wave is particularly complicated since
it is affected by the upstream injection, the normal shock wave and the down-
stream injection.
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Summary

In this work perturbation techniques are used to study the problem of the interaction between
a shock wave and a transpired turbulent boundary layer at transonic speeds. In the case considered
here, the Mach number is assumed to be high enough for the sonic line to penetrate deep into the
boundary layer so that it ends close to the wall. The flow region is divided into a region of strong
interaction and regions of weak interaction. For the regions of weak interaction, upstream and
downstream of the shock, a classical two-deck structure is assumed to hold for the boundary layer.
Solutions chosen for these regions must account for the effects of blowing or suction. The strong
interaction region on the other hand is shown to consist of three decks. A detailed analysis of the
whole flow field is carried out and solutions valid in the double limit as Reynolds number tends to
infinity and Mach number tends to one are proposed. Solutions of adjacent layers are shown to
match so providing a smooth solution for the entire flow region. The analysis yields solutions for
the pressure and skin-friction profiles.

Zusammenfassung

In dieser Veroffentlichung wird mit Methoden der Stérungsrechnung das Problem der Wech-
selwirkung zwischen einer Schockwelle und einer turbulenten Grenzschicht mit Blas- und Saugeffek-
ten beim Ubergang zu Uberschallgeschwindigkeiten untersucht. In dem hier betrachteten Fall ist die
Machzahl so hoch, da3 die Schockwellenfront tief in die Grenzschicht eindringt und nahe bei der
Wand endet. Das Stromungsgebiet wird in ein Gebiet starker Wechselwirkung und in ein Ge-
biet schwacher Wechselwirkung eingeteilt. Fiir die Gebiete schwacher Wechselwirkung (vor und
hinter der Schockwellenfront) wird angenommen, dal3 die Grenzschicht eine klassische zwei-Deck
Struktur besitzt. Losungen, die fiir diese Gebiete gewahlt werden, miissen die Blas- oder Saugeffekte
erkliaren. Es wird gezeigt, dal3 das Gebiet starker Wechselwirkung dagegen aus drei Decks besteht.
Eine ausfiihrliche Berechnung des gesamten Stromungsfeldes wird durchgefiihrt, und es werden
Losungen angegeben, die giiltig sind fiir den doppelten Grenzfall, daB die Reynoldszahl gegen
unendlich und die Machzahl gegen eins strebt. Es zeigt sich, daB die Losungen fiir benach-
barte Schichten aneinander passen, und daB sich damit eine stetige Losung fiir das gesamte
Stromungsgebiet ergibt. Die Losungen fiir die Druck- und Wandreibungsprofile werden bestimmt.
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